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—— Abstract

Thermodynamically favoured molecular computation offers advantages over more typical out-of-

equilibrium computing, including simpler experimental protocols and automatic error correction.
But as systems scale to large sizes the number of states increases dramatically, increasing the need for
efficiently navigable energy landscapes. We give results in two theoretical models of Scaffolded DNA
Computing (SDC), a recently implemented form of thermodynamically favoured DNA computing
[Stérin, Eshra et al, bioR xiv 2025]. We show their computational power is characterised by logarithmic
space complexity classes, meaning they are expressive at scale. Our first energy landscape result
is an exact relation between the probability of target configurations (outputs), temperature and
DNA sequence domain length, showing that domain length merely logarithmic in scaffold length
is sufficient for the probability of the target configuration to outcompete all off-target structures.
We show that even in the presence of imperfect /unequal binding strength scaffold domains we still
achieve good kinetics: O(N?) or O(N?) expected completion time, depending on model assumptions,
and there are even narrow conditions that yield fast O(N)-time kinetics. Finally, we address a
thorny scaling problem: SDC outputs often have repeated compute domains and any binding energy
variances get exaggerated under repetition making errors favourable, but we give a construction that
reprograms the energy landscape to convert such a non-isoenergetic system into one with almost
perfectly isoenergetic energy plateaus. We also show that systems maintain good (polynomial-time)
kinetics, even in the face of a poor (uphill) scaffold energy landscape. These results give a roadmap
for scaling up the SDC while highlighting the role kinetics and energy landscape programming could
play in thermodynamically-favoured computing more generally.
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1 Introduction

The idea behind thermodynamically-favoured molecular computing is to mix a soup of
molecules, let them find their chemical equilibrium — et voila! — we have the answer to
a computation. The notion has roots in the work of Bennett [2, 3], who reasoned about
reversible computation at equilibrium, in order to understand the ultimate energy costs in
computing [6]. In the DNA computing and molecular programming field, one useful model
has been Thermodynamic Binding Networks [7], which were recently implemented [21]. DNA
nanostructures have had a thermodynamically-favoured method for some decades: DNA
origami [14] works so well precisely because the intended structure is usually favoured and
the folding landscape likely has efficient kinetic pathways — an ongoing topic of research [4,
8, 10, 16, 18]. Three key rules underlie DNA origami’s energetic favourability: (1) staples in
high concentration excess bind to a long low-excess scaffold strand; (2) staples do not bind
to each other; and (3) good 3D geometric design. The Scaffolded DNA Computer (SDC) [20]
obeys the first rule, but carefully breaks the second, by having short strands bind both to
a scaffold and to each other, crucially exchanging information and logic by doing so, see
Figure 1. We desire thermodynamically favoured computers be easy to prepare (just mix
the molecules) and easy to run (heat up, cool down). The scaffolded principle allows for
straightforward implementation of thermodynamically-favoured computing, with multiple
tunable system parameters to optimise the energy landscape. Here, we explore several.

The SDC was demonstrated on 10 programs, was shown to be reusable multiple (25)
times, and even ran super-fast 16-bit computations in under a minute — some of the fastest
nontrivial DNA computations to date [20]. For scaling up, binary ADDITION of pairs of
25-bit binary numbers was experimentally demonstrated (a 100-bit computation: 50 input
bits, 25 carry bits, 25 output bits). However, for a very small fraction of inputs (around
2750) the system was stuck in an incorrect energy minimum. One problem identified was
non-isoenergetic compute and scaffold domains (Figure 1a) conspiring to mess up the scaled
up energy landscape in two ways: creation of local minima that mess up the kinetics, and
even having erroneous structures unintentionally be the most energetically favoured.

1.1 Sculpting the energy landscape

Here we take the approach of using both program logic, and characterisation of system
parameters, to sculpt the energy landscape to have both a high probability of the target
output, as well as efficient, mostly downhill, pathways to that target.

For instance, the target output of the BITCOPY program (Figure la) on a length N
scaffold, repeats the same compute domain (either bit 0 or 1) N — 1 times, but if the binding
strength of 0 is slightly weaker than 1 by some ¢, then the two target configurations for input
0 and 1 will differ by ¢(IN — 1), a large amplification. In that case, for some large enough N,
an incorrect configuration will become the most favourable structure meaning that the energy
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(a) SDC: BirCory example (b) SDC bind/replace model (d) Thermodynamic favourability

compute tiles

i 2
—— o =] 2“‘ 3\“ @ 5 tiles, 2 MM O
[ 0] &
(c) SDC bind/unbind model AGe =B5AGY, +2AG2 — b

e

Il
scaffold domain| compute domain .
ceti] kfuge

Ly Ly

Figure 1 (a) In the Scaffolded DNA Computer (SDC) tiles bind to a 1D scaffold. In the BirTCopPy
program, an input bit is encoded in an anchor tile placed at the first scaffold position, then 0/1 tiles
compete at each position to faithfully transmit the bit to the right. (b) The bind/replace SDC model
considers configurations with a tile at every position; a tile is replaced if the replacing tile matches
the same number of, or more, compute domains. (c¢) In the bind/unbind SDC model, tiles attach
at concentration-dependent rates, and detach at energy-dependent rates. (d) The configuration
energy depends on the number of tiles and bonds (or mismatches), with the full, no-mismatch target
configuration having minimum energy configuration, assuming its bonds are sufficiently strong.
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See [20] for 10 more programs.

landscape has the “wrong” global minimum as well as being polluted by local minima that
slow the system down.? The program ISOENERGETICBITCOPY [20] remedied the situation
by reprogramming the energy landscape to be composed of a sequence of energy plateaus,
one for each number of compute domain mismatches m, guaranteed to have both the correct
global minimum and good kinetic pathways to get there. In Section 6 we prove that many
SDC programs can be made isoenergetic in this way.

A second scaling problem comes from having non-isoenergetic scaffold domains: a strong
scaffold domain can lock-in an incorrect tile during an anneal, or a weak scaffold domain
can mean that two halves of the computation become isolated from each other, slowing the
system’s natural error-correction processes. Since synthesis of custom-designed long DNA
scaffolds is expensive and challenging, and tricks like DNA-base mismatches on biological
(M13) scaffolds to even out domain energies have shown limited benefit [20], here, we instead
turn to mathematics by proving an asymptotic result showing that good, polynomial time,
kinetics can be maintained even in the face of poor scaffold energetics.

Finally, another scaling issue is whether for large enough scaffold length N there are
accessible and wide enough regions of experimental assembly conditions (temperature, domain
strength, concentrations, etc.) to allow for easy running of the system. We want to retain the
in-principle advantage of just heating the system and cooling it down to find the intended
correct output — precipitating a careful analysis of the system’s phase space.

1.2 Results and paper structure

In Section 2 we define two models: The SDC bind/replace model (Figure 1b) is intended
to be simple to mathematically analyse, but ignores physically important properties like
domain strength, tile concentration and temperature, key features of the SDC bind /unbind
(Figure 1c) model. Sections 3-6 each give results concerned with scaling to larger scaffolds.

2 Such as 011111: input is bit 0, the structure gains favourability by repeating lots of 1 bonds, and suffers
only the cost of a single compute domain mismatch; see Figure 5 for more details.
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In Section 3 we find that computational power of SDC systems is exactly characterised by
the complexity class NL, or nondeterministic logspace [11] — assuming we allow polynomially
many tile types per scaffold position and arbitrary amounts of nondeterminism. However,
most SDC programs implemented to date, have a more restrictive left-to-right dynamics
which turns out to characterise the complexity class L (deterministic logspace). (Previous
work proved that SDCs simulate finite state machines [20], hence we generalise that result.)

