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—— Abstract

Quantum tunneling is expected to provide a computational speedup in quantum computing, a
phenomenon that Adiabatic Quantum Optimization (AQO) aims to leverage. While some academic
proofs of concept have been studied, such as the “Hamming weight with a spike” (HWS) problem,
the algorithmic gains of this effect remain underexplored. In this work we extend the analysis
underlying HWS to more general potentials.

In the first half of the work, we establish (discrete) log-concavity of the ground state as a key
structural property in this context. We devise a framework for establishing log-concavity of the
ground state for a large family of discrete, 1-dimensional Schrodinger operators. The family includes
convex potentials, but also certain potentials with local minima. In the convex case, this provides
a discrete version of a continuous result by Brascamp and Lieb [10]. We demonstrate the utility
of our result by establishing new spectral gap bounds, going beyond related results by Jarret and
Jordan [18] for convex potentials.

In the second half of the work, we use our results on log-concavity to extend the perturbative
analysis of HWS by Reichardt [33] to the larger family of potentials with log-concave ground state.
As a concrete instantiation, we use our result to extend the HWS analysis from a linear potential
(which is exactly solvable) to a quadratic potential (which is no longer solvable). Our result strongly
suggests the broader applicability of tunneling to convex potentials with spikes.
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1 Introduction

Adiabatic quantum optimization (AQO) was introduced as a method for finding the minima
of complicated cost functions V' : {0,1}" — R on the hypercube, leveraging quantum
fluctuations to escape local minima that trap classical algorithms [14, 22, 13]. Its theoretical
analysis reduces to understanding the spectral gap of the interpolating Hamiltonian

H(s)=—-(1—5)> X;+sV (1)
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for s € [0,1], where X; is the Pauli-X operator acting on the i-th qubit, and V is the
diagonal operator satisfying V' |z) = V(z) |x) for = € {0,1}". If the gap remains at least
inverse-polynomially large in n throughout the annealing path, then the adiabatic theorem
guarantees that the target ground state can be prepared efficiently. However, establishing
lower bounds on the gap is in general a hard problem, and the cases where it can be done
rigorously are relatively few — see e.g. [13, 34, 1, 33, 17, 15, 9, 26] for some examples.

A large part of the results concerns the restrictive yet still interesting family of cost
functions that is called “symmetric”, satisfying V(x) = V(|x|). A canonical such function
is the Hamming weight function V' (z) = |z|. Due to the exact solvability of the adiabatic
Hamiltonian for this potential, a significant body of work was devoted to the performance of
AQO for perturbations of this function [12, 25, 32, 33, 7, 5]. The resulting “Hamming weight
with a spike” problem (HWS) concerns potentials of the form V(x) = |z| + h(x), for some
perturbation or “spike” h. While such a spike can create local minima and obstruct classical
methods such as simulated annealing, the aforementioned works derive precise conditions on
the shape of the spike under which the gap remains open, and hence AQO still succeeds. E.g.,
Reichardt [33] uses a perturbative argument based on the overlap between the unperturbed
ground state and the spike to establish a spectral gap bound. Subsequent works [25, 32, 7]
extended this analysis, some of them using approximation methods such as the spin-coherent
path-integral instanton approach [32] and the discrete WKB method [25].

These analyses critically hinge on the fact that the unperturbed linear potential V' (z) = ||
yields an exactly solvable Hamiltonian, with explicit expressions for the eigenvalues and
eigenvectors, and indeed there seems to be no work considering more general convex potentials
with a spike.! In this work, we go beyond linear potentials and consider a larger family of
potentials, including but not limited to the broadly relevant family of convex symmetric
potentials. While exact expressions for the corresponding ground states seem elusive, we
establish strong structural properties based on “log-concavity” that give us a useful handle on
them. As our main proof-of-concept, we extend the HWS analysis from linear to quadratic
potentials (for which already we have no closed-form ground state), showing that the
tunneling mechanism persists even in this more challenging setting. Quadratic potentials
are the textbook workhorse for convex optimization, and we see our work as opening up the
study of quantum tunneling in the more general setting of discrete convex optimization with

AQO.

1.1 Organization of the paper

We now give a brief overview on the remainder of the paper.

In Section 2, we collect preliminary facts on adiabatic quantum optimization and discrete
log-concavity. In Section 3 we prove our main results on log-concave ground states. In
Section 4 we use these to establish new spectral gap bounds based on Hardy’s inequality. In
Section 5, we use log-concavity to analyze quantum tunneling through spike perturbations.
Finally, in Section 6, we analyze the quadratic HWS problem.

2 Preliminaries

2.1 Adiabatic quantum optimization

We will consider families of Hamiltonians of the form H(s) = —(1 —s)>_, X; + sV for
s € [0,1], with V a diagonal potential. Such Hamiltonians are stoquastic, and so the
Perron-Frobenius theorem implies that the ground state |¢9) = >, 1y |k) can be chosen to

1 There are some exceptions in the continuous setting, see e.g. [28] and references therein.
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have nonnegative real amplitudes v, > 0. We use A, to denote the minimum spectral
gap of H(s) = —(1 —s)>., X; + sV over all s € [0,1]. By the adiabatic theorem, AQO
will correctly return the ground state of V' granted that its runtime satisfies the bound
Q(MUA_M). Since we will have ||H(0)|],||H(1)|] € poly(n), AQO will be efficient

min

provided that A, € Q(1/poly(n)). We provide more details on AQO in the comprehensive
version [8].

