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—— Abstract

Given an acyclic digraph G = (V, E) and a positive integer k, the problem of Maximum Coverage k-
Antichains (resp. Chains) denoted as MA-k (resp. MC-k) asks to find k sets of pairwise unreachable
vertices, known as antichains (resp. k subsequences of paths, known as chains), maximizing the
number oy (resp. Bi) of vertices covered by these antichains (resp. chains). While MC-k was solved
in almost optimal |E|'*°(") time [Kogan and Parter, ICALP’22], the fastest algorithms for MA-k are
a (k|E|)*°M_time solution and a |E|**°™M_time 1/2 approximation [Kogan and Parter, ESA’24].

We simplify and improve previous results. Specifically, we obtain the following for MA-k:

An algorithm running in |E|1+°(1) time, and an algorithm running in parameterized near-linear

O(a|E|) time. Our algorithms are simple solutions exploiting a paths-based proof of the

Greene-Kleitman theorems leveraged by the greedy algorithm for set cover as well as recent

advances in fast algorithms for flows and shortest paths.

An approximation algorithm running in parameterized linear time O(a|V|+ (ca + k)|E|) with

approximation ratio of (1 —1/e) > 0.63 > 1/2, beating the state-of-the-art 1/2 approximation.

Our solution uses greedy for antichains and a simple strategy to amortize the cost of computing

consecutive maximum antichains.

Additionally, we obtain analogous results for MC-k as well as the corresponding dual problems
derived from the Greene-Kleitman theorems, which might be of independent interest.

We complement these results with two examples (one for chains and one for antichains) showing
that, for every k > 2, greedy misses the tight 1/e portion of the optimal coverage for chains, and a
1/4 portion for antichains. We also show that greedy is a Q(log |V|) factor away from minimality
when required to cover all vertices: previously unknown for sets of chains or antichains.
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1 Introduction

For a directed acyclic graph (DAG) G = (V, E), a chain is a subsequence of the vertices of
a path (equivalently a path in the transitive closure TC(G)) and an antichain is a set of
vertices that are pairwise unreachable (equivalently, an independent set in T'C'(G)). The
problem of Maximum Coverage k-antichains (MA-k) asks to find a set of k pairwise disjoint
antichains whose union size is maximized: we say that one such optimal solution covers the
oy vertices in this union. The problem of Maximum Coverage k-chains (MC-k) is analogously
defined and every optimal solution covers (j vertices.

Strongly related to these coverage problems are the minimum partition problems: find
the minimum number of pairwise disjoint antichains (analogously chains) partitioning the
vertices of G, MAP (resp. MCP). Mirsky [31] and Dilworth [13] were the first to draw a
connection between the maximum coverage and minimum partition problems. On the one
hand, Mirsky proved that the number of antichains in a MAP equals 1, also known as the
height of G [31]. On the other hand, Dilworth proved that the number of chains in a MCP
equals a1, also known as the width of G [13]. Later, Greene and Kleitman [22, 21] completed
L ay, (resp. Bi) is equal
to the minimum k-norm of a chain (resp. antichain) partition?>. We denote partitions with

this connection with the celebrated Greene-Kleitman (GK) theorems

minimum k-norm by MCP-k and MAP-k, respectively.

From an algorithmic perspective, on the one hand, it is a well-known result that we
can solve MAP and MC-1 in linear time: by a simple DP one can compute the length of
the longest path ending at each vertex (solving MC-1), moreover a partition of the vertices
according to these lengths gives a MAP. On the other hand, Fulkerson [18] was the first to
show a polynomial-time algorithm for MCP and MA-1 by reducing the problem to maximum
bipartite matching. However, Fulkerson’s algorithm computes a maximum matching over
TC(G). Modern solutions avoid working directly on T'C'(G) since its size can be quadratic
in G. The state-of-the-art solutions for MCP and MA-1 are the almost linear |E|"t°(M)-time
solution of Céceres [5], the parameterized linear O(a?|V| + |E|)-time algorithm of Céceres
et al. [9, 8] and the parameterized near-linear O(a;|E|)-time of Mikinen et al. [30]. The
latter computes a greedy chain partition, which is then shrunk to minimum size. In fact,
this greedy solution is exactly the output of the well-known greedy set cover [12] with sets
corresponding to the chains of the DAG and thus it inherits the O(logn) approximation
ratio. This idea was originally proposed by Felsner et al. [15] for transitive DAGs, and it was
later optimized for general DAGs [28, 30], avoiding the computation of TC(G).

For larger k, MC-k [26, 5] has been solved in almost optimal |E|'*°(}) time via a reduction
to Minimum Cost Flow. However, until recently, the fastest solution for MA-k was an O(|V|3)-
time algorithm from the 80’s by Gavril [19]. The big difference in the running times between
both problems was tantalizing and Kogan and Parter [27] tackled this gap by exploiting
algorithmic properties of the GK theorems. They present an elegant 1/2 approximation
running in time |E[*+°() | as well as an approximation scheme (only for transitive DAGs)
running in time O(ax/[E[|[V]°™M) /e + V). The same paper also shows an exact solution
running in (k| E[)*°) time beating the O(|V|?)-time algorithm of Gavril.

The original proof of the GK theorems by Greene and Kleitman [22, 21] was based on
lattice theoretic methods, with little algorithmic insight. Saks [33] presented an elegant
combinatorial proof by using the product between a poset and a chain of length k&, which is

! The generalization of Mirsky’s results is due to Greene only [21], we use GK to refer to both for
simplicity.
2 We provide a formal definition of k-norm in Section 2.
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exploited in the state-of-the-art (k|E|)'T°(M-time solution [27] for MA-k. Later, Frank [17]
presented an algorithmic proof based on a reduction to minimum cost flow on the same
graph used in Fulkerson’s proof [18]. As such, the corresponding algorithm runs on TC(G),
making it too slow. However, the structural insights discovered in this proof are exploited in
the state-of-the-art |E|**°(M_-time 1/2 approximation [27].

1.1 Overview of our results

In this paper we leverage a less known algorithmic proof of the GK theorems found in
Schrijver’s book [34, Theorem 14.8 & Theorem 14.10]. These proofs are also based on
reductions to minimum cost flow that work directly on G, avoiding the computation of
TC(G). We argue that utilizing adaptations of Schrijver’s proofs and greedy strategies
provides a computationally fast and simple framework to solve MCP-k MA-k, MC-k, and
MAP-E, by reducing them to a constant number of minimum cost flow computations. Our
first results are then obtained by using the recent results on minimum cost flow [11, 36].

» Theorem 1. Given a DAG G = (V, E) and a positive integer k, we can solve the problems
MCP-k, MA-k, MC-k and MAP-k in almost optimal |E|'*°(0) time.

In [27] it was shown how to compute MCP-k [27, Lemma 4.4] and MC-k [27, Lemma 4.6]
by a logarithmic number of minimum cost flow computations. The corresponding results
in Theorem 1 are simpler and stronger since only one application of minimum cost flow is
required, and we additionally solve MA-k in almost optimal time, previously unknown.

Although Theorem 1 solves the problems in optimal time up to subpolynomial factors,
it is important to understand whether faster and/or simpler solutions can be achieved by
means of parameterization. As mentioned earlier, two state-of-the-art solutions for k& = 1
(MCP and MA-1) run in time O(a?|V|+ |E|) [9, 8] and O(ay|E|) [30], which is linear and
near-linear for constant values of ay, respectively. It is natural to ask whether such results
can be obtained for general k. We obtain the following result.

» Theorem 2. Given a DAG G = (V, E) and a positive integer k, we can solve the problems
MCP-k and MA-k in parameterized near linear O(ay|E|) time and the problems MAP-k and
MC-k in parameterized near linear O(Bg|E|) time.

