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—— Abstract

We study the task of disambiguation of finite state automata, namely, converting an automaton

into an equivalent, unambiguous one. We do this by developing a novel and simple algorithmic
framework that generalizes the subset construction for determinization, and that satisfies some
desirable properties: (1) it preserves the original automaton if it was already unambiguous, (2) it
computes the successor states on-the-fly and (3) computes each new state in polynomial time — this
last point is crucial as it guarantees that the running time is polynomial in the size of the output
automaton. Then, we show how to apply this framework for partial disambiguation: by changing the
criterion that builds the new states, we develop algorithms for different levels of ambiguity, namely,
finitely ambiguous, and polynomially ambiguous automata. These algorithms also satisfy condition
(1) for their respective levels, and also (2) and (3). Finally, we show that the disambiguation
framework can easily be extended to other models of automata like weighted automata.
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1 Introduction

Automata theory is today one of the main areas of theoretical computer science, studying
computational models with restricted resources and having applications in different areas of
computer science. For these applications, finding automata models with good algorithmic
properties is a crucial task, and determinism is probably the most well-known condition
for reaching them. For example, deterministic finite automata are efficiently closed under
several operations (i.e., with a polynomial-size output); the evaluation problem can be
efficiently computed; equivalence and containment problems are tractable (and intractable
in general) [42]; the number of states can be efficiently minimized [22]; and learning can be
efficiently performed in an active setting [6], among other results [36].
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In practice, systems employ non-deterministic automata models that are common in user
applications. These are, in general, exponentially more succinct than their deterministic coun-
terparts, but unfortunately do not possess such good algorithmic properties. To address this
problem, systems typically rely on determinizing non-deterministic models; that is, converting
a non-deterministic finite automaton into a deterministic one. The subset construction, intro-
duced by Rabin and Scott [37], is the most used and best-known determinization procedure,
in which non-determinism is simulated by maintaining subsets of states. Although the output
of determinizing the automata could have up to exponential size [32], the subset construction
has the advantage that it is simple and easy to implement, and can be computed on-the-fly
(i.e., only the necessary part of the determinization is expanded). Indeed, this is probably
the reason why the procedure is used so extensively (see, e.g., [21, 16, 1, 38, 8]). As an
example, in regular expression (regex) evaluation, a regex engine (without backtracking) [16]
usually evaluates a deterministic finite automaton on-the-fly: the running of the automaton
is simulated by maintaining the current set of active states, caching the previously computed
sets, and computing the next set for each new arriving character (if it was not already
computed). This procedure allows for exploring only the sets of states reached by the data,
and the next state can be easily computed from the previous state.

An alternative notion to determinism are unambiguous automata models, which are
non-deterministic machines with at most one successful run per input. Unambiguous finite
automata generalize deterministic finite automata, offering a good balance between efficiency
and succinctness [13]. Specifically, they usually admit efficient algorithms; for example, the
equivalence and containment problems are tractable [41], one can compute the number of
accepted words (of a fixed length) in polynomial time [7], or efficiently enumerate them
with constant delay [5]. Sometimes, these properties also extend to more general notions of
ambiguity, like finitely ambiguous models (i.e., each input is accepted by at most a finite
number of accepting runs) or polynomially ambiguous models (i.e., each input is accepted by
at most a polynomial number of accepting runs in the size of the input) for which researchers
have also found interesting results [45, 19, 13].

The disambiguation of finite automata has been stated as a relevant algorithmic problem in
automata theory [14, 12]. Unlike the determinization procedure for finite automata, there is
no standard or well-known procedure that converts any given non-deterministic automata into
an equivalent, unambiguous one (besides the determinization itself). Like determinization,
one would also desire a disambiguation procedure that is simple and easy to implement, and
can be efficiently computed on-the-fly (i.e., computing the next set of states in polynomial
time). In the past, researchers have proposed procedures for disambiguating finite automata
and other models [39, 34, 35, 46, 20]; however, these procedures are often cumbersome, cannot
be computed on-the-fly, and may even encounter technical difficulties (see Appendix A).
Indeed, today there is no well-known disambiguation procedure that is used in practice.
Furthermore, none of these procedures can be extended to other levels of ambiguity (e.g.,
finitely ambiguous) or other automata models (e.g., weighted automata). An important
exception to this rule is the unambiguous subset construction of Weber and Klemm [44]
which, as far as we know, has been largely overlooked by the community.

In this work, we generalize the approach of Weber and Klemm and propose an algorithmic
framework for disambiguation of NFA that is arguably simple and can be computed on-the-fly
(Section 3). This framework allows for the presentation of efficient disambiguation algorithms
for unambiguous, finitely ambiguous, and polynomially ambiguous automata. Furthermore,
we show that these constructions preserve the original automata if it already had the target
ambiguity, and are optimal in some precise sense (Section 4). Finally, we show that this
framework can be extended to other automata models by presenting general disambiguation
algorithms for the model of weighted automata (Section 5).
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Related work. Unambiguous, finitely ambiguous, and polynomially ambiguous finite state
automata have been extensively studied in the literature for various automata models (see,
e.g., [13, 45, 36]). Our work complements this literature, where we seek useful algorithms for
constructing such models.

Algorithms for disambiguating finite state automata, transducers or weighted automata
have been proposed in the literature [39, 34, 35, 46, 20]. In general, all of them rely on
maintaining the active state and a subset of competing states (i.e., runs) plus some conditions
to prune undesirable runs. Some of them even require some additional intermediate steps.
For example, [39] needs to compute first the determinization of the automaton, and [35, 46)
require a pre-disambiguation step. As discussed above, these conditions can be rather obscure
and their correctness is hard to prove. Indeed, in Appendix A we show that the construction
presented in [34] does not work in general. As we mentioned, our approach is inspired by the
construction of Weber and Klemm [44]. To the best of our knowledge, previous approaches
have not studied the disambiguation of finite automata as a general framework, and their
construction does not extend to other levels of ambiguity.

