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—— Abstract

We give the first (relative) (1 + ¢)-approximation algorithm for the continuous optimal transport
(OT) problem between two axis-aligned histograms in the plane, each of which is represented as a
piecewise-constant function over a rectangular subdivision. Our algorithm runs in nearly quadratic
time in the complexity of the histograms in the worst case. In contrast to the discrete and semi-
discrete optimal transport problems, which always admit linear-size OT plans, we demonstrate that
there is a quadratic lower bound on the complexity of even a (1 + ¢)-approximate OT plan in the
continuous setting in the worst case. This suggests that the runtime of our approximation algorithm
nearly matches the worst-case lower-bound complexity of an explicit (1 + ¢)-approximate OT plan
between two histograms. We additionally provide near-linear time algorithms with either weaker
approximation guarantees or restrictions on the input histograms.
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1 Introduction

Optimal transport (OT) is a widely used method for comparing two probability distributions,
for deforming one distribution to another, and for transferring information between distribu-
tions; see e.g. [9, 11, 20, 21, 26, 45, 46, 59, 60, 64]. Unlike many other distance functions,
which make pointwise comparisons on the heights of the probability mass functions and
ignore the underlying geometry of the support sets, OT measures the total displacement
of deforming one probability distribution into another. OT can be viewed as lifting the
ground metric between points in a space to a metric between probability distributions over
the points. Because of its widespread applications, OT has been extensively studied in
many different fields; see the books [25, 32, 54, 58, 62] and survey papers [18, 38, 43, 52]
and the references therein. The existing algorithms for computing an OT plan between two
probability distributions, however, assume that at least one of them is a discrete distribution,
i.e., it has a finite-size support set of points.
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A natural finite-support representation of a continuous distribution is obtained by drawing
an i.i.d. sample from it. However, using a sample of size O(¢~%) yields only an additive
approximation guarantee, incurring an error of ¢ - Diam in the cost of the resulting optimal
transport (OT) plan [25]. Such additive errors are inherent to sampling-based approaches and
lead to a fundamental trade-off between accuracy and efficiency. While additive error may
be acceptable when the OT cost is large, it becomes problematic when the true cost is small,
in which case a relative approximation guarantee is more appropriate. If the distributions
are either unknown or extremely complicated, sampling may be the only hope to compare
distributions efficiently. However, if the distributions have geometric structure, there is hope
to design algorithms that work directly with the continuous distributions and/or rely on
adaptive sampling methods that lead to relative approximation error instead of additive error.
In this paper, we study such an approach for the case when distributions are represented as
2D histograms, a natural representation of a probability distribution.

Problem statement. Let [I* C R? be an axis-aligned rectangle, and let =1,Z, be two
(rectangular) subdivisions of (J* into n smaller axis-aligned rectangles. Let u1, pu2 be two
probability mass functions represented as histograms over =1, =, respectively. That is, for
i = 1,2 and for any rectangle R € E;, u;(x) = p;(y) for all pairs x,y € int(R). With some
slight abuse of notation, we will also denote 1;(U) := [;; ui(u)du as the measure of y; over
U for any Lebesgue measurable subset U C " and i = 1, 2.

We define a plan to be any measure! o over measurable subsets of (1* x [0* such that
o(0* x O%) < 1. A plan is called a transport plan if c(A x O0%) = p1(A) for all measurable
sets A C O* and o(0O0* x B) = ua(B) for all measurable sets B C 0*. In particular, if o is a
transport plan then o(CJ* x %) = 1. The cost of a plan o is w(0) := [q. .. lla — b||do(a, b).
The continuous optimal transport problem asks to compute o* = arg min, w(c), a minimum-
cost transport plan?.

We emphasize that while the input measures pq, o admit densities that can be Lebesgue
integrated, the transport plan does not necessarily admit such a density. See e.g. [49, 54]
for further treatment of the continuous optimal transport problem. The minimum such
cost over all transport plans is known in the literature by the I1-Wasserstein distance or the
earth mover’s distance between p; and po. For any a > 1, a transport plan o is called an
a-approzimate OT plan if w(o) < o - ming« w(c*) for any a > 1. These definitions can be
extended to discrete distributions in a straightforward manner; see [54].

Prior work. From an algorithmic standpoint, the OT problem has been extensively studied
in the discrete setting where one assumes the distributions are over finite supports. In this
regime, it is known that the OT problem can be formulated as a min-cost flow problem over
a complete bipartite graph, and thus can be solved exactly in near-quadratic time using the
recent min-cost flow algorithms [24]. An (1 + ¢)-approximate OT plan in fixed dimensions
can be computed in near-linear time [3, 31, 39] building upon a long line of work in geometric
OT [1, 6, 22, 35, 56]. Subquadratic algorithms for computing an (1 + ¢)-approximate OT
plan in high dimensions were proposed in [10, 17]. Fast algorithms with provable additive

Intuitively, a measure is a function o mapping measurable subsets of (1* x [J* to the nonnegative reals
such that c(XUY) = o(X) + o(Y) — o(XNY) for any measurable subsets X,Y C 0% x O0%. For a more
formal treatment of measure theory, we refer the reader to [63].

While a cost-minimizing transport plan may not exist in the general case, it is known that the optimal
transport plan between two histograms exists. For a more thorough proof of existence, see Theorem 4.1
of [62].
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approximation guarantees using the so-called entropic regularization method [8, 27] are most
widely used in machine learning applications. Many other efficient additive approximation
algorithms (e.g. [36, 44]) and noteworthy heuristics (e.g. [30, 55]) are also studied in the
machine learning community.

Partially alleviating the restriction that distributions have finite support yields the semi-
discrete OT problem, where one of the distributions is discrete and the other is continuous.
The key property of a semi-discrete OT plan is that a weight can be assigned to each point
in the discrete distribution so that the OT plan transports the mass from each discrete point
p; to its Voronoi cell in the weighted Voronoi diagram (the weights ensure that the measure
of the continuous distribution in the Voronoi cell of p; is the same as the mass of p;) [15, 19].
Using this observation, numerical algorithms have been developed to compute the weights
of points in the discrete distribution [15, 23, 40, 41, 49, 50, 51]. Recently, combinatorial
algorithms have been proposed for computing relative as well as additive approximations of
OT plans that also exploit the Voronoi diagram property and that combine a cost-scaling
method with the Hungarian algorithm [2, 3, 4].

Continuous OT represents the most challenging setting. Even how to represent an OT
plan compactly is not understood except in some special cases: 1-dimensional OT [58,
Chapter 2], continuous OT over tree metric spaces [48], and OT between two normal
distributions [33, 37]. Compact representations of semi-discrete transport plans using
weighted Voronoi diagrams [15] and Brenier maps [19] do not extend to the continuous
setting as it requires defining the notion of a Voronoi diagram for a continuous set of
points. As mentioned above, algorithms currently used in practice for continuous OT are
sampling-based numerical algorithms [16, 28, 47, 53]. However, any naive sampling strategy
simultaneously fails to represent the continuous transport plan and provides an additive
approximation in the best case due to aforementioned sampling lower bounds [25]. To
our knowledge, the first combinatorial algorithm for the continuous OT problem between
geometric supports was presented in [61]. It runs in 6(n3A) time3 when distributions are
represented as histograms, where A denotes the spread of the vertex set (i.e. the ratio of
farthest and closest pairwise distances of vertices), and computes a transport plan of cost at
most (1 +&)w(c*) + O (£), where w(c*) is the cost of the OT plan. Note that unlike the
naive sampling method, their additive approximation does not depend on the diameter of
the support region.