Note that these algorithms are asymptotically faster than the ones in Theorem 1 when
ak, Br = O(log®|E|), running in near optimal time. To achieve this, we combine the recent
results for negative cost cycles [3, 4, 23, 29] with the simple cycle-canceling method for
minimum cost flow. In fact, the minimum cost flow values in Schrijver’s reductions are
ar — |V| and —pB, respectively. This observation directly derives the result for S;. To
derive the result for ay, we devise a In |V| approximation based on greedy for weighted set

cover (Lemma 15) and prove that the cost of such solution is O(«y) away from the optimal.

As such, this can be seen as a generalization of the simple result in [30], where only the
unweighted version of greedy was used. Analogous to [30], we show how to implement the
required greedy fast.

Our last results are approximation algorithms based on (unweighted) greedy set cover
and are independent of Schrijver’s reductions. In more detail, it follows from bounds on set
cover [25] that the first k greedy chains and antichains cover at least a (1 — 1/e) fraction of
B and «y, respectively. This observation already beats the state-of-the-art approximation
ratio of 1/2 [27]. We show how to implement greedy on the set of antichains efficiently.
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» Theorem 3. Given a DAG G = (V, E) and a positive integer k, there exist (1 — 1/e)-
approzimation algorithms solving MC-k in O(k|E|) time and MA-k in O(a2|V |+ (cy +k)|E|)
time.

Note that these running times do not depend on «ay, 8x nor have polylog factors as in
Theorem 2. Moreover, for constant value of the parameters the algorithms run in optimal
time. The result for MC-k is a direct consequence of the algorithm of Mékinen et al. [30].
For MA-k we show how to compute k greedy antichains in O((«1 + k)| F|) time after using
the algorithm of Céceres et al. [9, 8] to compute the first such antichain. We amortize the
computation of the antichains by using the duality between MCP and MA-1 over a subset of
vertices. As a by-product, we also obtain a In |V| approximation for MAP-k (Lemma 20).

We highlight that the algorithmic results in Theorems 2 and 3 belong to the line of
research “FPT inside P” [20, 16, 1, 7, 6, 24] of finding natural parameterizations for problems
already in P. We complement our algorithmic contributions with the first (to the best of our
knowledge) study of the limitations of greedy applied to sets of chains or sets of antichains, as
previously exploited in the literature and in this paper. As previously stated, greedy inherits
the bounds of set cover. Namely, it is a Inn approximation for the partition problems [12]
and a (1 — 1/e) approximation for the coverage problems [25]. It is known that these bound
are tight for general set systems [35, 14], however, it remains unknown whether these bounds
are tight for sets of chains or antichains of a DAG. We show the following.

» Theorem 4. For every k > 2, there exists a DAG, such that k greedy chains cover at
most (1 — 1/e)pBy vertices. In the case of antichains, k greedy antichains cover at most
(3/4)au, vertices.

We obtain this result by creating DAG instances where greedy covers exactly a (1 — (1 —
1/k)¥) fraction of the optimal. For chains, we give a graph for every k > 1. For antichains,
we give two graphs for k = 2,3. We leave the open problem, whether the antichain case can
also be generalized to all k > 3. For the partition problems we obtain the following result.

» Theorem 5. For MCP, there exists a class of DAGs of increasing size, such that the
number of chains taken by greedy is a log,(|V|) factor away from the optimal oy = 2. For
MAP, the same result holds for greedy antichains and p1 = 2.

Although these results do not match the upper bound of Inn, they are the first to
demonstrate the approximation ratio to be Q(logn). Moreover, since the results hold for
constant (= 2) optimal solution, it also disproves the number of greedy chains or antichains
to be a function of the optimal solution, that is, a; or (1, respectively. To achieve this, we
construct a recursive class of graphs such that, after hiding the vertices chosen by greedy in
a graph, the resulting graph corresponds to the previous step in the class.

The rest of the paper is organized as follows. In the next section, we present the technical
notation used in the paper as well as preliminary results, including Schrijver’s reductions.
The following four sections are dedicated to prove Theorems 1-5. We prove every theorem in
several parts. Missing proofs can be found in the Appendix.

2 Preliminaries and Schrijver’s reductions

We use G = (V, E) and k to denote our input DAG and a positive integer, respectively.
We denote paths P and chains C' (subsequences of paths) by their sequence of vertices,
but we also use P and C to refer to the corresponding sets of vertices. As such, their
lengths are |P| and |C|, respectively. Antichains are sets of pairwise unreachable vertices
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denoted by A. We use P,C and A to denote collections of paths, chains and antichains,
respectively, and V(P),V(C), V(A) to denote the corresponding vertices in these collections,

e.g. V(C) = Ugee € and |V(C)] is the coverage of C. In the collections of chains C and
antichains A used in this paper, the chains/antichains are pairwise disjoint. However, pairs
of paths in collections of paths P might intersect. If v € A (or P or C') we say that A covers
v, if additionally A € A (or C or P) we also say that A covers v. If V = V(P) we say that P

is a path cover. f V. =V(C) (resp. V(.A)) we say that C is a chain (resp. antichain) partition.

The celebrated GK theorems state:

» Theorem 6 (Greene-Kleitman (1976)). The following two equalities hold:

ap = max |V(A)| = o V(C me (IC], k)

A A=k =
Bk : cllrgc‘mxk [V(C)] B le‘r/l(A) Z min(|A],

For a chain (or antichain) partition C, ) min(|C|, k) is known as the k-norm of C. In
addition to MC-k and MA-k, we use MP-k to refer to a collection of k paths covering S
vertices®. A path cover of minimum size is denoted MPC. We also use the same notation to
refer to the corresponding problems of finding one such optimal collections. See Table 1 for a
summary of the acronyms we use. Note that there might be no path cover with k-norm (as
defined in Theorem 6) exactly «y, as paths can be forced to cover vertices multiple times
(see e.g. [5, Figure 1]). Schrijver [34] extended the definition of k-norm to collections of paths
and (pairwise disjoint) antichains, and proved the following version of the GK theorems. The
original result is on sets (paths and antichains) of edges: in Appendix A we show that this
can be easily adapted for sets of vertices.

» Theorem 7 (Adaptation of Schrijver (2003)). The following two equalities hold:
ay = mgn [V\V(P)| + k|P|

B = min [V \V(A) + KA

Schrijver used reductions to minimum cost circulation to prove these equalities, we describe
these reductions at the end of this section. For a collection of paths (resp. antichains) P,

[V \ V(P)| + k|P] is known as the k-norm of P, but we will use Sk-norm to avoid confusion.

We use MAS-k (resp. MPS-k) to denote a collection of antichains (resp. paths) of minimum
Sk-norm. We define the partition completion of a collection of chains (or antichains) C as

cVi=Ccu{{v}|veV\V(E)}

» Lemma 8. Let C, A, P be collections of chains, antichains and paths of a graph G = (V, E),
respectively. Then, the following statements hold.

1. If V(P)=V(C), IC| =|P| and |C| > k for all C € C, then the Sk-norm of P equals the
k-norm of CV.

2. If|A| > k for all A € A, then the Sk-norm of A equals the k-norm of A" .

3. If A is a MAS-k, then AV is a MAP-k.

3 Note that any MC-k can be converted into a MP-k of the same size and vice versa.
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Table 1 Acronyms used for the problems solved in this paper on input G = (V, E), k.

