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—— Abstract

There are several frameworks to compute approrimate Pareto sets for multiobjective optimization
(MOO) problems. An approximate Pareto set that is even precise in one specific objective is called
one-exact. In such frameworks, some auxiliary single-objective problem is considered, for which a
problem-specific oracle is required. However, often these oracles are required to be a PTAS or even
FPTAS. As such, these frameworks are only applicable to “simple” MOO problems that allow for
such strong oracles to exist. They are inapplicable whenever the auxiliary problem is APX-hard.

We propose a general framework that, for a (possibly even non-constant) accuracy vector
B =(B2,...,Bq4) and any € > 0, computes polynomially sized, one-exact (1,(1+¢)B2,...,(1+¢)Ba)-
Pareto sets for d-objective minimization problems. The framework is analogously applicable to
maximization and mixed MOO problems. The running time is polynomial in the time required to
solve our auxiliary problem B-RELAXEDDUALRESTRICT. Notably, these guarantees hold even if 8-
RELAXEDDUALRESTRICT is APX-hard. We further show that if B-RELAXEDDUALRESTRICT cannot
be solved in polynomial time, then no (1, B2, ..., Ba)-Pareto set can be computed in polynomial time.
For biobjective problems, our framework even yields a (1, (1 + €)82)-Pareto set of at most O(log 52)
times the size of the minimum-size one-exact (1, (1 + ¢)B2)-Pareto set. We show that this relative
size guarantee is asymptotically tight. Further, we present techniques to obtain suitable oracles for
B-RELAXEDDUALRESTRICT from existing (single-objective) approximation algorithms, including a
general “re-randomization” method that may be of independent interest. Using these, we obtain new
best approximation guarantees for several established MOO problems, including Spanner, Clique,
TSP, Facility Location, and Set Cover problems.
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1 Introduction

Many real-world problems have multiple conflicting goals, e.g., maximize profit with minimum
effort. These can be modeled as multiobjective optimization (MOQ) problems. They enable
informed decisions on trade-offs instead of overfitting to a single criterion or linear combination,
see [30] for an overview. A MOO problem is a set of instances (X, f), where X is (a typically
implicit representation of) the set of all feasible solutions and f = (fi,..., f4) is a vector of
d-many objective functions f;: X — Qs for 1 < i < d (d fixed). W.l.o.g. we can assume
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that all objective functions should be minimized, as maximizing objective f; is equivalent to
minimizing 1/f,. Observe that this transformation does not preserve all structural properties,
e.g., linearity. Since our arguments are independent of such properties, all of our definitions
and results thus analogously hold for maximization objectives. For solutions z,z’ € X, we
say = dominates x’ if x is better in at least one objective function and not worse in any of
the others. A solution x € X that is not dominated by any other solution is called Pareto
optimal (or efficient) and its point f(x) = (f1(z),..., fa(z)) is called non-dominated.

The non-dominated set Y* contains all non-dominated points. For many MOO problems,
the size of Y* can be exponential in the input size, making finding it intractable even if
P = NP. This, among other aspects, motivates the consideration of (polynomial-time)
multiobjective approzimation algorithms?, see [40] for an overview. A popular concept that
closely resembles the one used in single-objective optimization are approximate Pareto sets.
For p = (p1,...,pa) € QLy, a p-Pareto set P C X, for any solution z € X, contains a
solution z’ € P that p-approzimates x, i.e., fi(z') < p; - fi(x) for all 1 < i < d. If there is
one constant g’ € Q¢ with p; < g’ for all 1 < i < d, they are also called p/-Pareto sets.

Famously, Papadimitriou and Yannakakis [55] show that, for any £ > 0 and any MOO

d=1) " assuming

problem, there exists a (1 + )-Pareto set of polynomial cardinality O((4)
there exists a polynomial upper bound M on the encoding lengths of the objective function
values of feasible solutions [40]. In their corresponding algorithmic framework, M and the
objective functions need to be polynomial-time computable. This (very weak) assumption is
also necessary in all subsequent frameworks, including ours. They partition the objective
space into hyperstrips. For each, they select one solution that approximates all solutions
whose points are within this hyperstrip by solving an auxiliary problem called GAP14s. They
prove that a (1 4 €)-Pareto set can be computed in (fully) polynomial time if and only if
GAP145 can be solved in (fully) polynomial time for any § > 0. Here, fully polynomial refers
to being polynomial in the encoding length of the instance and 1/5. Their method inspired
several other frameworks. Herzel et al. [39] are the first (and currently only) that achieve
frameworks for one-exact p-Pareto sets. A p-Pareto set is one-ezact if p; = 1, i.e., it is
precise w.r.t. the first objective function. Their framework uses DUALRESTRICT; ;¢ [24] as an
auxiliary problem and, for any € > 0, yields polynomially sized one-exact (1 + ¢)-Pareto sets
in (fully) polynomial time, given a (fully) polynomial-time subroutine for DUALRESTRICT1 44
with 1 4+ & = /1 +¢. For biobjective problems and 1+ = /1 + ¢, they yield one-exact
(1 + €)-Pareto sets that are at most twice the size of the smallest such set. Also, note that
there are some known problem-specific one-exact approximation algorithms, e.g., for Shortest
Path [63] or Scheduling [2] problems.

For e,0 > 0, besides GAPy5 [34,55,64] and DUALRESTRICT 5 [24, 39], some frame-
works for (1 4 ¢)-Pareto sets use BUDGETCONSTRAINED [24, 39], RESTRICT; 5 [24, 39]
or SOFTRESTRICT; s [7] as auxiliary problems to determine suitable solutions for each
hyperstrip. Similar to [39], by 1 + ¢ being some power of the accuracy 1+ § for which
the auxiliary problem is solved, some of them achieve relative size guarantees w.r.t. the
smallest (1 + ¢)-Pareto set [7,24,64]. These frameworks require that, for any § > 0, there
is a polynomial-time oracle with accuracy 1 + § for the respective auxiliary problem. For
many MOO problems either no such oracles are known or are unattainable under established
complexity assumptions as, e.g., they would solve APX-hard problems in polynomial time
and thus cannot exist unless P = NP. Thus, these frameworks are formally inapplicable for
many MOO problems. Applying these frameworks anyhow (without proofs), their guarantees