In the context of weighted automata, ambiguity can define a strict hierarchy of classes of
functions, and researchers have studied the problem of deciding whether a given weighted
automaton (e.g., over the tropical semiring) is equivalent to a deterministic or unambiguous
one [27, 26, 25, 2, 3]. These articles studied only the decision problem of determinization,
and the constructions are usually non-trivial. In contrast, the present work aims for a simple
and modular algorithm that could lead to useful solutions in practice.

Outline of the paper. We start with some preliminaries in Section 2. We present the
disambiguation framework in Section 3 and use it for finding disambiguation schemes for
different levels of ambiguity in Section 4. We extend this framework to the disambiguation
of weighted automata in Section 5. Finally, we discuss some future work in Section 6. Due
to space constraints, the proofs of the results can be found in the extended version [9].

2 Preliminaries

Non-deterministic finite automata. A non-deterministic finite automaton (NFA) is a tuple
A=(Q,X,A,I,F) where @ is a finite set of states, X is a finite alphabet, A C Q x X x Q is

the transition relation, I C @ is the set of initial states, and F' C @ is the set of final states.

A partial run of A over a word w = ay .. .a, is a sequence:
. a a Qn
p = DPpPo—>pP1L —> " — Pn (*)

where (p;—1,ai,p;) € A for every i € [n]. We say that p is a run of A over w if additionally
po € I. Further, we say that a (partial) run p is accepting if p,, € F. The language of A,

denoted as L(A), is the set of all w € ¥* such that there exists an accepting run of A over w.

One can see the transition relation A as a function A : Q x ¥ — 2% where A(p,a) =
{q | (p,a,q) € A}. We extend A from letters to words (i.e., A : Q x ¥* — 29) as usual:
A(p,e) = {p} and A(p,a - w) = U,ea(pa) Alg, w). Furthermore, we can extend A from
single states to sets of states A: 29 x ¥* — 2% defined as A(S, w) = Upes A(p,w). One can
note that w € L(A) iff A(J,w) N F # 0. For the sake of presentation, we will use A(q,a),
A(g,w), or A(S,w) with the same A when the input is clear from the context.

We define the size of A as |A| = |Q| + |A|. Further, we say that two NFAs 4; and As
are isomorphic if A; and As are identical up to renaming the states.
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(a) finFA A (b) DFA Aget (c) UFA Ao,

Figure 1 (a) An example of an NFA A with da(A4) = 2. (b) The determinization Age¢ of A. (c)
The disambiguation Ao of A.

Trimming. We say that ¢ € Q is reachable from p € Q) if there exists a partial run p like (x)
of A over some word w such that py = p and p,, = ¢ (i.e., ¢ € A(p,w) for some w). A state
q € Q is reachable if g can be reached from a state in I (i.e., ¢ € A(I,w) for some w) and is
co-reachable if some state in F is reachable from ¢ (i.e., A(g, w) N F # () for some w). In this
work, we assume all NFAs are trimmed, namely, that every ¢ € @ is (co-)reachable.

Ambiguity. We say that a finite automaton A = (Q,X, A, I, F) is deterministic (DFA)
iff |[I| = 1 and for every p € @ and a € ¥ there exists ezactly one state ¢ € @ such that
(p,a,q) € A. In other words, A forms a function A : @ x ¥ — . We say that A is
unambiguous (UFA) iff for every w € 3* there exists at most one accepting run of A over w.
One can check that if A is deterministic then 4 is unambiguous, whereas the converse does
not necessarily hold. In Figure 1 (b) and (c), we display a DFA and UFA, respectively.

Given an NFA A, the degree of ambiguity das(w) of a word w is the number of different
accepting runs of A4 over w [45]. Similarly, the degree of ambiguity da(A) of A is the maximum
degree of ambiguity over all w € L(A), that is, da(A) = max,er(4)das(w). If no such
maximum exists, then da(4) = co. We say that an NFA A is finitely ambiguous (finFA) if
da(A) < k for some k € N. In this case, we say that A is k-ambiguous (k-ambFA). Instead,
A is called infinitely ambiguous if da(A) = oo. Note that A is unambiguous iff da(A) = 1
(i.e., l-ambiguous). Further, the level of ambiguity forms a hierarchy, namely, every £-ambFA
is also £ + 1-ambFA, and so on. In Figure 1 (a), we show a finFA A with da(A) = 2.

For infinitely ambiguous automata, one can characterize how the ambiguity increases
with the size of the input word [45]. The degree of growth of ambiguity, denoted as deg(.A),
is defined as the smallest degree of a polynomial p : N — N such that for all w € ¥* we
have da4(w) < p(Jwl|), if such a polynomial exists. We say that A is polynomially ambiguous
(polyFA) if deg(A) = k for some k € N. Otherwise, if no such polynomial exists, we define
deg(A) = oo, and say that A is exponentially ambiguous (expFA). In Figure 4 (¢) and (a),
we show examples of a polyFA and expFA, respectively.

The work by Weber and Seidl [45] defines criteria that characterize the degree and the
degree of growth of ambiguity of an NFA. By these criteria, deciding whether an NFA A is de-
terministic, unambiguous, finitely, or polynomially ambiguous can be done in polynomial time
over the size of A. Conversely, computing the exact degree of ambiguity da(A) is PSPACE-
complete [10] and the degree of growth of ambiguity can be computed in polynomial time [45].

We denote by DFA, UFA, finFA, and polyFA the class of all finite automata that are
deterministic, unambiguous, finitely ambiguous, and polynomially ambiguous, respectively.
One can note that these classes form a strict hierarchy where:

DFA C UFA C finFA C polyFA C NFA
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Furthermore, for each pair of classes C; and Co with C; C Co where C1,C € {DFA, UFA, finFA}
there exists a family { A, }nen where each A, has O(n) number of states and A,, € C5 such
that for every A € C; with £L(A) = L(A,), it holds that |A| € Q(2™) [29, 31]. Similarly, there
exists a family {A, }nen in polyFA where each A,, has O(p(n)) states for some polynomial
p, such that for every equivalent automaton in finFA it holds that |A| € Q(2”1/3) [23]; also,
NFA can be super-polynomially more succinct than polyFA (see [24, 30]).