Our contributions. Our main result is the first (1 4 €)-approximation algorithm (without
any additive-approximation) for computing an OT plan between two histograms in R2.

» Theorem 1. Let O be an axzis-aligned rectangle in R? and let Z1,Z5 be two rectangu-
lar subdivisions of 0* with a total of n rectangles. Given two probability mass functions
p, o O — Rxq represented as histograms over Z; and o, respectively, and a para-
meter € > 0, a (1 + &)-approximate transport plan between py and pe can be computed in
O(n%e'log nlog A+ke =M 1og® M (nA)) time with probability at least 1/2, where k = O(n?)
s the number of rectangles in the overlay = of Z1 and Zo and A is the spread of vertices
of =.

» Remark. Although k = ©(n?) in the worst case, it is often much smaller in practice.
Furthermore, if the aspect ratio of all rectangles in the overlay = is at most r, then the
run time of our algorithm improves to O(kre~!logrlog A + keC(=1) logO(l) A) by a refined
analysis. Ideally, we would like the algorithm to have such a run time if the rectangles in =,
and Z, have bounded aspect ratio, but such a result has remained elusive so far.

3 5() is used to suppress any poly-logarithmic and poly(e¢ 1) terms in the rumtime for simplicity.
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We note that we require a reasonable way to represent a transport plan. The optimal
plan may be quite complex even for histograms (see below). Extending the representation of
OT plans in the discrete and semi-discrete settings, a natural representation of an OT plan in
the continuous setting is in the form of a coupling between the regions of the supports of the
two distributions. In our setting, we use the following representation. Let = be the overlay of
=1 and =5, the rectangular subdivisions of the two histograms, which we view as the common
support of both u; and ps. Let Z' be a further refinement of = into axis-aligned rectangles.
That is, Z' is obtained from Z by splitting each of its rectangles into subrectangles. We
will represent a transport plan o implicitly as a coupling o= between pairs of boxes in Z’,
which we call a boz-to-box transport plan. We then provide a parametric representation of
the transport plan between every pair of boxes R, R’ € Z' with o=/(R, R") > 0, given the
box-to-box transport plan o=:. We call such a plan ¢ as induced by o=/. See Section 2 for
a formal definition of the box-to-box transport plans and its induced transport plan. We
show that there exists a refined subdivision Z’ and an (1 4 ¢)-approximate OT plan o that is
induced by a box-to-box transport plan o=,. We believe this representation of a continuous
OT plan is of independent interest, and it is one of the technical contributions of the paper.

Note that for constructing a transport plan described as a coupling between pairs of boxes,
a worst case complexity of at least Q(k) is required since mass from every box may need to
be routed at arbitrarily low or zero cost. One may hope that an (1 + ¢)-approximate OT plan
with representation size O(k) exists. We prove (in Section 5) that in fact, the complexity of
an approximate transport plan may be Q(n?) in the worst case, even if k = O(n).

» Theorem 2. Given a positive integer n > 20 and a parameter ¢ < %, there exist an

3
azis-aligned box [1*, a subdivision Z of O0* with n axis-aligned boxes, and two probability
distributions pu1, pe: 0% — R represented as histograms over = such that any (1 + ¢)-
approzrimate box-to-box transport plan o* must be induced by a refined subdivision of = of

size Q((1 — 3e)n?).

Our construction suggests that quadratic time is as good as one can hope to attain in
the worst case for computing a (1 + ¢)-approximate OT plan for histograms if we wish to
express a transport plan as a region-to-region coupling. This construction, however, does not
preclude an efficient algorithm for estimating the 1-Wasserstein distance, i.e., the cost of an
OT plan, between two histograms. We are not aware of a subquadratic time algorithm for
this problem, and we leave this as an open problem.

Finally, we show that a weaker approximate OT plan can be computed implicitly in
roughly O(k) time, where O(-) ignores small factors in the runtime:

» Theorem 3. Let O* be an axis-aligned rectangle in R? and let 21,2y be two rectangu-
lar subdivisions of O0* with a total of n rectangles. Given two probability mass functions
H1, po: O — R>q represented as histograms over =1 and Z,, respectively, and a parameter
§ > 0, an O(log®(6=1))-approzimate transport plan between py and py can be computed
implicitly in O(k*+010g® W (A)) time with probability at least 1/2, where k is the number of
rectangles in the overlay = of Z1 and Zo and A is the spread of the vertices of =.

» Remark. We remark that if § is a sufficiently small constant, the bound on the size of
the implicit representation in Theorem 3 becomes (n?). In fact, the size of the proposed
implicit representation for the lower-bound construction in Theorem 2 is Q(n?) for & < %
We are unaware of any implicit representation of subquadratic size for sufficiently small
€. An interesting open problem is whether a “meaningful” implicit representation of an
(14 &)-approximate OT plan between two histograms can be computed in subquadratic time.
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Returning to Theorem 1, we prove a few key structural properties of the OT plan between
two histograms (Section 2), which allows us to transport the mass locally and which also
provide a lower bound on the cost of the OT plan. The structural properties immediately
lead to a simple algorithm for computing a (1 + ¢)-approximate OT plan. However, the
complexity of the resulting plan could be arbitrarily large. Next, we present a different
algorithm (in Section 3) that nontrivially partitions the space using a randomly shifted
quadtree, a technique widely used in geometric approximation algorithms [12, 13, 14, 42, 57)
and OT algorithms [5, 31, 39, 56], transports some mass locally, discretizes the remaining
mass, and uses an approximation algorithm for discrete OT problem to route the remaining
mass. There is one critical difficulty with constructing a quadtree over a set of continuous
objects, namely when to stop recursively subdividing the quadtree. If one subdivides a
quadtree cell until it is contained in a single rectangle of the overlay = (or intersects only
one edge or a vertex of Z), then the size of the quadtree could be polynomial in the spread
A of the vertex set V. We instead subdivide a cell if it contains at least one vertex of =
and it is “sufficiently large”. A leaf cell containing no vertex of = may intersect many edges
of the subdivision =. The construction of a transport plan at the leaf cells is therefore
nontrivial. But in this case, all edges of = passing through [J are parallel and we reduce the

problem of computing OT in such a leaf cell to a 1-dimensional OT problem (see Section 4).

Constructing the quadtree in this manner and handling the leaf cells are the main technical
contributions in this section.
To obtain the improved runtime of Theorem 3, we observe that the processing of leaf cells

is the bottleneck in the quadratic-time algorithm, as each leaf cell is processed independently.

We show (in Section 4) that all leaf cells at a fixed level of the quadtree can be processed
by performing two line sweeps — one horizontal and one vertical — and by maintaining a
set of 1D OT instances dynamically as red or blue mass is inserted onto or deleted from
each instance. The dynamic 1D OT problem is solved by adapting the OT algorithm of
Agarwal et al. [1], which computes an O(log?(6~!))-approximate OT plan in O(n'*?) time
with high probability. Additionally, the dynamic 1-dimensional OT plan can be maintained
in a persistent data structure so that leaf cells can be individually queried when required.

