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—— Abstract

Amplifying weak molecular signals is essential in both natural and engineered biochemical systems.
While most amplification schemes operate out of equilibrium, relying on kinetic barriers and
fuel-driven cascades, it is also possible to amplify at thermodynamic equilibrium by shifting the
energy landscape upon addition of an analyte. Equilibrium amplification is appealing because, in
principle, the system can remain indefinitely in the untriggered state. In this work, we establish
fundamental structural and thermodynamic limits on equilibrium-based amplification. We first
prove that dimerization networks — systems restricted to complexes of at most two monomers —
are inherently incapable of equilibrium amplification. This no-go theorem explains the absence
of amplification in prior undercomplementary “strand commutation” designs. We then show that
allowing trimeric complexes breaks this barrier. We propose an isometric trimer-based equilibrium
amplifier whose output preserves the size of the input, enabling modular composition, and validate
it experimentally, achieving an amplification factor close to the expected 2x. Finally, we derive
universal thermodynamic bounds applicable regardless of complex size: the maximum amplification
factor scales linearly with the free energy of interaction between the analyte and the amplifier
components. For nucleic acid systems, this implies that the analyte length must grow linearly with
the desired amplification factor, and that composing modular amplifiers yields diminishing returns
for a fixed analyte. Together, these results delineate the structural and energetic boundaries of
equilibrium amplification and rigorously justify the necessity of out-of-equilibrium approaches for
achieving high gain.
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1 Introduction

In both natural and engineered systems, amplifying weak molecular signals is crucial for
reliable function. For example, signal transduction cascades employ multiple mechanisms —
including second messengers, protein phosphorylation, and enzyme cascades — to convert low-
level extracellular inputs into robust intracellular responses [25]. Similarly, regulatory RNAs
act as ultrasensitive switches to tightly govern gene expression [11]. This broad capacity for
signal amplification is essential for maintaining cellular specificity and responsiveness across
diverse biological contexts, from hormone signaling to receptor-mediated pathways that drive
cellular differentiation and metabolism [2, 13].

Parallel to these natural architectures, amplification in molecular diagnostics and synthetic
biology enables the detection of scarce biomarkers and the construction of complex biochemical
circuits. Enzyme-free DNA circuits have demonstrated highly sophisticated functions:
Seelig et al. implemented modular logic gates with signal restoration and amplification [23],
and Qian and Winfree scaled strand-displacement cascades into multi-layer logic devices [22].
Likewise, dynamic amplification schemes such as the hybridization chain reaction and catalytic
hairpin assembly rely on cascading strand displacements to robustly boost signal levels [12].

Chemical amplifiers typically rely on bridging an energy barrier in the presence of the
analyte and thus necessarily operate out of equilibrium. For example, most DNA-based
amplifiers rely on fuel-driven kinetic cascades. In the hybridization chain reaction, two DNA
hairpins remain kinetically trapped until an initiator strand opens one, setting off a chain
of strand-displacement reactions [5]. Likewise, catalytic hairpin assembly uses a series of
metastable hairpin fuels: analyte binding to one hairpin exposes a toehold that catalytically
opens the next, releasing the analyte to repeat the cycle and yielding hundreds-fold signal
amplification [10].

Nonetheless, it is possible to perform signal amplification at thermodynamic equilibrium.
In such systems, prior to the addition of the analyte, the thermodynamic equilibrium has a
relatively small amount of output (detection species). The addition of the analyte shifts the
energy landscape, and subsequent relaxation to the new equilibrium increases the output
concentration by more than the amount of analyte added. An important potential advantage
of equilibrium amplifiers is that they do not rely on a kinetic barrier, and thus can indefinitely
remain in the untriggered state. Equilibrium amplifiers also necessarily avoid complex enzymes
typical of natural signaling cascades since the only role an enzyme can play is to modify a
kinetic barrier. Equilibrium amplifiers also support dynamic signal processing: changing
the input (e.g., swapping input strands) causes the system to re-equilibrate accordingly [24],
whereas kinetically controlled systems are generally single-use, requiring their metastable
complexes to be externally regenerated for each new input. A family of equilibrium amplifiers
was recently proposed in the Thermodynamic Binding Network (TBN) model [6, 20].

Equilibrium-based chemical computation recently received a significant boost with the
work of Nikitin on “strand commutation” networks, who showed that diverse computations
can be performed by weak hybridization of DNA strands [15]. Specifically, the inputs are DNA
strands and the computation arises via the competition of multiple possible binding partners
between pairs of strands. The thermodynamic equilibrium of the input together with the rest
of the system then contains the desired amount of output strands. Undercomplementarity
appears to allow significantly more compact constructions. For example, Nikitin contrasts
prior work on the square root circuit using 130 strands [22] with his undercomplementary
implementation using only nine strands (plus four inputs). Nonetheless, the computations
Nikitin demonstrated suffer from significant signal attenuation, especially in the more complex
constructions, which exhibit output concentrations many orders of magnitude lower than
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the input concentration (e.g. analog computation). In none of the proposed systems in [15]
is the amount of output greater than the amount of input, suggesting that some aspect of
Nikitin’s paradigm prevents amplification.

In the current paper, we study amplification at thermodynamic equilibrium, using both
theoretical arguments and experimental realization. Our theoretical results are general and
apply to DNA-based systems as well as other substrates. In Section 2, we consider the
natural classification of equilibrium systems according to maximum complex size, and show
that dimerization networks (maximum complex size two) cannot amplify. This result explains
the lack of amplification in Nikitin’s work despite the otherwise extensive functional diversity
of dimerization networks.

In contrast to dimerization networks, allowing trimers permits equilibrium amplification.
In Section 3, we develop a novel undercomplementary trimeric 2x DNA amplifier, and
demonstrate that it is able to achieve close to ideal amplification in wet-lab experiments.
In contrast to the previously proposed equilibrium amplifier in the TBN model [20], our
undercomplementary implementation is substantially more compact in terms of the number
of strands overall, the size of the largest complexes, and the number of logical domains.
Similar to the TBN amplifier, our amplifier is “composable”: the output strand has the same
form as the input strand, and could act as an input to a downstream amplifier of the same
design. Composability suggests a method to achieve overall increased amplification.

In the final part of this paper (Section 4), rather than focusing on structural constraints
that limit equilibrium amplification, we derive bounds on the amplification factor based
on the free energy of interaction between the analyte and the rest of the system. In the
context of nucleic acid systems, our bound implies that the length of the detected analyte
must scale linearly with the desired equilibrium amplification factor. These results formalize
the intuition that a larger difference between the triggered and untriggered configurations —
necessary for a greater degree of amplification — necessarily incurs an energetic cost, and we
show that this cost scales linearly with the amplification factor. Since the analyte is the only
strand added to the system, and all other strands remain unchanged, with only the complexes
they form being altered, the requisite energy must originate from the direct interaction of
the analyte with the other amplifier strands. For modular equilibrium amplifiers such as
our trimeric system and the TBN amplifier [20], the impossibility result implies that the
composition of more amplifier modules yields diminishing returns for a fixed analyte.