Section 4 (Corollary 16) shows that the SDC bind/replace model has expected time for
programs like BITCOPY of < N? (a small improvement on a previous O(N?) upperbound [20]),
but mainly serves to set the scene for a more dramatic result in Section 6 (Theorem 29)
where despite adversarially left-to-right increasing scaffold domain strengths on the scaffold
we retain O(N?) completion time if the strength increase is a constant amount over the
entire scaffold length, or polynomial completion time if it is O(log N) over the entire scaffold.

In Section 5, for the more physically accurate SDC bind/unbind model, this quadratic
scaling result becomes O(N?) due to the wait time for tiles to fall off. This in turn comes
from a positive scaling result (Corollary 18) showing that compute domain length of merely
O(log N) DNA bases (or strength) is sufficient to have the correct target (output) with
constant probability, greater than the total probability of exponentially many other structures.
Thus, for a mere factor-N increase in running time, we gain high-probability computing.
More generally, we give an exact expression for the probability of the target structure, over
all filled structures, as a function of scaffold length and compute domain strength. We
also find certain regimes (temperature, domain strength/length) with super-fast, mostly
left-to-right, O(N)-time kinetics. These theoretical results align with simulation, and in
some cases experiment, despite us not yet fully understanding the energetics of our systems.

Finally, in Section 6.1 we prove a generalisation of the ISOENERGETICBITCOPY result
described above: we show that a wide class of SDC programs can be simulated by systems that
have almost perfectly isoenergetic configurations; in other words these simulator SDCs have
an energy landscape that is composed of a sequence of plateaus that increase in height with
the number of mismatches, and that lack kinetic traps. Traversing such a landscape amounts
to downhill ratcheting steps, interspersed with flat plateau steps, giving fast dynamics.

1.3 Future work

We leave a number of open questions and directions for future work.

Many of our theoretical kinetics results are shown for BirCopry, an SDC program that
is straightforward to analyze while demonstrating much of the system’s dynamics. The
analysis holds for similar programs with O(1) tiles competing at each scaffold position, or
where following the leftmost mismatch resolves errors. Can these results be generalized
to programs that have a variable number of tiles per scaffold position, or where pushing
the leftmost mismatch to the right results in unresolvable kinetic traps, or other complex
pathways through the energy landscape?

In the SDC bind/replace model with scaffold length N, Corollary 16 gives a running
time of < N? (for BITCOPY and similar programs). We conjecture that the running time
from configurations chosen uniformly at random is ©(NN?), a proof of which would show that
mismatches cancelling each other out does not asymptotically speed up completion time.

Isoenergetic programs: In Section 6.1 we show that with a multiplicative scale factor
equal to the number of distinct compute domains, we can compile any program into one with
isoenergetic configurations that have a fixed number of mismatches. Can we reduce the scale
factor? Can isoenergetic programs be achieved with scale factor 17 Can we further reduce
energy differences between configurations with the same number of mismatches?
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Temperature anneals: An advantage of thermodynamically-favoured DNA computing,
and SDC in particular, is the ability to run the system via a simple thermal anneal: heat
it up to melt everything, then cool down at some rate to compute. Previous experimental
work showed 4-bit ADDITION in under a minute, but requiring several hours for 25-bit
ADDITION [20]. What is the theoretically optimal annealing schedule for high-probability
computing in terms of scaffold length (or number of input bits)?

Going beyond the SDC-specific work here, is there a more general theory of thermo-
dynamically favoured computation, that embodies both equilibrium and kinetic pathways
through a state space defined by the Boltzmann distribution over valid molecular complexes?

2 Definitions

The domains are a finite set D, partitioned into scaffold domains Dgq and compute domains
D¢q. A domain d € D has a unique complement d* € D with (d*)* = d. Complements
respect the partition: either d,d* € Dyq, or d,d* € Dq.

» Definition 1 (tile). A tile is a triple t = (I,p,r) where p € Dyq is a scaffold domain and
l,7 € Dcq are the left and right compute domains, respectively.

» Definition 2 (SDC). An SDC S is a sequence of N nonempty tilesets S = (T1,T5,...Tn)
where for each ¢, all tiles in T} have the same scaffold domain p;. The SDC is said to have
scaffold length NV with scaffold domains p1*, p2*, ..., pn* at scaffold positions 1,2,..., N. If
a tileset T; has size 1, we say that T; (or position ¢, or the tile in T;) is an anchor.

Although the previous definition allows for scaffold domains to be repeated, in this paper,
and previous work [20], all N scaffold domains are distinct, i.e. p; # p; when i # j.

The configuration space of S is S* = (T3 U{0}) x (T U{0}) x ... x (Ty U{0}). A
configuration is an N-tuple C' € S*, indicating a tile C[i], or no tile (C[i] = 0), at each
position ¢. In C, if adjacent tiles t; ; = (I,p;,r) € T; and t;41 5y = (I, pi+1,7") € Ti41 have
adjacent complementary compute domains (meaning r = I"*), we say the tiles, and their
compute domains, match. Otherwise, they mismatch. A full configuration has no empty
positions, a partial configuration has at least one. Absent tiles are treated as having domains
which are not complementary to anything.

One key example of an SDC is BiTrCopry (Figure la), having compute domains 0
and 1, and their complements 0*,1*. The tileset at each position i has two tiles T; =
{(0%,p;,0), (1%, p;, 1)}, except for the first, which is an anchor (one tile). The only full
mismatch-free configuration has all tiles matching the anchor, meaning it acts as a wire.

» Definition 3. An SDC model is a tuple S = (S, -, R), where S is an SDC, —» is a relation
on S* x S* defining one-step reachability and denoted as C' N C’',and R: S* x §* — R20
is a transition rate matriz where R(C,C') > 0 — C 2 C’. These rates define a
continuous-time Markov chain over S*.

This definition is intentionally abstract; two concrete models will be instantiated in Defini-
tions 5 and 7. In a model, C’ is reachable from C if there is a sequence of steps C ENEed
A terminal configuration is one to which no step applies. For computation, target (output)
configuration(s) should be reachable from any configuration and terminal; a computation is a
sequence of steps from an initial to a terminal configuration. An SDC model is directed if it
has a unique terminal configuration,® and undirected otherwise (it reaches multiple terminal

3 This notion of determinism (directness) comes from work on the abstract tile assembly model [19].
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configurations, or none). The expected time to completion (respectively, expected steps) from
configuration C of a directed SDC model is the expected time (steps) for the Markov chain
to reach a terminal configuration from C'. When 2 and R are clear from context, we use S
and S interchangeably. 071}0' means C - C’ and C,C” differ by a single tile C[i] # C'[i].

2.1 SDC bind/replace model

» Definition 4 (SDC bind/replace: mismatch energy). The mismatch energy of a configura-
tion C'is Gum(C) = [{¢ | 1 < i < N and t;,t;+1 mismatch}|; that is, the number of compute
domain mismatches in C.4

» Definition 5 (SDC bind/replace model). Given an SDC S, the SDC bind/replace model
(S, %, R) is defined by C' = C’ if C and C’ differ in exactly one position i, C'[i] # 0,
and either C[i] = 0 or Gy (C’) < Gum(C). That is, in one step, a tile may bind to an
empty position, and a tile may replace another if the replacement binds with equal or fewer
mismatches. The transition rates are given by R(C,C’") =1if C 2 ¢ and 0 otherwise.

The SDC bind/replace model has a first step where tiles bind to the scaffold, nondetermin-
istically chosen at each position, yielding a full configuration. We ignore partial configurations
and instead consider arbitrary full configurations, as this first step is generally fast.

