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—— Abstract

We consider submodular maximization under increasing cardinality constraint and ask for a good
incremental solution, i.e., an ordering of the ground set such that each prefix of the ordering yields
a good solution for its respective cardinality. A classical result in this setting is that the greedy
algorithm achieves a competitive ratio, i.e., an approximation guarantee across all cardinalities,
of e/(e — 1) ~ 1.582. No better general guarantee was previously known. We present an adaptive
scaling algorithm achieving a competitive ratio of 1.373. We complement our result by a lower
bound of 1.25 on the best possible deterministic competitive ratio for incremental submodular

maximization.
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Incremental Submodular Maximization: Better Than Greedy

1 Introduction
We consider cardinality constrained maximization problems of the form
Sy = argmax{f(S) | S CU,|S| <k}, (1)

with a monotone', submodular? and non-negative objective f: 24 — R>¢ over a finite ground
set U of size n := |U |, and a given cardinality k € [n] == {1,...,n}. It is a classical result
that the greedy algorithm, that extends the solution S by the element e € U maximizing
f(SU{e}) in each step, produces a solution that is within a factor of -5 ~ 1.582 of the
optimum [17], and that this is best-possible for polynomial time algorithms [14, 20], even
if f is a coverage function [13] (assuming P # NP).

A major advantage of the greedy algorithm, besides being natural, simple and efficient,
lies in the fact that it produces an incremental solution, i.e., that its solutions to different
cardinalities share the same prefix in terms of the order in which elements are included.
This means that greedy solutions can be gradually implemented as the cardinality bound
increases, which is relevant, e.g., in large infrastructure projects that are implemented over
time, but must already be useful long before their completion.

This raises the natural question whether better incremental solutions than greedy are
possible if we do not require efficient computation of the solution. Sacrificing efficiency for
quality of the solution is particularly well-motivated for long-term projects where computation
time is short compared to the implementation timeframe of the solution. Also, outside the
worst case, incremental solutions better than the greedy guarantee may sometimes be possible
to compute in polynomial time.

We adopt the framework of incremental maximization introduced by Bernstein et al. [2]
to address this question. Formally, an incremental solution is given by a sequence of
nested solutions ) = Sy C --- C S, = U, where each S; with |S;| = i is a solution
to (1) for cardinality k = i. We can also identify an incremental solution with an ordering
{e1,...,en} =U of the elements in the ground set U, where e; = S; \ S;_1. We say that the
incremental solution is p-competitive if

£(Sp)
<
ketonny F(Sk) ~

and define the competitive ratio® of an algorithm as the infimum over all p > 1 such that the
algorithm guarantees a p-competitive solution.

In these terms, the greedy algorithm is well known to have competitive ratio ;£7. We
ask for the best possible competitive ratio for incremental submodular maximization, i.e., for
the price of incrementality that quantifies the loss in solution quality that we have to accept

if we require a consistent solution for all cardinalities simultaneously.

Our Results. Our main result is the first algorithm (cf. Algorithm 1) to beat the greedy
competitive ratio of e/(e — 1) a2 1.582 for the incremental submodular maximization problem.

LopoU R>( is monotone if A C B CU = f(A) < f(B).

2 f: 2" — Ry is submodular if A, B € U = f(A) + f(B) > f(AUB) + f(AN B).

3 We use the notion of competitive ratio in contrast to approzimation ratio to indicate that we do not
require polynomial time. Incremental maximization can also be phrased as an online problem, where
the only information revealed online in step ¢ is whether or not k > 4 (much like in ski rental).
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» Theorem 1.1. CLEVER-GREEDY has a competitive ratio of p = 1.373 for incremental
submodular maximization.

In particular, our analysis is tight, up to the numerical precision of our analysis.

Note that our algorithm is not efficient but rather provides a proof that a good incremental
solution always ezist, i.e., a good consistent solution for all cardinalities. In fact, no better
approximation algorithm than greedy for submodular maximization under even a fixed
cardinality constraint is possible with a sub-exponential number of value-oracle accesses
to f [14, 20]. In accordance to this, our algorithm requires access to optimum solutions for
each cardinality. While this makes our algorithm inefficient in general, it may be efficiently
implemented in special cases and it may be operated with heuristical solutions. We therefore
believe the algorithm to be interesting beyond just providing a theoretical certificate for the
existence of good incremental solutions.

Previous algorithms in the framework of incremental maximization were based on static
scaling strategies that assemble optimum solutions of exponentially growing sizes in phases.
Our algorithm is the first one that fully adapts its scaling behavior to the instance and the
first scaling algorithm to (deterministically) beat a factor of ¢+ 1 ~ 2.618 for any (nontrivial)
incremental maximization variant [2, 11, 21].

We complement our result with an unconditional lower bound on the existence of good
incremental solutions by providing an instance that does not admit incremental solutions
that approximates the optimum to a factor better than 1.25 across all cardinalities.

» Theorem 1.2. Every deterministic algorithm for incremental submodular maximization
has a competitive ratio of at least % =1.25.

We leave closing the gap [1.25,1.373] between our bounds as an open question.

Techniques. Our algorithm is motivated by an interpretation of the classical analysis of
the greedy algorithm by Nemhauser et al. [17]. The key property of monotone submodular
functions exploited in this analysis is the fact that, for every set S that does not already
contain the optimum solution S}, there always exists an element e € S} \ S with marginal
return

(S0 = £(9)).

El e

(f(SEUS) = £(9) =

T =

f(SU{e}) = f(5) =

In other words, there is always an element that covers at least a 1/k fraction of the missing
value relative to the optimum. This is most intuitive if f is a coverage function, but holds
for every monotone submodular function. By definition, if S is the partial solution so far,
the greedy algorithm includes an element not worse than the element e above. It follows
that the part of the optimum in the solution S; after step 4 that is not yet accounted for is
bounded by

780~ (59 < (1= 2) - (st~ fsn << (1 1) (s <

D | =

wACHE
which yields the greedy competitive ratio of

max L0k o @

~ 1.58.
sy Se—1
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We can interpret the analysis (not the actual greedy algorithm) as an algorithm that
extends the current solution S by a single element towards the solution S U S. The key idea
of our approach is to adapt this behavior by extending the solution by multiple elements
towards a fixed S} U S, which is possible, since for every integer ¢ < |S} \ S|, there exist
incremental sets E1, B, ..., Ejgn\s) € S\ S, where |E,[ = ¢ and

F(SUE) — 1(S) > ¢ - (F(SEUS) — (5).
This yields an algorithm that operates in phases, adding k; elements towards a fixed solution
in phase j. Note that the algorithm is no longer greedy since E may not include elements of
the largest individual marginal increase. In terms of its classical analysis, the greedy algorithm
targets and builds towards a different solution in each step. Targeting instead a fixed solution
for multiple steps promises to yield an improved guarantee for every cardinality of the
form k =3, k;, since

sisiy =50 < TT (1~ S s < (1-7) s,

i.e., strictly better than greedy if k; > 1 for some j.