2 Not to confuse with multicriteria (or bicriteria) approximation of single-objective problems; see e.g. [23].
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may rapidly degrade when oracle accuracy cannot be chosen arbitrarily; e.g., for biobjective
problems, the framework of [39] would only yield (1, (1 + £)3%)-Pareto sets for non-choosable
problem-specific accuracy 3 for DUALRESTRICTg. To our knowledge, the only frameworks
that do not require arbitrary accuracy rely on polynomial-time ~y-approximations for the
WEIGHTSUM [6, 8,22, 34, 37, 38| scalarization where v > 1 may depend on the instance size.
Except [6] (which requires further strong assumptions), they are all only applicable to pure
minimization problems, as optimum solutions for WEIGHTSUM may yield arbitrarily small
values in maximization objectives. For ¢ > 0, for d- and biobjective minimization problems,
the best known polynomial-time frameworks achieve (dy + ¢,...,dy + ¢)-Pareto sets [§]
(where at most one worst-case factor is tight), and ((1 + 2¢)7y, (1 + 2/¢)v)-Pareto sets [37],
respectively. In particular, besides being limited to minimization problems, these frameworks
do not yield one-exact approximate Pareto sets and exhibit no relative size guarantee w.r.t.
the minimum-size approximate Pareto set of the respective quality.

Contribution. We propose a general framework to compute polynomially-sized one-exact
(1,(14€)Ba, ..., (1+¢)8q)-Pareto sets P for d-objective minimization problems, for a (possibly
non-constant) accuracy vector 8 = (B, ..., 3q4) and any € > 0; see Section 3 for the precise
formalisms. The framework is also applicable to maximization and mixed optimization
problems, replacing 1 + € by 1 — € accordingly. The running time is polynomial in the time
required to solve our auxiliary problem B-RELAXEDDUALRESTRICT. This can be done in
polynomial time for many interesting MOO problems for which all other existing frameworks
are inapplicable. We further show that if 3-RELAXEDDUALRESTRICT cannot be solved in
polynomial time, then no (1, 53, ..., 84)-Pareto set can be computed in polynomial time.

For biobjective problems, where 8 = (f2), our framework yields a set of at most O(log (2)
times the size of the minimum-size one-exact (1, (1 + €)S2)-Pareto set. We show that this
guarantee is asymptotically tight. Further, we present simple techniques to obtain suitable
oracles for B-RELAXEDDUALRESTRICT from existing approximation algorithms, including a
general “re-randomization” method that may be of independent interest. We give a detailed
discussion on how our framework can be applied in the context of the Multiobjective Spanner
problem [16]. We conclude with several more established MOO problems for which our
framework achieves new best approximation guarantees. Some of these are best-possible up
to a factor of 1 4+, for any constant v > 0, under standard complexity assumptions.

2 Preliminaries

For n,c € N>q, let [n] == {1,...,n} and [n]>. = {¢,...,n}. As discussed above, we
assume w.l.o.g. that all objective functions should be minimized. Let d € N>;. In a d-
objective minimization problem instance (X, f), for solutions z,2’ € X, x dominates z’
if fj(xz) < fj(a’) for at least one j € [d] and f;(z) < fi(a) for all i € [d]. For a vector
o= (p1, pay ... pta) € QL,, © p-approximates x’ if f;(z) < p; - fi(2') for all i € [d]. A set
of feasible solutions P QiX is called a p-Pareto set if for every solution 2z’ € X there is
an x € P that p-approximates z’. If, for some p' € Qx>1, p; < ' for all i € [d] we call it
a p'-Pareto set. For € > 0, in literature [40] (1 +¢,...,1 + ¢)-Pareto sets are often called
e-Pareto sets; for consistency, we call them (1 + ¢)-Pareto sets. For p = (1,/,...,u') € Q,,
we use the shorthand one-ezact p/-Pareto set. An algorithm computing a p-Pareto set is a
p-approximation. For j € [d] and budget vector b € Q%;, with entries b; for all i € [d]\ {;},
let OPT;(b) :== mingex{f;(z) | fi(z) < b;,Vi € [d]\ {j}} be the minimum objective function
value in f; under budgets b; for all other objectives (or +oco if no such solution exists). With
(I), we denote the binary encoding length of an input I. For i € [d], f;(X) denotes the image
of function f;.

112:3
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For B’ = (Bb,...,0,) € QL' and € > 0, we make some observations on the size of
one-exact (1, (14¢)34,..., (1+¢)3,)-Pareto sets. For any fixed d € N>, there are instances
of MOO problems with d objectives where the minimum-size one-exact (1 4 €)-Pareto sets
can be arbitrarily larger than the minimum-size (not one-exact) (1 + ¢)-Pareto set [39]. An
analogous construction gives us Observation 1.

» Observation 1. For anye >0, 8’ € ‘;1, and any N € N> there are instances of MOO
problems with d objectives with minimum-size one-exact (1, (1+¢€)p5, ..., (1+¢)B8,)-Pareto set

PR and minimum-size (not one-ezact) (1+¢)-Pareto set P2 such that [P™*| > N - P2,

However, we can also show that the minimum-size (1, (1+¢)8s, ..., (1 +¢)s})-Pareto set can
be smaller than both the minimum-size one-exact (1 +¢)-, and (not one-exact) (1 + ¢)-Pareto
set.

» Lemma 2. For biobjective minimization problems, for any 6 > ¢ > 0 and 85 € Qs1, a
minimum-size (1, (1 + €)85)-Pareto set P™" can be factor [log,, s((1+¢)p5)] + 1 smaller
than both a minimum-size (1,1+ ¢)-Pareto set P and a minimum-size (1+ ¢, 1+ ¢€)-Pareto
set Pn.

Proof. Let X = {z(M), 2@ ... x+D} with k = [log; 5((1+€)B5)] and fi(z®) = (1448)i~1
and fo(z(V) = ((11j53)iﬁ,é1. There are no two solutions z,z’ € X such that z (1,1 + &)-
approximates (or (1 +€,1 + €)-approximates) 2’. Thus, P = PPt = X and |[PP"| =
|Pin| = k + 1. In contrast, 2V (1, (1 + ¢)B4)-approximates all other 2/ € X and we get
P = {zM} and |P| = 1. <

3 Frameworks for One-Exact Approximate Pareto Sets

In this section, we present our approximation frameworks in the context of minimiz-
ation. All definitions and arguments made in this section can analogously be adap-
ted to maximization or mixed MOO problems. First, we formally define our auxili-
ary problem B-RELAXEDDUALRESTRICT and give a simple framework to yield one-exact
(1,(14¢€)PBa, ..., (14¢€)Bq)-Pareto sets for multiobjective minimization problems. Afterwards,
we give a slightly more elaborate framework for biobjective minimization problems.