3 The automata disambiguation framework

The goal of this section is to define a framework suited for disambiguation of finite state
automata, namely, algorithms that convert any NFA into a UFA, finFA, or polyFA. We start
by introducing the motivation of the framework and then provide the formal definitions.

Determinization. Let us highlight the classical subset construction for determinization, first
described by Rabin and Scott [37], that receives A = (Q, %, A, I, F) and produces a DFA:

Adet = (2Q727Ad8t7{—[}7{5 ‘ SNF 7é @})7

its states are the subsets of @, its single initial state is I, and its final states are the sets
that contain at least one state from F. Further, (S1,a,S2) € Aget iff S = A(S1, a) for every
51,82 € 29 and a € ¥. The NFA Age; is deterministic and £(A) = L£(Aget)-

It is important to note that, since we assume that all our NFA are trimmed, we assume
that Aget is trimmed after the construction (i.e., we only keep the subsets in 29 that reach
F' and are reachable from I). One can prove that, given that A is initially trimmed, all the
states reachable from I are reachable and co-reachable in Age. In Figure 1 (b), we display
the determinization Aget of A where we only have the states reachable from {1, 2}.

Although the automaton Agey could be of size exponential with respect to |Q], we claim
that it has three algorithmic properties that makes it suitable to be used in practice.

1. (idempotent) If A is deterministic, then Age is isomorphic to A.

2. (on-the-fly) Age can be computed on-the-fly, namely, for any S € Qger One can compute
Aget(S, a) only from A and S.

3. (efficient) Given an S € Qger and a € X, one can compute Aget(S, a) in polynomial time
in |S] and |A].
The first property ensures that the procedure preserves the automata if it already possesses the
desired properties. The second and third are used in practice (see, e.g., [21, 16, 1, 38, 8]) since
one can keep a cache of explored sets and efficiently compute the next one from a given set.
We want to have the same properties for a disambiguation procedure that takes any NFA A
and generates an equivalent NFA with the desired ambiguity. It is important to remark that all
disambiguation procedures proposed in the literature [39, 34, 35, 46, 20] fail to achieve at least
one of them (and most fail all of them). For instance, Mohri’s procedure [34] and Schiitzen-
berger’s construction [39] cannot be computed on-the-fly, since they require knowledge about
previously computed states to discard transitions and disallow finality of new states. Moreover,
all of them work for converting NFA to UFA, and none of them translates into finFA or polyFA.

The framework. Let A= (Q,%, A, I, F) be an NFA. We define a partition oracle O for A as
a function O : 29 — 229 that receives an S C @, and outputs a partition of S, namely, O(S) =
{S1,...,Sm} where S = S;W---WS,,. Given a partition oracle O for A, we define the NFA:

Ao = (29,2, A0,0(I),{S | SNF #0}).
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This is similar to Rabin-Scott’s Aget, except the transition relation and the set of initial
states depend on O. Specifically, we define the transition relation Ay as:

Ao = {(Sl,a,Sg) | Sy € O(A(Sl,a)) },

and more succinctly, Ap(S,a) = O(A(S,a)) for S C Q and a € X. In other words, finding
the transitions (51, a,S2) € Ap for S; and a can be done by first computing A(S7,a) and
then applying the partition oracle O over it. We recall again that, similar to Age;, we assume
that Ao is trimmed after the construction by keeping only the states reachable from O(I).
A crucial property of Ap is that it preserves equivalence for every partition oracle O.

» Proposition 1. For every partition oracle O of A, it holds that L(A) = L(Ap).

Given this construction, one could intuit that there exists a disambiguation spectrum from
oracles that partition their sets more finely or more coarsely. Indeed, the trivial partition
oracles Ogingle and Oy, where Ogingle(S) :== {{q} | ¢ € S} and Og(S) := {S}, define two
extremes: Ao, is isomorphic to A and Ap,, is isomorphic to Aget.

Given an NFA A, our main goal is to find a partition oracle O for which Ap has a desired
property (e.g., being unambiguous) and we want to compute O(S) from A and S efficiently.
For this purpose, we define a disambiguation scheme as any function D that, given an NFA A,
defines a partition oracle D(A) for A. Furthermore, we say that a disambiguation scheme D
is efficient if there is an algorithm that receives as input any NFA A = (Q, X, A, I, F) and
S C @ and outputs [D(A)](S) in polynomial time in |A| and |S]. As an example, there exists
an efficient disambiguation scheme Dge; given by defining Dyer(A) = Ofy for every NFA.

Our disambiguation framework involves identifying efficient disambiguation schemes
for various levels of ambiguity. Given a class C of NFA (e.g., C = UFA), we say that a
disambiguation scheme D is a C-disambiguation scheme iff Ao € C and Ap is isomorphic
to A whenever A € C, for every NFA A and O = D(A). Continuing the example, Dyt is a
DFA-disambiguation scheme. Notice that if we find an efficient C-disambiguation scheme D
then D will satisfy our desirable algorithmic properties 1. to 3. for the class C (i.e., similarly
to the Rabin-Scott subset construction), namely, (1) if A € C, then Ap is isomorphic to A,
(2) Ap can be computed on-the-fly, and (3) Ap can be computed efficiently.

Discussion. The proposed framework for disambiguating NFA is a generic strategy for this
task, but, of course, it is not the only one. One could also disambiguate NFA through other
strategies (e.g. [39, 34]) with their own desirable properties. The advantages of our approach
are its simplicity and generality; and, since each new state is created efficiently and on-the-fly,
it also offers runtime guarantees that depend on the size of the resulting automaton. Having
a generic framework for disambiguation is also quite versatile: we can now define a wide
array of algorithms to reach different levels of ambiguity, and compare their properties.

4 Disambiguation schemes for different levels of ambiguity

We present disambiguation schemes for constructing UFA, finFA, and polyFA, and study their
properties. We start by presenting our general strategy for finding partition oracles, which is
based on binary relations over states. Then, we instantiate this strategy for each class.