While long phases (large k;) achieve improved guarantees upon completion of a phase, in
the worst case, we only get a linear increase in objective value during a single phase, which
may be worse than greedy during most of the phase. Previous approaches avoided this issue
by completely separating the contributions in each phase and either using the contribution
of the previously completed phase or of the current phase to estimate against the optimum
solution for the current cardinality. The result were scaling algorithms that use phases of
lengths (at least) §° with a carefully balanced factor § [2, 11, 21]. However, such strategies
fail to achieve competitive ratios better than even ¢ 4+ 1 &~ 2.618 and only seem adequate for
classes of objective functions beyond the submodular regime.

In contrast, based on the described perspective on the classical greedy analysis, we are
able to integrate the accounting of the different phases, which means that we are able to
use the total value achieved across all phases in our estimation. Our algorithm adapts the
phase lengths dynamically so as to maximize the linear increase, i.e., the density, during
a phase. The key insight in our analysis is that this results in the algorithm being able to
afford long phases whenever OpT(k) = f(Sf) is nearly linear in k. In case OpT(k) is far
from linear, i.e., the slope of the concave envelope decreases quickly, we are able to exploit
that the greedy solution is already better than e/(e — 1)-competitive.

Related work. Bernstein et al. [2] initiated the study of incremental maximization with a
monotone objective and presented a simple scaling algorithm that achieves a competitive
ratio of 1 4+ ¢ &~ 2.618 for accountable objectives, a property that generalizes submodularity.
The best known lower bound in this regime is 2.246 by Disser et al. [9].

While, subadditivity* is a more direct generalization of submodularity and a more natural
“diminishing returns” property, it was more elusive in terms of incremental guarantees.
Recently, Disser and Weckbecker [11] were able to give the first competitive algorithm for this
setting, which achieves a competitive ratio of at most 2 4+ /2 ~ 3.414. The algorithm again
uses scaling by at least a constant factor, but further increases the lengths of phases if this is
beneficial for the resulting density of the phase. Note that accountability and subadditivity
are incomparable in the sense that either class captures functions not contained in the other.

42 — Ry is subadditive if A, B CU = f(A) + f(B) > f(AUB).
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Algorithm 1 CLEVER-GREEDY (U, f).

1S+ 0,5+ 0,ky+0

2 while S # U do

3 j—J+1

4 take k‘j € arg Hlan>kj71(OPT(k) — OPT(k‘j_l))/k’
5 | while S; \S#0do

6 take e € argmax,es: \s f(SU{e'})

7 S+ Su{e} ’

The analysis of the inherently incremental greedy algorithm for cardinality constrained
maximization has a long history including classical results in combinatorial optimization.
Rado [18] observed that greedy is optimal for modular objectives, and Nemhauser et al. [17]
—y-approximation with nk
value-oracle accesses to f (meaning that the value f(S) is needed for nk different sets S C U).
Nemhauser and Wolsey [16] and Vondrak [20] showed that any better approximation algorithm
requires an exponential number of value-oracle accesses. For the special case of coverage

functions, Feige [13] used the PCP-theorem to establish conditional hardness of approximation

provided the well-known classical result that greedy achieves an

to within a better factor than greedy.

The analysis of the greedy algorithm was generalized to functions of bounded submod-
ularity ratio by Das and Kempe [8]. Bian et al. [3] proved this analysis tight and further
generalized it to functions of bounded curvature. Elenberg et al. [12] further extended
the results of Das and Kempe and Harshaw et al. [15] show no better approximation with
polynomially many value-orcale accesses is possible for functions of bounded submodularity
ratio. Moreover, augmentability was introduced by Bernstein et al. [2] as an alternative
relaxation of submodularity. Bernstein et al. generalized the greedy analysis to this regime
and Disser and Weckbecker [10] further parameterized the result and showed it to be tight.

Other variants of submodular maximization that have been considered include non-
monotone settings [5, 6, 14], settings with knapsack [19] and matroid [7] constraints, and
streaming models [1].

2 The Algorithm

Our algorithm CLEVER-GREEDY (cf. Algorithm 1) constructs its solution S incrementally,
starting from the empty set. It assumes knowledge of optimum solutions {S}}}_, and
operates in phases. Let kg = 0. At the start of each phase j, we identify the solution S,:j7
such that k; > k;_; maximizes the value

OPT(ij) — OPT(k’j,l)
k; ’

Within the phase j, CLEVER-GREEDY adds the elements of S,:j to the solution, greedily
taking the elements that increase the objective the most. The algorithm terminates once all
elements have been added.

134:5
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Algorithm 2 CLEVER-GREEDY (U, f), with variables to track phases and iterations.

180 0,50, k0

2 while SU) #£ U/ do

s | jej+1, 80« sU-D

4 take k; € argmaxysg, ,(1/k) - (OPT(k) — OPT(k;_1))
5 140

6 | while S; ¢ S do ‘

7 take e € AIGMAX ) g | 5O FSY U e

8 Sfi)l%Sfj)U{e},iéi—i-l

o | pj—i, SO 5

10 0+
11 return (SF),...,S,(,P,...,Sgé),...,S]gi))

3 Analysis

In this section, we prove the upper bound of Theorem 1.1 — CLEVER-GREEDY achieves
a competitive ratio of p < 1.3729.