Thermodynamic limits on biochemical response have been studied most extensively for
nonequilibrium sensitivity and ultrasensitivity. For example, Qian showed that the free
energy from ATP/GTP hydrolysis controls the achievable ultrasensitivity in phosphorylation-
dephosphorylation switches [21], and subsequent work derived universal thermodynamic
response bounds for nonequilibrium steady states and tight energy bounds for covalent-
modification switches [16, 18]. A related line of work bounds Hill-type sensitivity by structural
quantities such as the number of binding sites or the support of the perturbation [17]. These
results are complementary to the question addressed here, but do not directly address
equilibrium amplification as we define it.

Our results establish fundamental principles of equilibrium-based amplification based
on structural network topology (i.e., dimerization versus trimerization), as well as thermo-
dynamic constraints. Our trimeric equilibrium amplifier could potentially be the missing
piece for Nikitin-style undercomplementary schemes, allowing computation with less signal
loss than is possible in dimerization-only equilibrium networks. More generally, however,
our thermodynamic impossibility results rigorously justify out-of-equilibrium amplifiers as
unavoidable for greater amplification in the next-generation ultrasensitive molecular sensors
and signal processing architectures.

8:3

DNA 32



8:4

Amplification at Equilibrium: Limitations and Implementation

2  Structural Limitations: Dimerization Networks Cannot Amplify

In this section, we analyze the amplification capacity of a chemical reaction network limited
to dimerization reactions (i.e., complexes of at most two monomers). By amplification, we
mean that an increase in the input monomer leads to a larger-than-proportional increase in
the concentration of some monomer species or dimer species in the network. We rigorously
demonstrate that dimerization networks are structurally incapable of signal amplification,
regardless of the thermodynamic parameters. Specifically, we prove that the sensitivity of
any monomer or dimer species in the network to an input signal is bounded by unity.

While previous work [14] used numerical simulations to argue that dimerization net-
works cannot amplify, rigorous systems-level understanding of these architectures remains
elusive [19]. This gap persists even as researchers increasingly push the boundaries of
these architectures, such as utilizing competitive dimerization networks as analog physical
computers trained via directed evolution [26].

2.1 Model Definition and Equilibrium

Consider a system comprising n distinct monomeric species { X1, ..., X,,}. These monomers
can interact to form dimeric species D;; according to the reversible reactions:

X1+X];‘D” fOI‘lSZS]Sn,

with the convention Dj; = D;;. The system is assumed to be in thermodynamic equilibrium.

The equilibrium concentrations, denoted by lowercase variables z; and d;;, satisfy the

e
mass-action law:

dij = Kij T Ty, (1)

where K;; > 0 is the equilibrium association constant. The case K;; = 0 represents an absent
dimer, while Kj;; > 0 corresponds to an allowed dimerization reaction with finite formation
free energy.

We define the total concentration of monomer X;, denoted by C;, as the sum of the free
monomer concentration and the concentration of X; sequestered in dimers. According to the
conservation of mass:

J#i

2.2 Sensitivity Analysis

We examine the system’s equilibrium response to adding total concentration ¢ of the input
monomer X;. Specifically, we aim to derive an equation for the relative sensitivity of each
monomer species, defined as the derivative of its equilibrium concentration with respect to
the added input amount, normalized by its concentration. Formally, we say the sensitivity of
species X; is x} = Uzj, and its relative sensitivity is i—/

For added input amount o, the total concentration of monomer X;is C; = C’g“it + 014,
where 61, is the Kronecker delta. Substituting Equation (1) into Equation (2), we obtain the

closed algebraic mass-balance equations:

x; + Z Kijx;x; + 2Ky ILQ = C;nit + 0d1;-
J#i
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To determine the sensitivity of the system, we differentiate with respect to the signal o to
obtain:

J#i
Using the equilibrium relationship K;;x;xz; = d;;, we can rewrite K;;x; = d;;/z; and
Kijx; = dy; /xj to relate the relative sensitivities to concentrations of dimeric species:

X! .I?Iv

J#i J#i

N

2.3 The Upper Bound on Amplification

The following theorem shows that no monomer species in the dimerization network can
exhibit a relative sensitivity magnitude greater than that of the input monomer, and that
the input monomer species itself cannot be amplified beyond the added signal. The theorem
is proven in Appendix A.

» Theorem 1 (The Input Domination Theorem). Let o represent the total added concentration
of input monomer X1. In a dimerization network at equilibrium, the sensitivity of the free
concentration x1 to changes in the total input is bounded by 1, i.e., 0 < % < 1. Furthermore,

/ ’
for any monomer species X;, the relative sensitivity satisfies |=L| < |2].
77 T T

2.4 System-Wide Attenuation of Equilibrium Responses

Having established that |%| is the global maximum for relative sensitivity, we now analyze
the network-wide response. At the fixed equilibrium under consideration, keep the input
species indexed as 1 and re-index the remaining species, breaking ties arbitrarily, so that the
relative sensitivities are ordered by magnitude:

/

1 > Ty >...> |2 (4)
{a1 T2 Tn
Now, let d}; = dj;j denote the sensitivity of the dimer D;;.

» Lemma 2 (Sign Coherence). Given the ordering in Equation (4), for any dimer species
D;; with © < j, the sign of the sensitivity d;j is determined by the monomer species with the
lower index (higher sensitivity). Specifically, if di; # 0, then sgn(d;;) = sgn(z}).

Proof. From Equation (1), d; = d,](% + 2—;) Since i < j, our ordering implies i—:
Thus, the first term weakly dominates the sum, and the sign of d;; follows the sign of z;. In

’

’ .
the symmetric case where i— = 72—;, the terms cancel, yielding d;j =0. |

We can now rewrite the derivative of the mass conservation equation (Equation (2)) for
species ¢ by splitting the sum into terms with indices j > ¢ and j < i:

T+ diy+2d =6 — Y dj,. (5)
J>i Jj<i
By Lemma 2, for all j >4, d;; has the same sign as x; or is zero. Similarly, dj; clearly has
the same sign as ). Therefore, all non-zero terms on the left-hand side of Equation (5) share
the same sign. This allows us to take the absolute value of the sum as the sum of absolute
values:

!
>‘ﬂ|
213,
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]+ D |+ 20| = [or: = D7 | < bui+ D Il (6)

7> 7<i j<i

This inequality bounds the changes in monomer species ¢ and its dimers with higher-
indexed monomers (j > i) by the changes in its dimers with lower-indexed monomers (5 < 7).
We now generalize this to show system-wide attenuation.