Acronym  Definition

MA-k Maximum Coverage k-antichains, i.e. a set of k£ antichains whose union size oy is
maximized

MC-k Maximum Coverage k-chains, i.e. a set of chains whose union size By is maximized

MP-k Maximum Coverage k-paths, i.e., a set of k paths whose union size () is maximized

MAP A partition of V' into the minimum number of antichains, which equals (1, the
height of G, by Mirsky’s theorem [31]

MCP A partition of V' into the minimum number of chains, which equals a1, the width of
G, by Dilworth’s theorem [13]

MPC A set of paths covering V' of minimum cardinality, which is equal to a; by

Dilworth’s theorem [32]

MAP-k An antichain partition A of minimum k-norm ZAE.A min(|A|, k), equaling Bx by
Greene-Kleitman theorems [22, 21]; MAP-1=MAP

MCP-k A chain partition C of minimum k-norm Zcec min(|C|, k), equaling ay by
Greene-Kleitman theorems [22, 21]; MCP-1=MCP

MAS-k A set A of antichains of minimum Sk-norm |V \ V(A)| + k|A|, equaling Si by
Greene-Kleitman theorems [34]; MAS-k equivalent to MAP-k

MPS-k A set P of paths of minimum Sk-norm |V \ V(P)| + k|P|, equaling ay. by
Greene-Kleitman theorems [34]; MPS-1 equivalent to MPC

Proof.
1. The k-norm of CV is

> min(|C| k) = > min(|C|, k) + » _ min(|C|, k)
cecVv Ce{{v}veV\V(C)} cecC
[VAV(C) + KIC|

= [VA\V(P)| + k[P

And thus equal to the Sk-norm of P.
2. The k-norm of A" is

> min(|A] k) = > min(|A|, k) + Y min(|A], k)

Ae AV Ae{{v}veV\V(A)} AeA
[VAV(A)| + k| A]

3. It follows by the previous point and Theorems 6 and 7, by noting that |A| > & for all
A € A (removing short, |A] < k, antichains decreases the Sk-norm). <

Our solutions rely on the use of minimum flows and circulations, here we review the
basics needed to understand our results, for formal definitions we refer to [2, 37]. We say that
a digraph G’ = (V', E’), a demand function ¢ : E' — Z>(, a capacity function u : E' — Z>,
a cost function ¢ : B’ — Z and optionally s € V', t € V'  is a flow network. When specifying
a flow network, if £(e’), u(e’), or c(e’) are not given for some e’ € E’, we assume they are
0,00,0 (00 being a big enough number), respectively. We say that a flow (or circulation)
f:E' — Z>q is feasible a flow network, if £(e’) < f(e’) < u(e’) for all ¢’ € E’. We denote
the value of f by |f]: the flow networks used in this paper are always DAGs up to one edge
(going from ¢ to s), and thus the value of a feasible flow f is well-defined. Moreover, in
all the flow networks considered in this paper, f can be decomposed into exactly |f| paths
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(removing the edge (¢, s) in the case of circulations), that is, f represents or encodes a path
collection Py with |Py| = |f|. There exist algorithms computing Py from f in optimal
O(|E’| + output) time (see e.g [26, 10]). Moreover, Céceres [5] showed how to compute
a chain partition Cy such that [C¢| = |f| and V(Py) = V(Cy) in time O(|E|log|f]). A
minimum flow (circulation) is a feasible flow minimizing |f|. We denote the cost of f by
c(f) =D wep f(e)e(e). A minimum cost flow (circulation) is a feasible flow minimizing
¢(f). The problems of minimum flow and minimum cost flow (circulation) have been solved
in almost linear |E|**t°(}) time? [11, 36].

We denote the residual graph of G" and a feasible flow (circulation) f by G = (V', EY}).
Intuitively, for every edge (u',v') = ¢’ € E', E; contains (u’,v") with cost c(e’) only if
fle) <wu(e), and (v',u) with cost —c(e’) only if f(e') > £(€').

A well-known result from the theory of network flows [37] states that a feasible flow f is a
minimum cost circulation if and only if there is no negative cost cycle (the cost of a cycle is the
sum its edges’ costs) in G;. In fact, a negative cost cycle in G’ can be used to obtain a flow
of cost at most ¢(f) — 1. The algorithms in Theorem 2 implement a simple cycle-canceling
approach boosted by the recent developments on finding negative cost cycles [3, 4, 23, 29].

» Lemma 9 ([3, 4, 23, 29]). Let ¢* be the minimum cost of a circulation in a flow network
G’ L,u,c. Given a feasible flow f, we can compute a minimum cost flow in time O((c(f) —
¢t +1)|E]).

We now present an adaptation of the reduction used by Schrijver in the proof of the GK
theorems. For completeness, in Appendix A, we include a complete proof of Theorem 7,
adapting the proof of Schrijver to the case of sets (paths and antichains) of vertices.

For our inputs G = (V, E) and k, we build the graph G’ = (V’/, E’) such that V'’ contains
°ul per vertex v € V connected by two parallel edges el,e? € E’ from

vy v

two vertices v'" and v
v to v°% such that u(el) = 1 and c(el) = —1. This parallel edge construction serves the
following purpose. The edge el acts a “covering edge” that reduces the cost by one and
can be used only once, and the edge €2 allows us to use vertex v in other paths but does
not count towards the covering objective function. For every edge (u,v) € E, E’ contains
the edge (u°“!,v™™). Additionally, V' contains s and ¢, with edges (s,v™), (v°“,t) € E’ for
each v € V. Finally, E’ contains the edge (¢, s): in the reduction used to prove the ay part
of the theorems c(t,s) = k (in line with Theorem 7), in the reduction used to prove the
B part u(t,s) = k (allowing at most k paths). We call the two flow networks the ay, and
B networks, respectively. Note that the zero circulation is a feasible circulation in both of
these networks. See Figure 1 for an example of these networks. Moreover, every minimum
circulation f of these networks satisfies f(e2) > 1= f(el) = 1.

In the Bj network, this means that ¢(f) = —|V(Py)| = —B, by Theorem 6. Starting
from the zero circulation on Lemma 9, we obtain the following Lemma.

» Lemma 10 (Theorem 2, part Il). Given a DAG G = (V, E) and a positive integer k, we can
solve the problems, MAP-k, MAS-k, MP-k and MC-k in parameterized near linear O(S|E|)
time.

A feasible circulation f can be decomposed into Py and Cy (to obtain MP-k and MC-k).

In Lemma 13 we show how to extract an MAP-k and an MAS-k from the minimum cost
circulation. In contrast to the ) network, in the ay, network we have ¢(f) = —|V (Py)|+k|Py|

4 An extra multiplicative factor of log U - log C' appears in the running time, where U and C are the
largest (absolute value of the) capacity and cost, respectively. In the flow networks used in this work, U

and C are polynomial in |E| and thus log U - log C' = |E|°(}).
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in out
Vg Vg

. or
(in oy network) (in Bk network)

(a) A DAG G, and an MA-
2 {v1,v2,v3,v4}, {ve, v7,v8, 09}, (b) The flow network G’ of G, and an MPS-2 (v1,vs, vg), in blue,
in red, covering a2 = 8 vertices. of 2-norm equal to 6 +2-1 =8 = ao.

Figure 1 A DAG G and its corresponding oy and Bi networks G’, with their difference on edge
(t, s) shown. Namely, in the o network, the edge (t, s) gets cost k, while in the 8y network, it gets

capacity k. For clarity, most edges of the form (s,v™") and (v°“*,t) are omitted. The edges of type

el are drawn thicker, and have cost ¢ = —1 and capacity u = 1.

and its minimum cost is ag — |V| by Theorem 7. Therefore, starting from a zero circulation,
Lemma 9 only produces a O((ay — |V| + 1)| E|) time algorithm. In Section 4 we show how to
efficiently compute a In |V| approximation circulation for the aj network. We obtain the
first part of Theorem 2 by starting from such a flow.