2.2 SDC bind/unbind model

The SDC bind/unbind model includes key physical/chemical details. Throughout the paper,
T denotes temperature in Kelvin, and R is the gas constant — a molar equivalent of the
Boltzmann constant, in energy/temperature/amount (R = 1.987 cal K™'mol™"). A tile ¢ has
a positive real-valued concentration denoted [¢], in units of amount/volume (Molar, or M).

» Definition 6 (SDC bind/unbind: standard binding free energy). Each pair of domains has a
standard free energy of binding AG° : RT x D x D — R mapping a temperature and domain
pair to a real-valued free energy in energy/amount units (kcal/mol [15]), where more negative
is more favourable. We assume AG°(T,d,d’) = 0 if d’ # d*, unless otherwise stated. This
energy is calculated with respect to reactants at a reference concentration ug = 1 M; the
reference is denoted by the © sign.’

» Definition 7 (SDC bind/unbind model). Given an SDC S, the SDC bind/unbind model
(S, i>, R) is defined by C L ¢ if C and €' differ in exactly one position i, where exactly
one of C[i] and C'[7] is . The transition rates R(C,C’) for attachment (when C[i] = 0) or
detachment (when C'[i] = 0) of a tile t; = (I;, p;, ;) are given by
Tatt = kf[t]u
Taet = kruge(AC° (Topipi)+AG (Tyrio1,li)+AG® (T,ri li41)) /RT
where k¢ is an assumed or experimentally-derived rate constant (positive, real-valued, 1/con-
centration/time, and consistently 105 M~!s™! in this work).

For notational convenience, we define the chemical potential of tile t as yu(t) = RT In([tjug '),
implying a binding rate of the form r,y = keug exp (u(t)/RT).

4 This notion shows up in the Ising model, where a mismatch is called a domain. Here, the word domain
has a completely different meaning coming from chemistry.

5 While a reference concentration is the convention in many works [15], another convention uses amount
fractions rather than concentrations, and results in different standard free energy values; this convention
is notably used by NUPACK [5].
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Equilibrium and configuration energy

In the SDC bind/unbind model, rather than defining the free energy of configurations by
fiat, we can derive it from the previous definitions (see Appendix A.1 for the proof):

» Lemma 8. Given any configuration C in the SDC bind/unbind model with reaction rates
from Definition 7, the equilibrium probability of C' is prob[C] = e~ AG(T.C)/RT . 71

AG(T,C)= > [AG(T,p;,p}) —nlt)l+ D, AG(T,riliy1) (1)
i€{1,...,N} ie{1,...,.N—1}

, where

is called the configuration energy of C' at temperature T, R is the gas constant, t; = (I;,p;,7:)
is the tile at position i, [t;] is its concentration (if no tile is present u(t;) = 0), and
Z =7 cice e~ AGT.C/RT s the partition function over the set of all configurations C.

2.3 Programs, inputs and outputs

In computer science, a problem is an infinite set of input-output pairs. To solve problems
with SDCs we need to encode inputs and outputs, and a notion of an infinite set of SDCs to
handle an infinite problem; we take inspiration from uniform Boolean circuit families [1, 12].

» Definition 9 (SDC program). Let 3 be a finite alphabet, and let P(%) be the power
set of all tiles . An SDC program is a tuple (fiiles, fin, fout), where the function fijes :
N - P(%) x P(T) x ... x P(T) on input € X* maps its length |z| to an N-tuple of
tilesets fiies(|z|) = T = (Tl,...,TN) called the program. The function fi, encodes an

input word by removing some tiles from the program, thus defining the SDC instance

g & fin(z, frnes(l2])) = (T, ..., Tn) where T; C T;. Finally, the function fou maps

the input length to a tuple of interpretation functions: fou(|z]) = (f1, f2,--., fn), where
fi : T; = X U {e} interprets the tile at index 7 in a full mismatch-free configuration C' of S as
a, possibly empty, symbol. C' is interpreted as a whole by concatenating of these symbols.

An SDC’s full mismatch-free configuration(s) are called target configuration(s). Note
that this definition is chosen for simplicity: it requires the SDC to have at least one target
configuration, and focuses on what these configuration(s) are, rather than how we get there
kinetically. A language L C X* is deterministically (respectively, nondeterministically)
SDC-decided if for all x € ¥*, = € L if and only if the (respectively, at least one) target
configuration(s) of the SDC S = fiy(x, fiies(|z])) are interpreted as 1 (the string in ¥*)
by fout(|z]). The functions fiiles, fin, fout should be “easily computable” otherwise the
encoding/decoding scheme could cheat by doing all the computation; here, we assume they
are DLOGTIME computable [1], an incredibly weak notion of computability commonly used
in uniform circuit complexity [12]. ©

» Definition 10. An SDC bind/unbind S is (a) perfectly compute-domain isoenergetic if for all
temperatures T and all compute domains d,d" € D.q in S, AG°(T,d,d*) = AG°(T,d’,d"™*),
and is (b) perfectly scaffold-domain isoenergetic if for all scaffold domains d,d’ € Dgq in S,
AG°(T,d,d*) = AG°(T,d',d"™), and (c) is perfectly isoenergetic if both are true.

5 This encoding assumes that the entire system is described as a binary string. For fijes there needs
to be a DLOGTIME-computable predicate verifying ¢ € T;, given input |z| = n, index 4 and tile ¢.
We note that these inputs are describable in O(logn) bits. Likewise, for fin, the predicate takes as
input an index 0 < ¢ < n and O(1) bits in defined indices x;, ..., 2;;0(1) (the extra O(1) bits are to
accommodate putting multiple input bits on a single tile). fout acts on index i, a tile ¢ and bit b. These
predicates would be applied a polynomial number of times, in parallel, to verify the uniformity of the
entire polynomial size SDC system.
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3 Computational power of SDC

Previous work showed that SDC systems simulate finite state machines [20] and that MFE
prediction is in logspace (L) [17] for O(1) tiles per scaffold position. Here we show that,
computationally, SDC systems are characterised exactly by the complexity class NL: they can
solve any problem in that class and no more. The result requires both nondeterminism and a
large number of tiles, polynomial in scaffold length N. We also get an L-completeness result
for polynomially many tiles, but with a determinism restriction that seems syntactically
strong, but many implemented programs satisfy it.

3.1 SDCs are simulated by logarithmic space machines

A Turing machine has a read-only input tape, write-once-only output tape and a read/write
work tape. The class of languages decided by deterministic (resp., nondeterministic) Turing
machines using workspace O(logn) on input length n is called deterministic logspace and
denoted L, resp. nondeterministic logspace and denoted NL [11, 13].

» Lemma 11. Given an SDC' S, there is a nondeterministic logspace Turing machine M,
whose accepting computations output the set of full mismatch-free configurations of S.

Proof. M maintains a scaffold position counter ¢ € {1,..., N}, on its worktape. Encodings
are DLOGTIME computable (Definition 9), hence computable in logspace. First, M places
any tile from 77 on its output tape, and stores the right-side compute domain of that tile on
its worktape, which needs only O(log|z|) bits since there are at most polynomially many
domains since DLOGTIME is a subset of P (see Footnote 6). At scaffold position ¢ > 2, M
nondeterministically chooses any tile ¢; ; from tileset T; if ¢; ;’s left compute domain matches
the right compute domain of the guessed tile at position ¢ —1. Then M increments i, iterating
the procedure. If : = N, and a matching tile was placed at position IV, M accepts. Else if
M reaches some position < N where there is no matching tile to place, it rejects.

Given any mismatch-free configuration C'; M outputs C' by choosing each of its tiles
successively, only ever writing one domain on its worktape; no mismatches implies that each
successive tile is always a valid choice. Conversely, by construction, M can never choose a
mismatching tile, and so can never output a configuration with a mismatch. |

» Lemma 12. Let L C {0,1}*, be decided by an SDC program (Definition 9). Then L € NL.