2.2 Symmetry reduction

In this section, we describe the reduction from the bitstring space {0,1}"™ of dimension 2" to
the Hamming weight subspace of dimension n 4+ 1 spanned by uniform superpositions over
bitstrings of a given Hamming weight.

» Definition 1. The Hamming weight subspace is spanned by the vectors

Z|m>, 0<k<n.

1
k) = ——
VG

The key point is that, for a symmetric potential V satisfying V' |z) = V (|z|) |x), the
adiabatic algorithm remains restricted to the Hamming weight basis. In this subspace, the
mixing Hamiltonian ), X; becomes the tridiagonal operator:

(Anc)i—1,6 = (Anc)r -1 = ar = Vk(n+1—-k) (2)

for 0 < k < n. Since we assume symmetric potentials throughout this work, we will only
consider symmetry-reduced Hamiltonians of the form H(s) = —(1 — s)Ap. + sV. A more
detailed treatment of this reduction is given in [18, Section IV].

2.3 Binomial state and Hamming weight Hamiltonian
We define the binomial state as follows.

» Definition 2 (Binomial state |¢,,)). For m € [0,n/2], define the binomial state |py,) as

n

e =S @ 0w

k=0

The distribution |(k|p,,)|? describes a binomial law B(n,m/n), and so the mean and
variance are
m(n —m)

<§0m|K‘§0m> =m and <S0m|<K - m)2|90m> = T’

where K denotes the linear potential, K |k) = k |k).
Incidentally, as discussed for instance in [33], the binomial state is also the ground state
of the linear Hamming weight Hamiltonian.
» Lemma 3 ((Linear) Hamming weight Hamiltonian). Fiz m € [0,n] and let
-2
oz em (3)
m(n —m)

Then the Hamiltonian H, = —Ap. + aK has ground state |p,,), ground state energy Ao =

5 (a —V4+ (12) and spectral gap A, = V4 + o2,
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2.4 Discrete log-concavity

A key concept in our work is that of (discrete) log-concavity. In this section we recall some
properties of log-concave sequences.

» Definition 4 (Discrete log-concavity [20]). A non-negative sequence {pi trez s log-concave
on interval I C 7 if

P > Pry1Ph—1 (4)
forallk € I. If I =7 then we simply say that {pg trez s log-concave.

Equivalently, defining the score sequence {ry} by rx = pr+1/pk, log-concavity at k is equival-
ent to {ry} being non-increasing from k — 1 to k. It turns out that many classical discrete
distributions belong to this class: the discrete uniform, Bernoulli, binomial, Poisson, geomet-
ric, and negative binomial distributions, as well as convolutions of Bernoulli distributions
with arbitrary parameters (see [21] and references therein).

In this list, the binomial distribution will play a privileged role throughout this work. In
fact, one can base a strengthened notion of log-concavity on the binomial distribution.

» Definition 5 (Discrete ultra-log-concavity [27]). Fiz integer n > 0 and let g, = (Z) for
k € [n]. A non-negative sequence {py}re[n) is ultra-log-concave (of order n) if

2
(m> > PitiPhol g g ), (5)
dk qk+1 gk—1

We highlight some properties of log-concave sequences in Appendix A.

3  (Ultra-)Log-concavity for convex potentials (and beyond)

As our first contribution, we establish a large family of potentials V for which the cor-
responding ground state is discretely log-concave or even ultra-log-concave. We do so for
1-dimensional stoquastic Hamiltonians of the form

H=—-A+V

where V' encodes the potential on {0, 1, ...,n}, and A is defined by (k — 1|A|k) = (k|Alk — 1) =
ay, for a concave, positive sequence {a; € R}}_,. When a, = \/k(n + 1 — k) this corresponds
to the symmetry-reduced adjacency matrix Ap. of the hypercube from Section 2.2.

3.1 Prior work

In the continuous setting it was established by Brascamp and Lieb [10, Theorem 6.1] that the
ground state of a continuous Schrédinger operator —9% 4+ V on the real line with a convex
potential is log-concave. Stronger even, they showed that if V(z) = o?2? + W (z) for a convex
W, then the ground state 1 has the form ¢ (z) = e*”‘ﬁcp(x) for some log-concave function ¢.
Clearly, this is a continuous analogue to discrete ultra-log-concavity (Definition 5). Apart
from being a useful structural property, this was also used later to establish strong bounds
on the spectral gap of these operators [2, 35].

Transferring this picture to the discrete setting turns out to be non-trivial. Indeed, a
clear bottleneck when transferring the proof in [10] to the discrete setting is that discrete log-
concavity loses some of the nice properties of its continuous variant. E.g., in the continuous
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setting, multivariate log-concavity is well-understood and enjoys strong stability properties:
in particular, [10] uses that marginalization of a log-concave distribution remains log-concave.
In the discrete setting, however, defining a meaningful notion of multivariate log-concavity
is more delicate, and key properties such as preservation under marginalization fail [4,
Chapter 6].

One exception that we found is the work by Johnson [20]. As explained in e.g. [16],
Johnson proves a discrete version of the Brascamp-Lieb result, but only for one particular A
matrix on the half-line N that corresponds to a particular queuing process on N.