3 MA-k in Almost Linear Time

The results in this section follow by connecting previous works. Nevertheless, we believe it is
important to present these results, which improve over the state-of-the-art.
We first prove how to obtain Theorem 1 for MPS-k and MCP-k.

» Lemma 11 (Theorem 1, part I). Given a DAG G = (V, E) and a positive integer k, we can
solve the problems MCP-k and MPS-k in almost optimal |E|'T°(1) 4 O(output) time.

Proof. We build the oy network (see Section 2) and compute a minimum cost circulation f
in E'*°() time [11, 36]. Circulation f can be decomposed into a collection of | f| paths Py
(for solving MPS-k) or |f| disjoint chains Cy¢ such that V(Ps) = V(Cy) (for solving MCP-k).
By construction (see discussion above Lemma 10), the cost of f is c(f) = —|V(Py)| + k|Ps],
since f minimizes this cost it also minimizes |V \ V(P)| + k|P|, and thus P; is a MPS-
k. We decompose f into Py in O(|E| + output) time [26, 10]. We can get C; from f in
O(|E|log|f]) = O(|E|log|V|) = |E|**°®") time [5]. In [5, Corollary 6], it is additionally
stated that C; can be obtained from Py by removing the repeated vertices (up to one copy)
from the paths of P¢. In other words, there is a one-to-one correspondence between Cy and
Pr such that C' € Cy is a subsequence of its corresponding P € P¢. Next, we note that
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for every P € Py, cp := |P\ V(Ps \ {P})| > k; indeed, if cp < k then the Sk-norm of
Ps \ {P} is k — cp units smaller than the Sk-norm of Py, a contradiction. Moreover, since
also V(Cy) = V(Py), the corresponding C' € Cy to P must cover at least those cp vertices,
and thus for every C € Cy, |C| > ¢p > k. As such, the k-norm of CJY is exactly the Sk-norm
of Pr, by Lemma 8, and thus CJY is a MCP-k. <

Now we prove how to obtain Theorem 1 for MP-k and MC-k.

» Lemma 12 (Theorem 1, part Il). Given a DAG G = (V, E) and a positive integer k, we
can solve the problems MP-k, MC-k in almost optimal |E|**°(") 4 O(output) time.

Proof. We build the ; network (see Section 2) and compute a minimum cost circulation f
in E1+°M time [11, 36]. Circulation f can be decomposed into a collection of |f| paths Pf
(for solving MP-k) or |f| disjoint chains Cy such that V(Py) = V(Cy) (for solving MC-k). By
construction (see discussion in Section 2), the cost of f is ¢(f) = —|V (Py)|, since f minimizes
this cost, Py is a MP-k and Cy is a MC-k. We decompose f into Py in O(|E| + output)
time [26, 10] and into C; in O(|E|log|f|) = O(|E|log |V]) = E**°() time [5]. <

The proof of Theorem 7 gives an explicit description of the corresponding antichain
collections derived from a minimum cost circulation of the o and [ networks. Next, we
show how to compute (from the circulation) such antichain collections efficiently. We use
this lemma to prove the final part of Theorem 1.

» Lemma 13. Given a minimum cost circulation f of the ay network (resp. P network).
We can compute a MA-k (resp. a MAS-k and MAP-k) in time O(|E|).

Proof. Since there are no negative cost cycles in the residual G’f, the function d : V' — Z
such that d(v’) is the distance of a shortest (minimum cost) path from s to v’ in G, is well
defined. In fact, we can compute d in O(|E|) by using [3, 4, 23, 29]. The proof of Theorem 7
defines U; := {v' € V' | d(v) > i+d(t)} and A; = {v € V | v € U/ Av°¥t & U/} for every i €
{1,...d(s)—d(t)}. The proof moreover shows that Ay = {A1,..., Ags)—a() } is a collection of
antichains and that it is a MA-k in the oy network and a MAS-k in the Sy network. Note that

A; corresponds to the set of vertices v € V such that d(v'™) > i +d(t) and d(v°™) < i+ d(t).
In particular, if d(v"™) > d(v°*'), then v € A; for j € {d(v°"') — d(t) + 1,...,d(v"") — d(t)}.

As such, we can build Ay in O(|E|) time by checking each edge (v'™,v°“!) and placing v in

one such corresponding antichain (e.g. in Aggyiny_q(¢)) when d(v"™) > d(v°*). By Lemma 8,
AV is a MAP-k. <

» Lemma 14 (Theorem 1, part lll). Given a DAG G = (V, E) and a positive integer k, we
can solve the problems MA-k, MAP-k and MAS-k in almost optimal |E|*T°(1) time.

Proof. Compute a minimum cost circulation f in the «j network (resp. [y network) in
|E|**°(M) time [11, 36], and use Lemma 13 to obtain a MA-k (resp. MAS-k and MAP-k). <

Proof of Theorem 1. Combine Lemmas 11, 12, and 14. <

4 MA-k in Parameterized Near-Linear Time

We exploit the well-known greedy algorithm for weighted set cover [12]. In minimum weight
set cover the input is a collection of sets S such that (Jgcs S = V,5 and an associated weight
function w : § — Z>¢, and the task is to find a subcollection &’ C S covering all elements,

5 The reuse of V in the notation is intentional.
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that is V(S’) = V, and minimizing its total weight, where w(S’) = > ¢ g w(S). The greedy
algorithm maintains the set of uncovered elements U and iteratively picks a set .S minimizing
the ratio w(S)/|U N S| until U = @. Tt is known that greedy is a In |V| approximation [12].
We show that greedy is a In |V| approximation for MCP-k and MPS-k, and that it can be
implemented efficiently, a generalization of the result of Mékinen et al. [30, Lemma 2.1].

» Lemma 15. We can compute a In|V| approzimation of MCP-k and MPS-k in time
O(ax|E|/k).

Proof. We define the following weighted set cover instance: the sets are the chains of G,
and for a chain C its weight is min (|C|, k). Note that a feasible solution for this weighted
set cover instance is a chain cover (not necessarily partition), and its weight corresponds
to its k-norm. As such, MCP-k’s are optimal solutions to this problem. Moreover, greedy
is a In|V| approximation [12]. We next show how to compute such a greedy solution
efficiently. For this, recall that greedy at each step, chooses the chain C' minimizing the
ratio w(C)/|U N C| = min (|C|, k)/|U N C|, where U is the set of uncovered vertices. First,
note that there is always a chain C' C U minimizing this ratio, and thus we assume C' C U,
and the task becomes to find a chain C' C U minimizing the ratio min (|C|, k)/|C|. Note
that this also ensures that the chain collection found by greedy is a chain partition. Second,
if there is no chain C C U with |C| > k, then the ratio is always one and any such chain
minimizes the ratio, when greedy reaches this point it can just output every vertex in U in
a separated singleton path. Otherwise, greedy must find a chain C' C U minimizing k/|C/,
but since k is a constant for this minimization, it is equivalent to finding a chain C' C U
maximizing |C|. Such a chain can be obtained by finding a path covering the most vertices
from U. Mékinen et al. [30, Lemma 2.1] show how to compute such a path in O(|E|) time.
Since we stop greedy as soon as there is no chain C' C U with |C| > k, the running time of
our approach is the number of chains |C| > k times O(|E|). Finally, since each chain |C| > k
contributes k to the k-norm O(ay log|V]) of the output cover, the number of such chains
is O(ay log |V|/k). Note that the Sk-norm of the set of paths and the k-norm of the chain
partition output by greedy is the same, by Lemma 8. |

» Lemma 16 (Theorem 2, part |). Given a DAG G = (V, E) and a positive integer k, we can
solve the problems, MCP-k, MPS-k and MA-k in parameterized near linear O(oy|E|) time.