» Theorem 3 (No-Go Theorem for Dimerization Amplification). For any monomer species X;
in the ordered dimerization network, the sensitivities of X; and its dimers D;; with j > i
satisfy:

l + S+ 2l <1- 3 (|x;| Fold,+ Y |d;k|). )

j>i j<i k>i

Here, the left-hand side represents the total concentration sensitivity directly involving
monomer 4, including its free form and its dimers with higher-indexed species (j > ). The
right-hand side shows that this quantity is bounded by the remaining portion of the unit
input sensitivity after the lower-indexed terms are accounted for; the proof of Theorem 3 is
given in Appendix A. The main takeaway of the theorem is that the sensitivities of both
monomer species and dimers are individually bounded: |z}| <1 and |d};| <1 for all 4, .

» Corollary 4 (Total Variation Bound). The sum of the absolute sensitivities of the monomer
species is bounded by unity; homodimer formation strictly tightens this bound.

Sl <123l ®)
=1

i=1
Proof. This follows directly by substituting ¢ = n into Equation (7). <

This corollary can be thought to strengthen Theorem 1 in two ways. First, Theorem 1
bounds the relative sensitivities of non-input monomers, but a small relative sensitivity could
still correspond to a large absolute concentration change for an abundant species. The total
variation bound rules this out. Second, even if no single monomer changes by more than the
input, one might imagine a large distributed response spread across many monomer species.
The corollary rules this out as well.

3 Breaking the Limit: Trimerization-Based Amplification

In Section 2, we established a fundamental structural constraint: reaction networks limited
to dimerization cannot amplify an input signal, regardless of the underlying thermodynamic
parameters. In this section, we show that by relaxing the constraint to allow for the formation
of higher-order complexes (specifically, only trimers are needed), signal amplification becomes
realizable. We propose concrete trimerization-based architectures, and present wet-lab
experimental data showing amplification with a trimeric amplifier design.

3.1 Entropy-Driven Trimer-Based Amplifier

A simple construction for a trimer-based amplifier is the entropy-driven design illustrated in
Figure 1. This system leverages the thermodynamic drive toward greater global entropy (in
the sense of the number of separate complexes) following the introduction of the input Xj.
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Wi
=

Figure 1 Reaction schematic of the entropy-driven amplifier.

Fi

Intuitively, the system implements the following abstract reaction:
Xi+Fi—W;+2X;1

Such idealized reactions, when composed, implement amplification exponential in the number
of modules: one copy of upstream input X; can release two copies of downstream input X1,
doubling at every module.! Thus idealized, the overall stoichiometric transformation from
initial reactants to final products is given by

n—1 n—1
Xo+ ) 20F = > 2'W; +2"X,
1=0 1=0

and the theoretical (maximum) amplification factor of this network is 8 = 2.

There are two fundamental problems with this idealized analysis that limit amplification.
The first is the obvious structural limitation: If the system is implemented with DNA, then,
as described, each signal X; is half the length of the previous one.? The second, deeper
limitation is based on general thermodynamic considerations, follows from Section 4, and
will be explored later.

In the following section, we overcome the structural limitation by introducing an isometric
amplifier — a design that preserves the size of the output relative to the input.

3.2 Isometric Trimer-Based Amplifier

To overcome the obvious scaling limitation of the above entropy-driven cascades, we introduce
a minimal — still with maximum complex size three — network designed to amplify an input
signal while strictly preserving the size of the output. This isometric amplification relies on
a carefully engineered partial ordering of binding affinities among the system’s underlying
complexes.

Figure 2 illustrates the proposed reaction pathway. Unlike the entropy-driven amplification
scheme above, where the output species is smaller than the input, our isometric design
generates an output molecule O of comparable size to the input I. This size preservation is a
critical feature for building deeper, multi-stage cascading amplifiers so that the output of

If higher-order complexes (larger than trimers) are allowed, such complexes can form by exchanging
sequestered signals X; among different fuel molecules F;. As an example, F; + F; 11 = Q+ W41, where
Q is formed of one copy of X/, one copy of X;41, and two copies of X;12. However, in the absence of
input, the system still remains trapped in an equilibrium distribution without the final product X,,.

Because each step in the cascade effectively “divides” the original input to generate multiple outputs,
the amplification factor is limited by the total length of the input in base pairs |Xo| and the minimum
domain size £ — the minimum strand length necessary for reliable molecular recognition and binding;:

[Xol
<=
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No input + input

o \F
4
K

Figure 2 Schematic of the proposed isometric trimerization-based amplifier. (Left) The thermo-
dynamically favored configuration in the absence of the input signal I. Strand W exhibits a higher
binding affinity for X than for P. Consequently, the output strands O remain sequestered in a stable
trimeric complex with the “locking” molecule P, forming O:0:P. (Right) The thermodynamically
favored configuration following the introduction of the input. Input I cooperatively binds with
“helper” species A and X to form the I:A:X complex, displacing W from the W:X complex. The newly
liberated strand W then drives the dissociation of the O:0:P complex by binding to P (forming W:P),
thereby releasing the free output O. The forward directionality of this cascade is governed by the
thermodynamic hierarchy of the complex affinities: K1.a.x > Kw.x > Kw.p > Ko.0.p. Crucially,
in the absence of I, species A possesses insufficient affinity to displace X or P. Note: An increased
density of white gaps within the gray binding regions visually denotes progressively weaker binding
affinities.

one stage can serve as an input for the subsequent stage. Thermodynamically, the system is
designed such that enough energy is released upon the formation of the input complex I:A:X
to effectively “pay” the energetic penalty required to dissociate the output complex O:0O:P.

In order to avoid leak (release of O without I), we must limit the affinities in the affinity
hierarchy noted in the figure caption. Specifically, without input I, molecule A can displace
half of the W:X complex. Then this free half of W may displace an output molecule O from
the O:0:P complex, i.e., A + W:X + 0:0:P — A:W:X:O:P + 0.2 This reaction pathway
is inhibited because it reduces the number of separate complexes by one, but we need to
ensure that the increased bonding does not compensate for the loss of entropy.

By strategically engineering sequence mismatches, we can tune the free energies of the
complexes, establishing the required partial order of binding affinities and their relationship
to separate complex formation entropy. Furthermore, because of partial complementarity, the
sequence of O can be sufficiently different from I that several identical isometric amplification
modules could be composed, where the output of one is input to another.

Experimental Results

To validate the theoretical framework of the isometric trimer-based amplifier, we implemented
an experimental model using synthetic DNA. First, we verified the theoretical performance
of our designed sequences using NUPACK [8]. As observed in Figure 3a, while the simulated
system exhibited some leakage (release of output in the absence of input) at a higher
temperature (28°C), this leak was effectively eliminated by decreasing the temperature.
Overall, the NUPACK-simulated response closely follows the ideal 2x slope until reaching
saturation.

3 While our theoretical model restricts complex size to three, mitigating the formation of higher-
multimericity off-model polymers remains a practical engineering goal.
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NUPACK vs. Experiment . i
a) b) 2X Amplifier: Ideal vs. Experiment
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Figure 3 Experimental results of the isometric amplifier. The input concentration is varied
from 0 to 200 nM, the total concentration of the output strand is 300 nM, and all other circuit
strands are set at 150 nM. (a) Experimental data plotted against NUPACK estimated behavior.
(b) Experimental data plotted against the ideal 2x response. Linear regression of the response
regime yields an experimental amplification factor of 1.7x.