» Definition 3 (8-RELAXEDDUALRESTRICT). Let Z be the set of instances of a d-objective

minimization problem. Let B = (Ba,...,B4) be an accuracy vector, with polynomial-time
computabdle B;: T — Q>q for alli € [d]>2. Given an instance I = (X, f) € T and a budget
vector b = (ba,...,byq) € Q‘;l, the auxiliary problem B-RELAXEDDUALRESTRICT asks to

return an x € X with fi(z) < B;(I)-b; for alli € [d]>2 and fi(z) < OPTy(b); alternatively,
if there is no feasible solution x' € X with f;(x') < b; for all i € [d]>2, we may return
x = NO. W.lo.g., we can assume that an oracle answers NO in case of a budget below 2=M
(the minimum objective function value of any feasible solution,).

The p-functions model instance-dependent approximation ratios; often individual S-
functions may be constant. This is a stark contrast to DUALRESTRICT; 45 proposed in [24],
where an approximation scheme needs to exist for arbitrary small accuracy 1+ §. Hence,
the class of MOO problems for which S-RELAXEDDUALRESTRICT can be solved in poly-
nomial time contains the class for which DUALRESTRICT; ¢ is solvable in fully polynomial
time. Notably, it also includes all problems for which DUALRESTRICT s is APX-hard;
there, the frameworks [24,39] based on DUALRESTRICT;4s are not applicable. Existing
auxiliary problems (as, e.g., DUALRESTRICT;5), typically use the same accuracy 1 + ¢
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in all objectives: they all need to be approximable arbitrarily well anyways. In contrast,
B-RELAXEDDUALRESTRICT allows separate arbitrary accuracies §;(I) for each objective f;,
i € [d]>2. In the following, we do not explicitly state the instance I as part of the input of 3
or B-RELAXEDDUALRESTRICT as this should always be clear from the context.

While some methods assuming arbitrarily accurate oracles can be adapted to our setting,
many are too lavish when accuracy is limited: for example for biobjective problems, the
extremely fine-grained local search of the solution space by Herzel et al. [39] would amplify
the (in)accuracy B2 by a power of 3 — only yielding (1, (1 + £)(82)?)-Pareto sets. Hence, our
main technical challenges lie in selecting solutions that are guaranteed to approximate many
other solutions, while we have so little insight into the solution space. We also show that our
methods achieve asymptotically best-possible guarantees.

3.1 Multiobjective Problems

For any d-objective optimization problem there is a one-exact (1 + ¢)-Pareto set of size
O( (%)d_l)7 for any e > 0 [39]. As a warm-up, we show that there exists an even smaller
one-exact (1, (1+4¢)pBy,...,(14¢)B))-Pareto set for any ¢ > 0 and B’ € Q%;'. Note that 2M

and 2™ bound the largest and smallest occurring objective function values, respectively.

» Lemma 4. Fore > 0and B’ € Q>1 , every d-objective minimization instance (X, f) admits
a one-exact (1,(1+¢€)p5, ..., (1 +¢)pB,)-Pareto set of size at most O((W)d—l); for

ﬂénin = minié[d]zz ﬁ;

Proof. We partition the entire objective space [27, 2M] x ... x [2=M 2M] into hyperstrips
[27M,2M]) x (1 + €)B83)72, (1 + ) B5)2 1] x - x [((1 + €)B7) %, (1 + €)B)7+!], with

ji € {—[log](\?ll%] ...,—1,0,1,..., “og](v([f%] — 1}, for each i € [d]>2. This induces

]_[Z 5(2- [logj(\zlll-(i)-%‘fﬁ 1) < (2 [bg((]\ﬁi‘gémﬂ)d* many hyperstrips. For each non-empty
hyperstrip H, we add one representative solution x € X to the set P with f(z) € H and
fi(z) < fi(a') forall ' € X with f(2') € H. Thenz (1, (1+¢€)p5, . .., (1+¢)B,)-approximates
all other solutions whose points are in H. Thus, P isa (1,(1+¢)55,..., (1 + ¢)5,)-Pareto
set of size |P| € 0((m)d’l). <
Leveraging Lemma 4 to algorithmically construct an approximate Pareto set of this
size requires to determine a suitable representative for every hyperstrip. However, due
to the possibly non-constant (in-)accuracies B, directly using S-RELAXEDDUALRESTRICT
does not work, as the strips are too wide. However, for narrower hyperstrips — whose
upper and lower bound are only a factor (1 + ¢) apart in every dimension i € [d]>2 —
B-RELAXEDDUALRESTRICT does indeed yield representative solutions.

» Lemma 5. Fore > 0, b € Q%,', and hyperstrip H = [2=M 2M] x [(1+E)b2,b2] cee X
[(1+€) ba, bal, any solution x € X to B-RELAXEDDUALRESTRICT(b) (1,(1 +¢)fa,..., (1 +
€)Ba)-approzimates every z € X with f(z) € H.

Proof. If B-RELAXEDDUALRESTRICT(b) yields NO, H is empty. Otherwise H is non-empty
and let z € X be the returned solution. Then fi(x) < OPTy(b), so there is no 2’ € X
with fi(2') < fi(z) and f;(z') <b; for all i € [d]>2. Further, f;(x) < B;b; for all i € [d]>2
Let z € X with f( ) € H. Since, f;i(z) <b; for all i € [d]>2, we have f1(z) > fi(x). Also,
since f;(z) > (1+8 sbi, we get (1+¢)B:fi(2) = (1+¢€)B; - (1+E by = Bib; > fi(x). Thus, z is
(1,(1+€)Ba,--.., (1 +¢)Baq)-approximated by z. <
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Algorithm 1 A (1,(1+¢€)ps2,..., (1 +¢€)Ba4)-approximation for d-objective minimization problems.