Proof. We use Lemma 15 to compute a collection of paths P whose Sk-norm is at most
ar In|V|] in O(ag|E|) time. These paths correspond to a circulation f in the aj network.
The cost f of this circulation is then ¢(f) = —|V(P)| + k|P| < ay In |[V| — |V, and since the
minimum cost of a circulation is ax — |V| we can use Lemma 9 to obtain a minimum cost
circulation in O(ay|E|) time. As in the proof of Lemma 12, we can obtain a MCP-k and a
MPS-k from the minimum cost flow circulation (output size for MPS-k is O(ay|E|)). We
use Lemma 13 to obtain a MA-k. <

Proof of Theorem 2. Combine Lemmas 10 and 16. <

5 Approximate MA-k in Parameterized Linear Time

In the mazimum coverage k-sets version of set cover, the sought solution consists of k sets,
covering the maximum number of elements, and in this case greedy is stopped after k
iterations. It is well-known that this version of greedy is a (1 — 1/e) approximation [25].
When applied to the collection of chains/paths or antichains of a DAG, we automatically
obtain the approximation ratio claimed in Theorem 3. Therefore, the main purpose of this
section is to provide a fast implementation of greedy in these contexts.
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In a series of works [15, 28, 30] it was shown how to efficiently compute greedy chain-
s/paths in O(|E|) time per chain/path, the first part of Theorem 3 follows.

» Lemma 17 (Theorem 3, part I, [30]). Given a DAG G = (V, E) and a positive integer k,
there exist (1 — 1/e)-approzimation algorithms solving MP-k and MC-k in O(k|E|) time.

We show how to efficiently compute a maximum-sized antichain A C U for some subset
U C V. We adapt a well-known reduction from MPC to minimum flow [32] to work with
minimum path covers only required to cover U instead of the whole V.

» Lemma 18. There exists a reduction to minimum flow for the problem of finding a minimum
cardinality set of paths covering U C V. Moreover, we can recover a mazximum-sized antichain
ACU from a minimum flow in this network in O(|E|) time.

Proof. For U = V, the well-known reduction to minimum flow corresponds to G’ as in
Schrijver’s reduction but without the edge (¢, s) and only one copy of edges (v", v°%) for
v € V with £(vi", v°%t) = 1, all other (non-specified) values for £ and u are set to default (see
Section 2). Céceres et al. [9, 8] show that a minimum flow f in this network corresponds
to a MPC of G (by decomposing f) and a maximum-sized antichain can be obtained in
O(|E|) time by traversing the residual G’ from ¢: the maximum-sized antichain corresponds
to the vertices v € V such that v°% is reached by ¢ in G’f but v*® is not. Here, we prove
that we obtain the same result when only required to cover U C V by setting £(v'™, v°ut) = 1
only for v € U. First, note that a flow in this modified network can be decomposed into a
collection of paths covering U and a collection of paths covering U corresponds to a feasible
flow in this modified network. As such, a minimum flow f in this modified network can be
decomposed into a minimum cardinality set of paths covering U C V. Moreover, consider
the vertices V; reached by t in the residual G’f of this modified network. We define A C U as
A={veU]|v eV, Av'"™ ¢ V,}. First note that, if (by contradiction) there is a vertex
u € A reaching a vertex v € A in G, then u°"! reaches v in G’ and also in G'f (edges have
default oo capacity), a contradiction since v ¢ V;. As such, A is an antichain. Moreover,
by definition, V; is a ts cut and all edges entering V; have flow equal to their lower bound.

Since there is exactly | f| units of flow entering V; (by flow conservation), then |A| = |f|, and
thus A is a maximum-sized antichain A C U. Computing A reduces to computing V;, which
can be done in O(|E|) time. <

Therefore, a simple strategy to obtain the k greedy antichains is to solve the minimum
flow problem defined in Lemma 18 repeatedly, where each time U is defined as the vertices
still uncovered. Our final result speeds up this computation by noting that a minimum flow
obtained in the i-th step of greedy can be used as an initial solution for the step i + 1. A
well-known result from the theory of network flows [37] states that for a feasible flow f, f is a
minimum flow if and only if there is no path from ¢ to s in G’;. A ts-path in G’ is known as
a decrementing path and it is used to obtain a flow of value < |f| — 1. As such, starting from
a feasible flow f, we can obtain a minimum flow f* by finding < |f| — |f*| decrementing
paths in total O((|f| — |f*| + 1)|E|) time.

» Lemma 19 (Theorem 3, part Il). Given a DAG G = (V, E) and a positive integer k, there
exist (1 — 1/e)-approzimation algorithm solving MA-k in time O(a2|V |+ (a1 + k)| E|).

Proof. We compute a MPC in time O(a2|V|+ (a1 +k)|E|) [9, 8], compute the corresponding
minimum flow f; in the reduction of Lemma 18 and obtain the first greedy antichain A; in

O(|E]) time. To obtain the i-th greedy antichain A;, for i > 1, we assume that U; are the
vertices still uncovered in iteration ¢, that is U; = V' \ U;_ll A;, and that f;_; is a minimum
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flow as in Lemma 18 for U;_;. To compute a minimum flow f; for U; we use f;_; as an initial
solution. Note that f; 1 is a feasible flow in the network for U; since U; C U;_1. Obtaining
fi from f;_1, can be done by finding |f;—1| — | f;| decrementing ¢s paths in the corresponding
residual networks, each in O(|E|) time. Once we obtain f;, we can obtain A4; (and U;) in
O(|E|) time by the second part of Lemma 18. The total running time after computing the

MPC s then O (|BI S, |fia] = Ifil +1) = O(BI(k + 1] - |fil)) = O(as + F)| ). <
Proof of Theorem 3. Combine Lemmas 17 and 19. ]

Combining the ideas from Lemmas 15 and 19 we obtain the following.

» Lemma 20. We compute a In |V| approzimation of MAS-k and MAP-k in O((a1+Bk/k)|E|)
time.

Proof. We start by computing an MPC in O(a; |E|) time [30], and compute greedy antichains
as in the proof of Lemma 19 but stopping the computation whenever the next antichain size
is at most k (as we did for chains/paths in the proof of Lemma 15) obtaining a collection of
greedy antichains: A. Note that, following the analysis of Lemma 19, the running time of
computing A is O((a1 + |A])|E|). We next prove that A is a In |V| approximation for the
MAS-k problem. The bound |A| < Sk 1n|V|/k follows by noting that each antichain in A
contributes exactly &k units to its Sk-norm. The fact that 4 is a In |V | approximation follows
by noting, as in the proof of Lemma 15, that the implementation greedy over the set of
antichains of G with weights min(|A|, k) for antichain A, is exactly the first antichains of
(unweighted) greedy until their size becomes at most & (for MAS-k) plus singleton antichains
for the yet uncovered vertices (for MAP-k). The Sk-norm of the antichain collection (for
MAS-k) is equal to the k-norm of the antichain partition (for MAP-k) by Lemma 8. <

6 Limitations of Greedy on Chains/Paths and Antichains

» Lemma 21 (Theorem 4, part 1). For every k > 2, there exists a DAG, such that k greedy
chains cover at most (1 — 1/e)By vertices in the worst case, which is tight.

Row 1 Ch Cy Cs Ca
Row 2 Ca C1 Cs Cs
Row 3 Cs Ca /C/ Cy
Row 4 Cy Cs Co C

1

Figure 2 Visualization of the graph G in Lemma 21. Colored blocks represent segments of the
greedy paths where C; is the i*" path that greedy takes. For example, using the definition in the
proof of Lemma 21, I's;3 = {49,...,96} corresponds to the blue block C> in row 3.

Proof sketch. We construct a class of graphs Gy, for k£ € N and show that greedy covers at
most a 1 — (1 — 1/k)*-ratio of vertices of Gy, while 3x = |V|. We introduce k**+! vertices
that can be covered by k paths of each k¥ vertices. This set of paths represents the optimal
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(a) The graph G2 from Lemma 22.