The proof is in Appendix A.2.

3.2 Logarithmic space machines are simulated by SDCs

» Lemma 13. Let L € NL. Then there is an SDC program that decides L.

Proof. We will define the SDC program by describing the behavior of fjes, fin and fout
on an input x € {0,1}* to the nondeterministic logspace Turing machine My, that decides
L. Let n = |z| and consider the configuration graph of My on inputs of length n (as
a reminder [11, 13]: G = (V, E) is a directed graph with one node ¢ for every possible
(including unreachable) configuration ¢ of the worktape of My, on inputs of length n, and
given a particular input z, there is an edge from node ¢ to ¢’ iff M, goes from configuration
¢ to configuration ¢’ in a single step when running on z [11]). G has at most m = n®®)
nodes, since that is the number of configurations of My, on inputs of length n [11, 13].

The program is given by fiies(n) = (V' x {i} x V)™: that is, the compute domains of
the SDC are nodes of M ’s configuration graph, and the scaffold length is the number of
nodes. On a specific input, fi,(z) restricts these tilesets: for each i > 2, the set T; has one
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tile (¢, ,c’) for each directed edge (¢,¢’) in G (which may depend on z). We let T} contain a
single tile (¢, 1, ¢) where ¢ is the configuration in which M, is initialised on input 2 (noting
that the left domain does not matter). Finally, fou gives functions f;((c,4,¢")) = € (the
empty symbol) for i < N, and fx((c, N,c')) = 1if ¢/ is an accepting configuration of My, and
€ otherwise. It is straightforward, albeit tedious, to verify these encodings are DLOGTIME
computable, by iterating over all log-size pieces of the construction. |

3.3 An L characterisation

Many SDC programs implemented to date are directed (with exactly one target configuration),
and have the property that their computation is not “too nondeterministic” (BiTCopy,
ISOENERGETICBITCOPY, ADDITION, PARITY, MULTIPLYBY3, D1vBY2, COUNTER, RULE110
and BALANCEDBRACKETS [20]), which we define here and which limits their power to be
within the class L.

» Theorem 14. Consider the class of SDC programs P where each SDC instance S of P
has an anchor in position 1 (|T1| = 1) and is left-to-right deterministic: no tileset T in S
has two tiles with the same left compute domain, i.e. given t; € T;, there is at most one t;41
in T;+1 that matches it. The languages decided by such programs are exactly L.

Proof sketch. (C L) We use the proof from Lemma 12, except that there is only one choice at

each step when enumerating mismatch-free configurations, so nondeterminism is not needed.

(2 L) Again, the exact proof of Lemma 13 works here: the configuration graph G of any
deterministic logspace Turing machine M has outdegree < 1 at each node, so no two tiles in
any tileset T; can have the same left compute domain. |

We note that the previous theorem relates to Theorem 3 from Shalaby et al [17], which
showed that computing the MFE of an SDC system, in (essentially) our bind /unbind model, is

in L for O(1) size tilesets. Here we generalise to polynomial size tilesets, but in bind/replace.

4 SDC bind/replace: O(IN?) kinetics via the leftmost mismatch

In this section, we analyze how long SDC programs might take to run under the simple SDC
bind/replace model. We start with a lemma helping us generalize a result from [20].

» Lemma 15. Let S = (S,#,R) be any SDC model where S is a BITCoPy SDC, = is the

same as in bind/replace (see Definition 5), and R has the following properties:

1. Transition rates are local: If C’—1_>C’, then R(C,C") does not depend on anything outside
the neighborhood [i — 1,i + 1] in either C' or C.

2. More mismatches do not slow a transition: if Cl—l)C{ and Cg—l}Cé make the same
replacement (i.e. Cy[i] = Csli] and C}[i] = C4[i]), and'Cy[i] matches more of its neighbors
than Csi], then R(Cy,C1) < R(Cy,CY).

Then the configuration Cy with a single mismatch in the leftmost position (i.e., a mismatch

with the anchor) has the largest expected time to completion among all full configurations.

Proof sketch. Conceptually, BITCOPY cannot finish until its leftmost mismatch disappears.

Putting that mismatch far away from the end of the scaffold maximizes the expected time
to completion. Having any other mismatches cannot slow down the process because any
mismatch that does not disappear before the leftmost mismatch disappears will instead
cancel with the leftmost mismatch as it moves to the right, causing the position of the new
leftmost mismatch to jump forward. We formalize this in Appendix A.3 using coupling. <«
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This framework demonstrates the advantage of the SDC bind/replace model: we need
only think about one particular configuration to analyze its kinetics. Later, in Section 6,
we will use this to analyze a more complex version of the model. Here, we characterize the
simple version.

» Corollary 16. In the SDC bind/replace model on a BiTCopY SDC with scaffold length N,
the expected completion time from any configuration is less than N2.

Proof. By Lemma 15, we need only consider the configuration with a single mismatch in
the leftmost position. By Lemma 28 (a more general result, shown later), this configuration
takes (N — 1)? expected steps, and therefore also expected time bounded by this (it has only
1 mismatch, each transition has rate 1, so each step takes expected time at most 1). |

5 The SDC bind/unbind model

5.1 Equilibrium in isoenergetic systems

Simple observation of the configuration energy shows that, in a perfectly isoenergetic (Defini-
tion 10) SDC in the SDC bind/unbind model, configurations will melt, that is, the empty
configuration will be the most probable, at the critical point of u < AGgy + AGY,, when a
tile attaching by one compute domain and one scaffold domain is unfavorable. In conditions
where NAGY; — Ny + (N — 1)AGS; < 0, the target configuration (full, mismatch-free)
will be the minimum free energy configuration and thus the most probable. However, be-
ing the most probable amongst many configurations does not necessarily mean that the
target configuration is probable overall. The overall equilibrium probability of the target
configuration depends on the full partition function, which, in general, must be calculated
algorithmically [17]. Here, we consider analytic approximations.

(a) probltarget] (PF) (b) prob[filled] (PF) (c) prob[target | filled] (d) prob[target] vs. N
cdfsd length (nt) at 75°C (theory)

30.0 27.5 25.0 22.5  20.0

0 1.0
¢ |Hqos
= 2z
s 0.6 2
—~ Q
“ @
= Mo0.43
55 =
& Q.
o5 Mo-2
T
17.5 © 0.0
20.0

—24 —20 —16 —24 —20 —16 —24 —20 —16 10t 102 10°
(AG4+AGS,)/RT (AG4+AGS,)/RT (AG2+AGS,)/RT

Figure 2 Equilibrium probabilities for BITCOPY in the bind/unbind model. (a) Probability
of the target configuration for N = 20, using the full partition function algorithm. Dashed line
shows AGgy + AGZ; — u = 0. (b) Probability that all scaffold sites are filled (N = 20, using
full partition function). (c¢) prob[target | filled] from Theorem 17. (d) probltarget] vs. N at fixed
AGgy/RT = —19; dashed red lines show constant prob|[target | filled] from Theorem 17.

» Theorem 17. Let S be a bind/unbind BirCopry SDC system of length N with all tiles at
equal concentration [t]. Conditioned on all scaffold sites being filled, the equilibrium probability
of the target configuration is p = (1 4 eACGu/RT)=(N=1)

Proof. We take the approach of [20], but seek an exact result for any p. Recall that the first
position in S is an anchor, with only one tile, and every other position has two, copying
either 0 or 1. Each mismatch causes an increase in free energy of —AG¢,. For this analysis,
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we choose to set the free energy of the target state, with no mismatches, to be 0, then a state
with m mismatches will differ in free energy from that target state by —mAG?,. As there are
(N — 1) possible mismatches and therefore (Nrgl) states with m mismatches, the partition
function (i.e., the sum of all Boltzmann weights) will be Z = Zﬁ;é (Ngll)eerAGsd/RT .