2  Structural Properties of Continuous OT Plan

In this section, we prove a few useful structural properties of a continuous OT plan and
prove the existence of a box-to-box transport plan described in the introduction. Since we
are aiming for an algorithm whose runtime is at least as large as the size of the overlay = of
=, and =, the rectangular subdivisions over which the histograms are defined, we assume =
to be the common rectangular subdivision of both p1 and pe. We begin with two key technical
lemmas. The first lemma states that there exists an optimal plan which routes a maximal
amount of mass from each point to itself and the second proves a lower bound on the cost of
an OT plan if it is positive. These lemmas imply the existence of a near-optimal transport
plan which transports rectangles to rectangles. Such a transport plan, which we will call a
boz-to-box transport plan, will be crucial in the design of efficient algorithms.

For any set U C [O0*, define diag(U x U) := {(u,u) : u € U}. Define a transport plan o
between two histograms w1 and us over a rectangular subdivision = to be diagonalized if
o(diag(U x U)) = min{p1(U), u2(U)} for every subset U C R of every rectangle R € =.

» Lemma 4. Let 0% be an axis-aligned rectangle in R?, let = be a subdivision of (1%, and let
H1, po: O = R>q be two histograms over Z. There exists an optimal transport plan o that
is diagonalized.

123:5
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Figure 1 We show an example of two histograms on the left, and the same histograms over the
overlay of the supports on the right.

Proof. Let o* be an arbitrary optimal transport plan between p; and ps. We will deform
o* into a diagonalized transport plan 7 without increasing its cost.

Let 7giag be the plan defined by Tqiag(diag(U x U)) = min{p, (U), u2(U)} for every subset
U of a rectangle R of the overlay =. More generally, for U,U" C O%, 74iag(U x U’) =
Taiag(diag((UNU’) x (UNU"))). We also define an additional plan 7o and set 7 := Tofr + Tdiag-
We argue that 7 is a transport plan between py and ug and w(r) < w(o™).

For any subset U of a rectangle R in the overlay Z, define UT and Ut to be the minimal
sets such that o*(U x UT) = p;(U) and o*(U¥ x U) = pa(U). Let Ay = (Ut x U) \
diag(U x U), By = (U* x U") \ diag(U x U) and Cy = (U x UT) \ diag(U x U). Define
O(U) = Tdiag(diag(U x U)) —o*(diag(U x U)) to be the additional amount that 7giag transports
along the diagonal of U over ¢*. Then we choose 7Ty in a way such that

1. Toff(AU) = O'*(AU) - 5(U),
2. ’Toff(CU) = J*(CU) - 5(U), and
3. ’Toff(BU) = U*(BU) + (5(U)

for every U C R of every R € Z. That is, we take 7% to be ¢* and instead of transporting
mass of Ut into U or mass of U into UT, we directly transport mass from U+ to UT. Since
o* is a feasible transport plan, the choice of 7o exists. That is, no rerouting of mass from
UlL to UlT will prevent one from also rerouting mass from U% to U; for any two subsets
U1, Us of rectangles Ry, Ry. It follows from the definition of 7qiag that if 11 (U) < pa(U) (resp.
w2 (U) < p1(0)) then 7o5(Cy) = 0 (resp. 7oif(Ay) = 0). Furthermore, it can be verified that
7 is indeed a transport plan between p; and pa. We conclude that

Lo ularo = [ - vldo* ()

O xO* O xO=*

< u — v||d(Tof — ™) (u, v) — / u—w|d(c™ — 7o) (U, w
S [ vt = o) = Y [ =l = o))

Re= Re=
= / lw — v]ld(0* — 7o) (w, v)
Rez/ BXRT
<0

by the triangle inequality. Note the integrals are well defined since 7o > o* over R x RT
and o* > 7o over (RY x R)U (R x RT). <

By Lemma 4, for any rectangle R € =, one can immediately transport o(diag(R x R)) =
min{u (R), p2(R)}. It thus suffices to compute an OT plan between the residual demands
fi(R) := p;(R) — min{p1(R), u2(R)}. With this initialization, we can additionally assume
that for each rectangle R in Z, either 1 (R) = 0 or pa(R) = 0. We now prove the second
property, which states that the cost of an optimal transport plan is lower bounded by
transporting mass from each rectangle R of = at a distance approximately equal to its
shortest sidelength 4(R).
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Cy

Figure 2 (Left) Illustraction of the proof of Lemma 4. (Right) Illustration of the proof of
Lemma 5.

» Lemma 5. Let 0% be an axis-aligned rectangle in R?, let E be a subdivision of 0% into
azis-aligned rectangles, and let p1, o 00" — R>q be two histograms over E such that for all
R e E, p1(R) > 0 implies p2(R) = 0 and vice-versa. Then there exists a constant C' > 0
such that w(c*) > C - (3 pez UR) - (11 (R) + p2(R))), where o* is an OT plan from py to
uo and L(R) is the sidelength of the shortest edge of a rectangle R.

Proof. Let o be an optimal transport plan between p; and us. Choose an arbitrary rectangle
R = [a,a + {1(R)] X [b,b + ¢2(R)] in E with bottom left corner (a,b) and sidelengths
l1(R),£3(R) in the a- and y-coordinate directions, respectively. Assume without loss of

generality that uj(R) > 0. Define the interior rectangle Ry = |a + @, a—+ %17(1%)] X

[b + @g—m, b+ %QT(R)} and let U(R) be the minimal measurable set such that o( Ry XU (R)) =

11 (Rinr). Since every rectangle R’ in = where pi(R’) > 0 satisfies pa(R’) = 0, we have
that U(R) N R = @, and therefore inf (4 p)er,. xv(r) la — 0] > § min{¢1(R), (2(R)} = @.

Moreover, p1(Rir) = %,ul(R). The rectangle R was chosen arbitrarily. Therefore,

wlo) = 3 [ = bldofa.)

Reg Y Bur XU (R)
> REE:EE(?J?) . [NléR) + NzéR)] _ 2% REE:EE(R) (11 (R) + pa(R)). <

box-to-box and induced transport plan. We now prove the existence of a box-to-box
transport plan mentioned above. Let Z' be a refinement of Z into axis-aligned smaller
rectangles, i.e., each rectangle of = is further split into smaller rectangles. Then let o=/ : 2’ x
E" — R>¢ be a function where ) p = 0=/ (R, R') = u1(R) and )/ oz 0=/ (R, R) = p2(R)
for all R € Z/. We call o= a boz-to-box transport plan between u; and us over Z/. See

Figure 3 for an example.

We define a plan induced by o= as follows. Let Ry = [27,27] x [y;,y{] and Ry =
[z5,75] % [y5 ,y5 | be two rectangles in =’ such that o=/ (Ry, Ra) > 0. Let x;: [0,1]> = R;
for ¢ = 1,2 be the natural parametrizations from the unit square to the rectangles Ry, Ro, i.e.,
Xi( A1, A2) = (z7 + Mz —27),y7 +Xa(y;m —y;)) for i = 1,2. With slight abuse of notation,
we will extend x; to subsets of [0,1]2 by x;(P) = {xi(A1,A2) : (A1,A2) € P}. For any
measurable U; C Ry and Uy C Ry, we define o(Uy x Us) = o=/(Ry1, Ra) - |[x 1 (U1) N x 1 (Uz)],
where | - | denotes the Lebesgue measure. We call o the transport plan induced by oz .

In the remainder of the paper, we use Lemmas 4 and 5 to show how to efficiently compute
a refined subdivision Z' of bounded size and a box-to-box transport plan o= such that the
transport plan induced by o= is a (1 + €)-approximate transport plan.