® [ @ @ ([ ] ([ J
(b) The graph G3 from Lemma 22.

Figure 3 Illustrations of the graphs used in Lemma 22. The greedy antichains are obtained in
the order blue, red, yellow.

solution and we call the i-th such path the ¢-th row of the graph (see Figure 2). We label the
vertices accordingly: v] with i € [k], j € [k*] denotes the j-th vertex in the i-th row. The

idea is that greedy will cover a 1/k fraction of the remaining uncovered vertices in each row.

The set of vertices C; C V(Gy) to be covered by the i-th greedy chain (i € [k]) is defined
as follows: C; = {vf | j € [k], £ € T; ;}, where the index set I'; ; is defined as the integers
inside the following interval:

G-~ DR L i D0 DR
Pig = NN [(ej = i) (1= )R 4 (T (1= ) TR 4+ 1,
(k+j—i+ 1)1 — L)kt (T (1= HEDEE1 i j <.

We add the edges to G that connect consecutive vertices vf in C; sorted in ascending
order by £. Informally, the chains are paths in G that look like stairs, where the i-th greedy
chain starts on the first vertex of row ¢ and loops from row k to row 1 if ¢ > 1. Clearly, G
is a DAG, because all edges have the form (vfll,vfj) for some 41,42 € [k] and jo > j3. We
will show the following Properties:

1. The sets C; are well-defined and pairwise disjoint,

2. The set C; is of size (1 — +)""'k* and covers (1 — 1)*"'k"~! vertices in each row,

3. The i-th greedy path covers precisely the set C; in the worst case.

Showing these three Properties concludes the proof, as the number of paths chosen by greedy
divided by the optimal solution is the following:

1 1 1 17" 1

— Cil==) |Ci] =~ 1-= == (1-2).

wYe-axe-in(-n) == (-)
i€ (k] =1 =1

We finish the proof by showing Properties 1-3 in Appendix B. <

» Lemma 22 (Theorem 4, part Il). For every k > 2, there exists a DAG, such that k greedy

antichains cover at most (3/4)ay, vertices in the worst case.

Proof. We divide this proof into two parts: first, we give two instances, for k = 2 and
k = 3, of DAGs such that k greedy antichains cover at most (3/4)ay vertices. Secondly, we
combine these two instances to create an instance for any k. Let G2 be an instance for k = 2
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{
1 1 1 1 1 1 15 10 6 3 15 5

>;<:»> Sp——1l

w vertices

Figure 4 Illustration of the instance G§, with 6 alternating paths shows as different colors. Each
vertex is labeled by its weight w (which can be reduced to w vertices as shown in the bottom of the
figure). The green path of a single vertex is Pi, and the blue path of length 6 is Ps. The vertices
are ordered by Ps[j — 1] — Ps[j — 1] = --- — P;[j — 1] for every j = 1,...,6. Moreover, we ensure
that Pj[j — 1] —» Ps[j+ 1] forall j=1,...,4=6—2.

and G3 be an instance where k = 3. See Figure 3 for G and G3. In the G; instance, for
i = 2,3, a; = |V(G,)| by selecting i rows. greedy, however, covers 8 + 4 = 12 vertices in
G- by selecting the blue and red antichains in this order, and covers 9 + 6 + 4 = 19 vertices
in G3 by selecting the blue, red, yellow antichains, in this order. This gives us the ratio of
12/16 = 3/4 for k = 2 and 19/27 < 3/4 for k = 3.

To obtain the 3/4 bound for even k, we use g copies of G4 (called Gél), Gg), ceey Gég)).

Then we add edges from each vertex in G;i) to each vertex in GgiH) for all 4. These edges
make sure that no antichain contains vertices from different Gg). Greedy covers 3/4 portion

k—1
of vertices of each G5. For odd k, we use % copies of Gy (called Ggl), Gg), . ,GéT))

and one copy of G3. Then we again add edges from each vertex in Géi) to each vertex in
; kot

GélH) for all 4, and also from each vertex in Gg ) to each vertex in G3. Greedy covers at

most 3/4 portion of vertices of G5 and each G, this gives us the final ratio of 3/4. <

Proof of Theorem 4. Combine Lemmas 21 and 22. <

We now prove the first part of Theorem 5 by providing a class of graphs such that greedy
a log,(|V]) factor away from the optimal a; = 2 for the problems MPC and MCP. We
recursively define a class of DAGs Gic for @ > 2, each of which can be covered by two paths.

See Figure 4 for an illustration of the DAGs G = (V¢ EY). We use weights w as
a shorthand notation for a path of w vertices. Notice that the optimal solution has size
2 by taking top and bottom paths (we call these straight paths). We then add paths
with vertices that greedy will take (we call these alternating paths). The graph GZC has ¢
alternating paths P, ..., P;, which always start from the bottom straight path. The number
of times that P; alternates between the top and bottom paths is i — 1. We use the notation
P, = {P;[0],..., P;[i]} separated by each alternation. The base case graph G{ consists of
one alternating path Py consisting of a single node with weight 1. The i-th instance G¢ is
constructed by adding the alternating path P; whose weights w(P;[j]) = (;) The vertices of
the paths are chosen to respect the following order: P;[j —1] = P;,_1[j —1] — --- — P;[j —1]
for all j =1,...,7 and, in addition, P;[j — 1] — Pj[j+ 1] for all j =1,...,i —2.
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» Lemma 23 (Theorem 5, part I). For MPC and MCP, the number of chains/paths taken by
greedy on the instances GS' is a log,(|V]) factor away from the optimal a; = 2.

Proof. Greedy returns equivalent solutions for MPC and MCP. We show the following:

1. In GZ-C, greedy chooses the alternating path P; in its first iteration,

2. TC(GS)\ Pi=TC(GY ) for all i > 1.

The second statement implies that after removing the vertices of P; from TC(G$)8, the set
of the remaining edges corresponds to exactly all the paths in G ;. As a result, we can
recursively use Statement 1 and 2, to show that the paths P; are each taken by greedy.

In the unweighted version of G{', the number of vertices is the sum of all the weights.
That is, w(V,¢) = |V.C| = 22:1 |P;| = Z;Zl 2J — 1 < 201 which implies that the number
of greedy paths is i > log,(|V;¥|). Dividing by o = 2, we obtain log,(|V;“|) for the factor.

It remains to show both statements. We first show Statement 1. Let ¢ > 2 and let
Q ={Q[0],...,QI[|Q| — 1]} be the first path chosen by greedy. We will show that P; is the
unique largest weight path in G¢ and thus, Q = P;. To observe this, we first note that P;[0]
is the unique source node of the DAG, which implies that Q[0] = P;[0]. Assume that @ # P;.
We will locally change @ until Q = P; and strictly increase its weight in the process. Let j
be the smallest index of @ such that Q[j] # P;[J]

If j =i —1 (P;[j] last vertex of P;), since P; is the longest alternating path, |Q| = ¢ and

Qlj] = Pi—1[j — 1]. We reroute Q to P;[j], thus w(P;—1[j —1]) = (;j) < (;) = w(Pi[j]).

If j <i—1, we reroute @) by passing it through P;[j], and reconnect it again with a later

vertex from @ in the following way:

If @ passes through P;[j + 1], it did not traverse an alternating edge, and we reroute
Q through P;[j] by using the alternating edge to P;[j + 1]. In this case, we replace

Q=AR0L.... Bl —1,Pia[j—1],... . P = 1], B[j + 1],... }
by

Q=A{RI0],..., Blj — 1, Pi[jl, Ai[j + 1],... }.
We have

wlPali =)+ wrl -1 = () e (7)) < () = wrii,

If @ does not pass through P;[j + 1], we reroute @ through P;[j] using the unique
straight path to reconnect to Q. In this case, we replace

Q=AR0],....P[j =1, Pi—ai — 1],... ., Pig[j = 1], Pif[j],. .. }
where £ <i—j+ 1, by
Q= (B0]..... Bl 1. Piil. Prslil ... Preili]... ).