3.1 Notation

We start by introducing variables to keep track of the phases and iterations of the algorithm
explicitly (cf. Algorithm 2 along with the following definitions). We let £ denote the number
of phases (iterations of the outer loop), and p; the number of steps during phase j € [{]
(iterations of the inner loop). Observe that 1 < p; < k; and 25:1 pj=n=I|U].

We further use Si(j ) to denote the state of set S after iteration i of phase j, and let
SU) = SZ(,_{) be the state of set S at the end of phase j. We also denote S(gj) = S0,
S,Ej) = S,gi) for p; <4 < kj, and

9]' = OPT(kj).
Finally, for every phase j € [¢], we define its density as
6]' B

-(OpT(k;) — OPT(kj-1)) (05 —0;-1)

1 1
K &

It is easy to see that our algorithm ensures that densities are monotonically decreasing.
» Observation 3.1. For each phase j € [ — 1], it holds that §; > ;1.

Proof. The algorithm definition implies k;_; < k;. Hence,

1 1
gj = max - (OPT(k) —0;—1) 2 max - -(OPT(k) - 6;) (by ;-1 < 6;)
1
> max — - (OPT(kJ) — Hj) = 0j41- <

k>k;
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X 03
& ()PTU‘) T
93 = OPT(kg) T < ’ —"‘—‘di-;—_
92:OPT(k2) T ’,"".————‘
0, =Opr(ky) |
K=k Ky=Fk +k KS:Z?:lki

Figure 1 The phases of the algorithm: The dashed red curve describes the lower bound on the
value of the algorithm given by Lemma 3.4. In phase j, the cardinality k; is chosen such that the
red curve is tangential to the translated optimum curve starting in K; = »>~7_, k; (solid blue plots)
which corresponds to maximizing the density J;, i.e., the slope of the lower bound.

3.2 Basic Properties

We now prove a few properties that relate the gains of CLEVER-GREEDY and OPT.
First, observe that at the end of phase j, CLEVER-GREEDY has accumulated all elements

of the optimum solution of size k;. This happens after it collects Z s 1Pi < Zl 1 ki elements.

» Lemma 3.2. For each phase j € [{], we have f(SW)) > 0;.

Proof. At the end of the j** phase we have added each element in S,:j to the solution S.

Thus, SU) D Sk and so f(SU)) > f(Sk ) = 6; by the monotonicity of f. <

Fix any phase j of the algorithm and recall that the number of iterations in the phase is
pj < kj. Lemma 3.2 lower-bounds CLEVER-GREEDY’s gain by §;_; and 6; at the beginning
and end of phase j, respectively. Linear interpolation of these two bounds evaluated after the
it" step of phase j yields a value of 6;_1 + (i/p;) - (6; — 0;_1) > + (i/k;)-(0; —0;—1) =
O;—1+1i-9;.

In the next lemma, we show that the submodularity of function f combined with greediness
of CLEVER-GREEDY guarantee at least this “interpolated gain” (cf. Figure 1). In the proof,
we will use the following claim that follows directly by submodularity of f. For a proof of
the claim, see the full version of the paper [4].

> Claim 3.3. For every two subsets A C B C U there exists an element e € B\ A, such that

fAU{e}) = F(A) = (f(B) = f(A)/(IB] = |A)).
» Lemma 3.4. For each phase j € [¢] and i € [k;], we have f(Sl-(j)) >0,_1+1i-0;.

Proof. For ¢ > p;, we have S(j) = SU). By Lemma 3.2 and by the definition of density 05, it
holds that f(S(J )= f(SU) >0, =0;,_1 +Fk;j-6; >6;,_1 +i-0;. Hence, in the remaining
part of the proof, we focus on case ¢ € [p,].

Fix t € [p;]. By Claim 3.3 applied to sets St(i)l and SU)| there exists an element
e, € 501\ 89, such that

F(5D) = £(59)
pj—t+1

< F(SP U lery) — F(SP)) < F(S) = £(ST)). (2)

134:7
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. Opr1(k)

0j-1/0; | 7
k/k;

Figure 2 When analyzing the relation between c; and the normalized density ¢; in phase j in
Lemma 3.7, we scale all values down by 6; and all cardinalities by k;. The solid blue plot depicts
the rescaled optimum curve while the dashed red plot shows the rescaled lower bound. Note that
the dotted slopes ¢;—1 and g; are exactly the slopes of the rescaled lower bound before and after c;.

Let dy = f(SD)) — £(SY)) and g = f(SY)) — £(S)). By (2), it holds that d; = dy_; — g;
and g > di—1/(p; —t+1). Thus, d; < dy—1-(1—1/(p; —t+ 1)), and we have

: 1 L — D —i i
d; < do - - —— NV =dy- [ =g, I <d~(1>. 3
< dy H( pj_m) oAl = s 1) @

t=1

By the definition of d; and (3),

759 = 189 = <do- (1= ) = (5659 - £1597) - (1= ).

which can be rearranged to

f(Sz(])) Z i . f(S(J)) + (1 _ 7') . f(S(]—l))
k; k;
> . 6; + (1 — Z) 01 (by Lemma 3.2 and i < k;)
k; k;
=0j_1+1i-0d;. <

Finally, we argue that the choice of the density made by CLEVER-GREEDY can also be
used to upper-bound the gain of OPT between phases.

» Lemma 3.5. For each phase t € [{] and k € [n], we have OPT(k) < 6, + (k — k¢) - 0.

Proof. We first argue that (OPT(k) — 0;—1)/k < (6; — 0:—1)/k:+. This is immediately true
if k> k;_1 by the choice of k; made by the algorithm. On the other hand, when k < k;_1,
the left hand side is at most 0 and the right hand side at least 0.

Next, the relation (OpT(k) — 0;—1)/k < (6 — 6:—1)/k; can be rearranged to

k ki — k
OPT(k) < 04—y + e (0 — 0,_1) = 0, + ( tk ) (O4—1 — 0,)
t t

=0 + (ky — k) - (=6,). <
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3.3 Inductive Analysis

In the analysis of phase j, we exploit the choice of cardinality k; by CLEVER-GREEDY
together with the value 6; of the optimal solution at this cardinality. To measure the progress
of the algorithm in phase j it can be convenient to scale all cardinalities by k; and all gains
by 6;. Accordingly, we define normalized density as

kj 9]‘ — Hj_1
q. = — . 6 e —— .
T Y 0; 0;

We also define
K, = ZZ:lki and Cj:Kj/kj.