123:7
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R
\
]

Figure 3 (Left) This figure shows a boz-to-boz transport plan between two histograms. The solid
lines denote the subdivision Z, and the dashed lines denote its refinement. The box-to-box transport
plan, depicted as the set of arrows, couples red-blue pairs of rectangles. (Right) An example of an
e-leaf cell and a v-leaf cell.

3 General Algorithm

In this section, we present our main algorithm for computing an (1 + €)-approximate box-to-
box transport plan between two histograms over the same rectangular subdivision = in the
plane. That is, it computes a refinement Z' of = and a coupling between pairs of rectangles
of Z'. We will assume, by Lemma 4, that pq(R) > 0 implies us(R) = 0 ad vice-versa for
every R in Z. At a very high level, the algorithm proceeds as follows. We construct a
randomly shifted quadtree on the vertices of =. We first greedily route some mass at small
distances within each leaf cell. We then discretize the remaining mass, construct a spanner
over the quadtree, and run the algorithm by Agarwal et al. [3] (see also [31]) to compute an
(1 + e)-approximate transport plan between the discrete distributions. The discrete flow is
dispersed arbitrarily to construct a continuous transport plan. The crux of the algorithm lies
in the preprocessing step, that, given the subdivision Z, constructs a quadtree Q over the
vertices of = and processes all leaf cells of Q. The rest of the section details the key steps in
the algorithm.

Randomly shifted quadtree. We construct a randomly shifted quadtree Q on V', the set of
vertices in the subdivision Z as in [12]. Each node v of Q is associated with a square [J,
called its cell. We will not distinguish between a node and its cell. Without loss of generality,
we assume 0* C [-A, A]%. Choose a vector ¥ from [~A, A]? uniformly at random. We set
O7 =[-2A,2A)% + ¥ to be the root of Q and construct Q recursively.

Let O = [z1, 22] X [y1, y2] be a cell of Q. Let g = 2N denote the portion of E restricted
to O, which is also a rectangular subdivision, and let ¢(OJ) (resp. £(0J)) denote the center
(resp. sidelength) of OJ. The cell O is a leaf cell if either

1. VNO=o (Ois called an e-leaf cell; see Figure 3), or
2. V.nO = {p} for some p € O, every rectangle in =g is incident to p and ¢(0) <
; -mingez, £(R) (O is called a v-leaf cell; see Figure 3).

Otherwise, O is an internal (or non-leaf) cell. We subdivide O into its four children cells.
For a point u € 0%, we use [J,, to denote the leaf cell containing u. Let L (resp. Z) be the set
of leaf (resp. internal) cells of Q. For each cell O in Q, place a set X of 4[1ogs(c7% 108 A) ]
uniform grid points in 0. Let VD(Xg) be the Voronoi diagram of X within O, and let
Vor(x) be the Voronoi cell of x € Xp in VD(X0). Set Xz = Uqer Xo-

We define a tree distance dg: [0* x [0* — R, based on Q, between pairs of points in
0*. Let u,v be two points in [J*. Let [J be the lowest common ancestor of u,v € [1* in Q.
If O € £, then define dg(u,v) = ||u — v||. Otherwise, let x,, € Xg (resp. z, € Xg) denote
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Figure 4 For each e-leaf, we first compute a 1D OT plan which equivalently defines a box-to-box
plan between the distributions restricted to the e-leaf cell. We then transport mass which incurs
small cost in the 1D plan. Finally, we cover the leaf cell with small squares and collapse the remaining
mass to the center of its corresponding square. With the resulting discrete distributions, we compute
a discrete OT plan and disperse the plan throughout rectangles.

the grid point such that u € Vor(x,) (resp. v € Vor(z,)), and dg(u,v) is defined to be the
lengths of the shortest paths in the quadtree connecting u to x, and v to x, plus the distance
to connect x, and x,, i.e.,

€
log A

dafus) = e = ]|+ VE (SR 40) — €0.) = €0L)) + = @] + o = (@)
The second term is the length of the paths from ¢(0J,) to x, and z, to ¢(d,) following
parent-child edges in the quadtree. We conclude this discussion with the following lemma
whose proof follows from earlier results [56].

» Lemma 6. The quadiree Q has O(klog A) many cells and ||u — v| < Eg [dg(u,v)] <
(I+¢€)-||lu—wv| for all u,v € O*.

Local routing of leaf cells. The most interesting part of the algorithm happens at the
leaf cells, when the distance between points in the cell is not approximated by a discrete
path between cell centers. Unlike quadtrees over discrete point sets, where the size of a
leaf cell is small enough compared to the distance from a point to its nearest neighbor, the
sidelength of a leaf cell (0 may be much larger than minge= £(R), the smallest sidelength of
any rectangle in [J. Therefore we need the ability to assign mass at an arbitrarily small cost
within each leaf cell in the event that the OT cost is very small. We do this by computing
an OT plan within Z5 and committing the mass that is transported a very small distance in
the resulting plan. This step also computes a refinement Z(; of Zn by splitting rectangles of
=g into smaller subrectangles. We now describe the process at each leaf in detail.

Let O and =g be as defined above. For each rectangle R in Zg and for i = 1,2, let u; o
be the restriction of the probability mass y; within 0. Note that }°pc=_ p#1,0(R) need not
be equal to ZR€ED p2,0(R). We compute an unbalanced box-to-box OT plan* o=y where
Ef is a refinement of Zg. Then | J E forms a refinement of Z, which will be used to define
the desired box-to-box plan between p; and ps.

The construction of o= and which of o=, is committed depends on whether [J is an
e-leaf or a v-leaf.

1. Ois an e-leaf. In this case, all edges of Z5 are parallel and their endpoints lie on
00. Suppose OO = [z1, z2] X [y1,y2]. Without loss of generality, assume that the edges
are parallel to the y-axis. Let Zf be the set of z-projections of boxes in Zq, which

4 Tn unbalanced OT, where one measure has more mass than the other (assume without loss of generality
11 has more mass), a transport plan is a plan o where o(U x 0%) < 1 (U) and o(O" x U) = u2(U) for
all measurable U C (0",
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123:10 Fast Algorithms for Continuous Optimal Transport Between Histograms

is the same as the intersections of each box in Zn with any horizontal line crossing
O (since all rectangles of Zp span the y-interval of [0). For each interval R* of =,
which is the a-projection of a rectangle R € =g, we assign uj(R*) = p1(R) (resp.
2 (R*) = p2(R)). Since ZR*GEE w1 (R*) is not necessarily equal to ZR*GEE pa(R*), we
have a 1D unbalanced continuous OT problem at hand. We compute a a-approximate 1D
OT plan 6 between w1 and ps, for some v > 1, as described in Section 4. By construction,
the 1D OT plan 6 will transport mass from intervals to intervals. This 1D plan 6 can
be immediately lifted to 2D to obtain a box-to-box (unbalanced) a-approximate OT plan
between p; o and o ;. Among the mass transported by the unbalanced OT instance, we
commit the transportation of mass that is transported within distance ﬁ -£(0) to the
box-to-box OT plan o=L - For each pair of intervals I, I such that 65(1, Ig) > 0, let

I{ C I and I, C I5 be maximal subintervals such that If : = I; I and |z —y| < gA ~£(O)

for all ¢ € I],y € 1. Then for the rectangles R} = I] X [y1,y2] and R, = I, X [y1, 2], we
define o=/ (R}, Ry) = I?I 6g(I1, I2). This choice of committed mass for the box-to-box
transport plan therefore defines a refinement Zf; of Zp.