The experimental data shown in Figure 3(a)-(b) was collected at 4°C, but in contrast
to NUPACK predictions, it still exhibits non-negligible leakage in the absence of the input
(0 nM). This minor discrepancy may stem from several factors: imprecise stoichiometry of the
added components, DNA synthesis impurities (as only the fluorophore-tagged output strand
was HPLC-purified, while the rest were purified via standard PAGE), or fluorophore-induced
energetic perturbations not captured by NUPACK.

As shown in Figure 3b, to quantify the experimental amplification factor, we performed
linear regression. While the theoretical maximum amplification factor of this specific system
is 2%, our experimental data demonstrates 1.7x signal amplification. The regression analysis
excluded the saturated data points (input concentrations of 150 nM and 200 nM) to capture
the true linear amplification regime. (If the leakage point is also excluded from the fit to
strictly evaluate the active response slope, the calculated amplification factor rises to 1.77x.)
Complete details of the experimental protocols, DNA sequences, and statistical methods are
provided in the full version of this paper [1].

Since there is no physical limit imposed by shrinking molecule sizes as in the naive
construction of Section 3.1, one might intuitively expect that arbitrary signal amplification is
physically realizable. However, escaping structural limitations does not grant unlimited ampli-
fication. In the following section, we establish that regardless of a system’s specific structural
architecture or local mechanisms, there exists a fundamental, inescapable thermodynamic
limit on signal amplification for all thermodynamic equilibrium-based networks.

4 Thermodynamic Bounds on Amplification

In the previous sections, we demonstrated that fundamental structural differences (dimer-
ization versus trimerization) can disallow or permit amplification. We have also seen that
the trimeric amplifier could in principle be composed to seemingly increase its amplific-
ation factor. In this section, we turn to general and unavoidable limits on amplification
at thermodynamic equilibrium determined by thermodynamic considerations, regardless of

8:9
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structural assumptions. Unlike prior thermodynamic bounds on nonequilibrium biochemical
response [21, 16, 18], the systems considered here have no persistent chemical-potential driv-
ing: both the pre-input and post-input configurations are equilibria. The relevant resource
is therefore the binding free energy gained when the added input analyte interacts with
amplifier components.

There is a strong intuition that chemical amplification should require significant energy
expenditure since the system must traverse substantial “configurational distance” from a
state with little output to one with a lot of output. Since we are requiring the system before
and after the addition of input to be at thermodynamic equilibrium, the only source of this
energy must be from the input itself. This section formalizes this reasoning, showing that
the free energy with which the input binds amplifier components must scale linearly with
the amplification factor. In the context of DNA nanotechnology, this implies that for an
analyte (DNA molecule) of a fixed length, there is only so much amplification that can be
realized. Moreover, we show that the achievable amplification is further discounted by
the output contrast, defined as the ratio of the triggered output (signal) to the untriggered
output (leak). For a fixed input free energy, demanding a sharper contrast leaves less room
for amplification.

4.1 Model

We represent the monomer composition of any complex as a vector tuple (u,v) € N™ x N,
where u is the vector of stoichiometric counts of non-input monomers, and v is the count
of the input monomer I. Given a complex (u,v), we define its residual core to be just its
non-input monomers. The Li-norm |u| = Y7, u; of (u,v) is the size of its residual core.
Similarly, we define the input core of (u,v) as its constituent input monomers, with its size
naturally given by v.

The concentration of a specific complex is denoted z,,. This vector representation
naturally partitions the network into three distinct pools: pure residual complexes (v =
0,u # 0), pure input complexes (u = 0,v > 1), and mixed complexes (u # 0,v > 1).4
All concentrations are dimensionless mole fractions — the ratio of complexes to solvent
molecules (i.e., water) — and are thus smaller than one. (The derivation of the energy
function (Equation (9)) only holds in the regime of substantially more dilute complexes than
solvent [4].)

To model the equilibrium behavior of these systems, we adopt the free-energy formulation
utilized by Dirks et al. [4]. Let g(z) denote the dimensionless free energy of the overall
system configuration (formula given below), let G, , represent the dimensionless free energy
of a specific complex, and let P denote the set of all valid complexes in the network. We
define the sign convention for G, , such that more negative values correspond to more
thermodynamically favorable complexes.

Let o represent the total concentration of the input monomer I. The equilibrium
concentrations are obtained by minimizing the system’s total free energy (corresponding
to the pseudo-Helmholtz free energy utilized extensively throughout the chemical reaction
network theory literature [9, 7]):°

g(a:) = Z xu,v(log LTyw — 1+ Gu,v) (9)
(u,v)EP

4 There is no complex (u = 0,v = 0).
5 In this work, log denotes the natural logarithm.
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This minimization is subject to the mass conservation constraint Az = 2°(c), where x is the
vector of complex concentrations, xo(a) is the vector representing the total concentrations of
all monomers (including the amount o of added input I), and A is the mass conservation
matrix mapping the concentrations of complexes to their constituent monomers.

To formally manipulate the system configurations, we define two projection operators
that isolate the cores from the overall complex concentration vector x.

The Input-Core operator, denoted IC(z), extracts the input cores by stripping away
all residual components. In other words, it removes all residual monomers, and for every
v > 1, creates a complex containing v input monomers whose concentration is the sum of
the concentrations of all complexes containing exactly v input monomers in z. Formally, we
define the resulting vector w = IC(x):

Weo,v) = Z L (u,v)

Wywy =0 foru #0

w=1C(z) = (10)

Conversely, the Residual-Core operator, denoted RC(x), extracts the residual cores
by stripping away all input monomers. Analogously to Equation (10), we define the resulting
vector w = RC(x):

Wu,0) = Z L (u)
v

W(y,w) =0 forv>1

w=RC(zr) = (11)

4.2 Energy Change upon Input Addition

We now investigate the total change in system free energy upon the introduction of the
input. To quantify this transition, we compare the thermodynamic equilibria of the network
before and after the input is introduced — configurations we formalize as the Resting and
Active states, respectively. To establish a rigorous mathematical bound on this free-energy
difference, we will also define a specific configuration termed the Drained state.

The Active state is the thermodynamic equilibrium of the entire system with concentration
o of the input I. Formally:

» Definition 5. For any input concentration o > 0, the Active state x is the concentration
vector that minimizes the total system free energy g(x) subject to mass conservation:

X = argminxzo g($> (12)
s.t. Axr = 10(0)

Next we define the Drained state, which represents “ripping” the input out of the Active
state without allowing the system to relax to a new equilibrium. Formally, the Drained state
is constructed by separating the input cores and residual cores of the Active state:

» Definition 6. Drained state y is defined by:
y = IC(x) + RC(x) (13)

Note that the dissociation into input cores and residual cores preserves mass conservation
Ay = 2%0).
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Finally, we define the Resting state, which represents the thermodynamic equilibrium
without input to which the input is added without being able to interact with the rest of the
system. More precisely, the Resting state is the thermodynamic equilibrium of the system
without the input, plus IC(x). Formally:

» Definition 7. Resting state z is defined by:

z = IC(x) + argmin,~, g(7) (14)
s.t. Az = 2°(0)
» Lemma 8 (Free Energy Hierarchy). The free energies of the Active, Resting, and Drained
states satisfy the following inequality:

9(x) < g(z) < g(y)

The proof of Lemma 8 is given in Appendix B.