See Figure 2 for an illustration of these definitions.
By Lemma 3.2, our algorithm reaches (or exceeds) the value 6; after collecting Y7, p; <

ZZ=1 k; = K; elements, while this value is reached by OPT after collecting k; elements.

Hence, ¢; = K /k; measures the multiplicative “cardinality overhead” our algorithm incurs
in comparison to OPT. We now show that this overhead can be controlled, i.e., that we can
link its values between consecutive phases, and the change of the overhead can be attributed
to the normalized density.

More formally, we define the function h: (0,1] — R as

156 4 1543 - ¢ — 550 - g2 — 149 - ¢

ha) : 1000 - ¢

We use some technical properties of function h, listed in the following claim. For a proof we
refer to the full version of this paper [4].

We do not use the actual definition of function h in the remaining part of the analysis,
but only the fact that it satisfies the properties of Claim 3.6 for a given value of p. Any
other function (potentially giving a different p) satisfying these constraints can be applied in
our analysis, yielding p as a bound on the competitive ratio of CLEVER-GREEDY.

> Claim 3.6. Let p = 1.3729. Function h satisfies the following properties:
1. Function h(q) is decreasing in ¢ for ¢ > 0 and h(1) = 1.
2. For all x > 0 and q € (0, 1], we have

h(q) <h< xq )
142 — 14 2q

3. For all g € (0,1] we have 1+ (h(g) — 1) - ¢ < p.
4. For all z > 0 and ¢ € (0, 1], we have

1+

hlg) - zq -1
ey 2

This allows us to relate the cardinality overhead to the normalized density of a phase
via h.

» Lemma 3.7. In each phase j € [{], we have ¢; < h(q;).

Proof. We prove the lemma by induction on j. For the inductive basis (j = 1), we observe
that ¢; =1 =h(1) < h(q1).

134:9
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Now, we assume the inductive hypothesis hold for phase j — 1 and we show it for phase
j>1. Let ¢ = (kj —kj_1)/k;j—1. Note that « > 0 as k; > k;_; by the choice of the algorithm.
By Lemma 3.5 applied with & = k; and ¢t = j — 1, we obtain

9j,1
k‘j_l

0; <01+ (kj —kj—1) 61 =101+ (kj — kj—1) - i1 =(1+2-gj-1) 01

Using the bound above, we can bound the normalized density as

9j—1 9j—1 T qj—1

=1 <1- = . 4
4 0]' - (1+£L"qj',1)'0j,1 ].+(E'q]',1 ( )
We conclude that
Ik ki_ ci_
e =0 " _ 1 R j—1 =1 j—1
Cj 7]@ + Cj—1 k‘j + 71 +x
h(g;_
<1+ M (by the inductive hypothesis)
1+
T-qj-1 .
<h () (by Property 2 of Claim 3.6)
1+x-q1
< h(gj), (by (4) and Property 1 of Claim 3.6)
which proves the inductive claim, and thus concludes the proof. |

3.4 Bounds on the Optimum

Recall that once the algorithm reaches the end of phase j, it has collected Zzzl p; <
g:l k; = K; elements. Hence, our goal now is to upper-bound the gain of OPT once it has
collected the same number of elements, as a benchmark for the gain of CLEVER-GREEDY at
that point.
For every phase j € [¢ — 1], we define

5.
ki =kj- ﬁ
Note that k7 is not necessarily an integer and may not correspond directly to a cardinality.
» Lemma 3.8. For each phase j € [¢ — 1], it holds that kj <k and (k} —k;)-6; =k} -dj11.
Proof. By Observation 3.1, §; > d;-1, and thus k} > k;. The second property follows as
(k] —kj)-6; —kj - 6j41 = k] - (6; — 0j41) — k; - 6; =0. <

The intuition behind £} is that it is the cardinality where the two bounds on OPT(k)
given by Lemma 3.5 applied with ¢ = j and t = j + 1 intersect. To see this, recall that
Lemma 3.5 applied with ¢ = j yields

OPT(k‘) S 0]' + (k — kj) . 6j.
On the other hand, Lemma 3.5 applied with ¢t = 5 + 1 yields
OPT(k) <041+ (k= kji1) - 041

=0 +kjr1-0501+ (k—kjp1) 0541
— 0+ kb4

We conclude that the above bounds coincide at k;‘ and use Lemma 3.8 to relate these
bounds to p.
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» Lemma 3.9. Fiz p as in Claim 3.6. For j € [¢], we have
0+ (kj —kj)- 05 =0; + K} - 0401 < p- (0 + (kj — Kj) - 6j11)-

Proof. The first inequality is due to the definition of £} and is restated in Lemma 3.8. Thus,
it suffices to bound 0; + (kj — k;) - 0;. Let z = (k] — k;)/k; be the normalized distance
between £} and k;. Then,

kr—k; kx
R and 2L =1+4u.
Moreover,
. ki —kj
9.j+(kj —k‘j)-(Sj =0; |1+ o - q Zelj-(l-i-l‘qj‘). (5)
J

On the other hand, by Lemma 3.8, we have 6,1 = 6;- (k] —k;)/k} = q;-(0;/k;)- (k] —k;)/k},
and thus

k; ket

. ki K; Kk
9j+(k5j—Kj)'(5j+1:9j' 1+ . * gy
J

1+
;- 2q;
zoj-(1+xqj— iﬂ;). (6)
Combining (5) with (6), we obtain
O+ (kj —Kj) -0 ¢rag
0; + (kj —kj) - 65 (14 zq;)(1+2)
h(g;) - zq;
>1— ———— by L 3.7
= T U taeg)ta) (by Lemma 3.7)
>1/p. (by Property 4 of Claim 3.6) <

Now, we extend the good approximation result to all cardinalities within a phase. For
this, we use linearity of the upper bound on the optimum value given in Lemma 3.5.

» Lemma 3.10. Fizt € {0,...,¢£— 1} and any real y such that Ky <y < Kyy1. Then, for
every phase j € {0,...,¢ — 1}, it holds that 0y + (y — K) - 6441 < 6, + (y — Kj) - 0j41.