3.2 Ultra-log-concavity from convexity

As our first result in this direction, we establish a discrete version of the aforementioned result
by Brascamp and Lieb [10]. Let [¢)) = ") ¢ |k) denote the ground state of H = —A+V
with energy Ey, and define the function

By Perron—Frobenius and positivity of the ay’s, we can assume 1, > 0 for all 0 < k < n.
Projecting the eigenvalue equation H [1)) = Ey |¢) onto (k| gives a key recurrence relation:

F(k)r = ap1¥rr + arthp—1, 0 <k <mn, (6)

with the boundary convention ¢_; = ¥, 411 = 0. Given that the ay’s and ;’s are positive,
this implies that also F'(k) > 0 for all 0 < k < n. We use this recurrence relation to prove
our theorem.

» Theorem 6 (Ultra-log-concavity for convex potentials). If {ar = \/k(n+1—k)} and V is
convez, then {¢3} is ultra-log-concave.

Proof. We refer the reader to the comprehensive version [8]. |

3.3 ~-log-concavity from ~-relative monotonicity

As our second contribution in this direction, we describe a more technical framework for
establishing log-concavity of the ground state. Critically, it allows us to go beyond convex
potentials, showing that log-concavity can persist even in the occurrence of local minima.
While somewhat technically involved, we show that the framework is tight in (and motivated
by) capturing limiting cases such as the uniform and binomial ground state.

In the most general case, we will focus on proving a weighted log-concavity property of
the ground-state, i.e.

Vi > Y Y- 1¥k41 (7)

where the weights {vx} are defined such that: ~1,...,7,—1 > 0 and v = v, = 1. More
precisely, we will say that {¢x} is y-log-concave (y-LC) on an interval I C {0,...,n} if
Equation (7) is satisfied for all k € I. As an example, ultra-log-concavity of {¢)2} (Definition 5)

k+1n—k+1
k n—k °

To prove v-LC, we assume that {ax}}_, is positive (while setting ag = an4+1 = 0) and
satisfies a related log-concavity condition:

corresponds to the case where v, =

ai%%—1 > Qg—10k+1, V1<k<n. (8)
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Recalling the function F'(k) = V (k) — Ep > 0, we also need to define the cumulative weights

k—1 n
_ ay (7%
' = —== =
k F(O) g 7@7 k F(TL) ez];g_l 7@7

with the convention that empty products are equal to 1. These weights are motivated by the
following bound.

» Lemma 7 (Cumulative ratio).
If {ee} is v-LC on {0,... .k — 1} then % >T,.
If {¢e} is v-LC on {k + 1,...,n} then % > I‘:,

Proof. We refer the reader to the comprehensive version [8]. |

We can now define a condition linking the potential V' to {ax} and {74} under which we
will prove 4-LC of {}.

» Definition 8 (y-relative monotonicity (v-RM)). The Hamiltonian H = —A+ 'V satisfies
the left v-RM condition on {0, ... ko} if, for all 1 <k < ko,

ar v F (k) — ap1 F(k—1) < Ty (ahvevm—1 — aks1ak-1) - 9)
It satisfies the right v-RM condition on {k1,...,n— 1} if, for all k1 <k <n-—1,

ap 1 F (k) — apF(k+1) ST} (a6 417% — ari2ar) - (10)

Under this condition, we can prove weighted log-concavity of {1} on the interval I.

» Theorem 9 (7-LC from v-RM). Assume that {ax} satisfies Equation (8).
If H=—A+V satisfies the left v-RM condition on {1,...,ko} then {¢x} is v-LC on
{0,...,ko}.
If H=—A+V satisfies the right v-RM condition on {ki,...,n— 1} then {tx} is v-LC
on {k1,...,n}.

In particular, if these conditions hold for some k1 = ko + 1 then {¢} is v-LC on [n].

The full proof is available at [8], Section 3.4. In Appendix B, we details several examples
that have concrete application. In particular we show how this condition also encapsulate
non-convex potentials.

4 Spectral gap bounds from (ultra-)log-concavity

To demonstrate the power of log-concavity, we show that it implies useful lower bounds on
the spectral gap A of H. The argument builds on a discrete Hardy inequality described by
Miclo [30].

4.1 Hardy inequality

We again consider a 1-dimensional Hamiltonian H = —A + V on {0,...,n} with diagonal
potential V and A band-diagonal with (k — 1|A|k) = (k|Alk — 1) = ag. We will assume that
{ay} is positive, in which case there is a unique ground state |t)g) = > ,_, ¥¢ |¢) that can be
chosen positive. We denote by A > 0 the spectral gap of H.
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We can connect such a stoquastic Hamiltonian to a Markov chain through the so-called
ground state transformation. Indeed, the operator

L = —Diag () ' (H — Ey)Diag(¢r)

is a valid Markov chain generator, satisfying (k|L[¢) > 0 for k # £ and L1 = 0. More precisely,
it corresponds to a birth-and-death process on {0,...,n} with stationary probabilities

pr = Ui
and ergodic flows
be =pe—1L¢_10=peLes—1 = ap\/PeDe—1.

Following [30], we associate to L a family of discrete Hardy constants: for any 0 < ¢ < n,

k i
1 1
) '= m — B_ ) = .
By (p,i) i<ka§"p([k,n])e:§i+1 ” (p, 1) Omgggip([(),k])gk“ »

The following lemma shows that these Hardy constants tightly characterize the spectral gap
of H.

» Lemma 10 (Discrete Hardy inequality). For any indez 0 < i <mn,

1 . 1 1 . 1 1
TR <B+<p,z'>’ B <p,z'>) =4 < min (p<[o,z']>B+<p7i>’ () B, i)) '

Proof. The lower bound follows from the lower bound in [30, Proposition 3]. The upper

bound is not stated explicitly as such, but it follows from the proof of [30, Proposition 2].