Input: instance (X, f) of a d-objective minimization problem, £ > 0

1: P(—@

2: for all (jo,...,ja) s.t. j; € {—fhi\/[g(lfofgﬂ, ol fhjj\g(lfofg)] — 1} for each i € [d]>2 do
3 b (1+e)2,...,(1+¢))

4: x + solve B-RELAXEDDUALRESTRICT(b)

5 if z # NO then P + P U {z}

6: return P

Note that the point f(z) above does not necessarily lie within the hyperstrip H. Consider
hyperstrips of width (1 + €)7 with j; € {—(kj)\g(lfois)],. ..,—1,0,1,..., flf)wg(lfofgﬂ — 1}, for
each dimension ¢ € [d]>2. These hyperstrips satisfy the condition of Lemma 5. Now, our
framework, as shown in Algorithm 1, only needs to iterate over all of these hyperstrips. If
a hyperstrip is non-empty, we add a solution of the respective 8-RELAXEDDUALRESTRICT
instance to P. By Lemma 5, every such solution (1, (14 ¢)fs,..., (1 4 €)B4)-approximates

every solution whose point is in that hyperstrip. Thus, we yield:

» Theorem 6. For ¢ > 0 and any instance I = (X, f) of a d-objective minimization
problem, Algorithm 1 computes a one-exact (1,(1+¢€)Ba,..., (14 €)Bq)-Pareto set P of size
|P| € O((%)d’l), The running time is dominated by O((log(]‘14+g))d*1) calls to solve
B-RELAXEDDUALRESTRICT.

By Theorem 6, a (randomized) polynomial time oracle for 8-RELAXEDDUALRESTRICT
is sufficient to compute one-exact (1,(1 4 ¢)pa,..., (1 +)Bq)-Pareto sets in (randomized)
polynomial time. Further, we can show that a (randomized) polynomial time oracle for
B-RELAXEDDUALRESTRICT is necessary to compute one-exact (1, 8a, ..., Bq)-Pareto sets in
(randomized) polynomial time.

» Theorem 7. Let I = (X, f) € Z be an instance of a d-objective minimization problem,
and B = (Ba,...,0q) with B;: T — Qx1 for all i € [d]>2. If a one-exact (1,52,...,Bq4)-
Pareto set can be found in time (randomized) polynomial in (I), M, and some (typically
constant) function T(B) then B-RELAXEDDUALRESTRICT can be solved in time (randomized)
polynomial in (Iy, M, and T'(B).

Proof. Assume a one-exact (1, fs,. .., 84)-Pareto set P can be found in the required time. To
solve B-RELAXEDDUALRESTRICT(b), let P’ := {z € P | fi(x) < Bib;, Vi € [d]>2}. Clearly,
(b) can be assumed to be polynomial in M. If P’ = (), we return NO; this is correct, since if
there was a solution z € X with f;(z) < b; for all i € [d]>2, there would be no solution x € P
that (1,02, ..., B4)-approximates z. Otherwise, we return the solution z € P’ with minimum
fi-value, i.e., fi(z) < fi(2) for all 2’ € P’. Assume fi(x) > OPT;(b). Then there would be
another solution z € X with f;(z) < 8;b; for all i € [d]>2 and f1(z) < fi1(z), but then z is
not (1, Ba, ..., B4)-approximated by any = € P. <

Hence, if B-RELAXEDDUALRESTRICT cannot be solved in (randomized) polynomial time,
then no (1, Bs, ..., B4)-Pareto set can be computed in (randomized) polynomial time. Thus,
up to a factor of (14+¢), B8-RELAXEDDUALRESTRICT is just the appropriate auxiliary problem
for computing one-exact (1, (1 +¢)fa, ..., (1 + €)Bq)-Pareto sets. Note that since there are
biobjective problems with exponentially large non-dominated sets, no general framework can
guarantee polynomially sized two-exact (1,1, (1 +¢)Ss,..., (1 + €)B4)-Pareto sets.
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Algorithm 2 A (1, (1 + ¢)3)-approximation for biobjective minimization problems.

Input: instance (X, f) of a biobjective minimization problem, € > 0

1: P + empty stack, b « 2M

2: loop

3: x < solve S-RELAXEDDUALRESTRICT(b)

4: if © = NO then return P

5: if |P| > 0 and f;(P.top()) = f1(z) then P.pop()
6: P.push(z)

7 b+ ({j_(;)ﬂ

3.2 Biobjective Problems

For the special case of d = 2 objectives, we can further improve our framework. Since in the
biobjective case, the budget vector b = (by) and the accuracy vector 8 = (B2) only contain
single entries, we can simplify the notation to b := by and § := f5. The full framework is
shown in Algorithm 2. Example 8 and Figure 1 give a small demonstration. Contrary to
Algorithm 1, which uses a predefined grid of hyperstrips, for biobjective problems we can
achieve better guarantees by leveraging adaptively adjusted hyperstrips.

In a loop, we iteratively construct the approximate Pareto set P as a stack. In each
iteration, we want to add one solution to P. Given a current top solution z on P, we search
for subsequent solutions via S-RELAXEDDUALRESTRICT. Thereby, the budget b adaptively
grows tighter, depending on the fs-value of the current top solution x. Every candidate
solution x € X found for such a budget has a strictly lower fs-value than the current top
solution z. If x retains the fi-value of z, = replaces x on top of the stack. Otherwise, z is
added on top of . The process stops once we cannot find any new solutions.

» Example 8. Figure 1 shows a small example. For j € [6], Algorithm 2 discovers solutions
22 in that order by solving B—RELAXEDDUALRESTRICT(bi) for budget b.. For each j €
6], let y2 = f(zl). There are no solutions whose points lie within the grey area. All
solutions whose points are within the objective space indicated by the orange, blue, and
red arrows are (1, (1 + ¢)3)-approximated by 22, 22, and 8, respectively. Solving f-
RELAXEDDUALRESTRICT(bY) yields a NO and the algorithm returns P = {22 25, 25}. o

Now, let P be the set of solutions returned by Algorithm 2. We show that P is a one-exact
(1, (1 + £)B)-Pareto set. For Observation 9 and Lemma 10, for j € [|P]], let /) be the j-th
solution on P (in the order of their addition to P) and let b() be the corresponding budget
for which solving f-RELAXEDDUALRESTRICT(b)) returned 27,

. . . I : 2 @ 5
» Observation 9. For all j € [|P|—1], bUTY < L= since bUTY) < {21&8)[3) < (LE% = (i’+s).

» Lemma 10. For every z € X, there is an x € P that (1, (1 + €)8)-approzimates z, i.e.,

(1) fi(z) < f1(2) and (2) fa(z) < (1 +€)Bf2(2).