We now define the following quantities with respect to the Active state x. Let U = {u # 0 |
Jv > 1: %y, > 0} denote the set of residual stoichiometries u that can form complexes with
the input in the Active state. Let Xj,, = ZU>1 Xo,v be the total concentration of the pure
input complexes, Xyes = D, 14 Xu,0 be the total concentration of the pure residual complexes,
and let X« = ZUEZ/{ Zv>1 Xy, be the total concentration of the mixed complexes.

Next, we define the binaing free energy, AGBi’gd = Gy,»—Gy,0—Go,y, which quantifies the
thermodynamic cost of forming the complex (u,v) from its isolated residual and input cores.
Finally, we let AGiSrtlg = min, , AGB{ﬁd denote the most favorable binding energy achievable
within the network upon interaction with the input. Note that we use the convention that
AGiSrt‘g < 0, and the more negative it is, the more favorable the interaction.

Having formally defined the Active, Drained, and Resting states, our primary objective
is to quantify the total change in the pseudo-Helmholtz free energy of the system upon
the addition of an input species with concentration o. The Drained state serves as a
crucial analytical intermediate. Starting from the Active state, where the input has already
propagated through the network to trigger the targeted outputs, we conceptually decouple
all bound input cores from the residual network. If we then allow the residual cores of this
Drained state to thermodynamically relax while remaining strictly isolated from the input
pool, the network equilibrates into the Resting state.

Altogether, by comparing the Active, Drained, and Resting states, and incorporating the
strongest potential energy released by input binding (AG;‘g
total pseudo-Helmholtz free energy change of the system as shown below. We show that
the bound depends on the following dimensionless parameter, which we term amplification

), we can rigorously bound the

capacity. Intuitively, the upper bound on amplification capacity is the maximum energy with
which the input binds (-~AGgy). From this upper bound, we subtract the log of “concentra-
tion of amplifier components” (as captured by Xyes + Xmix) — with smaller concentrations

leading to smaller amplification capacity.b

» Definition 9. We define the amplification potential as ¢(X,AG) := —AG + log(X).
Hence, the input amplification potential is denoted by Yinp := (Xres + Xmix, AGyy ). We
then define the amplification capacity ¢ as follows:

¢ — {ewinp Zf ¢inp S Oa

15
q/)inp +1 Zf l/}inp > 0. ( )

6 Recall that all concentrations are strictly less than one, as they are expressed as dimensionless mole
fractions (the ratio of complexes to solvent molecules). Consequently, Xres + Xmix < 1.
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Below we will derive upper bounds on the amplification factor as a function of the amplification
capacity, justifying this terminology.

» Theorem 10 (Input-Driven Energy Change). Let o be the total added concentration of the
input species. Let g(y) denote the free energy of the Drained state, let g(x) denote the free
energy of the Active state. Then, the amplification capacity ¢ satisfies:

9(y) —9(x) <o ¢ (16)
The proof of Theorem 10 is given in Appendix B.

» Corollary 11. A consequence of the free energy hierarchy (Lemma 8) is that the intermediate
free energy transitions are likewise bounded. Specifically, because g(x) < g(z) < g(y), it holds
that both g(z) — g(x) < o ¢ and g(y) — g(z) < 0 ¢.

To connect these thermodynamic constraints to system performance, we now translate
the bounded free energy transitions into concentrations, yielding an explicit upper bound on
the amplification factor.

4.3 Amplification Factor Upper Bound

Fix an input amount o. Intuitively, we want the output amount to be much larger than the
leak, which is the output amount in the absence of input. For actual amplification, we also
want the output amount to be much larger than the input amount ¢. The bound on energy
release as a function of amplification capacity reported in Theorem 10 can be recast into an
explicit relationship between these quantities, properly formalized.

Let O denote the designated free-output species, and define its concentration at the
Active and Resting states as:

a = X0, ri=Zo

In other words, a is the signal amount of output when the amplifier is activated, and r is the
leak amount. We define the amplification factor 8 and the output contrast v as:

Bi= S
g

a—r a

r
Thus the amplification factor 3 represents the amount of output increase between leak and
signal, relative to the input amount. Output contrast v represents the ratio of the free output

species between leak and signal states.

» Theorem 12 (Thermodynamic Bound on Amplification). Under the natural assumption for
amplification that the free-output concentration in the Active state exceeds its Resting leak
(v > 1), the amplification factor 8 is upper-bounded by amplification capacity ¢ discounted
by the logarithmic output contrast:

¢
log vy’

B < (17)

In the regime relevant for amplification (¥i,, > 0), the amplification capacity ¢ = ¥inp + 1
grows linearly with the strength of the input interaction —AGZY. A key takeaway of this
theorem is therefore that the input must bind the amplifier components with a free energy
that scales (at least) linearly with the desired amplification factor (at fixed contrast).
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» Remark 13. In the positive input potential regime (¢inp, > 0), expanding ¢ in Theorem 12
reveals:
—AGY® 4 10g(Xres + Xmix) +1  —AGT? 41

ﬁ S stg < stg
log v log

(18)

Proof of Theorem 12. The Resting and Drained states share the same isolated input pool,
so their free-energy difference is entirely a residual-subsystem difference. The residual part
of z is the equilibrium minimizer subject to the isolated residual mass constraint. Hence the
pseudo-Helmholtz Bregman identity gives [3]:

9(y) — g(z) = Z (Yi log }sz —yi+ Zi) :

where the sum is over the pure residual complexes. Each summand is nonnegative. Keeping
only the output O:

Yo
9(y) — g(z) > yolog P + zo.

We know the output O is a pure residual species and that draining the input from the
Active state may increase its concentration yo > xo = a. This holds because a fraction of
the total output mass might be bound with input species in the Active state. Letting r = zo,
define

t
F(t) :=tlog— —t+r.
r

Since F'(t) = log(t/r), the function F is increasing for ¢t > r. Applying yo > a along with
a > r yields:

9(y) ~ 9(z) > alog T —atr. (19)

A sharper estimate is obtained by also retaining the output contribution between the
Resting and Active states. Since the Active state is the equilibrium minimizer for the
full system under the same total mass constraint, the pseudo-Helmholtz Bregman identity
similarly gives:

9(z) — g(x) > rlogg —7r+a. (20)
Adding Equations (19) and (20) gives:
a r
g9(y) —g(x) > (alogf —a—l—r) + (rlogf —r+a>
r a
a
= (a—r)log 2.
(o~ r)log ®
Substituting v = a/r and a —r = So gives:

9(y) — g(x) = Bology.