We have

wlPiali =14l = (27 )+ (1) < (1) =wimi

5 In the DAG G vertices can be traversed by greedy multiple times in order to reach uncovered vertices,
but in the transitive closure TC(G), this is not necessary.
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Figure 5 Illustration of the graph G4 from Lemma 24.

We proceed with growing index j until we reach the last vertex of P;. The weight of @
strictly increased after every reroute, and we thus showed that P; is the unique largest weight
path in G¢. Next, we show Statement 2. Clearly, TC(G{ ;) C TC(GS) \ P;. To show the
opposite inclusion, let u,v € V;¢, such that the edge (u,v) is in TC(G{) \ P;. Let u = P;[/]
and v = P[], where j, k < i — 1. We show that there exists a uv-path in G{ |, which
shows that the edge (u,v) is also in TC(GY ;). Assume that u and v are covered by different
straight paths (otherwise, the straight path is the uv-path we are looking for). Then we can
consider either v/ = P;[{ + 1] if j > ¢+ 1, or v’ = P,_1[¢ + 3] if j = £+ 1. In both cases, v
is the left most vertex on the same straight path as v satisfying that (u,u’) is an edge in
TC(GS ). Thus, also (u',v) is an edge in TC(GY ;). <

» Lemma 24 (Theorem 5, part Il). For MAP, there exists a class of DAGSs of increasing
size, such that the number of antichains taken by greedy is a log,(|V|) factor away from the
optimal 81 = 2 in the worst case.

Proof. We construct a class of instances G = (V;4, E£) such that |VA| = 2-2¢, p; = 2
and greedy takes i + 2 antichains. This implies the factor of (i + 2)/2 > log,(|V/A]). See
Figure 5 for an illustration. The undirected graph underlying the DAG G{‘ is bipartite, with
VA =XUY, X ={z1,...,79:}and Y = {y1,..., Y2 }. Since the graph is bipartite, X and Y’
are both antichains that correspond to the optimal solution. We add edges from X to Y, such
that the following sets become antichains for 1 < k <i: Ty = {x;,y; | 2"71 < j < 2F}. We
let (zj,y;/) € E if and only if they are not both in the same set T (i.e., | T, N {z;,y;}| < 1
for all 1 < k < i). Note that if a non-singleton set U C ViA is an antichain, then it is a subset
of some Ty, X or Y. It can easily be verified by induction that greedy chooses the sets T},
from k =i to 1, with two singleton vertices x1; and y; left over, that are chosen as two new
antichains, hence ¢ + 2 antichains in total. <

Note that greedy’s worst case solutions are not unique in Lemma 21, Lemma 22 and
Lemma 24, however, they are unique in Lemma 23.

Proof of Theorem 5. Combine Lemmas 23 and 24. |
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A  Proof of the Greene-Kleitman Theorems

» Theorem 7 (Adaptation of Schrijver (2003)). The following two equalities hold:
ay = mpin [VA\V(P)|+ kP
55 = min |V \ V() + HA

Proof. This proof mimics the proofs of [34, Theorem 14.8 & Theorem 14.10] for the case
of paths/antichains of vertices. We first prove the inequality <, which holds for any &
antichains/k paths and any path/antichain collection. For the «y version, let A be k
antichains, |A| = k, and P a collection of paths. Then, note that

V(A < [VAV(P)[+[V(P)NV(A)|
SIVAVP)+ ). > IPNA|

PeP AcA
< |VA\V(P)| + k|P|

where the last inequality follows since a path and an antichain can intersect in at most one
vertex, i.e., |[P N A| < 1. The S version of the inequality follows by the same argument
(by exchanging the roles of P and A). To prove that the values meet in the optimum we
use the ay and [ networks described in Section 2. Consider a minimum cost circulation f
in one of the networks. As argued in the main paper, if f is minimum in the o network,
then we can obtain a MPS-k Py by decomposing f, and if f is minimum in the §j network,
then we can obtain a MP-k P¢ by decomposing f. In both networks, consider the function
d : V' — Z such that d(v’) is the distance of a shortest (minimum cost) path from s to v’ in
the residual G’f. First, note that since f is minimum, there are not negative cost cycles in
G’ and thus d is well defined. Moreover, d(s) = 0 by definition, and d(v") < 0 for all v € V'
since there is always a path P = s, 0™ v ¢ (using €2) in G’f such that all edge costs are 0
and v’ € P. Furthermore, since d is the shortest path distance from s in G’f, it follows that
for all e’ = (u',v') € EY}, d(v') < d(u') + c(¢'). In particular, if both an edge €’ = (u’,v’) and
its reverse are in E, then d(v') = d(u) + c(e’). For our networks, this implies:

1 dw') < d@) if ' = (u/,v') € E'\ ({e} | v € VIU{(t, 5)}), and d(v') = d(u) if f(e/) > 1.

Cost in such edges is c(e’) = 0 and its reverse is in £ if and only if f(e’) > 1.

2. d(vout) < d(v™) — 1if f(el) =0, and d(v°ut) > d(v®™) — 1 if f(el) = 1.

Cost in such edges is c(e;) = —1 and e, € E} & f(e)) = 0 < reverse of e, & E}.

3. For the ay network, d(s) = d(t) + k, since we assume f(t,s) > 1: otherwise, there
is no path of length more than k (one such path would reduce ¢(f)) and by Mirsky’s
theorem [31] a MAP is a MA-k whose coverage (o = |V|) matches the Sk-norm of
Pr=10.

4. For the By network, we assume f(t,s) = k: otherwise we can redefine f to be a different
minimum cost circulation with the same cost and f(t,s) = k (e.g. pick arbitrary v € V
and push k — f(t, s) units of flow on (s,v™"), €2, (v°%,t) and (t,s) at total cost 0).

s G

We define the following subset of vertices U; := {v' € V' | d(v) > i + d(¢t)} for i €
{1,...,d(s) — d(t)}. By definition, U/ is an st-cut (s € U/, t ¢ U/). Moreover, there are no
edges, other than (¢, s) going into U] in G’: indeed, if (uv',v") € E"\ {(t,s)}, v ¢ Ul,v" € U],
then by 1. and 2., d(v') < d(u'), but also d(v) < i+ d(¢) and d(v') > i + d(t) implying
d(u') < d(v"), a contradiction. We use U; to define subsets of vertices of the input DAG G,
A ={v eV |v"eU nveut ¢ U!}. In fact, A; is an antichain: if u # v € A are such that
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there is a uv path in G, then there is a u“*v®™ path in G’ \ {(t, s)}, but such a path would
cross from V' \ U; to U;, a contradiction. We define Ay = {A1,..., Ajs)—q(t)} to be the
collection of antichains extracted from f. Note that in the oy, network, by 3., [A¢| = k. And
in the f§; network, by 4., |P¢| = k. These collections satisfy:

a. V\V(Ps) C V(Ayf): indeed, if v € V' \ V(Py), then f(el) = 0 and, by 2., d(v°*) <
d(v'™) — 1. But then, v € Agginy_qry S V(Ag). Note that, 1 < d(v°") +1 —d(t) <
d(v'™) = d(t) < d(s) — d(t) since both (s,v™), (v, 1) € E}.

b. Thus also V' \ V(Ay) C V(Py).