Proof. Let j be such that ) is the minimum budget with () > f,(2). We show that either
r =2 or x = zUTY, By the oracle, fi(z()) < OPT (b)) < f1(2), establishing (1) for
z = 2U). Assume (2) does not hold for (). In the subsequent iteration, the framework

f (z(j))
(21+8)5 ’
f1(z) > OPTy (V). By the former and our choice of j, 2’ will have been later popped from P

in favor of a solution U+ with f;(zU+1) = f,(2') = OPT{ (V) < fi(2) (establishing (1)
for z = xUtD). Since b < f,(2), we have fo(zU+D)) < gUTD < Bfy(2). <

considers a bound V' = yielding 2’. By assumption, b’ > f5(z) and consequently
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Figure 1 Left: Example 8 for Algorithm 2. Right: Example for Theorem 16 with & = 4. Let
9L = f(2L) and gL = f(&), for all j € [4]. Solutions whose points are within the objective space
indicated by the blue and red arrows are (1, (1 + ¢)3)-approximated by Z% and &2, respectively.

» Lemma 11. Algorithm 2 yields a set P with |P| € (’)(log(ﬂfﬁ)) and |P| < |f1(X)].

M
log(1+e¢)

The total running time of Algorithm 2 is dominated by O( ) many calls to solve

[B-RELAXEDDUALRESTRICT.

Proof. We bound the number of times we decrease the budget b until the obtained solutions
cover the entire co-domain of f5 using Observation 9. Recall that mingcx fo(z) > 2% For

Algorithm 2 to return a set P of size j € N, we still have to have % > QLM Thus,
22M > (1 4+¢)/ and so j < ﬁgf(i(fs € O(%). Further, for every unique value in the
image of fi, P contains at most one solution. <

Hence, choosing, for example ¢ = log M results in a set P of size O(m), which is sub-
linear in M. Lemmas 10 and 11 establish that Algorithm 2 yields a polynomially sized (1, (14
¢)p)-Pareto set in (randomized) polynomial time given that S-RELAXEDDUALRESTRICT can
be solved in (randomized) polynomial time. Furthermore, we can show that the returned set
is at most O(log 3) the size of the minimum-size (1, (1 + ¢)3)-Pareto set P™in,

» Lemma 12. For all z, 2’ € P if fa(z) > fa(2'), then fa(x) > (1 +¢)fa(’).

Proof. By Observation 9, all considered budgets are at least factor (1 + €)8 away from the
last solution. The accuracy [ leaves a difference of factor at least (1 + ¢). <

/

» Lemma 13. Let 2’ € P. There is no z € X with f1(z) < fi(z") and f2(2) < %

Proof. Let x be the subsequent answer to S-RELAXEDDUALRESTRICT(b) with b = (’;2_&:;}3,

at the time when z’ is the current top of the stack P in Algorithm 2. If x = NO, then there
isno z € X with fy(2) < b. Otherwise, x € X is a solution, and in line 5, fi(z') # fi(x)
since otherwise =’ would have been removed from P. Hence, fi(z') < fi(z) < OPTy(b).
Thus, every z € X with fo(z) < b has fi1(z) > fi(2). <
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» Lemma 14. Algorithm 2 yields a (1, (1 + ¢)B3)-Pareto set P with |P| < (2 [log,,. 8] +
2) - |PMin| where P™I denotes a minimum-size (1, (1 + ¢)3)-Pareto set.

Proof. Let k = 2 - [log; . 3] + 2. First, we show that no solution can (1,(1 + ¢)3)-
approximate more than k solutions in P. Let (1) 2®) . 2(®) 2+ ¢ P be any k + 1
pairwise different solutions with fg(l'(l)) > fg(.’ll(z)) > 0> fg(x(k"’l)). Assume z € X
(1, (1 + €)B)-approximates z) for all j € [k]; then z does not (1, (1 + £)3)-approximate
D By Lemma 12, fo(2)) > (1 4 ¢)fa(zU+D) for all j € [k]. Thus, fo(z™) >
(L+2) - fo@lhD) = (1 + )22 M08 8T . fy(ak+D) > (15 £)8)° - fo(a¥+D). Since
z (1,(1 + €)B)-approximates =), we have fi(z) < fi(z(¥)). And thus, by Lemma 13,

20 . LD
folz) > BE) > (s LG _ (14 o). fy(a®+D), and 2 does not (L, (1+ €)8)-

approximate z(**1). Now, let P™" be a minimum-size (1, (1 + £)3)-Pareto set. For every
x € P there must be a z € P™" that (1, (1 + ¢)3)-approximates x. Since any z € X can

(1, (1 + €)B)-approximate at most k-many x € P, we get |P| < k- |[P™in|, <
Combining Lemma 14 and Lemma 4, we can deduce that the size of P is at most in
O(m -log B) which is in O(M) for any constant € > 0. Overall, we have:

» Theorem 15. For any ¢ > 0, and any instance (X, f) of a biobjective minimization
problem, Algorithm 2 yields a one-ezact (1,(1 + €)8)-Pareto set P of size |P| € O(m)
|P| < |fi(X)], and |P] is at most (2 - [log, . B] + 2) times the size of the smallest one-
exact (1, (1 + ¢)3)-Pareto set. The running time is dominated by O( calls to solve
3-RELAXEDDUALRESTRICT.

log(1+5) )

We show that any framework that yields (1, (1 + ¢)/3)-Pareto sets for biobjective min-
imization problems that is based on RELAXEDDUALRESTRICT must solve instances of /3'-
RELAXEDDUALRESTRICT with 8/ < 8 in order to guarantee |P| < (|log,,.(8)] +1) - [P™®].

» Theorem 16. For any § > € > 0, there is no algorithm that, for every biobjective
minimization problem instance, computes a (1, (1+¢)B3)-Pareto set P with |P| < |(log,s((1+
€)B)]-|P™in|, and generates solutions only by solving B-RELAXEDDUALRESTRICT. For§ — e,
this approaches |P| < (|log;,.(3)] + 1) - |[P™i|.

Proof. Consider an instance [ = (X = X UX, f) with |[X|=|X| = |0 0g115((1+¢)B)] =

k € N and X = {#t,...,28}, X = {#L,... @5}, Forall j € [k], fi(3)) = fi(#) = j,
fa(#L) = W and fg( 1) = W for some C' > B2(1 +¢). This is illustrated
in Figure 1. Note that X has minimum possible value in f; and fo(7£) = W >
6-6&&-6) = g?l(is)) Thus, 7% (1, (1 + €)3)-approximates all z € X and P™® = {71} is the

minimum-size (1, (1 + €)5)-Pareto set.