2. O s a v-leaf. In this case Z; = Zn and we transport within [J as much mass as we can.
We do so in a greedy manner. Let = = {R € Eg : u;(R) > 0} for i = 1,2. Repeat
the following until either =%, or 2% is empty. Choose Ry € =} and R, € =2 arbitrarily.
Assign o=L (R1, R2) = min{u1 (Ry), p2(R2)} and subtract min{p; (Ry), u2(R2)} from both
w1 (R1) and po(Rs). If py (R1) = 0 (resp. p2(R2) = 0), then remove R; (resp. Rs) from

Eh (resp. Z3)).

For each leaf cell O of the quadtree Q and each rectangle R of Z;, we define the
remaining available mass at R as fi1(R) := pi(R) — > pic =/ O (R, R') and [iz(R) :=
p2(R) — D pie =1, 05 (R R). We observe that an OT plan that routes the remaining
masses [i1, fio can be combined with the current computed transport plan o, defined as the

combination of local transport plans within each leaf cell, to construct a (1 + ¢)-approximate
OT plan.

» Lemma 7. Let o be the partial transport plan committed in the local routing at the leaf
cells. Additionally let & be a (1 + €)-approzimate OT plan from [y to fie with respect to dg.
Then the plan 7 = ¢ + o is a transport plan from uy to ps and

/ do(u, v)dr(u,v) < max {(1+¢)a, (1 +¢)*} OPT,
O=x0O=

where OPT 1is the cost of the optimal transport plan from py to pe with respect to dg and o
is the approximation factor of the 1-dimensional OT solver used to compute o.

The proof of Lemma 7 shares many of the same technical ideas as the proof of Lemma 4,
so we omit the details from this version of the paper. What remains is to compute the
transport plan ¢ approximately.

Coupling the remaining mass. We recall that for each leaf cell O, the set X consists
of 408a(7?108” 2)] yiform grid points in 0. Let Xy = (Ugc, Xo. We discretize the
distributions over the support set X, to some demand function A, solve an instance of the
discrete OT problem, and then convert back to continuous OT. The main challenge is how to
discretize the mass without incurring too much error. We make the following discretization
A: Xz — R of the residual histograms in each type of leaf cell.
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1. In the e-leaf cells [J, we further refine Z(;. Each rectangle R in = is replaced with its set of
intersections { RNVor(x) : € Xp} in E(. Since X is a set of grid points, each Vor(z)NO
is a square and therefore RN Vor(z) is indeed a rectangle (if nonempty). Additionally note
fi;(Vor(z)N0) is equal to the sum of i;(R) over all rectangles R of = contained in Vor(z)
for i = 1,2. Then we define the discrete demand A(x) = i1 (Vor(z) NO) — g (Vor(z) N 0O)
for each grid point = € X.

2. In the v-leaf cells O, where |V NO| = 1, we note by construction that £(0J) < e - OPT.
Therefore, we simply define A(c(0)) = 11 (0) — f12(0), where again ¢(0) is the center of
the cell .

Given the demand function A, we can define the discrete distributions 5, u5: Xz — Rx>g
as S (z) = max{\(x),0} and pS(x) = max{—X\(x),0} for all z € X.

After constructing the distributions u$, u3, we compute an (1 + €)-approximate discrete
OT plan with respect to distance dg using now standard techniques [3, 31]. For every
x1,x2 € X such that ogisc(z1,22) > 0, we compute a box-to-box plan between rectangles
Ry C Vor(zy) and Ry C Vor(zz) in a greedy manner similar to the local coupling of v-leaf
cells on item 2. This concludes the construction of Z' = | J5 Z(; and the box-to-box transport
plan o=/. Following the choice of parametrization from the box-to-box transport plan, we

simultaneously obtain the transport plan ¢ induced by the box-to-box transport plan o=:.

Then we prove that the computed & is an (1 4 ¢)-approximate OT plan between f1; and iz,
satisfying the condition of Lemma 7.

» Lemma 8. The transport plan & is an (1 + €)-approzimate OT plan between iy and [iz
with respect to dg, i.e., .. . do(u,v)do(u,v) < (1+)OPT, where OPT s the cost of the
optimal transport plan between iy and piy with respect to dg.

Combining Lemmas 6, 7 and 8, we conclude that w(o) < (14+¢)aOPT. Let T, (n, k, A) be

the total time spent in computing c-approximate OT plans at all leaves of Q (see Section 4).

Here n is the number of distinct z- and y-coordinate values of points in V', k is the number
of rectangles in =, and A is the spread of the points in V. By Lemma 6, Q has O(klogA)
many cells. Moreover, the discrete point set constructed by the algorithm at each leaf cell
has O(¢6 log? A) points. Therefore, the expected time spent in computing the discrete
transport plan is ke ) logo(l) A. Hence, we obtain the following.

» Lemma 9. The cost of the transport plan o computed by the algorithm is at most
(1 + €)aOPT with probability at least 1/2, and the expected runtime of the algorithm is
O(To(n, k, A) + ke=CM 1og®M A),

4  Processing Leaf Cells

In this section, we describe two algorithms for computing an a-approximate OT plan on the
e-leaf cells of Q. The first algorithm computes a (1 4 ¢)-approximate OT plan by processing
each leaf independently. The second algorithm is based on the observeation that a rectangle
R of Z may appear in many e-leaf cells and thus 2 and 2 for two e-leaf cells 0 and [
may overlap significantly. Therefore, it bundles the processing of these cells using a dynamic
data structure and computes an implicit representation of their transport plans using a
persistent data structure [29].

A (1 + e)-approximation algorithm. Let Z be a partition of an interval Iy into subintervals
(corresponding to Zf for an e-leaf [J), and let ji1, fio: Iy — R0 be the two piecewise-constant
mass functions such that the mass over each subinterval I of 7 is constant and either fi;(I) = 0
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Figure 5 Illustration of the proof of Lemma 10.

or fiz(I) = 0. We place 1 points uniformly within each subinterval I and assign ¢/ (1) and
efiz(I) mass to each of them (note that one of them will be 0). Let X C Iy be the resulting
set of points, and let fiy, fig: X — R be their mass functions. We can compute an optimal
transport plan & of i1, iz in O(]X|log|X]|) time using the algorithm by Aggrawal et al. [7].
We can easily convert ¢ into a transport plan & of fii, flo. We omit the straightforward
details from here. Lemma 5 implies that & is a (1 + €)-approximate OT plan of fi1, fiz.

Repeating this procedure for all e-leaf cells of Q, we compute (1+4¢)-approximate OT plans
for all of them. The total time spent is Y, O(e 20| log |En]) = O(e ! logn)-> e, 20|
Therefore, it suffices to bound ) ., |E0].

» Lemma 10. > . [En| = O(n*log A).

Proof. We note there are at most k < n? many v-leaf cells since it is assumed that each v-leaf
cell contains a vertex of the overlay E. Moreover, |2g| < 4 for every v-leaf cell. Therefore it
suffices to compute the total complexity over all e-leaf cells. We bound the total complexity
of these e-leaf cells that lie at a fixed level and whose edges are parallel to the y-axis. An
analogous argument bounds the complexity of the remaining e-leaf cells.