For the a; network we have:
k|Pgl =
(by 3.) = (d(s) — d(t)) f(t, )
(f is circulation) = Z (d(u") —d(v")) f(e)
e'=(u'w)eE'\{(t,s)}
= > (d(u') — d(v")) f(e')
e'=(u' v )eE\({e}|lveVIU{(t,s)})})
+ ) (™) = d() f(ey)
el veV
(by L) = > (d(w™) = d(v™))f(e,)
el veV
(by 2.) = [{v € V| f(e}) = 1 A d(v™) — d(v*™) = 1}]
< VI(Pr) NV (Ay)|
For the 85 network we have:
k| As| =
(by 4.) = f(t,s)(d(s) — d(t))
(previous derivation) < [V(Py) NV (Ay)]
For a4, the proof concludes by:
[VAV(Pp)| + kIPy| =
(by a.) = [V(Af) \ V(Ps)| + k[ Py|
(derivation for ay network) < [V (Af) \ V(Ps)| + [V (Pr) NV (Ay)|
= [V(Ap)l
Analogously for fy:
[VAV(AR) + k| Af| =
(by b.) = [V(Pr) \ V(Ap)| + k|Ag]
(derivation for Sy network) < |V(Ps)\ V(Af)| + |V (Ps) NV (Ay)]
= [V (Py)] <

B  Omitted proofs

» Lemma 21 (Theorem 4, part |). For every k > 2, there exists a DAG, such that k greedy
chains cover at most (1 — 1/e)By vertices in the worst case, which is tight.



M. Caceres, A. Grigorjew, W. P. Jiamijitrak, and A.l. Tomescu

Proof. We construct a class of graphs Gy, for £ € N and show that greedy covers at most a
1 — (1 — 1/k)*-ratio of vertices of G}, while 8 = |V|. We introduce k**! vertices that can
be covered by k paths of each k* vertices. This set of paths represents the optimal solution
and we call the i-th such path the i-th row of the graph (see Figure 2). We label the vertices
accordingly: v/ with i € [k], j € [k¥] denotes the j-th vertex in the i-th row. The idea is that
greedy will cover a 1/k fraction of the remaining uncovered vertices in each row.

The set of vertices C; C V(G}) to be covered by the i-th greedy chain (i € [k]) is defined
as follows: C; = {v§ | j € [k], £ € Ty ;}, where the index set T ; is defined as the integers
inside the following interval:

(G—DA—5) k1, (G —i+ 1)1 — 3) kR if j >4,
Ii;=Nn [(k—i—j—z')(l—%)l k=1 4 (S (1= 1)k 41,
+ 1)1 —4) 1kk1+( T (L= HEER] i j <

We add the edges to G}, that connect consecutive vertices v¢ in C; sorted in ascending

order by £. Informally, the chains are paths in Gy, that look like stjairs, where the ¢-th greedy
chain starts on the first vertex of row ¢ and loops from row k to row 1 if ¢ > 1. Clearly, G
is a DAG, because all edges have the form (v fll, 12) for some i1,i2 € [k] and jo > j1. We
will show the following properties:

1. The sets C; are well-defined and pairwise disjoint,

2. The set C; is of size (1 — £)""'k* and covers (1 — 1)*"*k"~! vertices in each row,

3. The i-th greedy path covers precisely the set C; in the worst case.

Showing these three properties concludes the proof, as the number of paths chosen by greedy

divided by the optimal solution is the following:
k k i—1
1 1 1 1 k—oo 1
— Ci| == Ci|l =+ 1—-= —(1-=].
wlU el =gy (g) == ()

Property 1. To verify that the sets C; are well-defined, observe that I'; ; C [k*]. We now
verify that the sets C; are pairwise disjoint for £ > 2. Consider the sets C; and C;_; for
some ¢ € {2,...,k} and a row j € [k]. We show that the intervals in I'; ; are disjoint by
analyzing several cases:

1. If j > 4, the chain of C; is to the left of the chain of C;_; (that is, the maximum
value of C; in row j is smaller than the minimum value of C;_; in row j): we have
G—i+ 1)1 —H k< (G—i+1)(1— )2k 1) + 1, since 0 < (1 — ) < 1.

2. If j < i—1, the chain of C; is also to the left of the chain of C;_;: we have (k+j—i+1)(1—
LY=Ly (53 (1= LY R 1 < (oo jimi 1) (1= LR (00, (1= 1)1,
again, since 0 < (1 — 7) <1

3. Cj is to the right of C; on all rows j € [k — 1]: We must verify

1 k—1 J 1 -1
j (1 — k) kRl (Z <1 - k) ) EF 41> gERL (1)
(=1

which is true if and only if

[j (-5 z()

+1>0.
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Computing the geometric sum, we have

D))

It suffices to show that the expression in the bracket is non-negative for all pairs &k > 7 > 1.
This is implied by

s (101 )= (- () )
(-0-0) (-0-p)

= >
j = k—1 ’

+1>0.

which is true, because the function fx(n) = (1 — (1 — (1/k))™)(1/n) is decreasing. Hence,
Equation (1) is true.
The three cases above show that C; and C; are disjoint for all i # j € [k].

Property 2. The size of C; can be computed by summing the k interval lengths of I'; ;.
Note that by Property 1, the C; are pairwise disjoint and that the intervals I'; ; of a path Cj
all have equal length.

Property 3. To show that greedy takes the path Cy, we need to show that Cy covers the

most uncovered vertices out of any path after greedy took Cy,...,Cy_1. After covering the
first £ — 1 paths and before covering path ¢, we say that greedy is at step £. Given a vertex
v!, consider the set R; ;¢ of vertices that are in the same row, are uncovered at step ¢ and

come after v} :

Rije={vl | p> j, v} uncovered at step (}.

We call an edge (vfll,vfj) forward at step € if |R;, j,.¢| > |Ri, js,e|. We show the following
Lemma.

» Lemma 25. Assume greedy took the paths C1,...,Cy at steps 1,...,t. Then at step t+1,
all edges are forward.

Proof. We prove this fact by induction on ¢. All edges are forward when ¢t = 1, before greedy
chose a path. Assume ¢ > 0, and note that edges that remain in the same row are obviously
forward. Consider the edges (Ufll,vfj) of a path C;, whose tail is contained in a different
row than its head (i.e., j1 # j2). If £ = ¢, then the edges are forward: by the induction
hypothesis, they are forward at step ¢, and after covering C;, we have R;, j, + = Ri, j, 141
and Ri, j,.t = Riy jo,t+1 \ Cr.

Let now £ # t. Following the path CYy, it first is to the left of C; and then to the right
of Cy. For example, in Figure 2 the maximum value of C5 in row 2 is smaller than the
minimum value of C5 in row 3, but it is the other way round in row 3. This is the only edge
of Cy that needs attention, as for every other edge (vfll,vfj) of Cy with j; # ja, we have
Ris ot = Riggotl = Riyja 1] = [Rig g 1.

We consider the case ¢ > t, as the other case is symmetric. The path Cy is to the left of
Cionrows ¢,...,kand 1,...,t — 1. Consider the intervals I';;_; and I'y;, and note that
the latter contains an additional summand (1 — £)*~*k*~!, which is equal to the length of
C} in row t. Hence, this edge is also forward. <
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Using Lemma 25, we now argue that greedy selects the paths C; in the worst case. Consider
the first greedy step, i.e., before any path was chosen by greedy. Every row has the same
length k*. Using Property 2, the path C; also has length k¥, and has the same length k*—1
in every row. By Lemma 25, no path is longer than the rows. Thus, in the worst case,
greedy chooses C;. Using induction, we keep this invariant for every path: in the i-th step,
every row has the same number of uncovered vertices, the path C; contains the same number
of uncovered vertices, and no path contains more uncovered vertices. <
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