We show that algorithms that generate solutions only via S-RELAXEDDUALRESTRICT
cannot guarantee a (1, (1 4 €)B)-Pareto set of size |P| < |X| = k. For different budgets b,
consider the results of 3-RELAXEDDUALRESTRICT(b). For all b > fo(71), we get 1. For
all b < fo(#k), we get NO as there is no feasible solution. For any fo(#1) < b < fo(3E), let
#. be the solution with maximum fp-value and fy(#2) < b. Then #Z is a feasible solution
to f-RELAXEDDUALRESTRICT(b) as f1(#2) < OPT;(b) and fo(#2) < Sb. For all budgets b
that do not incite a NO, we may get an #2. Hence, only using S-RELAXEDDUALRESTRICT
we may get P = X with |X| =k = |(log;_,4((1 +¢)B)], which approaches |log;.(8)] + 1,
for & — €. Note that, for any j € [k], X \ {#Z} no longer is a (1, (1 + £)8)-Pareto set. <

We can show that the relative size guarantee of Algorithm 2 is asymptotically tight by
putting the bounds of Lemma 14 in relation to those of Theorem 16. Let A := [log,,.(8)],

2-[logy 4. (8)]+2
then [logy,.(8)] 2 A — 1 and B < 22 — 94 2 <4 forall A € N.
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» Corollary 17. The relative size guarantee w.r.t. the minimum-size one-ezact (1, (1 4+ ¢)3)-
Pareto set obtained by Algorithm 2 is tight up to a factor of 4. For non-constant (increasing)
B, this ratio approaches 2.

4 Finding Oracles for 3-RelaxedDualRestrict

Finding a (randomized) polynomial-time oracle for S-RELAXEDDUALRESTRICT of a given
MOO problem is often non-trivial. We show how to adapt existing approximation algorithms
for single-objective problems into suitable S-RELAXEDDUALRESTRICT oracles. In Section 5,
we use these techniques to derive new best approximations for various MOO problems.

B-RelaxedRestrict. Similar to how B-RELAXEDDUALRESTRICT is a relaxed version of
DUALRESTRICT 44, we can analogously define a relaxed version of RESTRICT 4 [24].

» Definition 18 (S-RELAXEDRESTRICT). Let T be the set of instances of a d-objective
minimization problem. Let B: 1 — Qx1 be polynomial-time computable. Given an instance
I = (X,f) € T and a budget vector ¢ = (¢1,...,¢cq4—1) € Qiﬁl, the auziliary problem
B-RELAXEDRESTRICT asks for an x € X with fi(x) < ¢; for alli € [d — 1] and fq(z) <
B(I)OPTy(c). If no such solution x exists, the answer shall be x = NO.

Again, we do not explicitly state I as part of the input to 8 and S-RELAXEDRESTRICT
in the following. For biobjective problems, S-RELAXEDRESTRICT corresponds to a (-
approximation of the single-objective problem minimizing fo while constraining f; via
¢ :=c;. For any 6 > 0, RESTRICT; s and DUALRESTRICT; s are known to be polynomially
equivalent via binary search [24] for biobjective problems. Analogously, we have Lemma 19.

» Lemma 19. B-RELAXEDRESTRICT and 3-RELAXEDDUALRESTRICT are polynomially
equivalent for any biobjective minimization problem.

Proof. Let (X, f) be an instance to a biobjective minimization problem. Assume we want
to solve S-RELAXEDDUALRESTRICT(b) using a S-RELAXEDRESTRICT oracle. If solving
B-RELAXEDRESTRICT(2M) returns NO or a solution = € X with fa(z) > Bb, we return
NO, since there is no 2’ € X with fa(a’) < b. Otherwise, we perform a binary search for
the smallest budget ¢’ € [27M 2] such that solving 3-RELAXEDRESTRICT(c') returns a
solution x € X with fi(z) < ¢ and fa(z) < 8b. We return this z, since ¢ < OPTy(b). The
binary search only requires a granularity of 272M since that is the minimum difference
between two objective function values. Since the number of solved S-RELAXEDRESTRICT
instances is in © (M), the running time of the constructed S-RELAXEDDUALRESTRICT oracle
is polynomial in the running time of the given S8-RELAXEDRESTRICT oracle.

On the other hand, analogously, assume we want to solve S-RELAXEDRESTRICT(c) using
a B-RELAXEDDUALRESTRICT oracle. If solving B-RELAXEDDUALRESTRICT(2M) returns
NO or a solution z € X with fi(z) > ¢, we return NO. Otherwise, we perform a binary search
for the smallest b’ € [27M 2M] such that solving 3-RELAXEDDUALRESTRICT(Y') returns a
solution z € X with fi(z) < ¢ and fo(x) < Bb'. The analyses of correctness and running
time are analogous to those of the first direction. <

Consequently, in order to apply our framework for biobjective problems, it suffices to
have an oracle for S-RELAXEDRESTRICT that has (randomized) polynomial running time.
Further, if no (randomized) polynomial-time oracle for S-RELAXEDRESTRICT exists, then
there is no (randomized) polynomial-time oracle for S-RELAXEDDUALRESTRICT either.
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Re-Randomization. Oracles for 8-RELAXEDDUALRESTRICT are allowed to have randomized
running time guarantees, but must always answer correctly. For single-objective problems, any
deterministic-time algorithm that is randomized in either feasibility or approximation ratio
can be re-randomized by repetition, yielding a randomized-time algorithm that guarantees
both feasibility and the desired ratio. When stochastic guarantees apply to both, repetition
alone may not suffice — an algorithm might always return either a superoptimal infeasible
solution or a poor feasible one. Nevertheless, re-randomization remains viable even in the

case of MOO problems, a scenario for which this seemingly has not been considered before.

We may encode (parts of) feasibility as an additional objective function. Consistent with
the above, we state the following in the context of multiobjective minimization problems;
adaptations to maximization or mixed optimization are trivial. Let us first define the specific
algorithms we aim to re-randomize.

» Definition 20 (Multi-Randomized Algorithm). For a fired d € N>1, let T be the set of
instances of a d-objective minimization problem. Let q: T — Qs and 0: Z — (0,1). We say
an algorithm A is multi-randomized (w.r.t. ¢ and o) if, for every I = (X, f) € Z, it returns
a solution © € X with P[fi(z) < q(I)] > o(I) and E[fi(x)] > 0 is finite for each i € [d]>2.

We estimate the probability that a multi-randomized algorithm .4 returns a solution
x € X that simultaneously satisfies A’s guarantee w.r.t. f1, i.e., f1(z) < ¢(I), and is close to
A’s expected solution values in all other objectives. For the latter, we say a solution x € X
is p-good if f;i(x) < ¢ -E[f;(x)] for all i € [d]>2 and some ¢ > 1.