Indeed, replacing the median m by 7 in that proof recovers the bound that we claim. <

» Remark 11. A particularly relevant case is when ¢ = m a median of p, so that p([0,m]) > 1/2
and p([m,n]) > 1/2. Then

1 2
— <AL =
4B~ — B

with B = max{B+(p,m), B_(p,m)}. This corresponds to [30, Proposition 2].

4.1.1 Hardy constant for uniform and binomial distribution
We first treat some cases of special interest. Consider the uniform distribution over {0,...,n}.

» Lemma 12 (Uniform Hardy constant). Let S, =Y ", a% and {p, = ﬁ} Then, for any i,
max{By(p,i), B_(p,i)} < (n+1)S,.
Proof. We refer the reader to the comprehensive version [8]. <

We will also need a bound on the Hardy constants for the binomial distribution pj, oc c* (Z)
with {ar = \/k(n +1—k)} derived from the hypercube symmetry reduction. Rather than
deriving it explicitly, we can use that the corresponding Hamiltonian is precisely the symmetry
reduction of the Hamming weight Hamiltonian —A + oK as described in Section 2.3, for the

particular choice of a = % (with g the mean of g). From Lemma 3 we know that this
m(n—p

Hamiltonian has a spectral gap A = va2 + 4 > 2. Combined with the upper bound on the
gap from Lemma 10, we get the lemma below.

110:7
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n

» Lemma 13 (Binomial Hardy constant). Let ar = \/k(n —k+1), py < ¢*(}), and m;, a
median of p satisfying p([0, m,]) > 1/2 and p([m,,n]) > 1/2.

If i > my, then By(p,i) < 1.

If i <my, then B_(p,i) < 1.

4.2 Hardy constant from relative log-concavity

In this section we show one way of bounding the Hardy constant: if a distribution p is
“log-concave relative to” some other distribution ¢, then we can upper bound the Hardy
constant of p using that of q. For distributions p and ¢, we say that p is log-concave relative to
q if the distribution {px/qx} is log-concave. It is easily seen that any log-concave distribution
p is relative log-concave with respect to g oc ¢® (Definition 4). More interestingly, if gz o (Z)
then we recover the notion of ultra-log-concavity (Definition 5). We will be using the following

technical lemma.

» Lemma 14 (Single crossing lemma). Suppose that p is log-concave relative to q, and let k*

denote the mode of {ry = px/qr}. Let by = ap\/De—1De and cg = ag\/qu—1qe-
1. For all k, £ such that k* < £ < k, we have

p([k,n]) < rrq([k,n]) and by > r1C4.

2. Assume there exists 0 < i < k* such that either ¢([0,14]) = p([0,1]) or ¢([i,n]) = p([i,n]).
Then for all k, ¢ such that k > i and i < £ < k*, we have

p([k,n]) < q([k,n]) and by > cp.
Proof. We refer the reader to the comprehensive version [8]. <

The following theorem then shows how to bound the Hardy constant of a distribution
p by using the Hardy constant of a distribution ¢ relative to which it is log-concave and
with which it shares the same tail mass. Note that we can always enforce this condition by
replacing {qi} with {c*q;} for an appropriate choice of ¢ (indeed, log-concavity relative to
{qi.} implies log-concavity relative to {cFq;}).

» Theorem 15 (Relative Hardy bound). Suppose that p is log-concave relative to q, and let
k* be the mode of {pr/qr}. Let 0 <i < n be such that either

q([0,1]) = p([0,]) or q([i,n]) = p([i,n]) or i=k*.
Then
B+(pv Z) < B+(Qvi) and B*(p’ Z) < B*(Qvi)'

Proof. We refer the reader to the comprehensive version [8]. <

4.3 Spectral gap bounds

Combined with our criteria for log-concavity of the ground state, we get our main result of
the section.
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» Theorem 16. Consider 1-dimensional H = —A 4V with ground state distribution p and
spectral gap A.
1. Uniform, log-concave: if {ay = 1} and p log-concave then

A € Q(1/n?).

This holds e.g. when {ae = 1} and V is single-well (Appendiz B).
2. Hypercube, log-concave: if {a; = \/{(n+1— )} and p log-concave then

A€ Q(1/n).

This holds e.g. when {a; = \/f(n+1—10)} and H satisfies the 1-RM condition (Ap-
pendiz B).
3. Hypercube, ultra-log-concave: if {ay = \/(n+1—£)} and p ultra-log-concave then

A e Q(1).
This holds e.g. when {ay = \/f(n+1—2€)} and V is convex (Theorem 6).

Proof. We refer the reader to the comprehensive version [8]. <

It is interesting to compare our bounds with the results by Jarret and Jordan in [18]:
For the 1-dimensional Hamiltonian H = —A 4+ V with uniform {a,} and V convex, they
show a bound Q(1/n?) on the spectral gap. Point 1. in Theorem 16 generalizes this bound
to the much weaker case where —V is merely unimodal.
For the hypercube Hamiltonian H = — Ay, + V with a symmetric potential V', we can
use the symmetry reduction in Section 2.2. Point 3. in Theorem 16 then shows a constant
gap when V' is convex, in correspondence to the findings in [18]. Point 2. in Theorem 16
goes beyond this, and shows an (1/n) lower bound when H satisfies the 1-RM condition
(Definition 8). This includes potentials that are non-convex and can even have local
minima.
We do mention that the bounds in Jarret and Jordan [18] are tight down to the constant,
in analogy to the continuous fundamental gap proof [2] which their work is based on. This
implies that points 1. and 3. in Theorem 16 are tight up to a constant.