Proof. For any r € {0,...,¢ — 1}, we define A, =0, + (y — K;.) - 0,+1. We will show that
A, < Aj for any j. First, we observe that for each r > 1 it holds that

A'r - Arfl = (er + (y - Kr) : 6T+1) - (9r71 + (y - Krfl) . 5r)
= (97“ + (y - Kr) : 6r+1) - (07“—1 + kr : 57“ + (y - Kr) : 67“)
= (y - Kr) : (67‘-1-1 - 6r)

By Observation 3.1, it holds that §, > d,41. Hence, 49 > A; > --- > Ay and A; < Apyq <
-+ < Ay, which concludes the proof. <

» Lemma 3.11. Fiz p as in Claim 3.6. For all k € [n] and j € {0,...,¢ — 1}, it holds that

Opr(k) < p- (0; + (k = K;) - §41).
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Proof. Throughout the proof, we fix j € {0,...,¢}. We prove the lemma by induction on k.
First, observe that for ¥ = 0 Lemma 3.10, applied with ¢ = 0 and y = 0, yields
0; +(0—K;)-0j41 > 6o+ (0 — Kp) - 61 = 8y = OpT(0), and thus the induction basis holds.
Assuming the lemma statement holds for all k < k; for some ¢ € {0,...,¢ — 1}, we show
that it holds for all ¥’ € {ky + 1,k + 2, ..., ks 11}. We have

Or + Ki 1 -6 =0+ K1 - (qe/kt) - 04 (by definition of g;)
=1+(ct—1)-q) 0 (by definition of ¢;)
< (L (hlgr) = 1) - ) - 6 (by Lemma 3.7)
<p-b;. (by Property 3 of Claim 3.6)
=p- (0 + (K¢ — Ky) - 6141)
<p-(0; + (K —Kj)-0j11). (by Lemma 3.10 with y = K3) (7)

We now distinguish cases depending on whether or not k' < K.

Case 1. Assume k' < K;. By induction, the statement holds for k = k;, resulting in
O <p-(0; + (ke — Kj) - 6j41)- (8)
We fix o € [0,1] such that ¥’ = (1 —«a) -kt + - Ky = k¢ + o - Ky—1. Then,

OpPT(K') <O, + (K — ki) - 6 (by Lemma 3.5)
=(1—-a) 0+a- (6 + Ki—1-6)
<@ =a)-p-(0; + (ke — Kj) - 641)
toa-p- (0 + (K — Kj) - 0j41) (by (8) and (7))
=p-0;+ (K — K;) 6j11).
Case 2. Assume K; < k' < kipq1. (This case holds vacuously if Ky > k;11). Note that
Ky <k <ky1 < Ky

Case 2.1. Consider the sub-case k' < k;. In this case, we first observe that

O+ (ki = ke) - 00 < p- (0 + (ki — K4) - 6e41)
<po 05+ (K = Kj) - dj40), (9)

where the first inequality is due to Lemma 3.9 and the second one follows from Lemma 3.10
applied with y = k. Next, we fix « € [0, 1] such that ¥’ = (1 — «) - K¢ + o - k. Then,

oprT(k') < 0 + (K — ky) - 6 (by Lemma 3.5)
(=) O+ Kor-60)+ - 6o+ (K — k) - 60)
S@—a)-p- (0 + (K — Kj) - 0j41)

+a-p-(0; + (ki — Kj) - 0j41) (by (7) and (9))
=p (05 + (K — Kj) - d;41).

Case 2.2. Consider the sub-case k; < k’. Then,
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OPT(]C,) < 9t+1 -+ (k’l — kt+1) . 5t+1 (by Lemma 35)
=0; + kit1 - Oev1 + (k/ — kt+1) - Ot
=6, + k- Ot41

=0+ ki - Opy1 + (k/ _k:)'6t+1
S p- (975 + (k; — Kt) . 6t+1) + (k, — k’:) . 6t+1 (by Lemma 39)
<p -0+ (K —Ki)-811) (as k' > k; and p > 1)
<p-(0;4+ (K — K;) 541) (by Lemma 3.10 with y = k).
In all cases, we showed that OpT(k') < p- (0; + (k' — Kj) - §;41), which concludes the

induction step.
Finally, for ¥’ € [n] with ¥ > k,; we use that the statement holds for k£ = k; to infer

OpPT(K') < 0y + (K' — ki) - 60 (by Lemma 3.5)
<p-(05+ (ke — Kj) - 6j41) + (K" — ke) - 6
<p O+ (ke —K;) 6501+ (K —ke)-6)  (as k' > ke and p> 1)
<p-(0;+ (K = Kj) - 0j41), (as k' > k¢ and 0y < 0j41)

which concludes the proof. <
By combining Lemma 3.4 and Lemma 3.11, we obtain our main result.

» Theorem 1.1. CLEVER-GREEDY has a competitive ratio of p = 1.373 for incremental
submodular maximization.

Proof. We fix p as in Claim 3.6, i.e., p = 1.3729. We fix an integer k € [n] and we will show
that f(Sk) > OpT(k)/p.

If k < ky, then f(S) = f(S)) > k-6, = 61 + (k — k1) - 61 > OPT(k), where the first
and the second inequality follow by Lemma 3.4 and Lemma 3.5, respectively.

If k > k1, we choose largest ¢ € [¢] satisfying K; < k. Then,

Opt(k) < p- (0 + (b — K¢) - 6¢41)
<p-f(57)
=p- f(Sw)
<p- f(Sk).

by Lemma 3.11 with j = t)
by Lemma 3.4 with j =t+ 1 and i = k — K})
with k' = 3207} py + 1)

(
(
(
(as k' < Ky +i=k) <

4 Lower Bounds

In this section, we provide the full description of our lower bounds. In Section 4.1, we provide
a lower bound on the competitive ratio of any algorithm, proving the following theorem
(restated).

» Theorem 1.2. Every deterministic algorithm for incremental submodular maximization
has a competitive ratio of at least g =1.25.

In Section 4.2, we give an improved lower bound against our algorithm, showing that the
analysis of CLEVER-GREEDY of Theorem 1.1 is tight.