» Theorem 21. For 0 < A < 1, a multi-randomized algorithm A has probability at least
d—1

A-o(I) to return a @-good solution x € X with fi(z) < q(I) and ¢ = ESVoIR

Proof. First, we estimate the probability that the algorithm’s solution x satisfies fi(z) <
g(I) under the condition that z is ¢-good. By Markov’s inequality for each individual
i € [d]>2 and union bound summing over all these i, we have P[z is not ¢-good] < d—;l

and thus Pz is ¢-good] > “"%‘f“. Let Z denote the property of x being p-good. We get
Plf2 DAZ Plf I
PIAG) < (1) | 2] = 1~ Blfu(@) > q0) | 2] = 1 - Fgling > _ Higzatl >

1 _ 1o _ 1 _ el=o()
p—dtl p—d+1

cp-goodwand satisfies f1(z) < ¢(I). We have P[ZN fi(z) < q(I)] = P[Z]-P[fi(z) < q(I) | Z] >

(E=dthy . (1 20=g) = 1=t 4 (1), For ¢ = =451 we have 222 4 o(I) > A-o(I). <

. We estimate the probability that the solution is simultaneously

We can derive Corollary 22 using the geometric probability distribution. See Section 5
for an application in the context of S-RELAXEDRESTRICT for Multiobjective Spanners.

» Corollary 22. For 0 < A < 1, after expected /\%(I) many independent attempts, A yields a
p-good solution x € X with fi(x) < q(I) for ¢ = (1_‘1/\%.

5 Applications

Lastly, we showcase how to achieve new or first approximation guarantees for several MOO
problems using our frameworks. Table 1 gives an overview. First, we show explicitly how our
methods can be applied to approximate the Multiobjective Spanner problem. Afterwards, we
briefly discuss a selection of further established MOO problems where our methods achieve
new best approximation guarantees, some of which are (asymptotically) best-possible.
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Multiobjective Spanners. We demonstrate our framework in the context of the Multiob-
jective Spanner problem [16]. Up to now, there are no known polynomial-time algorithms
that compute any approximate Pareto sets for this problem. Given a connected graph
G = (V, E) with n nodes, weights w: E — Qsq, and lengths £: E — Qsq. A spanner is
a connected subgraph H = (V, Ey) with Ey C E that should minimize both the stretch
L U .
fi(H) = s(H) = maxy yev ZZ{Z;]] and weight fo(H) = w(H) =Y .. w(e). Thereby, the
distance £g[u,v] is the length of a shortest path from u to v in G’, subject to lengths £.

Spanners find applications in, e.g., communication networks [59,60], approximate distance
oracles [58,62], graph drawing [4,65], and access control hierarchies [12,43]. Even on degree-3
outerplaner graphs, the Multiobjective Spanner problem is both intractable and BUCO-
hard [16]. Unless P = NP, neither the non-dominated set * nor its subset of extreme points
can be computed in output-polynomial time, even if w(e) = ¢(e) =1 for all e € E [16].

For the Multiobjective Spanner problem, S-RELAXEDRESTRICT(c) asks to either answer
NO if there is no spanner with stretch at most ¢ or return a spanner H with stretch s(H) < ¢
and weight w(H) < SOPT4(c). Trivially, we need to answer NO if and only if ¢ < 1. For ¢ > 1,
the problem coincides with approximating the single-objective Minimum a-Spanner problem
up to a factor of 8 with a = ¢: Given a stretch a > 1, find a spanner H with s(H) < «
of minimum total weight w(H). Even for weights and lengths polynomially bounded in n,
the Minimum a-Spanner problem is NP-hard [35,59] and allows no glog’ ™ "-approximation,
for any 1 < o € O(n'~") and ¢,¢’ € (0,1) [31], unless NP C DTIME(nP°¥8"), Thus,
RESTRICT 44, and by extension DUALRESTRICT; 44, of the Multiobjective Spanner problem
cannot be solved in polynomial time under this assumption, for an arbitrary constant § > 0.
Hence, the only other framework for one-exact approximate Pareto sets [39] is inapplicable.
Still, there are many approximations for the Minimum «-Spanner problem. Most of them
make simplifying assumptions on weights and lengths [1,9,19,25-27,50,51]. Several spanner
approximations have been implemented and evaluated in practice [14,15,18]. Existing strong
approximations for the general Minimum a-Spanner problem [13,17,36] require polynomially-
bounded integer lengths, have expected approximation ratios, and only yield feasible solutions
with high probability. The best known (expected) ratio is achieved by [36].

» Algorithm 3 (Minimum a-Spanner approximation [36]). For the Minimum «-Spanner
problem with polynomially-bounded integer lengths, the algorithm of [36] yields a spanner H
with P[s(H) < o] > =L and expected weight E[w(H)] < BOPT, () with B € O(n*/5+1) in
polynomial time in n, for any constant p > 0.

The O-notation hides polylogarithmic factors. Using our methods from Section 4, we
can adapt Algorithm 3 to obtain an oracle for S-RELAXEDDUALRESTRICT with expected
polynomial running time for the Multiobjective Spanner problem with polynomially-bounded
integer lengths. We could solve f-RELAXEDRESTRICT(c) with randomized solution quality
as follows: If ¢ < 1, we answer NO. Otherwise, we return the spanner yielded by Algorithm 3.
We can re-randomize this by applying Corollary 22 for A = % This yields a suitable (-
RELAXEDRESTRICT oracle that has expected polynomial running time and deterministic
solution quality without degrading the asymptotic guarantee of Algorithm 3: since w.l.o.g.
"T_l > % we have 8 = pff = (1_)\1)0(1)5 — (1_%1)$5 <45 € O(B).

Combining this with Lemma 19, we obtain a S-RELAXEDDUALRESTRICT oracle for the
Multiobjective Spanner problem with polynomially-bounded integer lengths that has expected

polynomial running time. Using this as a subroutine in Algorithm 2 yields Corollary 23.
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Table 1 Some guarantees achieved using Theorem 15. To our knowledge, the only previous
approximation result for these problems are (3, 3)-Pareto sets for both Facility Location variants.
‘Oracle’ solves S-RELAXEDRESTRICT. ‘Hard. gives best known hardness of approximation results
for B-RELAXEDRESTRICT. Our approximation ratios marked * are best-possible up to a factor of
1+ ~, for any constant v > 0, by Theorem 7 under established complexity assumptions. ] marks
expected polynomial running time. ‘PC’ stands for Prize-Collecting. Let € > 0 and fixed p > 0.