Relational partition oracles. First, we introducing some useful notation. Let RC A x A
be a symmetric relation (i.e., (p,q) € R implies (¢,p) € R) over some non-empty set A. We
define by dom(R) = {p | (p,q) € R} the active domain of R (note that dom(R) might be a
strict subset of A). We denote by k(R) the set of connected components of the undirected
graph (A, R) where k(R) always forms a partition of dom(R).
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Let A= (Q,%,A,I,F) be an NFA. Given a symmetric and reflexive (i.e., (p,p) € R for
every p € Q) relation R over @, we define the oracle Og : 29 229 by Ogr(S) = k(RN(S%S)).
Since R is reflexive, dom(R N (S x S)) = S and then k(RN S x S) forms a partition of S.
Therefore, Og is well defined as a partition oracle of A. We say that O is a relational
partition oracle of A if there exists a relation R over @ with O = Og. For example, for
Ry = {(p,p) | p € Q} and Ry = Q x Q, one can check that Osinge = Og, and Oy = Op,.
Therefore, the partition oracles Osingle and Oy are relational as well.

We say that D is a relational disambiguation scheme if D(A) is relational for every A. Note
that if for every A we can compute a relation R 4 in polynomial time such that D(A) = Ogr,,
then D is efficient. Thus, our strategy in the sequel is to provide relations R 4 that can be
computed in polynomial time from A, leading to the desired disambiguation schemes.

UFA disambiguation. Let A = (Q,X, A, I, F) be an NFA. We say that two states p,q € @
share a common future in A iff there exists v € £* such that A(p,v) N F # 0 # A(q,v) N F.
In other words, there exist two accepting partial runs p, and p, of A over the same word v
starting from p and g, respectively. We define the relation CF 4 C @ x @ where (p,q) € CF 4
iff p and ¢ share a common future. By definition, CF 4 is symmetric. Further, since A is
trimmed, CF_4 is reflexive. Then, we denote by Ocg the relational partition oracle of A
defined by CF 4.

Intuitively, if p and ¢ share v € ¥* as a common future, then, whenever a disambiguation
scheme reaches p and ¢ from the initial states (i.e., p,q € A(I,u) for some u), p and ¢ must
be part of the same state in the resulting automata so that it stays unambiguous (otherwise,
u - v will have two accepting runs). For this reason, the partition oracle Ocg will keep p and
q together along with all states in their corresponding connected component. Indeed, Ocf is
a relational partition oracle for producing UFA and can be computed efficiently.

» Theorem 2. For every NFA A= (Q,%,A, 1, F), the following properties hold: (1) Ao
is always unambiguous; (2) if A is unambiguous, then Ao and A are isomorphic; and (3)
the relation CF 4 can be computed in time O(|A|?). That is, the disambiguation scheme Dcr
that assigns the relational partition oracle Ocg is an efficient UFA-disambiguation scheme.

The time to compute CF4 matches the classical algorithm for testing if an NFA is
unambiguous, and the exponent cannot be lowered, under fine-grained assumptions [17].

Coming back to our example NFA A in Figure 1(a), one can check that its common
future relation is CF 4 = {(1,2), (2,1), (3,5), (5,3), (4,4), ...}. We show its disambiguation
Ao by the oracle Ocr in Figure 1 (c).

While D¢k fulfils our desirable algorithmic properties, one can easily devise “efficient UFA-
disambiguation schemes” by an ad-hoc partition oracle. For instance, one may use Osingle
when A is unambiguous, and Oy, otherwise (in other words, if A is not unambiguous,
determinize it). So, what makes Dcf so special as a disambiguation procedure? We argue
that D¢ is minimal in the following sense. Let 71, ™o be two partitions of the same set A. We
say that m refines mo if for every P; € w1 there is a P> € my such that P; C P,. That is, my
breaks A into smaller pieces than m5. Let us define Reach(A) = U, cx+ A(,w) as the set of
all states reachable from I. For two partition oracles O; and Oy of A, we say that Oy refines
05 over A if O1(I) refines O(I) and, for every S € {A(S’,a) | S’ € Reach(Ap,) ANa € 3},
O1(S) refines Oz(S).

» Theorem 3. Let O be any partition oracle of an NFA A. If Ao is unambiguous, then Ocg
refines O over A.

121:7

ESA 2026



121:8

A Simple Algorithmic Framework for Disambiguation of Finite Automata

n levels

Figure 2 Example of an UFA with Q(2") states whose determinization is of size O(n).

In other words, the disambiguation scheme D¢ provides the finest possible partitions on
state sets S C @ while Ap is still unambiguous. We argue that fineness is a reasonable
criterion for minimality. Indeed, finer partitions, in a sense, better preserve the original
automaton, and the finest partition is Osingle Which leaves the automaton unchanged.

Discussion. The reader may have noted that, although the partition oracle Ocg finds
the finest possible partition, the determinization Age; of A in Figure 1 (b) has less states
compared to the disambiguation Ap, in Figure 1 (c¢) (i.e., one state less). Therefore, it
is essential to discuss that, regarding minimizing the size of the resulting automaton, the
disambiguation schemes Dcr and Dye (i.e., the determinization procedure) are incomparable.
On the one hand, we know that there exists a family {A"},cy of UFA such that every DFA
A with L(A) = L(A") has |A] € Q(2") [13]. This implies that the determinization A, by
Dyet can be of exponential size with respect to A%CF. On the other hand, in Figure 2 we
show an example of a family of UFA with Q(2") states whose Rabin-Scott determinization is
of size O(n). Finding an optimal UFA-disambiguation scheme that minimizes the number of
explored states is an interesting and relevant open problem that we leave for future work.