In this regime, as the free energy of the target state is simply 0, the equilibrium probability

of the target is p = 1/Z. The binomial theorem gives: p = Z~! = (14 eAGca/RT)=(N=1) 4

» Corollary 18. Conditioned on all N scaffold positions being filled, the AG?,; required to
maintain a fized target state probability p at equilibrium scales as —O(In N).

Proof. Rearranging, AGS;/RT = In (p~/®=1 —1). Expand p~/®V~Y ~ 1 —Inp/(N - 1)
for large N, giving AGS,/RT ~ In(—Inp) — In(N — 1) and noting p is constant wrt N. <

An implication of these results is that we may choose some desired p > 0.5 and the
system and input will be easy to prepare experimentally, since there is no need to prepare
particular configuration(s). Indeed components can be mixed haphazardly, heated up (to
melt everything) and cooled down to give the target high enough probability.

5.2 Kinetics in isoenergetic systems
5.2.1 Simulations and the phases of growth behaviours

To understand SDC bind/unbind kinetics, we implemented the model in the Rgrow kinetic
simulator [9]. We ran simulations of BITCOPY at fixed [t] = 100 nM, measuring “completion
time” as the time taken to reach within 5% of the equilibrium target probability across many
scaffolds. Simulations showed three distinct regimes, summarized in Figure 3b. At low N,
with weak CDs and strong SDs, computation took place mainly via a “walking mismatch”
phase: scaffolds quickly filled with potentially mismatching tiles, remained at high occupancy,
and evolved primarily through single detachments followed by attachment, approximating
the behavior of the SDC bind/replace model. We describe this phase in Section 5.2.2.
With stronger CDs and weaker SDs, however, behavior shifted: the number of mismatches
per scaffold was often nearly zero even when the number of scaffolds in the target state
was low; while mostly filled, many scaffolds became trapped for long periods of time in an
all-incorrect state with an empty input site. We briefly discuss this phase in Remark 21.
The empty input behavior suggested a simple change: if instead of using a completely
uniform SD strength, we set the SD at the left-most input location to AGY; = AGY; + AGY,,
then attachment of the input tile would be favorable even without a bond with its neighbor.
With this change, for sufficiently strong AG¢; and weak AGZ,, the system exhibits a “left-to-
right growth” phase: computation takes place on an initially empty scaffold, with the target
state growing via a biased random walk of attachments and detachments at a growth front
of a contiguous region of tiles starting at the left-most input. Completion times are much
faster than other phases, and scale more slowly with N; however, as IV increases, the energy
conditions required for the phase narrow. We investigate this phase in Section 5.2.3.

5.2.2 Walking-mismatch behaviour: O(IN3) for fixed target probability

» Theorem 19. In a perfectly isoenergetic (Definition 10) BitCopy SDC bind/unbind
system, in conditions where growth proceeds via a mostly-filled configuration where single
detachments are quickly filled by attachment events, as AG2; increases in strength, the system
behavior will approxzimate the SDC bind/replace model, with the replacement of a tile attached
by one compute domain bond taking an expected time sz_luale_(AG:dJrAGSd)/RT + (2kt]) 1.
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(a) Growth regimes (c) Regimes and completion time (e) Regimes (AGY, = AGS, + AGY))
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Figure 3 Simulations and theory for kinetic phases of the bind/unbind model. (a) Three phases
of behavior with prob[target] > 0.5. (b) For fixed values of AGY, and AGg, set to obtain a
particular target probability, scaling of completion time with N (time to 5% less than equilibrium
target probability), for simulations of BITCoPY. (c)—(d) Observed behavior and completion time in
simulations. Contour lines represent 5-fold changes in completion time. (e)—(f) Observed behavior
and completion time in simulations when the input SD strength is increased to AGy; = AGo; +AG,.

Grey regions represent ambiguous/mixed behavior; dashed blue line is pir = 0.95 from Theorem 22.

Proof. Consider a single site on a full scaffold, where the adjoining sites are both filled. The
expected time for the tile to detach will be k; 1u5 Le=(AGLHDAGL)/RT  where b is the number
of compute domain bonds the tile makes with adjoining tiles. Once detached, another tile will
attach with expected time (2k¢[t])~! (as there are two possible attachments). If we assume
AGY, is strong (very negative), then we may assume that a tile attached by two CD bonds
will detach at a negligible rate, and a tile attached by zero will detach immediately. Thus,
a tile making two bonds may not be replaced by a detach-attach sequence, a tile attached
by zero bonds may be replaced by any other tile, and a tile attached by one bond may be
replaced by a tile making one or two bonds. |

» Corollary 20. In an isoenergetic (Definition 10) BrrCopy SDC bind/unbind system, in
conditions where a mostly-filled configuration evolves through single detachments that are
quickly filled by attachment events, for a fized probability of the target state at equilibrium
and fived AGS,, with AGS, set to obtain the target probability, the time for a scaffold to
reach the target state scales as O(N?).

Proof. In SDC bind/replace, the expected time for a scaffold to reach the target state
is O(N?) (Corollary 16). However, to maintain a fixed equilibrium target state probability,
AGS/RT < In(—Inp) —In(IN — 1) (Corollary 18); this means that the expected time per
replacement event scales as O(N), and thus the overall expected time for a scaffold to reach
the target state scales as O(N3). <
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(a) Reporting mechanism (c) Experimental results
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Figure 4 BITCoPY simulations and experiments for the bind/unbind model. (a) Experiments
use a fluorophore/quencher reporter at the last position, with a fluorophore on one of the output tile
types. 0-bit output results in a decrease in bulk fluorescence, while 1-bit output (or an empty output)
remains fluorescent. (b) Two annealing protocols used for experiments. (c¢) Experimental bulk

fluorescence during anneals at two rates, for scaffold lengths N = 5,8, 12, of ISOENERGETICBITCOPY.

Unpublished data courtesy of authors of [20], using extended-length reporting domains along with
protocols in [20]. (d) Corresponding rgrow kinetic simulations with averaged, uniform domain
energies, using nearest-neighbor parameters from [15].

» Remark 21. With uniform AGZ,, a region of incorrect tiles next to an empty left-most
position allows a kinetic trap that cannot arise elsewhere on the scaffold, as illustrated in
Figure 3a. The input tile has only one compute domain, and thus, in this case, will attach
by only AGZ,, unfavorably. At this point, in order to form a bond with a matching tile
in the next location, the incorrect tile, attached by AG2; + AG?,, would need to detach,
also an unfavorable step. This results in a two-step kinetic barrier of AGZ; — p for the first
configuration and —AGY; for the second. However, it becomes less relevant with increasing
N since it occurs only in one scaffold location.

5.2.3 Left-to-right growth: O(NN) in shrinking window of conditions

Here we consider left-to-right growth, that starts at an anchor tile on the left, grows to the
right through a (possibly biased) random walk, but finishes on the right hand side of the
scaffold before other tiles can nucleate to the right of the growth front. It is essentially a
race of intended growth, against adversarial nucleation. The proof is in Appendix A.4.

» Theorem 22. In a BrrCoPy SDC system in the bind/unbind model with input scaffold
domain strength AGS,; such that AG;; — p < 0 and scaffold domain strength AGS,; —
uw > 0, a scaffold will grow via a biased random walk from left to right, with mean
growth rate r, = k‘f([t] —er(AGSﬁAGfd)/RT), with probability py, such that Inpy,. =
_%kfrg—lNQ [t]Quale—AG:d/RT.