Fix a level ¢ and consider the set L, of all e-leaves at level £ whose edges are parallel to
the y-axis. They lie on a uniform grid G, of size L = 2,%1. Consider the subset L C L,
of these e-leaves that lie in a fixed row, which is a horizontal strip H of width L. An edge
of =0 for some e-leaf cell lying in H is a portion of a vertical edge of = that completely
crosses H. Since the vertical edges of = lie on O(n) vertical segments, O(n) vertical edges of
= completely cross H. Therefore, the total complexity of e-leaf cells in Ly is O(n).

Next, we prove that there are O(n) rows in the grid G, that contain an e-leaf cell with
y-parallel edges. This will imply that > n., [Enl = O(n?). Let O € Ly be an e-leaf cell
lying in the horizontal strip H of G,. We claim that the parent cell of ], denoted by [V,
contains a vertex v of the subdivision = because otherwise [’ is also an e-leaf cell. Note that
v lies on some horizontal edge g of =, and g lies in the horizontal strip H' spanned by [I'.
H’ is a row in the uniform grid G,_; corresponding to the level £ — 1 and it contains two
rows of Gy. Since the horizontal edges of the subdivision Z have O(n) distinct y-coordinate
values, there are O(n) rows of Gy_; that contain a horizontal edge of the subdivision =.
Consequently, there are O(n) rows of G, that contain e-leaf cells with y-parallel edges. Hence,
Stec, [Eol = 0?).

Summing this bound over all O(log A) levels of the tree and over all e-leaf cells with
x-parallel edges, and adding the complexity of the v-leaf cells, we obtain that ) ., |Eg| =
O(n?log A). <
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Figure 6 In this example, the highlighted e-leaf cells all share an optimal box-to-box transport
plan. It is sufficient to only compute changes in the 1D OT plan over a sequence of leaf cells.

» Lemma 11. [f the subdivision E consists of boxes where the ratio of longest to shortest
edge is v > 1, then Y . |Eg| = O(krlog A).

Putting everything together, we obtain the following:

» Lemma 12. The (1 + ¢)-approzimate OT plans at all leaves can be computed in a total
of O(nc=tlognlog A) time. If the rectangles in = are all r-fat, i.e. the ratio of longest
to shortest sidelength of every rectangle in = is at most r, the running time improves to
O(kre=tlogrlog A).

Using Lemma 12 as a bound on T14.(n, k,A) in Lemma 9, we obtain Theorem 1, the
first main result of the paper.

A more efficient algorithm. We now describe a more efficient algorithm for processing all

the e-leaf cells by representing their transport plan implicitly and handling them in batches.

In particular, for any constant § > 0, we compute an O(log?(6~'))-approximate OT plan in
time O(k'+0 log@W A) with high probability using a Monte Carlo algorithm.

We fix a level ¢ of Q, and let £; be the set of all e-leaf cells at level ¢ that contain vertical
(y-parallel) edges. The e-leaf cells of level ¢ containing horizontal edges or of different levels
are processed in a similar manner. Each cell of £; is a grid cell of a uniform grid G; of size
¢ x ¢ where £ = 2 - mingye g /(). Let ¥ be the set of vertical strips (columns) of G; that
contain £;, let L be the (vertical) boundary lines of ¥, and let Z be the set of z-projections
(z-intervals) of strips in X; each interval in Z has length ¢. We compute the transport plans
of L; by sweeping a horizontal line in the +y-direction, and we represent them using a
persistent data structure, as described below.

Let R be the set of rectangles of = that appear in at least one cell of £;. If a rectangle
R € R intersects a line of L, we split R at the lines of L, only keep the leftmost and rightmost
rectangles, and discard the middle portions (the ones that are bounded by L on both sides)
as they do not appear in any cell of £; (because these portions completely contain a cell at
level 7 and this cell cannot intersect any edge of Z). Abusing the notation a little, let R
denote the resulting set of rectangles. Each rectangle now lies within a single strip of ¥, and
|R| < 2k. For each rectangle R = I, x I, € R, let pr € R be the midpoint of the z-interval
I,. We assign the mass [i1(pr) (resp. f2(pr)) to be 1 (R) - £+ |IL;| (resp. fia(R) - £-|1;]), i-e.,
the mass over a subrectangle of R of width |I,| and length ¢; again one of the masses is 0.

We sweep a horizontal line H from y = —oo to y = 400, and maintain the set of points
P = {pr: RN H # @} contained in the rectangles of R that intersect H. When H passes
through the bottom edge of a rectangle R, pg is inserted into P, and when H reaches the top
edge of R, pg is deleted from P. For each interval I € 7, we maintain a transport plan o; of
{f1(p) : p€ PN I} and {fi2(p) : p € PN I} dynamically as points are inserted or deleted
from P; = PN I, as described below. Each plan ¢; will be maintained using a tree, and we
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will use persistence to record all versions of the transport plans. In particular, let y1,...,yn
be the y-coordinates of horizontal edges of rectangles in R. The persistent data structure
enables us to record transport plans for every interval (y;, yi+1). Let O = [z5, 2] % [y5, y]
be a leaf in £;, and let In = [vg, z{j]. Suppose yd; € [y, yi+1]. Then the transport plan o,
corresponding to the interval (y;,y;+1) is the desired transport plan for .

We maintain a transport plan o; for P; using the tree-based greedy algorithm as de-
scribed in [1, 6, 22, 34]. For simplicity, first assume A = n®™1) | and we present a O(logn)-
approximation algorithm. In this case, we construct a 1D quadtree (also called dyadic tree)
Tt on the interval I — recursively partition I into two halves until an interval contains at most
one point. Since A = n®®) | the height of T is O(logn). The greedy algorithm proceeds in
a top-down manner. If a node v € T} has points with both positive p1; and fis, it transports
locally as much as possible and pushes the excess mass to its parent. We omit the details
from here. Since Q is a randomly shifted quadtree, I is also a randomly shifted interval, so a
standard analysis shows that the algorithm computes a O(logn)-approximate OT plan for
P;. When a point is inserted or deleted, o; is updated only along a path of T;. Hence, we
can use the path-copying method to make 77 persistent, which requires O(logn) space, the
height of T, at each update. Hence, the total space needed to represent all transport plans
is O(klogn), and the total time spent is also O(klogn). Repeating this procedure for e-leaf
cells of level i with horizontal edges and of all other levels, the total time and space required
is O(klognlogA).

Recall that the general algorithm not only requires the full transport plan for each leaf,
but also the mass that is locally transported, i.e. the mass that is transported within distance
ﬁ (suffices to choose e = 1) and the leftover mass. This can also be computed by keeping
track of the mass that is transported locally within 77 (i.e. mass that is transported at nodes
below certain height). We omit the details from this version.

As shown in [1] (see also [3]), the approximation factor can be improved by increasing
the fanout of each node of T; to roughly k°. This improves the approximation factor to
O(log §) but the update time now becomes O(k® logn). Hence, we can compute a O(log 6~ !)-
approximate OT plan in O(k'*91og?n) time. Finally, we can handle arbitrary spread using
the idea of moats as in [1], which rules out certain random shifts and performs a random
shift at each level of the tree. Omitting all the details, which can be found in [1], we conclude
the following.

» Lemma 13. For any parameter § > 0, an O(log?(6=1))-approzimate OT plan at all leaf
cells of Q can be computed in O(k'*° logo(l) A) time with high probability.