finFA and polyFA disambiguation. Similar to UFA, we provide relations to define partition
oracles for the finFA and polyFA disambiguation. Let A = (Q,X, A, I, F') be an NFA.
Infinite common future (ICF): We say that a pair of states (p, q) share an infinite common
future in A iff there exists 7, s € Q and u,v € ¥* such that p,q € A(r,u), r € A(p,v),
s € A(q,v), and s € A(s,uv). We define the relation ICF 4 C @ x Q where (p,q) € ICF 4
if (p,q) or (¢,p) share an infinite common future.
Ezxponentially infinite common future (ECF): We say that two states p,q € @ share
an exponentially infinite common future in A iff there exists r € @ and u,v € ¥* such
that » € A(p,v), r € A(q,v), and p,q € A(r,u). Similarly, we define the relation
ECF4 C @ x Q where (p,q) € ECF 4 if p, g share a exponentially infinite common future.
We illustrate the infinite and exponentially infinite common future conditions in Figure 3 (a)
and (b), respectively. Note that ICF and ECF are stronger conditions than regular common
future and, indeed, ECF implies ICF. Further, ICF 4 and ECF 4 are reflexive and symmetric.
Thus, they induce relational partition oracles that we denote by O\cgp and Ogcg, respectively.
Similar to the common future condition, ICF and ECF identify pairs of states in A4 that
can lead to infinitely and exponentially ambiguous behaviour, respectively. Indeed, they lead
to efficient finFA- and polyFA-disambiguation schemes as expected.
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(a) Infinite common future (a) Exponentially infinite common future

Figure 3 Graphical representation of infinite and exponentially infinite common future conditions.

C
(a) expFA A’ (b) finFA AIOICF (c) polyFA A/(QECF

Figure 4 (a) An example of an exponentially ambiguous NFA A’. (b) The finFA disambiguation
Ao, of A'. (c) The polyFA disambiguation Ap .. of A’

» Theorem 4. For every NFA A= (Q,3,A, I, F), the following properties hold: (1) Ao,
and Apeee are always finitely ambiguous and polynomially ambiguous, respectively; (2) if A is
finitely ambiguous, then Ao, is isomorphic to A; if A is polynomially ambiguous then Aog
isomorphic to A; and (8) the relations |\CF 4 and ECF 4 can be computed in time O(|.A|)
and O(|A|?), respectively. In other words, the disambiguation schemes Dicr and Dgcr that
assign the relational partition oracles Oicg and Ogcg for each NFA are efficient finFA- and
polyFA-disambiguation schemes, respectively.

An example of finFA and polyFA disambiguation of an expFA A’ is shown in Figure 4.

The infinite and exponentially infinite common future relations on the NFA A’ are ICF 4 =
{(2,5),(5,2),(3,5),(5,3),(1,1),...} and ECF 4 = {(3,5), (5,3),(1,1),...}, respectively. Note
that A, . in Figure 4 (b) and Ap,_, in Figure 4 (c) are exactly finFA and polyFA, respectively,
achieving partial disambiguation depending on the chosen relation.

Similar to the UFA case, one would like to show that Oicg and Ogcr are minimal in
the sense that they refine any other partition oracle that produces finitely ambiguous or
polynomially ambiguous NFA, respectively. Unfortunately, this is not the case for both, since
one can find partition oracles that produce the required level of ambiguity, but they are not
refined by Oicg or Ogck.-

» Example 5. Consider the NFA A and its polynomial disambiguation Aepg in Figure 5. Its
exponentially infinite common future relation is ECF 4 = {(p, q), (¢,p), (p, 2), (2,p)}. There
exist a relation R = {(p,2), (¢, 2), (z,p), (z,¢)} such that Or({p,q}) refines Oecr({p,q}),
while Ao, is polynomially ambiguous. In Ay, states p and ¢ are only merged in the set of
states that contains z, effectively preventing exponential degree of ambiguity.
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b
O D ONCGD
a

(b) The polynomial disambiguation Ao, of A

(a) NFA A
(c) NFA Ao,

Figure 5 Counterexample for the minimality of ECF.

To determine that states p and ¢ should not be merged, the procedure needs knowledge of
their future behavior on Ap,, to verify they are not part of an (EDA) condition. Consequently,
no disambiguation procedure that cannot be computed on-the-fly can refine the states formed
by oracle ECF and define a polynomially ambiguous automaton. Note that in the example,
the relation ICF 4 is equivalent to ECF 4, then the same NFA serves as a counter example for
the minimality of ICF.

Nevertheless, we can show that among all relational partition oracles, both O,cr and
Okgcr are minimal in terms of refinement; namely, ICF 4 and ECF 4 are the minimal relations
for which the disambiguation schemes can reach the required level of ambiguity.

» Theorem 6. Let A be an NFA and R be a reflexive and symmetric relation between states
of A. (1) If Ao, is finitely ambiguous and R C ICF 4, then Oicg refines Or over A; and
(2) if Aoy, is polynomially ambiguous and R C ECF 4, then Ogcg refines Og over A.

We end this section by recalling that the notion of a common future between states was
previously used in [34], and the disambiguation scheme Dcr was introduced in [44], but with
a different presentation.The novelty of Theorem 2 relies on understanding this result in the
context of a larger disambiguation framework (the one introduced in this paper) and studying
its minimality (e.g., Theorem 3). Moreover, to the best of our knowledge, disambiguation
procedures for finding finFA and polyFA have not been studied before.

5 Disambiguation of weighted automata

Weighted finite automata are more complex than previous automata models and have
numerous use cases [18]. Moreover, they do not always admit a deterministic equivalent
automata. Therefore, generalizing our algorithmic framework for disambiguation to this
model would be useful for practical applications. In this section, we extend the algorithmic
framework for disambiguation to the model of weighted automata. We start by recalling
some algebraic notions and the model of weighted automata. We then present the framework
and the disambiguation results over weighted automata.

Semirings. A monoid is a triple (M, &,0) where M is a non-empty set, & is an associative
binary operation, and 0 € M is the identity of & over M (i.e., 0 m =m $0 = m). We
say that (M, &,0) is commutative if, additionally, & is commutative. A semiring is a tuple
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(S,®,®,0,1) such that (S, ®,0) is a commutative monoid, (S, ®, 1) is a monoid, ® distributes
over @ and 0 annihilates with ®. For simplicity, we will refer to such a semiring by its
underlying set S. Examples of semirings are the boolean semiring ({0,1},V,A,0,1), the
natural numbers (N, +,-,0,1), the tropical semiring (Z U {co}, min, 4, 00, 0), and the artic
semiring (Z U {—o0}, max, +, —00, 0), among others.