» Corollary 23. In the left-to-right regime, the mean time for a scaffold to complete is Nrgl.

5.2.4 SDC bind/unbind simulations and experimental results

While we have primarily considered the evolution of systems at constant binding energy
conditions, experimental implementations of SDC used temperature ramps of varying speed
from a high, above-melting temperature to a low temperature where no further changes took
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place [20]. Taking AG® to be of the form AH° — TAS®, where both terms are temperature-
independent, and, while sequence-dependent, strengthen roughly linearly with domain length,
a decrease in temperature corresponds with a decrease (strengthening) of both AG2,; and
AG?,. Below the melting temperature, systems transition through increasing prob[target],
but decreasing detachment rates, and thus increasing expected completion time (experiments
in left-to-right conditions have not yet been attempted). Computation takes place in the
temperature window where both prob[target] and detachment rates are sufficiently high;
below this window, on experiment time scales, scaffolds remain “frozen”. Optimal temperature
schedules to move close to equilibrium as quickly as possible remain an open question.

Experimentally, as shown in Figure 4a, observation of system state uses bulk fluorescence
measurements, with the last (“output”) tile of one type (0 for BITCoPY) labelled with a long
domain complementary to a quencher-modified strand, and an additional tile, binding to a
corresponding fluorophore-modified strand and with an extended scaffold domain, attached to
the right of the output position. Bulk fluorescence, measured on a qPCR machine, decreases
when a high percentage of scaffolds have a 0 output tile attached, and remains high if there
are a high percentage of scaffolds where the position is empty or has a 1 output tile attached.

Experiments and simulations in Figure 4c-d, show qualitative similarities. In both, the
probability of a 1/0 output tile evolves depending on input only within a certain temperature
range. An initial fluorescence decrease with input 1 is seen in some slow anneals in experiments
and simulations, and as N increases, the annealing time needed for high yield increases.

However, experiments show changing fluorescence over a wider temperature range, a lower
melting temperature, and a variance in the temperature of fluorescence changes depending
on specific output position. Unlike simulations, where scaffold domains are assumed to be
uniform strength, experimental implementations have so far used M13-based scaffolds with
widely varying scaffold domain energies [20]; the energetic effects of junctions between bound
compute and scaffold domains have also not yet been modelled.

6 Resilience to variable domain strengths

When designing DNA computers, there can be significant inaccuracy or non-ideality in the
binding energies of strands from many sources: inaccuracies in our models, imperfections
in DNA sequence design, or even using non-designed biological sequences for cost reasons.
Here, we study how the SDC model performs when accounting for these discrepancies in
scaffold or compute domain strength, particularly when scaling to large scaffold size N.

6.1 Addressing variable compute domain energies by programming an
isoenergetic energy landscape

When scaling to larger scaffold length IV, non-isoenergetic compute domains are a particularly
prominent source of undesirable behaviour, due to DNA sequence design inaccuracies/non-
idealities. The fundamental problem is that compute domains typically [20] appear multiple
times along the scaffold. Hence, a small difference in compute domain strength may accumu-
late up to N — 1 times, and cause unintended structures with mismatches to become more
thermodynamically favourable than intended target structures, as shown in Figure 5.

One approach would be good DNA sequence design: to scale up we would design
more isoenergetic compute domain DNA sequences. The number of sequences increases
exponentially with length and by Corollary 18 we expect compute domains to be of length
O(log N) anyway, so the approach seems reasonable at first. However, redesigning sequences
is not always desirable: perhaps the lab has a known “good” set of compute domains and
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Bircopy SDC (N = 6) energy landscapes at 75°C
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Figure 5 Energy landscapes of BITCory SDC systems, with input bit 0 and scaffold length
N = 6, that are identical except for differences in compute domain energies. Each bit represents a
tile, the correct target is 000000. Inset histogram: Distribution of nearest-neighbour stack energies
at 37°C, for the 16 stacks with 4 DNA bases [15]. Free energy AG.(75°C,C') (top panel) and
Boltzmann probability prob[C] (bottom) at equilibrium, for isoenergetic compute domains (green)
and non-isoenergetic domains at 4% and 12% from the mean stack energy (pink and dark red;
in each case 0-0 binding domains are weaker (more positive) than 1-1). Arrows mark probability
maxima on non-iso curves (erroneous MFE configurations). Compute domains are of length 12, and
scaffold domains are isoenergetic and of length 24 bases, as used in previous experimental work [20].

we’d like to repurpose them for a larger system. Also, inaccuracies in the nearest neighbour
model of DNA binding and in our ability to assay structures’ energies mean that perfectly
isoenergetic design is a huge challenge.

In this section, we take a more systematic approach. We show it is possible to sculpt
SDC energy landscapes using the logic of SDC tilesets (programs). In previous work [20],
a program called ISOENERGETICBITCOPY was experimentally implemented on a length
N = 25 scaffold. The program is designed so that both of its two target configurations are
approximately isoenergetic, as are configurations with the same number of compute domain
mismatches, which in turn makes the energy landscape close to the ideal (green plateaus
in Figure 5). ISOENERGETICBITCOPY outperformed another non-isoenergetic program,
ADDITION, for N = 25. That work left open the interesting problem of whether ADDITION,
or other SDC programs that repeat the same tile logic at each scaffold position, could be
made to be isoenergetic. Theorem 25 gives a positive answer.

An implication of an SDC being perfectly compute-domain isoenergetic (Definition 10) is
that for all m, 1 < m < N — 1, there is a constant ¢,,, € R such that all full configurations C
with m mismatches have identical free energy c¢,, = AG (T, C), assuming fixed temperature
T and that mismatches have the same, e.g. 0, free energy. Here, we loosen things a little to
state our main theorem of this section, which is proved in Appendix A.5.
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» Definition 24. For bind/unbind SDC S, let € = maxy gcp, AGW(T,d,d*) — AGS(T,d’,d"™)
be the largest difference between compute domain binding energies. S is almost compute-
domain isoenergetic if there is a constant ¢ independent of IV such that all full configurations
with m mismatches have free energy within additive ¢(m + 1)e of each other.

» Theorem 25. Given an SDC bind/unbind system S with scaffold length N, let Dr
be the set of distinct compute domains appearing on the right sides of tiles in S, i.e.,
Dr=A{r|3,i:(,i,r) € T;}. Assume that this value is the same for the left sides of tiles,
i.e. that all compute domains appearing on tiles are capable of binding. Then there is an
almost compute-domain isoenergetic SDC S that simulates S with scale factor k = |Dgl
(Definitions 24 and 30).

6.2 Kinetics under adversarial scaffold domain strengths

Here, we generalise the bind/replace model, and prove formal guarantees about the scaling
of SDC kinetics under varying scaffold domain strengths. Proofs are in Appendix A.6.

» Definition 26 (energetic SDC bind/replace model). Given an SDC S, the energetic SDC
bind/replace model (S,—1>,R) is defined with the same reachability L as bind /replace
(Definition 5). However, the replacement rate R(C,C") for C L ¢ where C'[i] replaces
Cli] = (l;,p;,75) # O is similar to the detachment rate from the bind/unbind model:
R(C,C") = %e(AGO(T’pi’pi*HAGO(T’”*l’li)+AGO(T’Ti’li+1))/RT, where ¢’ is the number of
tiles that could have replaced C[i], and other parameters are as in Definition 7. When
Cli] = 0 (for binding), we maintain the bind/replace convention that R(C,C’) = 1.

This model captures some of the nuance of having binding domains with differing energies.
SDC programs typically do computation from left to right, so it is desirable for good kinetics
to have stronger scaffold domains closer to the left. Here we study what happens in the
opposite, somewhat adversarial, regime, where scaffold domains become stronger to the right.
We first show how to translate physical domain energies into mathematical probabilities.