Regarding point 2. in Theorem 16, we note that this bound is also tight up to a constant.

Indeed, for the aforementioned potential V (k) = ax + ag41, the ground state is uniform and
hence log-concave. If the ay’s are derived from the hypercube then point 2. in Theorem 16
gives a bound Q(1/n). To see that this is tight, note that the ground state energy in this
case is 0, and the first excited energy can be shown to be O(1/n) by using an ansatz state
proportional to ), (k — n/2)|k), orthogonal to the uniform ground state.

5 Log-concavity and tunneling

We now demonstrate the utility of log-concavity in analyzing quantum tunneling through
localized spike perturbations. Following a variation of Reichardt’s argument for the HWS
problem [33], we show that for log-concave ground states we can easily control the spectral
gap when adding a spike perturbation. In the following we define the mean y and variance o2
of a ground state [1) as the mean and variance of the distribution pj, = 9. The key point
will be that for a log-concave ground state, the mass placed on a short interval is uniformly

controlled by the variance and the distance of the interval from the mean.
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» Theorem 17. Consider a Hamiltonian H = — A+ V with spectral gap A and a log-concave
ground state with variance o and mean . Consider a perturbation h: {0,1,...,n} = Rxg
supported on an interval [(,u — 1] C [0,n] and satisfying an upper bound h(k) < h. If
a =max{y —u,f — p} and

= 2u—19 ( a ) }
h-min{ ——=,2exp | —=——— | t < A/2
{ itz TP\ 200 + 1) /
then the perturbed Hamiltonian H' = H+V" with V' |k) = h(k) |k) has spectral gap A" > A/2.

Proof. We refer the reader to the comprehensive version [8]. <

6 Application: Quadratic Hamming weight with a spike

In this section we develop the “quadratic Hamming weight with a spike” (quadratic HWS)
problem. For this we will specialize our analysis to quadratic potentials perturbed by a spike.
Specifically we consider a family of Hamiltonians

Heys(s) = —=(1 = 8)Ape + sV

for s € [0,1], with Vs = V, + h where V, (k) = a(k — ko)? for kg < 0 (ensuring that the
minimizer is at & = 0) and h is the spike perturbation. We aim to use Theorem 17 to
bound the spectral gap Ays(s) of Hys, which requires a bound on the spectral gap A,(s)
of the unperturbed quadratic Hamiltonian H,(s) = —(1 — s)Apc + sV, as well as estimates
of the mean and variance of its ground state |i,(s)). While for a linear potential, as in
the HWS problem, the ground state is known explicitly as a binomial distribution, this is
not so for quadratic potentials. We address this key challenge by showing that |1,(s)) does
maintain a constant overlap with the binomial ground state of a linear potential. Combined
with log-concavity of the ground state, this yields explicit control of the mean and variance
of |1h4(s)). This allows us to invoke the perturbation bound from Section 5 and generalize
the HWS problem to quadratic potentials.

6.1 Unperturbed quadratic: Overlap with the binomial ansatz

We now consider the Hamiltonian H = — A, + V for a convex potential V. The following
claim quantifies the overlap of the ground state of H with an ansatz state |p,,). The
overlap depends on the second difference of the potential, which is defined as A2V (k) =
V(k+1)+V(k—1)—2V(k). Smaller A2V (k) leads to higher overlaps with the binomial
state. We prove the claim in Appendix A of the comprehensive version [§].

> Claim 18 (Overlap bound). Let |t)) denote the ground state of H = —Ap. + V with V
a convex function with bounded second difference A2V (k) < C. Let m be chosen so as to
minimize (@.,|H|om). Then it holds that

) 12 1= (120 (G (1 BT Y oty

where Y ~ B(n — 1,m/n) and pu = (¢o|K|tg).

In the quadratic case V,(k) = a(k — ko)?, we have AV, (k) = a(2(k — ko) + 1), and
so the lower bound becomes simpler. We prove the below theorem in Appendix B of the
comprehensive version [8], and we plot the optimal mean m*(a) as a function of a in Figure 1.
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Figure 1 Plot of the function m*(a)/n obtained for n = 40 and ko = —3. m™(a) is obtained by

\/n*—(%z* = 1_2k0+2(}1_1)m*/m As expected, m* is located at n/2 for

a = 0 and it decreases to 0 as a increases.

solving the equation a =

» Theorem 19 (Overlap with the binomial ansatz for quadratic potentials). Let |1,) denote
the ground state of H = —Ap. + V, with V,(k) = a(k — ko)? for ko <0 and a € R>q. Then
there exists m*(a) € [0,n/2] such that

1
|<1/1q,a|<ﬂm*(a)>|2 > 3

Now denote by ji, and o2 the mean and variance associated to [tq,a), which are given by
Ha = <¢q,a|K‘¢q,a>a 0-3 = <wq,a (K - :u)2|wq,a> :

Using the fact that both |¢,.) and |@,,) are log-concave, we can relate the associated
mean and variance using Lemma 29. Applying this lemma to {pr = | (k|¢m-(a)) [*} and

{gn = | <k‘|¢q,a> |2}7 we obtain
o = m*(a) + O(y/@) + (L),
Oa = @( m*(a)) +0O(1). (11)

Thus, although the quadratic ground state does not admit a closed form, the binomial ansatz
provides a tractable approximation throughout the annealing path.