Given non-empty sets A and B, we denote by SA*Z the set of all matrices indexed by
A x B over S. Further, we denote by S# the set of (column) vectors (i.e., S* = SA¥1). For
M € S**B and V € S4, we write M[a, b] and V[a] for the entries at positions (a,b) € A x B
and a € A, respectively. Given two matrices M € SA*B and N € SBXC| their product

P =M ®N € $**¢ is defined by Pla,c] = @5 Mla,b] ® N[b,c] for all a € A and c € C.

We write Mt € SBX4 for the transpose of M € S4*B where V* corresponds to a row vector
when V € S4. For a value s € S and vector V € S4, we define s © V € §* (V © s € §4) by
(s®@WV)a] =s®V]a] (V ©s)[a] =V]a] ® s, resp.) for each a € A. Given a vector V € S4,
we define its support as supp(V) = {a € A | V]a] # 0}. Given a value s € S, we denote by
s the vector in S# such that s4[a] = s for every a € A.

Weighted automata. A weighted finite automaton [40] (WFA) over a semiring S is a tuple:
W= (Q,%,ALF) (t)

where @ is a finite set of states, ¥ is a finite alphabet, A C @ x ¥ X S x @ is a finite
transition relation, and I : @ — S, F': @ — S are the initial and final weighted functions,
respectively. We assume that for every p,q € @ and a € ¥ there exists at most one transition
(p,a,s,q) € A for some s €S (i.e., there cannot be multiple transitions between states for
the same letter). We say that ¢ € Q is an initial (final) state if I(q) # 0 (F(q) # 0, resp.). A
partial run p of W over a word w = aq ...a, € X* is a sequence:

ai/s1 az/s2 an/Sn

p = Do P1 Pn (1)

where (p;_1,a;,8;,pi) € A for each i € [n]. We say p is a run if pg is an initial state, and it
is accepting if additionally p,, is a final state. We denote by runs)y(w) the set of all accepting
runs of W over w. For a partial run p like (1) we define w(p) := I(pg) @51 ® -+ ©® 85, © F(pn)
as the weight of p. Each weighted automaton W defines a function [W] : £* — S such that
VI (w) == D ,y¢ runsyy (1) @(p) for every w € X*. Similar to NFA, sometimes we also interpret
A as a function A : Q x ¥ — 25%@ such that A(p,a) = {(s,q) | (p,a,s,q) € A}.

In the sequel, it will be useful to consider the matriz representation of a weighted
automaton W. For every a € X, the transition relation naturally defines the matrix
A, € S¥*@ such that A,[p, q] = s if (p,a,s,q) € A and 0, otherwise. We extend this matrix
from ¥ to ¥* as A, = Ay, ©--- O A, for every w = ay...a, € ¥*. Further, we can
represent the initial and final functions I and F as vectors I, F' € SQ such that I lq] = 1(q)
and F [q] = F(q) for every q € Q. Then, the function [W] can be equivalently defined as
W](w) = '© A, O F for every w € X*. We will also use the notation A(V,a) := (VI®A,)!
which intuitively is the aggregate vector reached by starting at V' and moving through a.

Given a WFA W like (1), we define its underlying NFA Ay = (Q, X, Ara, Ira, Fra) such
that Iea = {p € Q| I(p) # 0}, Fea = {p € Q | F(p) # 0}, and Aea = {(p,a,q) | (p,a,s,q) €
A}. Similar to NFA, we assume that all WFA considered in this paper are trimmed, namely,
every state in its underlying NFA is reachable and co-reachable simultaneously. Further, we
say that W is deterministic (DWFA), unambiguous (UWFA), finitely ambiguous (inWFA), or
polynomially ambiguous (polyWFA) if the underlying NFA A,y is deterministic, unambiguous,
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finitely ambiguous, or polynomially ambiguous, respectively. On some semirings, these
classes define a strict hierarchy of functions [28, 11], namely, for every pair of classes
C1,C2 € {DWFA, UWFA, finWFA, polyWFA, WFA} with C; C Cy there exists W € Cy such
that [W] # [W'] for every W' € C;.

The weighted disambiguation framework. The new challenge in defining a disambiguation
algorithm for weighted automata lies in handling weights during this process. Mohri’s
determinization algorithm [33] does this by adding a residual weight on subsets. Kirsten and
Maurer [27] later generalized this approach by introducing the weight factorization. We
use these ideas to generalize the algorithmic framework of previous sections to weighted
automata.

Fix a semiring S and a set Q. A weight factorization [27] over S¥ is a pair of functions
(fac, res), called the residual and factor functions, respectively, with fac : S@ \ {GQ} — S and
res : SQ\{ﬁQ} + S¥ such that for every vector V € SQ\{GQ} it holds that V' = fac(V)ores(V).
In other words, (fac, res) defines a strategy to factorize a vector V into a single factor common
to all components (fac(V')) and a vector (res(V)).

Let W be an WFA like (f) over S. We define a partition-factorization oracle F for W
(called PF-oracle for short) as a triple F = (I, fac, res) where (fac, res) is a weight factorization
over S@ and II : S@ s 259M0°} jg 5 weight partition function such that II(V) is a finite
set and @y ey V' =V for every V € S¥. That is, II(V) distributes the values of vector
V over a set of vectors that has to ®-aggregate back to V. Indeed, one can see II as a
generalization of the partition oracle O from the boolean semiring to any semiring S. Given
a PF-oracle F = (II, fac, res) for W, we define the (infinite) WFA:

W = (S92, Ax, I5, Fr)

such that supp(Ir) = {res(V) | V € I(I)} and Ir(res(V)) = fac(V) for all V e II(I);

—

Fr(V)=V!OF for every V € S9; and:
Ar = {(V,a,fac(V'),res(V")) | V' € TI(A(V,a)) }.