Combining Lemmas 9 and 13, we obtain Theorem 3.

5 Lower-Bound Construction of a Transport Plan

We have proven algorithmically in Section 3 that there exists a (1 + ¢)-approximate OT plan
which maps boxes to boxes, where the complexity of representing this plan is roughly 6(n2)
In this section, we provide a construction of two histograms where any (1 + ¢)-approximate
box-to-box transport plan of this form incurs quadratic complexity, even if the complexity of
the subdivision is linear.

We consider the following example, shown in Figure 7. Intuitively, we construct a sequence
of long and skinny strips at a distance of roughly 1 apart. A lower bound on the cost of a
transport plan would be to couple each rectangle in the histogram with its nearest rectangle.
However, due to the equal spacing of rectangles, every red rectangle has two choices of closest
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Figure 7 This figure gives a rough sketch of the histograms g1 and po in the lower bound
construction. We emphasize that the complexity of the overlay is k = O(n).

blue rectangle. The only assignment that allows one to couple each box with its nearest box
of the opposite color is to divide the boxes into vertical strips and alternate the direction of
the assignment.

Formally, we describe the two histograms p; and pe by their point-wise probability
density functions. With some slight abuse of notation, we also use p; and ps to denote the
corresponding probability density functions. Let n > 1 be a fixed integer. For each 0 < i < n,
define

f—fl, iodd,we[O,(n—i+1)~n4]><[i—#—%,i—l—#—%],
pr(z) = ¢ 2 qeven, x € [0,(n—i+1) - ni] x [—i— 5k + 5, —i+ ks + 1],
0, otherwise,
and similarly
20 jeven,z €[0,(n—i+1)-nx [i— g — 30+ 55 — 3],
po(r) =4 2%, dodd, z€[0,(n—i+1)-nY x [—i— g+ 5, —i+ 55+ 3],
0, otherwise.

This completes the construction of py and po. See Figure 7 for an illustration of this example.
Then Lemma 14 on this choice of pq and po implies Theorem 2.

» Lemma 14. For any refined subdivision Z' of E and € < %, if o=/ is a (1 + €)-approzimate

box-to-box transport plan between py and pg, then |2'| = Q((1 — 3e)n?).

6 Conclusion

In this paper, we presented the first relative approximation algorithm for computing an

optimal transport plan between two continuous probability distributions, each represented as

a histogram over a two-dimensional rectangular subdivision. We also presented a lower-bound

construction that suggests our algorithm being close to optimal. We conclude by mentioning

a few open problems:

m Can an (1 + ¢)-approximate value of the cost of an OT plan between a pair of two-
dimensional histograms be computed in near-linear time?

= Can our algorithm be extended to more general continuous probability distributions?
For example, what if each probability distribution is represented as a piecewise linear
function over a triangulation in R?, or as a histogram in R%?
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A Missing Proofs from the Main Text

» Lemma 8. The transport plan & is an (1 + ¢)-approzimate OT plan between i1 and [z
with respect to dg, i.e., fl:l*x[]* do(u,v)do(u,v) < (14 ¢&)OPT, where OPT is the cost of the
optimal transport plan between i1 and piy with respect to dg.

Proof. We note that the algorithm in [31] computes a (1 + €)-approximate OT plan between
u1§ and p5. It therefore suffices to show that the choice of discretization incurs an € - OPT
additive error. We perform an analysis on each type of leaf cell.

1. In the e-leaf cells O, where |V N | = 0, we note that by construction, mass is locally
transported in the box-to-box plan o= if and only if it is transported at a distance
at most % -£(0). Moreover, fi; is the leftover mass from pu; not transported by o= -
Therefore, if 11 (Uy) > 0 for Uy C O, any Uy C O0* where 5(U; x Us) > 0 can be assumed

2
to have cost dg(u,v) = 7x - ¢(0) for all (u,v) € Uy x Us. We conclude that snapping

the leftover mass in [J to a sufficiently small grid of points in the leaf cell to construct

admits an € - OPT additive error.
2. In the v-leaf cells O, where |V NO| = 1, we note that ¢(0) < - OPT is explicitly
maintained by construction (via application of Lemma 4). |

» Lemma 11. [f the subdivision = consists of boxes where the ratio of longest to shortest
edge is v > 1, then ) g, |=n| = O(krlog A).

ESA 2026


https://doi.org/10.1145/3393694
https://doi.org/10.1145/2766963
https://arxiv.org/abs/2104.08136

123:20 Fast Algorithms for Continuous Optimal Transport Between Histograms

Figure 8 Here we showcase the lower bound example described in Section 5, as well as the
box-to-box transport plan oz described in the proof of Lemma 14, shown in black. The distribution
w1 is shown in red, and the distribution w2 is shown in blue. Each long horizontal rectangle is
given in the input decomposition =, and the refined subdivision will divide each rectangle along the
vertical dotted lines. When traversing from vertical strip ¢ to i 4+ 1, the direction of the box-to-box
transport plan flips. Unlike the image here, the length of each long horizontal box is polynomially
long and polynomially skinny.

Proof. It suffices to prove the complexity of e-leaf cells in the quadtree since by construction
|=0| < 4 for any v-leaf cell OJ.

For any e-leaf cell O with sidelength ¢ > 0 and any rectangle R intersecting O, we know
that £(R) > ¢ since the rectangle R is long with respect to [0 by definition of an e-leaf cell.
Therefore by the fatness assumption, we note that ¢(R) > é. By a simple packing argument
in 1-dimension, it follows that at most » + 1 many rectangles can intersect the e-leaf cell [J.
We conclude that |Eg| = O(max{r,1}) for every O € L.

Putting everything together, we conclude that there are at most O(klog A) many leaves
by Lemma 6 and each leaf cell has complexity at most O(r). Therefore, > ., |En| =
O(krlogA). <
» Lemma 14. For any refined subdivision E' of = and € < %, if oz is a (1 + €)-approzimate
boz-to-box transport plan between py and pa, then |2'| = Q((1 — 3e)n?).

Proof. We assume for technicality that ¢ > nl—fl; if instead € < nl_+21’ then any (1 + ¢)-
approximate transport plan is also a (1+n1—fl)-approximate transport plan and (1—3- nl—fl)n2 =
Q((1 — 3e)n?). We note there exists a box-to-box transport plan which has a cost of 1. The
subdivision Z' consists of the following sets. Define

1 . 1 1
N [

R 4 . 4 .
Ri,j—[(z—1)~n,z-n]x j—ﬁ 5 5.6 T3

Then the partition =’ divides the boxes of = with positive mass into the boxes R; ; constructed
above, ie., {R;j: —n < j <n,0<i<|j|} CE and the remainder of O0* can be subdivided
arbitrarily to construct Z’'. That is, every long and skinny horizontal box with positive
mass is divided into subregions of length n* in the z-coordinate direction. The box-to-box
transport plan is shown in Figure 8. Note that |Z'| = O(n?). Moreover, the minimum
distance between any p, ¢ € O0* such that p1(p) > 0 and pa(g) > 0is 1 — # by construction.
We will define the vertical strip as V; = {Ry j» € E' : i’ =i}, i.e. V; is the set of rectangles
R; ; for some j.