6.2 Unperturbed quadratic: Improved spectral gap bound
We now turn back to the interpolating, adiabatic Hamiltonian with quadratic potential,
Hy(s) = —(1—5)Apc + sV;.

From Theorem 16 (or [18]), we get a bound A(H,(s)) € (1 — s) on the spectral gap of
the unperturbed, quadratic Hamiltonian H,(s). Unfortunately, that bound becomes useless
around the end of the annealing path, when s — 1. Luckily, a finer reading shows that the
bound of [18] can actually be extended until the end of the annealing path.

» Lemma 20. Consider H(s) = —(1 — s)Ape + sV with V convex, and define f =
ming<icj<n| LO=VE | Then
0<i<j<n j—1 :

A(H(s)) > /8262 +4(1 — s)2.

In particular, if there exists ¢ > 0 such that 5 > c, then

2c
A(H(s)) = \/ﬁ

uniformly for all s € [0, 1].
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Proof. We refer the reader to the comprehensive version [8]. |

In particular, for V' with unique minimizer at 0, we have 8 = V(1) — V(0) > 0 which
satisfies by definition this lemma. For the quadratic potential V, (k) = a(k — ko)? that
we consider, we have that AV, (k) > a. Assuming a € Q(1), this yields a uniform bound
Ay(s) € (1) on the spectral gap of the unperturbed quadratic Hamiltonian H,(s).

6.3 Perturbed quadratic and AQO

We will now combine the bound on the spectral gap of the quadratic Hamiltonian H(s), as
well as the estimates on the mean and variance of its ground state, with the perturbative
tunneling argument in Section 5. This will allow us to establish our analysis of the quadratic
HWS problem.

6.3.1 Spectral gap of quadratic HWS

We now combine the general spike bound with the overlap analysis. The key point is that
the variance of the true ground state is comparable to that of the binomial ansatz.

» Theorem 21 (Quadratic potential with a spike). Consider the quadratic Hamming weight
with a spike Hamiltonian

Hys(s) =—(1—8)Apc +8Vys = —(1 — ) Ape + s(Vy + 1)

fors € LO, 1], where the spike h is supported on [¢,u—1] C [0,n] and satisfies an upper bound

h(k) < h. If

u—/
Vi

then the spectral gap of Hys(s) satisfies Ags(s) € Q(1).

h

c0(1)

Proof. We refer the reader to the comprehensive version [8]. <

The spike condition h “—J; € O(1) is identical to the condition derived by Reichardt for
the HWS problem [33]. When for instance u, ¢ € Q(n), the condition admits a spike of height

and width Q(n'/4).

6.4 Runtime for quadratic HWS

Finalizing our analysis, we combine our spectral gap bound with the AQO algorithm. By
Section 2.1, AQO approximately follows the ground state |¢4s(s)) of Hys(s) and prepares
the target state [145(1)) = |0) in time

()

This yields the following corollary.

» Corollary 22 (Informal version of Theorem 21). Let V (k) = a(k — ko)? with ko < 0 and
consider the perturbed Hamiltonian Hys(s) = —(1 — s)Ape + s(Vy + ), where the spike h is
supported on [(,u — 1] C [0,n] and satisfies h(k) < h. If h “—J; = 0(1), then AQO prepares
an approzimation of |1gs(1)) = 10) from |1h4s(0)), the binomial state with mean at n/2, in
time O(n?).
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We note that the setup is symmetric with respect to shifting the minimizer |0) to some
other, hidden string |z*), z* € {0,1}". In that case, the potential V would satisfy the
symmetry condition V(z) = V(|x @ z*|) and the same analysis goes through.

7 Summary, related work and open questions

Our work establishes discrete log-concavity as a critical tool for analyzing discrete optimization
with the quantum adiabatic algorithm. We proved log-concavity for a large family of potentials
(including and beyond convex potentials), and used it to establish new spectral gap bounds.
As a concrete application we proved that AQO can efficiently solve the quadratic HWS
problem, yielding a direct extension to the results by Reichardt [33] and Farhi, Goldstone
and Gutmann [12] on the (linear) HWS problem.

7.1 Related work

In this section we compare our results to some related works.

7.1.1 Spectral gap analysis of spike Hamiltonians

There exist more refined analyses of the linear HWS Hamiltonian. For spike position
u,f ~ n/4, spike width u — £ = n® and spike height h = n®, it was shown in [33] that
a+ < 1/2 implies a constant gap for linear potentials, and our result extends this bound
to quadratic potentials. In later works, Brady and van Dam [7] (improving on Kong and
Crosson [25]) showed that if o + 3 > 1/2 but 2a + < 1, then the gap scales as n'/2=*=5,
while for 2a 4 5 > 1, the gap becomes exponentially small. It would be interesting to extend
these results to other potentials, as is suggested in [7], and our result seems to be the first
one in this direction.

7.1.2 Classical benchmark algorithms

Our polynomial runtime bound for the quadratic HWS problem should be held against
comparable classical algorithms (which, similarly to AQO, do not exploit any particular
structure of the problem). To this end, we note that a typical approach based on classical
Markov chains and simulated annealing would take exponential time to solve this problem.
This can be demonstrated in an identical fashion to the arguments in [12, 11] for the linear
HWS problem. Let h be the height and w = u — £ the width of the spike, and assume
h,w > n¢ for ¢ € Q(1). If the Markov chain flips less than w bits in its proposal, then it can
only cross the spike by accepting a move that jumps into the spike, but this will be rejected
with probability 1 — O(exp(—n®)). Conversely, if the Markov chain flips more than w bits,
then the probability of a proposal ever jumping to the minimizer is O(exp(—n®)).