Note that I;— has finite support and, for every V € S?, Ax(V, a) is finite. So, although 4%
has an infinite number of states when S is infinite, there is always a finite number of initial
states and every state/letter has a finite number of next configurations. We define Wx as
the trimmed version of W% . Notice that Wz could lead to a finite WFA but not always.

» Proposition 7. For every PF-oracle F of W, if Wx is finite, then [W] = [Wx].

For a class C of WFA, the notion of a C-disambiguation scheme D naturally extends from
NFA to WFA where D(W) must output a PF-oracle for a WFA W. The notion of an efficient
disambiguation scheme D also extends to WFA where now, for every vector V', II(V), fac(V),
and res(V) must be computed in polynomial time over |W| whenever D(W) = (11, fac, res).

One can check that the construction Wy is a generalization of Mohri’s determinization
algorithm [33]. Specifically, for the tropical semiring T = (Z U {oco}, min, +,00,0) and a
WFA W like (1) over T, consider the PF-oracle Fiy = (Ili4, facu, respm) where Iig(V) = {V'},
facm (V) = mingeqVg) and resu(V) =V — facu(V) for every V € T9. Then Wx, indeed
corresponds to Mohri’s determinization construction. Similarly, consider now any semiring
S and a PF-oracle Fx = (Ilig, fac, res) for any weight factorization (fac, res) over S®. And
now Wrg, is equivalent to Kirsten and M&urer’s determinization construction [27]. What our
approach adds is that we can consider different weight partition functions II, which could
lead to different levels of ambiguity.
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(a) inWFA W (b) UWFA Wr

Figure 6 WFA W and its disambiguation Wyr. Every vector V state in Wy is shown as pairs
q/v, where V[g] = v, states g that are not part of the support of V' are omitted.

Weighted disambiguation. Within this framework, we can combine various factorizations,
partitions, and semirings to define disambiguation algorithms for WFA. However, the effective-
ness of these algorithms depends on whether W is finite for all input WFA W. Furthermore,
we aim to ensure the desired properties of idempotent, on-the-fly, and efficiency discussed in
the previous sections. We address this by introducing a specific class of functions II that,
combined with the oracles from Section 4, will guarantee the desired level of ambiguity.

Given a WFA W like (1) over a semiring S and a PF-oracle F = (II, fac, res), we say that
II has disjoint vector support iff supp(V1) Nsupp(Va) = @ for every pair Vi, V5 € TI(V) with
Vi # Vo and V € S9. Further, we say that (fac, res) has identity factorization if fac(s®V) = s
and res(s ® V) = V whenever V is a zero-one vector (i.e., V € {0,1}?). For example, the
PF-oracle Fy = (Ilig, facm, respm) of Mohri’s determinization satisfies both properties.

As we will see, the identity factorization of (fac, res) will ensure the idempotent property
of disambiguation algorithms; whereas the disjoint vector support of II will allow to extend
the partition oracles found for NFA to WFA. Specifically, let O be a partition oracle for the
underlying NFA Ay, of a WFA W. Then O naturally defines a weight partition function Ile
over S? given by Ilp(V) = {Vs | S € O(supp(V))} where Vs € S? is defined as Vs[q] = V]
if g € S, and Vg[g] = 0 otherwise. Note that ITp has disjoint vector support.

» Theorem 8. Let W be a WFA over S and (fac,res) be a weight factorization. For a PF-
oracle F equal to (Ilo, fac, res), (Ilp,, fac, res), or (Ilpg., fac, res), if Wr is finite, then Wr
18 unambiguous, finitely ambiguous, or polynomially ambiguous, respectively. Furthermore,
if W is unambiguous, finitely ambiguous, or polynomially ambiguous and (fac,res) is an
identity factorization, then Wx is isomorphic to W.

The previous result shows that the partition oracles for disambiguation introduced in
Section 4 naturally extend to the weighted case — but only if the resulting disambiguation
Wy is finite. Furthermore, these PF-oracles define the corresponding efficient disambiguation
schemes when the weighted factorization (fac,res) can be computed in polynomial time.

One example of disambiguation is shown in Figure 6 with WFA W over the natural
numbers semiring S = (N, +,-,0,1) and PF-oracle F = (I, fac, res), where fac(V) =
GCD(V) and res(V) = ﬁ(v) for all V € S@. GCD(V) is the greatest common divisor of all
elements in V. Wxr is unambiguous and equivalent to W.

Generalization of the twins property. For this subsection, fix the tropical semiring T =
(Z U {o0}, min, +,00,0). In [33], Mohri studied the twins property, a condition towards
characterizing termination for his algorithm for determinizing weighted automata over T.
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This condition is sufficient in general, and also necessary when the weighted automata is
unambiguous. Here, we demonstrate how to generalize the twins property to provide sufficient
conditions for finite disambiguation across different levels of ambiguity.

Let W be a WFA of the form (f) over T. Given a relation R C @ x @, we say that two
states p, ¢ € Q are R-twins iff for every u, w € ¥*, whenever p, q € Aga(Ifa, u), p € Apa(p, w),
q € Ara(q, w), and (p,q) € R, then Ay [p,p] = Awlg, q]. In other words, if w forms a loop in
p and in ¢ and these nodes are related by R, then the weight of the loops must be the same.
Then, we say that W has the R-twins property if every pair of states in @) are R-twins.

Note that the twins property in [33] is the special case when R = @ x Q). We generalize
this property for the relations introduced in Section 4, providing sufficient conditions for
termination of the disambiguation algorithms.

» Theorem 9. Let W be a WFA over T and R € {CFw, ICFyy,ECF\w}. If W satisfies the
R-twins property, then Wr is finite when F = (Ilp,,facwm, resm) is a PF-oracle.

Similarly to [33], the previous result provides sufficient conditions for termination when
disambiguating WFA for each level of ambiguity. We leave as an open problem to understand
when the R-twins property is a necessary condition in each case.