» Theorem 4.1. Algorithm 2 has a competitive ratio of at least 1.3724.
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Figure 3 Illustration of the lower bound construction in Section 4.1. The dashed orange curve
corresponds to an incremental solution that favors the sets C}, while the solid green curve corresponds
to an incremental solution that favors the sets R;. No incremental solution can simultaneously
be better than 1.25-competitive at £ = 2 and k = 5. Other solutions than the ones depicted are
dominated by one of the curves.

4.1 A Hard Instance for Incremental Algorithms

Consider a set X = {z; ; | i € [5], € [4]} of 20 elements, and the subsets R; = {z;; | j € [4]}
and C; = {x; ; | i € [5]}. Let f be the coverage function defined over the collection of subsets
U=A{Ry,...,R5,C1,Cs}. In other words, for every S C U, we have f(S) = ’UEGSE‘.

The following lemma shows that any incremental solution for the function f has a com-
petitive ratio of at least 1.25, proving Theorem 1.2. Consider Figure 3 alongside its proof.

» Lemma 4.2. For every ordering E1, ..., E7 of the subsets in U, there exists k € [7] with

orr(k)
—f(El U UE) > 1.25.

Proof. We first observe that, by symmetry between the C;’s and R;’s, we may restrict our
analysis to orderings that include C7,Cs and Ry, R2, R3, R4, R5 in these orders, respectively.
Suppose that {E1, Eo} # {C1, Ca}, ie. that Cy and Cy are not the first two elements in the
ordering F1, ..., E;. In this case, f(E; U Ey) < max{f(R1,C1), f(R1, R2)} = 8, and thus
OPT(Q) > f(Cl UCQ) _ 9 . 5

f(EyUEy) = f(EyUEy) 8 4

Now, suppose that {F, Es} = {Cy,Cs}. Then,

f(EyU---UEs) = f(C,UCyU Ry URyU R3) = 16,
yielding

ort(5)
f(E1U-~-UE5)

f(RiU---URs) 20 5
> =— =—. <
- f(E1U---UE;) 16 4
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4.2 A Lower Bound Against Our Algorithm

We begin by providing an informal overview of our lower bound in Section 4.2.1, followed by
a formal description of the lower bound instance in Section 4.2.2.

4.2.1 Overview of the Lower Bound for Clever-Greedy

To demonstrate that the analysis of our algorithm is tight, we construct a hard instance for
it, based on a geometric coverage function f defined over a collection of high-dimensional
rectangles U, so that f(S) measures the volumes of the union of the rectangles in S C U.
The core idea is to exploit the density-based choice of CLEVER-GREEDY by presenting it
with a sequence of item groups that appear attractive locally but are inefficient globally.

The Instance (U, f). More formally, the instance uses a ground set U of (¢+ 1)-dimensional
rectangles, organized into groups U, ... 1@, The geometry of these rectangles is defined
such that elements within a single group U are disjoint; they effectively partition the it"
dimension into s; segments and cover a volume of v;. However, elements from different groups
overlap significantly. This specific geometric arrangement ensures that while a single group
covers a volume efficiently on its own, adding elements from a later group 4Y) to an existing
solution consisting of elements from UM U--- U= provides diminishing marginal gains
due to the heavy spatial overlap with the volume already covered by previous groups.
Intuitively, this construction generalizes the 2-dimensional hard instance from Section 4.1
(visualized in Figure 3). In the 2-dimensional case, the instance offers “columns” (C;) which
are dense for small cardinalities, but ultimately inefficient compared to the “rows” (R;) that
form the optimal solution for larger cardinalities. Analogously, our high-dimensional instance
provides groups of elements aligned with the i*" dimension (group U (i)) which are locally
dense, but less efficient than the groups aligned with the (i + 1)** dimension (group U+1)

that constitute the optimal solution for the corresponding larger cardinality constraint s;41.

This effectively generalizes the geometric conflict depicted in Figure 3 to ¢ dimensions. In
Section 4.2.2, we provide the precise definition of this lower bound instance.

The Behavior of Clever-Greedy on (U, f). By picking the appropriate values for s; and v;,
we can ensure that CLEVER-GREEDY behaves very predictably. Due to the constructed
densities, the algorithm selects elements sequentially, exhausting the first group ") before
moving to U?, and so on (see Lemma A.8). Consequently, the algorithm accumulates value
slowly relative to the number of items chosen. It reaches an objective value of v; only after
expending a cumulative cardinality of Z§:1 5.

The Structure of the Optimal Solution. In contrast, the optimum solution with value v;
is extremely efficient. For a cardinality constraint of s;, the optimum simply selects the
group U | achieving the objective value v; using only s; elements (see Lemma A.5). This

discrepancy forces the algorithm to lag behind the optimum in terms of cardinality overhead.

By analyzing the ratio between the values of the optimal solution and our algorithm’s solution
at the cardinality k = s,, we establish a lower bound of 1.3724 (see Lemma 4.4). Figure 4
provides an illustration of the lower bound obtained by comparing the optimal solution with
the solution maintained by our algorithm on the instance (U, f).
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Hard Instance (Ratio = 1.3724)
35 15
—— Upper Bound on OPT —— Ratio Upper Bound Max: 1.3724

=
-- AG - X Valid Lower Bound (at k = s_i) l
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Figure 4 Visualization of the hard instance for our algorithm. Left: The solid blue line depicts
the concave envelope of the points (s;,v;), which serves as an upper bound on OpT(k) for all k, and
equals OPT(k) when k£ = s;. The dashed red line (ALG) shows the algorithm’s performance in this
instance; it reaches the value v; only after expending a cumulative cardinality of 22:1 s;j (red dots).
Right: The ratio between the upper bound on OPT(k) and the algorithm’s objective. The crosses
mark the specific cardinalities k = s; where the upper bound coincides with OpT(k), establishing
the valid lower bound of > 1.3724.

4.2.2 The Formal Lower Bound Instance

We begin by constructing a collection of subsets, which we will use in order to define
a submodular function. Let vq,...,v4 € Ry be a sequence of non-decreasing volumes and
$1,-..,8q € Zi>¢ a sequence of non-decreasing quantities. For each i € [¢], £ € [s;], we define

the set Ey) C R9t! as
{—1 7/
1 x [ > [0,1)7
S Sz

We let U@ = {E 2 | £ € [s5]} and U = U, q]u denote the collection of these (¢ + 1)-

dimensional half open rectangles. For notatlonal convenience, we define F(9) := =U rels Eé )=

[0,v;) x [0,1), U =>°%_ | s; denote the size of the collection U.
The proof of the following lemma is deferred to Appendix A.