» Remark 14. One of the reasons Theorem 12 is not strictly tight is the truncation of terms
in Equations (19) and (20). Nonetheless, looking at the entire sum may be appropriate to
generate design strategies and effective amplifiers. One such heuristic is apparent: limit
the variety of distinct chemical species that do not contain the output, which decreases the
number of non-zero terms in the sum.
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Combining this lower bound with Theorem 10,

9(y) —9(x) < 09,
and cancelling o completes the proof. |

To illustrate the order of magnitude of these thermodynamic limits, we evaluate the
upper bound using the parameters of the isometric trimeric amplifier from Section 3.2. Our
input strand has a maximum binding affinity of roughly —49 kcal/mol at the operating
temperature of 4°C (277.15 K). Assuming an overestimate of Xyix + Xyes < 1 uM, we obtain
the following dimensionless parameter values”:

AGTP ~ =89, Xyes + Xmix < 1.8 x 1075,

stg ™
Substituting these values into the definition for the amplification capacity yields:
¢ = Pimp + 1 = —AGLY +10g(Xres + Xmix) + 1 = 72.

Under these conditions, requiring a modest 10-fold target output contrast (y = 10) restricts
the maximum achievable amplification factor to S < 31. This concrete example demonstrates
how a seemingly vast input free-energy budget (hybridization energy of —49 kecal/mol is
typically considered all but irreversible) is naturally attenuated by the system’s concentration
scales and signal contrast requirements, leaving a ceiling on the final equilibrium gain.®

4.4 Output Contrast Upper Bound

In the previous section, Theorem 12 bounds the amplification factor 5 as a function of
amplification capacity ¢ and the contrast . In this section, our results address the following
intuition in turn: to have high contrast, the output must be capable of binding strongly with
something in order to have low leak. Thus, we turn from the free energy of binding the input
to that of binding the output.

In order to link contrast to the underlying thermodynamics of output sequestration in
the Resting state, suppose a set of pure residual complexes Q sequesters the output species
in the Resting state. Each complex @ € Q forms via the reversible binding of one free output
molecule O to a distinct residual partner PQQ:

O+ FPp=0Q

We define the sequestration free-energy gain for each complex as AG%“ =Gqg—Go —Gp,.

Let AGy 1= mingeo AGY" denote the most favorable binding energy achievable within the

network upon the output sequestration. Note that similar to AG;’; ,

that Ath“gt < 0, and the more negative it is, the more favorable the interaction.

By the law of mass action, the Resting equilibrium configuration satisfies:

we use the convention

ZQ = Z0 Zp, eiAng’ (21)

Using the molarity of water (55.49 M at 4°C) as the solvent to non-dimensionalize the system, and
adopting the ideal gas constant R = 0.00198717 kcal/mol. K.

As discussed in Section 5, the tightness of our results remains open. While we have not demonstrated
multi-stage composition and the bound need not be tight, it leaves open the possibility that 4 layers of
the isometric trimeric amplifier could be composed, since each contributes a factor of 2 and 2* = 16 <
31 < 32=2°

If @ includes more than one copy of O, then Py includes O as well, which does not cause a problem for
the subsequent reasoning steps.
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Let Z2%0 := " e ZPy- This quantity serves as the output-side counterpart to X,es: whereas
X,es represents the total concentration of complexes capable of binding the input species
in the Active state, ZU' represents the total concentration of complexes Py capable of
sequestering the output species in the Resting state. Furthermore, let v, be the largest
output stoichiometry of any complex Q.

Finally, the output potential ¥, is defined as follows:

wout = T/J(Vmax Zout AGout) — _AGout + log(’/max Zout).

res stg stg res

» Lemma 15 (Contrast Upper Bound). The output contrast v of an amplifier is bounded by:
¥ S 1 + e"/’out .

Proof. The net increase in the free output concentration, a — r, cannot exceed the total
amount of sequestered output available in the Resting state. Recalling that the Resting free
output concentration is zp = r, we apply Equation (21) to bound this difference:

_ out _ out
a— 1 < Vmax E ZQ = Vmax T E Zp, € AGq <r (Vmax Zl?eust e AGstg) .
QeQ QeQ

Recognizing that the term in the parentheses is exactly equivalent to e¥out, we obtain
a —r < re¥ew. Dividing the entire inequality by 7 and rearranging for v := a/r completes
the proof. |

Lemma 15 together with Theorem 12 reveals the following big picture. Because the output
contrast «y acts as the denominator in the overall amplification bound (Theorem 12), enforcing
a high signal contrast inherently restricts the maximum achievable amplification factor g.
Conversely, designing a system with weaker output sequestration (a less negative AGYY)
mathematically expands the potential for amplification, but leaves the system susceptible
to leak and poor contrast. Therefore, to increase the amplification upper bound without
sacrificing signal clarity, one must instead drive the system with a more favorable input free

energy AGislzg , thereby raising the overall amplification capacity ¢.

» Remark 16. Lemma 15 implies that to achieve a target output contrast v > 1, the output

sequestration free-energy must be favorable enough (recall AG‘S)t‘g < 0 by convention):
Zout
AGZY < log (”“17*_1) . (22)

In practice, bounding the leakage is critical to avoid prematurely triggering downstream
cascades or violating diagnostic sensitivity thresholds. To guarantee a target contrast ~y for
these applications, Equation (22) provides a direct design heuristic: the intrinsic sequestration
affinity AG;’t“gt must be driven sufficiently negative, taking into account the total concentration
of available residual partners Z2% and their maximum output sequestration size Vpax.

To complete our analysis of the isometric amplifier example, we examine the thermody-
namic constraints on the output side of the network. In our experiment, the hybridization
energy of the output O is —24 kecal/mol under our conditions. While this is substantially
less favorable than the hybridization of the input, it is in principle compatible with very
large contrast depending on Z2%'. Although Z2% is not directly under our control, we could
imagine that adding a reasonable excess of strand P results in nanomolar quantities of free P
in equilibrium. Then the corresponding dimensionless parameters are evaluated as:

AGOY ~ —44, vy =2, and Z°2% < 1.8 x 1071

stg res
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Substituting these values into the expression for the output amplification potential yields:

Yout = —AGHy + 10g(Vmax Zps') ~ 19.
By Lemma 15, this potential yields a bound on the output contrast of v < e!®. While operating
near this extreme contrast limit would be highly effective for minimizing leak, it heavily
penalizes the system’s amplification 8 by Theorem 12. Alongside an amplification capacity of
¢ ~ 72 from the previous section, we see that the maximum achievable amplification factor
becomes constrained to:

72
¢ ~ — ~ 3.8.