» Lemma 27. In the biased SDC bind/replace model, for a configura-
tion with a single mismatch between tiles t; and t;y1 that can be replaced,
the probability that the mnext replacement step replaces t;y1 s given by
(1—|—6AGFAGT)_1, where AG; = (AG°(T,p;,pi*) + AG°(T,ri—1,l;)) /RT and
AG, = (AG(T,pit1,pi+1™) + AG°(T,7i11,li12)) /RT give the total binding strength
(one scaffold domain and possibly one compute domain) of t; and t;11.

By focusing on the probability of moving forward in a given step, we can analyze simpler,
more purely mathematical processes, and use these results to reason about SDC runtimes.

» Lemma 28. Consider the following biased random walk (representing the movement of
the last mismatch in BITCOPY): There are n = N — 1 possible locations the mismatch can
occupy, numbered from 0 to n — 1. It starts in the leftmost position (position 0). Each step,
the mismatch moves to an adjacent position. If the mismatch is in position 0, it always moves
right. Otherwise, it moves right with probability p and left with probability 1 — p, untdl it
moves right from position n — 1, ending the process at position n (representing the mismatch
moving off the end of the scaffold). The expected number of steps s that this process takes is

given by s =n? if p=10.5 and s = ?5;1:1])”2) (pt-1)"-1)+ 77 otherwise.

The following theorem tells us that the system retains its speed even in the face of domain

energies that increase along the entire scaffold (leading to backward bias). Even if this total
energy differential increases logarithmically, the kinetics still operate in polynomial time.
Corollary 18 shows that we only need domains of length O(In N) for good thermodynamic
properties, and O(In N)-length domains cannot differ in energy by more than O(In N).
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» Theorem 29. Fiz some temperature T, and let S = (S, 5, R) be a biased SDC bind/replace
model where S is a BITCopy SDC of length N. Let compute domains have the same free
energy (i.e., AGS,(T,0,0%) = AG,(T,1,1%)), and scaffold domains become stronger linearly
from left to right: that is, if p; is the scaffold domain in position j, then AGS,(T,pj,p;*) =
a — bj for some constants a,b with b > 0. Then the expected time to completion for S from
any full configuration is O(N?) if b € O (37), and is polynomial in N if b € O (%)
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A  Appendix
A.1 Proof of Lemma 8

Proof of Lemma 8. In an SDC bind/unbind system, every tile attachment event C 5 ¢ of
tile ¢; has a corresponding reverse (detachment) event C’ 2 C of tile ¢;, and there are no
other events in the system. The system is in chemical equilibrium, that is, the concentration
of every configuration is constant over time, when every such bind/unbind pair of events has
equal forward and reverse rates, i.e. prob[C]rast = prob[C’|rges for such a triple ¢;, C, C”:

prob[C’] _ prob[c}e—(AGo(T,si,sf)—;A(ti)+AG°(T,'r‘i,l,li)+AG°(T,n-,li+1))/RT ) (2)

Furthermore, any configuration C' is reachable from the empty configuration by < N tile
additions, at most one per scaffold position. Thus the equilibrium probability of C is the
equilibrium probability of Cj times the product of the Equation (2) weight from each step.

Applying Equation (2), starting with C' = Cj one tile bind step at a time, implies that the
energy terms involved for each tile binding event are summed: Each additional tile binding con-
tributes a free energy term of AG°(T, s;, s})— u(t), and each matching compute domain (bind-
ing) between adjacent tiles contributes a free energy term of AG°(T,r;,l;+1) (each bond con-
tributes exactly once). These N binding event terms sum to give AG.(T, C) in Equation (1).
Thus, the equilibrium probability of an assembly C' is prob[C] = prob[Cyle=2C(T:C)/RT

Since configuration probabilities should sum to 1, we set > .o prob[C] = 1, hence
prob[Cy] Y cee € 2CTO/RT = prob[Cy]Z = 1, and prob[Cy] = Z~!, yielding the claim:
prob[C] = e~ AC(T,.C)/RT . 7-1, <

A.2 Proof of Lemma 12

Proof of Lemma 12. We describe a nondeterministic logspace machine M on input x €
{0,1}*, simulates the SDC to decide z. Given = € {0,1}*, M first generates an SDC
instance via the SDC program’s DLOGTIME-computable encoding functions. M does
not explicitly write out the SDC as it does not have enough workspace, however using a
well-known procedure [13] it can generate O(log |z|)-size parts of the SDC on the fly any
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time they are needed. Since N = |2|°() by DLOGTIME-computable encodings, we get that
O(log |z|) = O(log N), and hence individual domains and tiles can be generated in this way,
which is all that is required to run the construction in the proof of Lemma 11. Via Lemma 11,
the nondeterministic logspace machine is capable of outputting full, mismatch-free output
configurations. However, instead of outputting the full configuration it merely outputs the
decoded output (via the uniformity condition), which in this case is a single bit: 1if x € L
and 0 otherwise. <

A.3 Proof of Lemma 15

Proof. Let C be any full configuration. Since mismatch energy never increases (by definition
of i>), starting from C guarantees exactly one mismatch until completion. We can couple
the evolution of C' and Cy (using these names from here on to refer to these evolving
configurations) as follows: Whenever the mismatch in Cj is further left than the leftmost
mismatch of C, we pause C' and let Cy run until they are in the same position (which must
eventually happen). Whenever the two trajectories have their leftmost mismatch at the
same index, we force the two trajectories to move this mismatch in tandem: specifically,
suppose the mismatch is between tiles ¢; and ¢;,11. As soon as C replaces either of these
tiles (switching its domains from 0 to 1 or 1 to 0), Cy replaces the same tile. Because of
the conditions placed on R, these replacement rates from C' must be the same or higher
than those of Cy: the replacement of ¢; has the same rate by the first condition, and the
replacement of ¢;1; has the same or a faster rate by both conditions (¢;11 and ¢;12 may

possibly mismatch in C, but they do not in Cp). This continues until no mismatches remain.

The resulting trajectory of Cy must take time at least that of C, as it has all the same
replacement steps (possibly some extra). From the perspective of Cy, the trajectory was
either sampled accurately or sped up: the mismatch may have moved more quickly than it
would have and may have been more likely to move right, both of which result in a faster
trajectory. It follows that the expected time from Cj is at least as high as that from C. <«

A.4 Proof of Theorem 22

Proof of Theorem 22. Whether a scaffold will grow by a left-to-right random walk depends
on two competing processes: the random walk of attachments by and detachments at a
growth front by 1CD 4 1SD, and the probability of a stable region of tiles “nucleating” at
some other point before it is covered by the left-to-right growth.

Left-to-right growth, given the AG?; — 11 < 0 assumption, will have no barrier to starting.

It will then proceed via individual attachments at rate k¢[t], and detachments at rate
kge(AGa+AGL)/RT resulting in a mean growth rate of ry = k¢ ([t] — uge
Here, we ignore detachments at points other than the growth front, which would occur at
the lower rate of kpe(AG2at2AG)/RT "and would be very likely to be quickly filled in again.