6 Future work

As an initial paper on this algorithmic framework, numerous approaches remain to be
explored for further study. Besides the open problems we have stated throughout the paper,
some natural follow-up work would be extending the framework onto tree automata [15],
cost-register automata [4], or Biichi automata [43]. In the last case, it is an open problem to
find good disambiguation algorithms, since deterministic Biichi automata are less expressive
than unambiguous ones. It will be interesting to see if the algorithmic framework presented
here could lead to new insights on the disambiguation of Biichi automata. We highlight
one open problem, posed in Section 4, we find particularly interesting, which is to find
optimal disambiguation schemes that minimize the number of explored states. Finally, our
disambiguation framework is simple enough to be implemented and used in practice. We are
interested in seeing it being explored as an alternative to determinization in real-life cases
where an unambiguous, or a boundedly ambiguous automaton, is good enough.
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Figure 7 Example of an automaton A such that is not equivalent to Am for some order of the
states added to the queue.

A A counterexample to Mohri’s disambiguation algorithm

A disambiguation algorithm for finite automata was proposed by Mehryar Mohri in [34].

The main idea of Mohri’s disambiguation is to work over an equivalent automaton Ay that
simulates the runs of the original automaton 4, and the states keep track of competing runs

(i.e., runs that have a common future). Ay is equivalent to A4 but it can still be ambiguous.

For this reason, Mohri’s disambiguation traverses the automaton Ay in a depth-search
manner, and prunes transitions that lead to ambiguous runs. The resulting unambiguous
automaton depends on the order in which Ay is traversed, that is, the order in which the
transitions are chosen. For this reason, Mohri’s disambiguation is not unique for each finite
automaton A. Moreover, as we will show below, there exists a finite automaton A such that
for some order traversal of Ay, the resulting disambiguation is not equivalent to A. In other
words, Mohri’s disambiguation is not correct for all input.

The counterexample is the NFA A shown in Figure 7. Next, we present the result of
applying Mohri’s disambiguation procedure over A. For a detailed presentation of Mohri’s
algorithm, we refer the reader to [34].

In the following, we denote by Auy = (Qm, X, Am, Im, Fm) be the result of Mohri’s
procedure over A. During the construction, we assume that the states are enqueued in Q in
the following order:

(r.A{r}), (o Ap,0"a}), (¢, {p.a.q'}),
(0, Ap,q}), (¢, {p.q}), @' ApP'}), (¢ {a:d'}),
(fr, {f1})s (fos {f2}), (fs,{f3})

Construction of Ap. The set of initial states and the queue are computed:

Q= In = {(rn{rh}

The set of transitions Ay, the set of states Qv and set of final states Fj starts empty. Next,
the common future relation CF 4 is computed. In this case, CF 4 contains the pairs of states:

@.p), e, (¢49)

The first state (r, {r}) is dequeued, and all outgoing transitions from r are examined. For
each transition (r,a,q) € A, the algorithm constructs the state

(¢,T) where T ={se A({r},a)]| (g, s) € CF4}.
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(a) Partial automaton Ay after dequeing and processing the state (r, {r}).
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(b) Partial automaton Ay after dequeing and processing the states (p, {p,p’,q}) and (q, {p,q,q'}).
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(c) Partial automaton Ay after dequeing and processing the states (p, {p, ¢}) and (g, {p, ¢}), the dotted
transitions were discarded by the algorithm.

(d) Automaton Ay, the dotted transitions were discarded by the algorithm.

Figure 8 Mohri’s disambiguation steps of the NFA A shown in Figure 7.

Then, the transition ((r,{r}),a,(q,T)) is added to Ay, unless there already exists a state
(p, S) € Qwm such that (p,S) and (r, {r}) are both reachable by the same word w (in this case
w =€), and the transition ((p,S),a, (g, T)) is already in Ap. This restriction avoids having
two distinct runs over the same word from Iy to (¢, T") [34].

For example, consider the transition (r,z,p) € A. The algorithm creates the state
(p,{p, P, q}), which is reachable by x. Here, the states p,p’, q are all reachable by = and
share a common future with p. Similarly, for the transition (r,y,p) € A, the state (p, {p, ¢})
is created. Although p,q, ¢’ are reachable by y, only p and ¢ share a common future with p.

The state (q,T') is then added to @Qum. In this first step, no transitions are discarded, and
all newly created states are queued in Q. The resulting partial automaton Ay is shown in
Figure 8a.
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Processing (p, {p,p’,q}) and (q,{p,q,q’})- These two states are dequeued next. All
outgoing transitions from p and ¢ are processed, producing new transitions in Ay, none of
which are discarded. As a result, the states (f1,{f1}), (f2,{f2}), (f3,{f3}) are queued. Since
f1, f2, and f3 do not share a common future with any other state, they remain as singleton
states. The resulting automaton is shown in Figure 8b.

Processing (p, {p,q}) and (q,{p, q}). For the state (p,{p,q}), p has two outgoing trans-
itions. The transition

((p7 {pa q})a ¢, (fla {fl}))

is added to Ap, but the transition

((pa {pa q})a b7 (f?v {fQ}))

is discarded, since (¢, {p,q,¢'}) and (p,{p,q}) are both reachable by y, and (g, {p,q,¢'})
already has a transition over b to (f2, {f2}). Analogously, when processing (q, {p, ¢}), only
one of its two transitions is added. The resulting automaton is shown in Figure 8c.

Final steps. The states (p/,{p,p'}) and (¢',{q,q'}) are dequeued, but their outgoing
transitions are discarded. The states (f1,{f1}) and (f2,{f2}) are already reachable by
xe from (p, {p,p’,q}) and by yd from (¢, {p, q,q¢'}), respectively. Finally, the states (f1,{f1}),
(f2,{f2}), and (f3,{f5}) are dequeued and added to Fyy. The resulting automaton Ay is
shown in Figure 8d. One can easily note that the word ab € £(A) is not accepted by Awm,
thus Ap is not equivalent to A.

In conclusion, Mohri’s algorithm is not correct for all finite automata. Specifically, the
step of discarding outgoing transitions from states (p, {p, ¢}) correctly discards an already
existing accepting run over yb, but also discards the accepting run over ab. Therefore,
disambiguation procedures that are not computed on the fly needs to track a significant
amount of information to ensure that no words in £(A) are discarded.
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