Notably, it was shown by Crosson and Harrow [11] and Bergamaschi [5] that a more
advanced classical Markov chain algorithm called simulated quantum annealing can solve the
(linear) HWS problem under exactly the same assumptions on the spike perturbations. This
algorithm bypasses the former argument by using non-local “wordline updates”. It seems
reasonable to expect that this algorithm would also solve the quadratic HWS problem, and
so we only claim an advantage against the simplest simulated annealing algorithms.

7.2 Open questions

Finally, the results of this work suggest many directions for future research.
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7.2.1 Sufficient and necessary condition for log-concavity

The v—RM condition is a sufficient condition. We leave the question open of whether it
is also a necessary condition. We do prove that at least two important limiting cases of
(ultra-)log-concavity (the uniform and the binomial distribution) satisfy the y—RM condition
with equality.

7.2.2 Can we extend the quadratic HWS problem to general convex
potentials?

We specialized to quadratic potentials with minimizer at 0 because we can prove a strong
overlap bound between the corresponding ground states and our binomial ansatz states. A
natural question is whether this approach extends to other convex potentials. First, note
that if the minimizer is not at 0 then the ansatz is not well suited. We show this in Figure 2
where we plot the overlap with the best binomial ansatz for a shifted quadratic potential
V (k) = (k — k.)? with minimizer at k. = n/3. More unexpectedly, the overlap can decrease
even if the minimizer is at 0. We show this in the figure for a piecewise-linear potential.

1.01
0.8
= 0.61
=
§0.4—
= —— VK) = (k) Lp iy + (erko + €2(k — ko)) gz
021 — Wk)=k?
V(k):(k—k*)2

09% 0.2 0.4 0.6 0.8 1.0

Figure 2 Overlap between the optimal binomial ansatz state |¢m) and the ground state |1o(s))
of H(s) = —(1—s)A + sV for n = 40 and different potentials: the quadratic potential V (k) = k>
(used in Section 6), a shifted quadratic potential V (k) = (k — k«)? with minimizer at k. = n/3, and
a piecewise-linear potential V (k) = e1k 1x<r, + (e1ko + €2(k — ko)) Li>k,, with n = 40, 1 = 1/n,
€2 = 2n, and ko = n/4.

7.2.3 Can this framework be applied to study tunneling for local
Hamiltonians?

A key point is that a localized spike perturbation corresponds to a highly non-local
Hamiltonian (coupling many qubits together). It would be interesting to extend our
discussion to local target Hamiltonians. E.g., the Curie-Weiss model considers target
Hamiltonian H, = —Zi’ i€ Z;Z;. As discussed for instance in [3], the spectral gap of
H(s)=—(1—15)) ,X;+ sH; as a function of s undergoes a phase transition from constant
to exponentially small in n. Such a phase transition makes the Curie-Weiss model a natural
benchmark for our techniques. We leave it as an open question whether the log-concavity
framework developed here can be adapted to handle such local models.
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7.2.4 Can this framework be extended to non-permutation-symmetric
potentials?

A key ingredient of our analysis is the reduction from the hypercube to the (n+1)-dimensional
Hamming weight subspace, which allows us to work on a weighted path graph. Extending
our analysis to more general potentials on the hypercube is a clear open question. It raises
interesting points such as what the correct notions of convexity and log-concavity are on
the hypercube. We expect this to be non-trivial. E.g., it was shown in [19] that single-
basin potentials on general graphs, a condition slightly weaker than convexity, can already
yield exponentially small spectral gaps. This contrasts with the 1-dimensional case where
monotonicity of the potential on a uniform path was enough (Section 3.3). Additionally,
multivariate log-concavity is less trivial to define in the discrete case than in the continuous
case [4, 24], and identifying the right structural substitute in higher dimensions should be
interesting.

Finally, a slightly different approach was taken by Montanaro and Zhou [31], who argued
that certain quantum algorithms (QAOA in particular) for symmetric functions can be shown
to be robust against bounded, asymmetric perturbations.
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A Some properties of log-concave sequences

A.1 Useful facts and bounds
We will use the following two elementary facts.

» Lemma 23. Fix an interval I C7Z and a non-negative sequence {py}rez.
If {pi} is concave on I, then it is log-concave on I.
If {px} is log-concave on I, then so is {cFpy} for any ¢ > 0.

Proof. We refer the reader to the comprehensive version [8]. <

» Remark 24. A consequence of the first bullet is that the hypercube coefficients a, =
Vk(n+1—k) from Equation (2) are log-concave, since they are concave:

apt1 +ag_1 —2a =/ (k+D)(n—k)+/(k—1)(n+2—k) —2y/k(n+1—-k) <0

We continue with some crucial yet less elementary claims. A first key property of a
log-concave distribution is that it is unimodal, meaning that there exists a mode £* such
that pp_1 < pg for k < k* and px, > pry1 for k£ > k*, and so in particular maxy pr = pg=.

> Claim 25 ([23, Theorem 3]). A log-concave distribution {py} is unimodal.

Moreover, the mode of a log-concave distribution can be related to its variance.

> Claim 26 ([6, Theorem 1.1]). Let o2 be the variance of a log-concave distribution {py}.