[0,v;) x [0,1)

Eéi) =

vo =0, sg =0, and let n ==

» Lemma 4.3. The collection of subsets U satzsﬁes the following propertzes

1. For all1 <i<gq, £,l' € [s;], we have Vol( EY ) =v;/s; and E, O nE® O if b A1,

2. For all1 < i < gq, C an arbitrary union of subsets in U Wy oY, and EclU i),
we have that vol(E N C) = vol(C)/s;.

The Lower Bound Instance. Consider sequences of non-decreasing volumes vy, . ..,v4 € Rxo

and non-decreasing quantities sq, ...,
1<i<q:

Sq € Z~y, satisfying the following condition for each

Vitl = Vie1 Vi T Vie1

10

Sit1 - Si (10)
Let U be the collection of subsets defined by these sequences, and let f be the geometric
coverage function defined over the collection of subsets /. In other words, for some S C U,

we have f(S) = vol(Upes E)-
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Our Lower Bound. The following lemma, which we prove in Appendix A.1, formalizes the
intuition described in Section 4.2.1.

» Lemma 4.4. For the objective f defined above such that (10) holds, Algorithm 2 produces
a solution with competitive ratio at least

*

, -1
Vg | Vi + (Vieg1 — vir) )

Six41

where i* € [q] is the unique value such that s1 4 -+ + si« +1* = sq, for r* < s;pyq.

By plugging in some specific values® for the v; and s; in Lemma 4.4, we can prove
Theorem 4.1 (see Appendix A).
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By plugging in some specific values® for the v; and s; in Lemma 4.4, shown in Appendix A.1,

we can prove Theorem 4.1.

» Theorem 4.1. Algorithm 2 has a competitive ratio of at least 1.3724.

Proof. Consider the following sequences for q¢ = 4:

(s:)_, = (10000, 59683, 208018, 461378),

(v;)f_, = (1.0000,5.9683, 18.3164, 33.3561).

It is easy to verify that these sequences satisfy the condition from (10). We can also compute
the values of * = 3 and r* = 183677 from Lemma 4.4, yielding a lower bound on the
competitive ratio of at least 1.3724. Figure 4 gives a plot with these values. |

» Lemma 4.3. The collection of subsets U satisfies the following properties:
1. For all1 <i<gq, £,l' €[s;], we have VO](EéZ)) =v;/s; and Eél) NEY =0 if 0 £ 1.
2. For all1l < i< gq, C an arbitrary union of subsets in U y- .. UZ/{(FI), and E € Z/I(i),

we have that vol(E N C) = vol(C)/s;.

6 Which we found using a computer.
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Proof. For each i € [q], ¢ € [s;], we can see that

) ) 1 Y
1 E(l) — Z-.]_Zfl.f-]_qu:fl.
vol(E,"”) = ” "
Additionally, for any ¢ € [s;] such that ¢ # ¢/, we have that
EY) MEY = [0,0) x [0,1)" x 0 x [0,1)7" = 0.

Now, consider some 1 <7 < g, a subset C' obtained by taking an arbitrary union of subsets
indUPu- oy and E = Eél) eU. Let €' C[0,v;1) x [0,1)""! denote the subset
such that C = C’ x [0,1)77%"1. We can see that

Sq i
Thus, we have that
Vol(E N C) = vol(C") - + = vol(C) - L. )

Sq Sq

A.1 Proof of Lemma 4.4

We begin by deriving some useful properties of the instance, then proceed to analyze the
structure of the optimal solution, followed by an analysis of the solution constructed by
CLEVER-GREEDY.

A.1.1 Useful Properties of the Instance

The following claims are immediate applications of (10).

> Claim A.1. For each 1 <1i < j < ¢, we have that

Vj — Vi—1 < Vi T izl

Sj Si
Proof. Let i € [¢] and, for each i < j < g, define

R; = Ul Uifl.

Sj
We prove by induction that R; > R;1 > --- > R,. Suppose we have that R; > --- > R;, for
some ¢ < j < ¢q. Then we have that

Vj4+1 — Vi—1 Vj41 — Vj—1 Vj—1 — Vi-1

! Sj+1 Sj+1 Sj+1
I e SR o S e W) Bk WY
Y Sj $j ”
where we are applying (10) and the fact that s; < s;1. N

> Claim A.2. For each 1 <i < ¢, we have that v;/s; > v;11/8i11.

Proof. We have that

Vi Vi1 Vi —Vi—1 Vigl — Vi—1 1 1
— = = - v | —— >0,
Si  Sit1 s Sit1 Si  Sit1

where the first term is greater than 0 by (10), and the second term since s;11 > s;. <
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A.1.2 Analysis of the Optimal Solution

Given a subset S C U, we define x(S) == max{j € [¢] | S NUY9 £ 0}, ie., x(S) is the
maximum index j € [¢] such that S contains a set from &), Additionally, for each j € [q],
we define S<; == SN U U---uUY).

We begin by deriving the following useful identity for each S C Y.

> Claim A.3. For each j € [g], we have that

)
f(S<j) = ISnu7 (vj — f(S<j-1)) + f(S<j-1). (11)

Sj

Proof. For each j' € [q], let aji == 1SNUY)|. Let C = Uges., , £ and B =Ugcsruo E
denote the union of the sets in S<;_; and S<; \ S<;_1, respectively. Applying Lemma 4.3
and vol(C) = f(S<j—1) by definition, we have that

f(S<;) = vol(BUC) = vol(B) + vol(C) — vol(BNC)

) ) 1
_ % vol(EW) + vol(C) — Z — -vol(ENCQC)
Sj pesouw I
_ 4 -vol(E(j)) + f(S<j-1) — 4 -vol(C)
Sj - sj
= % “(v; = f(S<j—1)) + f(S<j-1)- <
J

Using (11), we now prove the following key lemma.

» Lemma A.4. Let S C U be a subset of size at most s;. If x(S) > i, then there exists
a subset S" C U of size |S| such that f(S') > f(S) and x(S") < x(S5).