Formation of stable regions at other points requires a nucleation process, with an initially
unfavorable attachment. However, the critical nucleus, or least-favored state, is a single tile
(attached by AGZ,), and all subsequent attachments are favorable. Thus, nucleation can be
treated as similar to the kinetic trapping model of errors in DNA tile self-assembly [22]: the
rate of a tile initially attaching at a given site is k¢[t], and the probability of an additional
tile attaching on either side before the initial tile detaches is 2[t]/(2[t] + uoe®%ea/BT) as we
are in a regime where [t] < uge%ea/BT | this probability is approximately 2[tJug 'e=2Cea/RT

and thus, the rate of nucleation at a site is rnue ~ ke2[t]%ug 1e—AGL/RT,

(AGE +AGZ) /RT),
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There are N sites in the system, and the left-to-right growth will complete in mean
time N7y !, meaning that the total sites and time available for nucleation is N2/(2r,). The
probability that no nucleation takes place during the left-to-right growth is thus py, =
exp(—rnucN?/(2r)), and thus In piey & —Skerg 'N2[t]?ug te~AC0a/RT, <

A.5 Definition 30 and Proof of Theorem 25

» Definition 30. Let S be an SDC with scaffold length N. Given another SDC S using the
same compute domains, we say that S simulates S at scale factor k € {1,2,...} under some
reachability function L if it has scaffold length kN and every configuration C' of S has a
corresponding configuration C' of S that represents it as follows: the tile t = C[i] at position
i in S is represented by the tile C[ki] at position ki in S via some representation function
fi: Tri U0} — T; U {0} (i.e., fi(Clki]) = C[i]) where f;(#) = 0 (and no other tile maps
to (). We require that C has a mismatch between C[ki] and C[ki + 1] if and only if C has a
mismatch between C[i] and C[i + 1], with no other mismatches at any other positions in C

except for those between two adjacent ()s. Further, we require that C Lo implies C LYol

Proof of Theorem 25. Each scaffold position ¢ > 1 in S is simulated by a block of k scaffold
positions k(i — 1) +1,..., ki in S, where k = |Dg|. We call this set of indices “block i of S”.
Fix some cyclic permutation o on Dg. There are two types of tilesets in each block of S.
The tileset at the last index ki of block i is given by Ty; = {(¢=1(I*)*, ki,r) | (I,i,7) € T;}.
Each other tileset at any other position j in block i (i.e., with k(i — 1) < j < ki) is given
by T; = {(r*,j,0(r)) | r € Dr}. The representation f;, for all i, is bijective and maps the
tiles based on the tileset construction — that is, f;((c=1(1),ki,r)) = (I,i,7). Given a full
configuration C of S, the representative configuration C of S is the unique configuration of
C such that f;(C[ki]) = Cli] for each i, and no mismatches occur anywhere except possibly
between tiles ki and ki + 1 for any value(s) of 4. This exists uniquely, as after fixing each tile
at each index ki, there is always a unique choice of tile to place to the immediate left of each
position ki because o is a permutation. This gives a unique way from each position ki to
place tiles leftward until reaching position k(i — 1). If C is a partial configuration (containing
one or more s), C is constructed in the same way, except the tiles within the block whose
rightmost tile maps to @ are all ).

In any configuration C' representing a full configuration C, we observe that, starting from
the left of each block and moving rightward, each tile has a distinct left domain, with each
domain appearing exactly once. The leftmost tile ¢; in any block is given by (r*, j,o(r))
for some r € Dg. As there are no mismatches within any block, the next tile must be
(o(r)*,j+1,0(c(r)*)*) = (o(r)*, 5+ 1,0%(r)). By straightforward induction, the (k — 1)st
tile has right glue o*~1(r) = 071(r), as o is a permutation.

Any full configuration of S looks like this, so it follows that the sum of the left compute
domain energies within each block are the same across all blocks. Therefore, all target
configurations of S have almost the same free energy, differing only by which compute domain
is the unbound leftmost compute domain of the leftmost block. With € as in Definition 24,
this implies that these configurations are all within e configuration energy of each other,
satisfying Definition 24 for m = 0 mismatches. For m > 0, each configuration contains at
most m blocks that have at least one mismatch; all other blocks contribute the same amount
of energy in each. These configurations therefore differ by at most km compute domain
bonds, and therefore by total energy at most kme, satisfying Definition 24.

To show that Definition 30 is satisfied, all requirements are true by construction of C;
reachability is straightforward, as C Lo implies that C and C” differ by exactly k tiles,
which are all empty in one and all full in the other, implying that k steps is sufficient to get
from one to the other. |
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We remark that this construction and argument work equally well (though more tediously,
and with more complex definitions) by having each scaffold position i be represented by a
block of size |{r|(l,i,7) € T;}|, that is, by using a cyclic permutation that cycles through
only the right domains of tiles in 7;. This may lead to a much smaller scale factor if compute
domains are not frequently reused.

A.6 Proofs for Section 6.2: Lemmas 27 and 28 and Theorem 29

Proof of Lemma 27. Given exponential random variables with rates A; and A, (describing
total tile replacement rates), the probability that a given value sampled from the latter is
smaller than a given value sampled from the former is well known to be given by )\li")\r.
The total replacement rate for each tile has one contribution per tile that can replace it
(given by Definition 26), and each contribution is divided by the total number of tiles.
Therefore, we can substitute the replacement rates from Definition 26 for A\, and A;, and after
cancelling constants and removing the irrelevant contribution from the mismatch between
t; and t;11, it follows that the probability we seek is given by e2¢r/ (eAGl + eAGf) =
1/ (1 + eAGl—AG7,>_ <

Proof of Lemma 28. Let E(i) be the expected number of steps when the mismatch is
at position i. We seek the value of s = E(0). At each position, the mismatch moves
one step and then occupies (and has the expected value of) a new position. Therefore,
E@)=14p-E(i+1)+ (1 —p) - E(i—1) for all 0 < i < n (where E(n) =0, as the process
is finished then).

Let a; = s — E(i). Then ag = 0, and a1 = a9 + 1 = 1 because, from the leftmost
position, the mismatch can only move right. Further, as E(n) =0, a, = s, so we must find
an. Rewriting and re-indexing the above equation in terms of a; and rearranging it gives
a recurrence relation for a;: a; =p ' +pla;_1 + (1 — p_l) a;—s. We solve this recurrence
relation in a standard way: we first homogenize it and find that its characteristic polynomial
is fA) =N+ (-1-p ) A2+ (2p7 ' =1) A+ (1 —p '), with roots 1, 1, and p~* — 1.

When p = 1

5, the multiplicity 3 root at 1 implies that any solution has the form

2

a, = co+cin+con?, and plugging in initial conditions ag = 0,a; = 1 and ay = % gives a, = n”.

When p # %, the roots of f(A) imply solutions have the form a,, = ¢o + c1n + c2 (p_1 — l)n.

Plugging in initial conditions again yields the given solution. |

Proof of Theorem 29. As we wish for an upper bound, by Lemma 15, we need only consider
the configuration with one mismatch in the leftmost position. Because compute domains are
isoenergetic and scaffold domains get linearly stronger, Lemma 27 says that the probability
of a mismatch stepping forward will be the same at each scaffold position, and is given
by p = ﬁ Therefore, since b > 0, p # 0.5 and we can plug it in to the expression in
Lemma 28 to obtain an upper bound on the expected number of steps (which is exact in the
case of one mismatch in the leftmost position). This is sufficient for an asymptotic bound on
the expected time as well: when b € O(+), the strongest domain has constant strength (so
each step takes constant expected time), and when b € O(!2) it has strength O(In N) (so
each step takes at most polynomial expected time). Note in this expression that n = N — 1,
as a scaffold of size N has this many potential mismatch positions. After plugging in p and
simplifying, this expression becomes

1 b 2¢b
T (V=0 e (407 1)
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As we're looking for an upper bound, we ignore the first (negative) term, and we may

replace the denominator of the second term with b? because e’ — 1 > b for b > 0. We
bN

may also remove the final —1. This simplifies the upper bound further to 222 . When

b = ¢/N for some constant ¢, this becomes ZC—ZCNQ € O(N?). When b = CIR,N, it becomes

2NTZ  O(NeH2), <
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