‘ Biobjective Problem ‘ Objectives fi, fa ‘ 153 Oracle ‘Hard.‘ Our approximation ratio ‘
Spanner [16] min. stretch, min. weight O(n*/>*#)  [36, Thm. 2| [31] | B (1,(1 +¢)-O(n*/>Fr))
Quasi-Clique [29] max. size, max. density Q(ﬁ) [11, Thm. 1.2] | [48] (1,1- E)Q(ﬁ) )
Vehicle Routing [20] min. makespan, min. fleet size O(logn)  [54, Sec. 1.4] [21] (1,(14¢€)- O(logn) )
Facility Location [5] | min. radius, min. opening+travel cost Inn+1 [66, Thm. 1] 66] | * (1,(1+¢) (Inn+1))
Facility Location [5] min. opening cost, min. radius 3 [41, Thm. 5] [41] | = (1,(1+e)- 3 )
PC Set Cover [53] min. cost, max. profit 1-1 [49, Thm. 4] [M9] | * (L, (1—e) (1=1) )
PC TSP [46] min. makespan, max. profit % [56, Thm. 4] — (1,(1—e)- é )
PC Steiner Tree [52] min. cost, max. profit 1 [56, Thm. 5] — (1,(1—¢)- 1 )
Firefighter [42] max. survivors, min. fleet size Inn [3, Thm. 5] B | « (1,(14¢)- nn )

» Corollary 23. For the Multiobjective Spanner problem with polynomially-bounded integer
edge lengths, for any e, > 0, Algorithm 2 yields a (1, (1 + 6)(5(n4/5+"))—Pareto set. Its size
is |P| € O(%), |P| < |f1(X)], and it is at most (2 - [log . O(n*/5+1)] 4 2) € O(logn)
times the size of the smallest (1, (1 + &)O(n*/5t#))-Pareto set. The total running time is

expected polynomial in n.

Further Applications. We briefly discuss a selection of further established MOO problems,
where our methods find application. Table 1 gives an overview of our results. See the respective
references for detailed problem definitions (or Appendix A for a synopsis). Analogous to
the Multiobjective Spanner problem, the key insight is that for each of these problems,
the S-RELAXEDRESTRICT problem essentially coincides with approximating a well-studied
single-objective problem with ratio 5. Answering NO correctly is typically trivial. By
Lemma 19, this gives us an oracle for the S-RELAXEDDUALRESTRICT problem. We remark
that some of our approximation guarantees are best-possible up to a factor of 1 + ~, for
any constant v > 0, by Theorem 7 under standard complexity assumptions (1 — ~ if fy is
maximized, respectively).

For biobjective problems where the image of function f, only has polynomially many
unique values, one can brute force a polynomially sized one-exact (1,3)-Pareto set P in
polynomial time by solving S-RELAXEDRESTRICT(¢) in polynomial time for each ¢ € f;(X)
and adding resulting solutions to P. However, in contrast to our framework, this achieves no

relative size guarantees w.r.t. the smallest approximate Pareto set of that quality. In [5, Thm.

45], they use a brute force strategy to obtain (3,3)-Pareto sets for both variations of the
Biobjective Facility Location problem shown in Table 1. For the variation with and without

travel costs, we obtain one-exact (1, (1+¢)(Inn+1))- and (1, (14-¢)3)-Pareto sets, respectively.

Both guarantees are (asymptotically) best-possible. Interestingly, for the variation with
travel cost, our result highlights that being one-exact w.r.t. one objective may come at the
cost of a worse accuracy in the remaining objectives. To our knowledge, none of the other
problems shown in Table 1 have known approximation algorithms. Furthermore, none of the
previously existing approximation frameworks are applicable as either no polynomial-time
oracle for the corresponding auxiliary problem is known or no such oracle can exist under
established complexity assumptions. Technically, in the biobjective case, the only other
known framework for one-exact approximate Pareto sets [39] could be used with a non-PTAS
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oracle; this use is never discussed in the paper and certain guarantees may break, which we
are not aware of. Anyhow, even if the algorithm stays correct, its approximation guarantees
would drastically inflate by a power of 3, i.e., if accuracy f is the best-possible ratio to solve
DUALRESTRICT, their framework would only yield (1, (1 + ¢)3%)-Pareto sets.
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A  Synopsis of Further Applications (cf. Table 1)

We briefly introduce the biobjective problems shown in Table 1. The objective functions are
ordered in the same way they are mentioned here. Given a graph, the Biobjective Quasi-
Clique problem [28,29,61], asks for a subgraph that simultaneously maximizes the number of
contained nodes and the edge-density. Given an edge weighted graph, the Biobjective Vehicle
Routing problem [20, 32] asks for a set of vehicle routes such that both the makespan (i.e.,
length of the longest route) and the number of required vehicles is minimized. Interestingly,
combining [33,54] even solves S-RELAXEDRESTRICT(c¢) with 5 = min{logn, 1;,;%
the accuracy improves with stricter budgets. Given a set of facilities F' with opening costs,
clients D, and a metric on F'U D for distances and travel costs, respectively, the Biobjective
Facility Location problem [5], asks to open a subset of facilities such that both the radius

}, where
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(i.e., maximum distance of any client to its closest open facility) and the total costs, as
induces by openings and traveling, are minimized. We also consider a variation without
travel costs, where the opening costs are the first objective and the radius is the second.
Given a universe of elements with profits and a family of sets over the universe with costs,
the Biobjective Price-Collecting Set Cover problem asks for a selection of sets that both
minimizes the total selection cost and maximizes the total profit gained by covering elements.
It generalizes the (single-objective) Budgeted Mazimum Coverage problem [49], where the
profit is maximized given a cost limit, and finds application in, e.g., radiation treatment [53].
Given a graph with edge costs and node profits, the Biobjective Price-Collecting Traveling
Salesperson problem [10,44,46,47] asks for tours (that do not necessarily visit all nodes) that
minimize the tour’s cost and maximize the total profit gained from visiting nodes. Similarly,
the Biobjective Price-Collecting Steiner Tree problem [45,52] asks for a minimum-cost steiner
tree that maximizes the total profit gained from visiting nodes. Note that, by [57], Theorems
4 and 5 of [56] only apply in the unrooted case. In [3], variations of the classic (single-
objective) Firefighter problem are considered. Both maximizing the number of saved nodes
and minimizing the number of required firefighters are deemed equally important objectives,
motivating the Biobjective Firefighter problem [42].
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