Let o be an arbitrary (1+ ¢)-approximate optimal transport plan. Then since the optimal
transport plan has a cost of at most 1, we note that w(o) < 1+e&. Given a parameter L > 1,
let Uy, C O* x O* denote the set of pairs of points (u,v) maximizing o(Ur) > 0 such that
[lu — || > L for all (u,v) € Ur. Then observe that



P. K. Agarwal, S. Raghvendra, and K. Yao 123:21

I+e>w(o)

- / llu— vlldo(u, v) + / lu — vlldo(u, v)
Ur O*xO*\U

> Lo(Ur) + (1 - nlﬁ) o (0" x O\ Uy)

~ o)+ (1 5 ) (1= o(U1)

(o) -,

From this, we obselrve o(Ur) < (5 + n%) . (L -1+ %)71 < L2_51 for e > % and any L > 1.

Suppose L = n3. We note the length of each box in Z’ (or equivalently the length of each
step in the staircase) is n*. Moreover, the mass of any R; ; satisfies max{u; (R; ), p2(Ri )} =
2y, i) = m by construction (there are exactly 2 long rectangles of each length
ranging from 1 to n times n* in the construction of =, and each one is divided into intervals

of length n* in Z’). Therefore,

2e 2e 1 1

< — < — .. .
O'(UL) ST 1 1= TLTL(TL+ 1) n maX{MI(Rz,])7M2(Rz,])}

for any R; ; and any sufficiently large n, assuming ¢ < % We conclude that for every box in
=’, at most a % fraction of its mass can be transported at a distance at least n3.

Note that each vertical strip V; has a length of n. Hence only a very small % fraction of
the mass of each box R; ; from V; in =’ can be transported to a box in any other vertical

3. Combining these two results, we then conclude that a

/

strip Vi at a cost less than n
(1 — %)-fraetion of the mass from each rectangle R; ; in Z must be transported to a box
R; ;j» in the same vertical strip V;.

We note that 2’ has quadratic complexity. Therefore, if o were to have subquadratic
complexity, then some of the segments of Z’ that subdivide = do not actually increase the
complexity of the transport plan ¢. That is, if mass from R; ;, is transported to R; ;,, then
we must also have that mass from R;1, ;, is transported to R;1,j,. We bound the complexity
of the transport plan by proving a lower bound on the number of such events in o.

Consider the transition from vertical strip V;41 to vertical strip V;. In this sweep, we
notice that two boxes were added: one at the top of the vertical strip and one at the bottom.
At least a (1 — 2) fraction of the mass of every box of V; (resp. Vi41) must be routed to
another box of V; (resp. V;;+1). Let o; (resp. 0;41) denote the transport plan restricted to
pairs u,v such that u € R; ; and v € R; j» for two values j, j'. Let V; = URi,jevi R; ; be the
set of points covered by rectangles in V; for convenience. Define m; to be the measure of
changes in the transport plans o; and o;4;. That is,

7TZ(A X B)

= max
A1,Az

Ji(Al X B) — 0'1'+1((A1 + 51) X B)‘ +

0i(Ay x B) — 0i41((Ag + &1) % B)‘}

for all measurable A, B C V; where the maximum is taken over all pairs of disjoint measurable
sets A1, As that partition A and €} is the unit vector in the first coordinate direction and
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A+ 7={a+7:a€c A} denotes the Minkowski sum. It is possible to show that m; is indeed
a measure. We can view 7; as the analogue of an “augmenting path”, though this analogy is
not quite precise. Our goal is to lower bound >, >, . mi(Rij, X R j,)-

For any choice of ¢, we observe that the rectangles Ry = R; ;41 and Ry = R; i1
(i.e. the top- and bottom-most rectangles in V; that have positive mass) both necessarily
satisfy

2 1
zj:m(RT X Rij) +mi(Rij < Ry) > <1 - n) n(n+1)

and

2 1
;m(m X Rij) +mi(Rij x Ry) > <1 - n) “n(n+1)

since either pq(Ry) = po(Ry) = 0 or pa(R+) = pi(Ry) = 0 by construction of pq and po.
This observation alone is sufficient to deduce

> mi(Rig, X Rij,) - inf_ {[lz —yll}

o :EGRi,jl ,yGRi,JQ

><1—2>-@.<1—;>(2n—2¢+1)
(-2) e ()

since the masses of Ry and R must be transported somewhere by o;.
We additionally observe that for any j1, jo, the quantity

0i(Rijy X Rij,) + oiv1(Riv1j, X Riv1j,) — mi(Rij, X Rij,)

denotes the measure of mass that that both o; sends from R; ;, to R;;, and 0,41 sends
from Riy1j, to Riy1j,. Note that infyer, ; yer, ,, {llz —yll} > (1 —;5). The cost of this
portion of the transport plan is therefore necessarily at least

1
> (0i(Rij, X Rijy) + 0ira(Risa g, X Ripa,) — mi(Rig, X Rijy)) - (1 - >

— —
J1,J2
> (1-2) - (s (@n =2+ D+ =2+ D)+ 1)) - (1-
B n n(n+1) n e n i g
1
B Z ﬂ-i(Ri"jl X Ria.jQ) : 1-— E
J1,72
2\ 4n — 41 1
( n) n(n + 1) J; WZ(RZ’Jl x R%b) (1 n6)

Combining these two inequalities gives

w(o;) + w(oit1)

:ZVR

J1,J2

e — ylldos(z, ) + /

Rit1,4) X Rit1,j9

[l — ylldffi+1(x7y)]

i,51 X R ja
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> ) . inf {||90 —yl} - (oi(Rijy X Rij,) + 0iv1(Riv1 gy X Riy1j,))

1 YER;
J1,J2
> Z inf T — .
= xeRm,yeRi,h{ll ylit
J1,72

(Ui(Ri,jl X Rij,) + oip1(Rit1j, X Rigaj,) — mi(Rijy, X Rij,) +mi(Rij, ¥ RiJz))

2 2n —2i+ 1 dn — 4i 1
= =5 - (R j R; 1— —
- ( n) ( n(n-i- 1) + n(n+ 1)) jzj: 7T( g1 X 7.72) ( nG)

2\ 6n—6:+1 1
B (1 - n) m _jzj: ﬂ-i(Ri’jl X Ri;jz) : (1 - TL6>

1,J2

Now after summation over the vertical strips ¢ < n, we conclude

—

S

Z Zw Uz +’LU O’,LJrl)
=1
n—1
6n —6i + 1 ,
- ( ) n(n+1) Z mi(Ri g % Rij) | - (1 - n6>
- J1,32
6n2 — 3n(n + 1) .
= (1_TL> (n+1 ZZTQ 1]1XR,72> (1_n6>
=1 j1,j2
3n? —8n+4 n 1
N Zzﬂ-l l]lleh) .(1_nG>
i=1 j1,j2
11 n .
i=1 j1,j2

Since o is assumed to be a (1 + ¢)-approximate transport plan and there exists a box-to-
box transport plan with cost 1, we again note 2w(o) < 2(1 + ) = 2 4 2¢. Therefore after
some algebra, we obtain the inequality

" 11 1\ 12

=1 J1,J2

assuming n > 2+ 2¢ and € > == . Therefore by definition of m;, the difference in the amount
of mass R; ; transports mass to each R; j» and the amount of mass ;1 ; transports mass to
each R;11 ;- totaled across all rectangles R; ; is equal to 1 — 3. There are O(n?) many such
rectangles R; ;. We conclude that the complexity of o must necessarily be Q((1 —3e)n?). =
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