< =~
~logy 19

5 Conclusion

In this work, we first provided a rigorous proof demonstrating that equilibrium dimerization
networks are fundamentally incapable of signal amplification, a problem previously addressed
only through numerical approximations due to its inherent algebraic complexity. Our results
help explain the lack of signal amplification in undercomplementary designs proposed by
Nikitin [15] as they all rely on a maximum complex size of two. We subsequently evaluated
the amplification potential of equilibrium trimerization networks. Our investigation of an
entropy-driven trimerization network confirmed its capacity to amplify, but revealed a size-
shrinking feature that inherently limits its amplification power. To resolve this, we designed
an isometric trimer-based equilibrium amplifier that successfully achieved signal amplification
while strictly preserving the length of the output strands, potentially allowing for module
composition. We validated this architecture through the wet-lab implementation of a 2x
amplifier, achieving an experimental amplification factor that closely matches this theoretical
target.

We finally broadened our scope to investigate fundamental limits on equilibrium amp-
lification in a more general case based on thermodynamic constraints, regardless of the
multimericity of the network. We demonstrated that the free energy released by the input
binding determines the theoretical ceiling of the amplification power; the network design
then dictates how much of this capacity is attenuated. Specifically, we established that
enforcing a high signal contrast fundamentally limits the maximum achievable amplification
factor. Furthermore, we proved that the theoretical ceiling of this output contrast is itself
dictated by the free energy of output sequestration. Ultimately, these thermodynamic bounds
reveal a universal engineering trade-off: securing a robust, high-contrast signal requires deep
output sequestration to suppress leak, which in turn demands a proportionally larger input
free-energy budget to successfully drive molecular amplification.

There are two natural directions for future work. First, we aim to experimentally
compose multiple amplifier modules to achieve greater than a factor-of-two amplification,
using our component-level heuristics (e.g., Remarks 14 and 17) to guide the physical design.
Second, we must investigate the tightness of our theorems by testing how closely these
physical implementations can approach our established thermodynamic limits for amplification
(Theorem 12) and contrast (Lemma 15). Ultimately, this leads to a fundamental open question:
subject to these thermodynamic limits, does an “optimal” equilibrium amplifier or amplifier
family exist?
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A Proofs for Section 2 (Structural Limitations: Dimerization
Networks Cannot Amplify)

Proof of Theorem 1. Let k be the index of the monomer species with the maximum absolute
relative sensitivity. That is ‘i—’:

T
= man — .
Zj

We analyze Equation (3) for the index k& with maximum relative sensitivity:

z} zj
a <xk + dej + 4dkk> + dej; = 01k (23)

J#k J#k J
We first establish the sign of z},. Assume for the sake of contradiction that 2}, < 0. By
< . It follows that:

Zj

!
T
Tk

the definition of k, we know

/.
dej% < dy;

#k T #k
Substituting this bound into Equation (23) yields:

)
T,

/
Tk

2
Zk <xk + dej + 4dkk> + dej -

T : ;
J#k J#k

> O1k-

’
Ty
Tk

’
: o / T _ B : .
Since we assumed zj, < 0, we have 7 = . The terms involving >, dy; cancel out,

simplifying the inequality to:

/
Ze (zg + 4diy) > 1k.
T
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The left-hand side is strictly negative (as xp > 0 and dgr > 0), while the right-hand side is
non-negative (015 € {0,1}). This is a contradiction. Therefore, 2} must be non-negative.
Having established zj, > 0, we now derive the upper bound. Rearranging Equation (23):

x x
ﬁ <1'k + dej + 4dkk> =01 — dej;;.

i#k ik
Taking the absolute value and applying the triangle inequality:

12 /
S S,
kj
Tk €
I/

J#k J
Subtracting 3, dk;|3E| from both sides yields:

A

Ly
<ok + E dj p
ik

(a:k + dej + 4d;€k) <1k +
J#k

/

X
“k (xk + 4dkk) < 1.
T

Since x > 0 and dgg > 0, the term (zy + 4dgy) is strictly positive. If k # 1, then d15 = 0,
which implies |z}, /2| < 0 == x} = 0. However, since k is the index of maximum
sensitivity, this would imply all sensitivities are zero, which contradicts the existence of the
perturbation o. Therefore, the maximum relative sensitivity must occur for the input species,
ie., k=1.

Substituting k& = 1 back into the inequality gives x} (z1 + 4d11) < 1. Solving for the

sensitivity zf:

/ < 1

1)< ——— <
1449

Thus, the concentration of the free monomer species X; cannot increase more than the
concentration of the added signal o. |

Proof of Theorem 3. To prove the theorem, we must bound the term >, _, [d};|. Applying
Equation (6) to each lower-indexed species j < i and isolating the term d; gives:

il < 815+ Y il = 15 = > || —21d), 1.
k<j k>j
ki

Summing this over all j < i:

NS (51j + 3 Nl = |25 =Y Idyl - 2Id}jl)~ (24)
j<i j<i k<j k>j
k#i

We now simplify the double summations over the interaction terms d. The expression

contains two sums: one over k < j (complexes made of lower-indexed species) and one over

k > j (complexes made of higher-indexed species).

> (Zl%i —de) =SSl

J<i “k<j k>j J<i k>i
ki
This equality holds because for any pair {u,v} both less than ¢, the term |d.,,| appears once
positively (when j = v,k = u) and once negatively (when j = u,k = v). These internal
terms cancel out, leaving only the negative terms where k > 1.
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Substituting this simplification back into Equation (24):

DS (6”- | — 2| - Z|d;-k|). (25)

Jj<i j<i k>i

Finally, we merge Equation (25) into Equation (6):

M AR APT NS SP I o (|x;-| Fold,l+ Y |d;-k|>.

G>i j<i j<i k>i

Since »;.;d1; = 1 (as the sum includes the only perturbed species X1), we arrive at the
inequality stated in Equation (7). <

B Proofs for Section 4 (Thermodynamic Bounds on Amplification)

Proof of Lemma 8. First, we evaluate the relationship between the Active and Resting
states. By definition, x is the absolute global minimizer of the free energy g(x) over the entire
feasible concentration space subject to the total mass constraint Az = 2°(c). The Resting
state, defined as z = IC(x) + argmin 4,_,0 () g(z), is also a physically valid configuration
in this same feasible space; its decoupled input mass and minimized residual mass exactly
sum to the total network mass x°(c). Because x is the unconstrained minimizer over the
entire valid space, and z represents just one specific state within that space (specifically, one
restricted to have no mixed complexes), it necessarily follows that g(x) < g(z).

Second, we compare the Resting and Drained states. Based on Definition 6 and Defini-
tion 7, both states share the exact same isolated input pool, IC(x). Therefore, any difference
in their total free energies depends entirely on their respective residual pools.

The residual pool of the Drained state is given by the projection RC(x). Because this
projection conserves all residual monomers from the Active state, it perfectly satisfies the
isolated residual mass constraint A - RC(x) = 2°(0). Thus, RC(x) is a valid concentration
vector in the isolated residual space. However, the residual component of the Resting state
is explicitly defined as the global free energy minimizer over this exact same isolated space
(i-e., argmin4,_ .00y 9(z)). Because the Resting state pairs the shared input pool with the
thermodynamically optimal residual configuration, whereas the Drained state pairs it with
the unoptimized active projection, we must conclude that g(z) < g(y). <

Proof of Theorem 10.