Then
1 2
JIt1202 - = At 402

Another important property of log-concave distributions is that they exhibit geometric decay
away from their mode. This is captured by the following tail bound.

> Claim 27 ([29, Lemma 2.3]). If u is the mean of a log-concave distribution {py}, then for
all a > 0 it holds that

Z S 26Xp<_2(2zk|k—u|pk+1)>'

[k—p|>a

» Remark 28. From this bound we can derive the more convenient bound

Z Pr < 2eXp(—2(2:+1)> :

[k—p|>o

This follows from Jensen’s inequality applied to the concave function +/:

zm—mm:zmpkg\/mza.
k k k
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A.2 Overlapping log-concave distributions

We will prove a final bound that relates the mean and variance of two log-concave distributions
that have a large overlap.

» Lemma 29. Let {pr}, {qr} be two log-concave distributions on Z with means p, and fiq

and variances cfg and 03 such that (Zk ./pqu)z > % Then

tq = tp + O(op) + O(1), 04 =0(0p) + O(1).

Proof. We refer the reader to the comprehensive version [8]. |

B Examples of v-LC from v-RM

To better grasp the full reach of this framework, we make explicit some particularly interesting
cases.

B.1 Uniform ~, uniform a;

In this case, v-LC (cf. Equation (7)) reduces to normal log-concavity, and the v-RM conditions
(cf. Definition 8) elegantly reduce to

VE)<V(k—-1) (1<k<k), V(k)<V(k+1) (ki <k<n-1).

In particular, if V' is a single-well potential (equivalently, —V" is unimodal) then the ground
state of H is log-concave on the full interval [n].

B.2 Uniform ~, log-concave a;

For uniform {~;}, the condition Equation (8) reduces to log-concavity of the {ay}. By
Remark 24 this setting includes as a particular case of interest the symmetry-reduced
hypercube Hamiltonian, in which case {ax = /k(n+ 1 —k)}. We will see that such non-
trivial {ax} can yield log-concave ground states even for potentials with multiple wells.

A simple yet important limit case is when V (k) = ag +agy1 (where we set ag = an11 = 0).
This makes the Hamiltonian H correspond to the Laplacian of the weighted path, the ground
state of which we know to be the uniform state with energy Fy = 0. In some sense this is the
limit case of log-concavity, but it is also the limit case of our theorem because it saturates
the v-RM conditions with equality.

Going beyond this canonical example, we observe that the conditions are satisfied if

F(k) Af+1 F(]f + 1) Ak+1
< 1<k< >
Flk—1) ~ ag (1= k< ko), Fk) = ax

(k1 <k <n-1), (12)

and so F has to satisfy a sort of relative monotonicity condition as compared to {ax} (hence
the term v-RM). It is this additional slack that allows us to prove log-concavity of the ground
state for numerous non-monotone potentials. The following lemma captures one such family,
of which we display an instance in Figure 3.

» Lemma 30. If {ap = \/k(n+1—k)} and (pn/2|V]pn/2) < n, the conditions

V (k) Aht1 V(k+1) _ apt
V(k_l)s o (1<k<n/2), VR =z

(n/2 <k <n),

are sufficient for the corresponding H to satisfy Equation (12) and hence to have a log-concave
ground state.
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» Remark 31. The state |@,, /) is the binomial state with mean at n/2 (see Section 2.3).
The condition on the expected value of V' at n/2 is implied e.g. when max; V (k) < n. In
the extreme case, V increases from k = 0 to k = n/2. This only imposes that V(0) < 2y/n
because max V (k) = V(n/2) < a”/“l V(0) ~ ‘FV( 0). We get the same argument on the
right side, i.e. V(n) < 2y/n.

Proof. We refer the reader to the comprehensive version [8]. |
0.25
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n/2 s=0.40
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Figure 3 Example of a non-monotone potential satisfying the RM condition for n = 100 with

ar = \/k(n+1—k) and max V (k) < n. Panel (a) shows the potential, which satisfies the one-sided
ratio bounds V(k(k)l) < akk“ for k < n/2 and % > a’;—:l for k > n/2 + 1, where Ej is the

ground-state energy of H = —A 4+ V. Panel (b) shows the shape of the log-concave ground state of
H(s) = —(1—s)A+ sV for different values of s.

B.3 Binomial ~, binomial a;

As a final example of our framework, we consider the case where {’yk = \/%} In

this case, 7-LC corresponds to ultra-log-concavity (ULC) of {12} (Definition 5).

We will argue that our framework again tightly captures the limiting case, which is
the binomial distribution. Indeed, in Section 2.3 we already saw that the squared ground
state of the Hamming weight Hamiltonian (with linear potential V (k) = ak) is a binomial
distribution. In the following we show that this example satisfies our v-RM conditions with
equality.

=1+ -1 and v a"“ = 1+ £, so the {a)} satisfy
Equation (8). We then use a telescoplng product to rewrlte the product

n TL—
HW n—k+1 HW Vk+1 k+1

{=k+1

This simplifies the v-RM conditions to

— — —1 b < ——— 1<k<
(0= B[V (k) = V(= 1))+ V() ~ By < (1<k<h),
2
— 1 < — <k<n-1).
V() = V(i D]+ V) = By < i (ks <k <n—1)
Now, for the linear potential V' (k) = ak we have the exact expression Ey = §(a — vVa? +4)

(cf. Lemma 3), and this is easily checked to satisfy both inequalities with equality.
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