Step 1: Expressing g(y) — g(x). Expanding the free energy function for the Drained and
Active states yields:

g(y) - g(X) = Z [YO,U ( 10g Yoo — 1+ GO,U) - XO,U(IOg X0,v — 1+ GO,U)]

v>1

>

u#0

yu,O(IOg yu,O -1 + Gu,O) - Z Xu,v(logxu,v -1 + Gu,v)

v

By definition, the Drained state uses RC and IC operators mapping all mixed complexes
onto their respective pure residual and pure input pools. Thus, for any pure residual core u
(where u # 0), its concentration in the Drained state is exactly the sum over all its possible
input components v, which means y, o =, Xu,v-

DNA 32
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Since all extracted input cores get mapped onto the pure input pool complexes of the
same size, the concentration of pure input complexes of size v (where v > 1) becomes
Yoo = Zu Xu,v-

Substituting these distributions into the free energy function g(z) and grouping the terms
by their input cores v and residual cores u, the energy difference resolves to:

g(Y) - g(X) = Z [qu,v(Ingxu,v -1+ GO,U) - XO,’U(logXO,’U -1+ GO,U):|

v>1 u u
+ Z Z Xu,v(logzxu,v -1 + Gu,O) - qu,v(log Xu,v -1 + Gu,v)
u#0 v v v

By expanding the equations and canceling the constant —1 terms (noting that these
terms in the second line perfectly cancel each other out, while the terms of the first line leave
the total scalar concentration of all mixed complexes), the energy difference resolves to:

o) 309 = 32 [ (e (S) o

v>1

Ainp
+ Z (qu,v) log (Z xu,v> - qu,v log xu’vl (26)

u#0

v

Ares

- Z Z [Xuw (1+AGYRY)]

v>1 u#0

where the quantities Ain, and A,es capture the Shannon-like entropy of mixing for the pure
input complexes and the pure residual complexes, respectively.

Step 2: Establishing an Upper Bound for the Free Energy Difference. To establish
the upper bound on the free energy difference g(y) — g(x), we must evaluate the entropic
terms Ajinp and Ayes. We rely on a fundamental algebraic inequality for logarithms: for any
A, B > 0, the relation Alog(1 + B/A) < B holds true. Consequently, we can bound the
entropy of a sum as follows:

B
(A+ B)log(A+ B) — Alog A = Alog <1+ A) + Blog(A+ B) < B+ Blog(A + B)

We apply this inequality directly to the sums defining Ajyp and Ayes. For Ainp, let
A=x¢, and B = Eu;ﬂ) Xu,v, such that A + B = yg . This yields:

Aip <> <Z xu,v) (logyow+1)| =Y > [Xuw(logyo, +1)]

v>1 u#0 u#0v>1

Similarly, for Ayes, we set A =x, 0 and B =Y < Xy, yielding A+B =y, 0. Expanding
the subtracted sum over v, we find:

Ares < Z [(qu,v> (IOg Yu,0 + 1) - Z Xu,v log Xu,'u]

u#0 v>1 v>1

- Z Z [Xu, (10g yu,0 + 1 —logxyu)]

uF0v>1
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Substituting these bounded entropic quantities back into Equation (26), the total subtrac-
ted scalar concentration of the mixed complexes (the isolated sum in the third line) perfectly
absorbs one of the +1 constants generated by our inequalities. The expression simplifies into
a unified single summation strictly over the mixed complexes:

90y) = 9(x) < D D" Xuw [ 108 Yo, + 1+ 10gyuo + 1= logxy, — 1 — AGHE
u#0v>1

_ Y0,0Yu,0 _ bind
= Z qu’v [log (Xu,v ) +1 AGU’U 1

u#0 v>1

Because each term in the preceding expression is multiplied by x,, ., any complex (u,v)
with a zero Active-state concentration vanishes and can be excluded. Consequently, instead
of summing over all u # 0, we can restrict the summation to u € U. Recall that this set is
defined as: Y ={u#0|3Jv>1:x,, >0}

g(y) —g(x) < Z quﬂ, [log (}’(),u}’u,()) +1-— AGEi,Ed (27)

X
weU v>1 u,v

» Remark 17. Before applying simplifications and decoupling steps to derive a closed-form
tractable bound, evaluating the component-level dependencies of the preceding inequality
may be appropriate to generate design strategies and effective amplifiers. One such heuristic
is apparent: maximize the concentration of unbound “input partners” (x,,0) for any residual
core u where the corresponding mixed complex (x,,) is significant, which increases the
drained concentration y, ¢ and mitigates the negative logarithmic penalty associated with
complex formation.

The formulation in Equation (27) casts the free energy transition strictly as an expectation
over the mixed complexes. To globally decouple the specific complex concentrations, we
apply the Log-Sum Inequality: > a;log(b;/a;) < (3 a;)log(d b/ > a;).

For the numerator sum Y b;, we evaluate Zueu Zv>1 Yo,0Yu,0- Because all concentration

terms are non-negative, we can create a separable upper bound, Y -, Yo * > ucy Yu0-

Crucially, because the Drained state is defined as sums over the Active state complexes,
summing these over their respective domains exactly partitions them into the pure and mixed
Active state pools:

Zyo’v = ZXO’U + Z Z Xu,v Z Yu,0 = Z Xu,0 + Z ZXu,v

v>1 v>1 ueU v>1 ueU ueU ueU v>1
—_—— — ——— —_—— —-—
Xinp Xmix Kres Xmix
Substituting this separated numerator back into the Log-Sum framework, the upper bound
resolves to a thermodynamic evaluation dependent solely on the Active state partitioning:

[ Xin Xmix : Xres Xmix
10g<( p + Ximix) - (Xres + Xomix)

inp
Xmix > i L= AGStg

g(y) - g(x) S Xmix

To make the expression easier to work with, we observe that Xi,, + Xnix < o, so:

[ a Xres + Xmix in
9(y) — 9(x) < Xmix | log <(Xmlx)) +1- AGStg

h(Xmix)

8:23
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To find the global maximum of this bound, we treat (X es + Xmix) as a fixed parameter.
Under this condition, h(Xmix) is a strictly concave function with respect to Xpix. By
setting the derivative to zero, the unconstrained maximum of h occurs at Xpix = 0 (Xyes +
Xnix) €3Gt = g e¥in,

Because Xpix is physically constrained by the total input concentration (Xpix < o), we
must evaluate the boundary conditions. If 9i,, < 0, the optimal value lies within the valid
physical domain, yielding a maximum of ge¥m». If t;,;, > 0, the unconstrained optimal value
exceeds o; because h is concave, the constrained maximum must occur at the boundary
Xmix = 0, which evaluates to o(¢in, + 1). Consequently, Equation (16) is proven:

9(y) — g(x) < o et i i < 0 <
o (winp + 1) if {ll)inp >0
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