Proof. For each j' € [g], let a; == \Sﬂu(j/)\. Now, let j := x(5). Let S” be the set obtained
by adding any a; elements from U=y \S<;_1 to S<j_1. Note that |yb-1 \S<;_1| > a;,
so this is always possible. Clearly, x(S’) = j — 1 < j = x(5). It remains to show that
F(S") = £(9).

Proof that f(S’) > f(S). Similarly to (11), by applying Lemma 4.3, we can obtain the
following identity:

f(5)

“(vj—1 — f(S<j—2)) + f(S<j-1). (12)

Sj—1

Now we can lower bound f(S”) — f(.5) as follows:
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F(8") = £(8) = £(5) = f(5<;)

- sjil “(vj—1 = f(S<j2)) + f(S<j-1) — %j (v = f(S<j-1)) = f(S<5-1)
— % “(vjo1 — f(S<j—2)) — %j (v = f(S<-1))
> Sjil “(vj—1 = f(S<j—2)) — %j (vj = f(5<j-2))

o Vj—1 vj <1 1 ) >
Y S (L F(Sesm

! (8]'1 5j sj Sj-1 (8<j-2)
>a..(”j—1_”a‘+<1_ 1 >.U.2>
= Sj—1 Sj Sj Sj—1 7

Vi1 —Vj_2 Vj —UVj—2
:aj'( J J _ J ZO

Sj—1 Sj

The first inequality follows from f(S<;—2) < f(S<;—1) by monotonicity. The second inequal-

ity follows from f(S<;_2) < fUI=2) = vj_g and the observation that (1/s; —1/sj_1) <0

since s; > s;_1. The third inequality follows from (10). This concludes the proof. <
The following lemma shows that @) is an optimal solution for k = s;.

» Lemma A.5. For each i € [q], we have that OPT(s;) = v;.

Proof. We have that v; = vol(E®) = f(UUD) < OPT(s;), since | U | = s;. Thus, it suffices
to show that OPT(s;) < v;.

Given any subset S C U of size s;, we can repeatedly apply Lemma A.4 to the set S to
obtain a subset S” C U of size s; such that f(S") > f(S) and x(S’) <. Since we have that
Uges' E € Uj—y EY = EW, it follows that

F(8) < £(8) < fUD) = v “«

The proof of the following Lemma is deferred to the full version of this paper [4].

» Lemma A.6. For each k € [n] such that s;—1 < k < s;, we have that

> Claim A.7. For each i € [g], we have that

<OPT(k‘) — Ui1> Vi — Vi—1
max = .
k€[n) k s

Proof. Let R(k) := (OPT(k) — v;—1)/k denote the ratio we wish to maximize. We begin by
showing that R(k) attains its maximum value for some k in {s1,...,s,} C [n].

Reducing the Search Space. We first note that R(k) attains its maximum for some k < s
since OPT(s,) > f(E@) = OpT(n). Furthermore, for k < s;, we have that

k-(vi/s1) —vic1 v vy
R(k) = =A%l 2 Risy),
(k) L 2B < R(s)
so R(k) attains its maximum for some k > s;. Now, consider some k € [s1, s4], and let j > 1

be an index such that s;_1 < k < s;. By Lemma A.6, we have that

k—s;_
Op1(k) < L(k) = vj_1 + —2=1 (v, —v;_4).
S5 —S8j—-1
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Now, consider the following upper bound on R(k):

R(k) = %

Within the interval [s;_1,s;], L(k) is a line of the form Ak + B, so it follows that R(k) can
be expressed as A + C/k, which is a monotonic function of k. Since a monotonic function
defined on a closed interval attains its maximum value at one of the endpoints, it follows
that, for any k in this interval,

R(k) < R(k) < max (R(sj_l),R(sj))
Since R(s;_1) = R(s;j_1) and R(s;) = R(s;) by Lemma A.5, we have that

max R(k) = max{R(s;—1), R(s;)}.

ke€[sj—1,s5]

Consequently, the global maximum of R(k) must occur for some k € {s1,..., 4}

Identifying the Maximum Value. Now, consider some j < i. Since the v; are non-decreasing,
we have that

R(sj) = (vj —vi—1)/s; <0 < (vi —viz1)/si = R(si).
For j > 1, it follows from Claim A.1 that R(s;) < R(s;). Thus, we have that

max R(sj) = R(s;). <

1<5<q

A.1.3 Analysis of Clever-Greedy

The following lemma summarizes the behavior of CLEVER-GREEDY on this lower bound
instance.

» Lemma A.8. Given the input (U, f), CLEVER-GREEDY runs for q phases, where the
solution maintained by the algorithm at the end of the it" phase is Uy U cu.

Proof. We prove this lemma by induction on the phase 1.

Inductive Step. Let i € [¢] and consider the state of the algorithm at the start of phase i.
Assume that the length of each phase j < i, k;, was exactly s;, and that the subset of
elements added to the solution S during this phase was U @), Thus, the solution S at the
start of phase 7 is U Wy...uy 7 Now, the algorithm chooses k£ that maximizes the value
of

OPT(kZ) — OPT(k‘i_l) _ OPT(IC) — Vij—1
k B k

(by Lemma A.5)

and sets this to be k;. By Claim A.7, the maximum value of this expression is (v; — v;—1)/si,
which is precisely the value of this expression when k = s;. Thus, the algorithm sets k; = s;.8
Since OPT(s;) = v; = f(UY), we have that Sr, = U9, The phase continues until Sy, €S
Since U™ is disjoint from the solution S at the start of the phase, the phase goes on for s;
iterations, and terminates with S = U U U,

7 1If i = 0, the solution S is empty, and we define kg = 0.
8 We assume that we break ties arbitrarily in our favor.
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Conclusion. At the end of phase ¢, we have that S = UV U uUD = Y, and the
algorithm terminates. |

A.1.4 Concluding the Proof of Lemma 4.4

We are now ready to prove Lemma 4.4 by upper bounding the objective of our algorithm
and lower bounding the value of the optimal solution at some point during the execution of
the algorithm.

Upper Bounding Our Objective. Let i* € [g] be the unique value such that s; +--- +
8i» + 1% = 54, for 7* < s;+41, and let 7 = s,. Consider the subset S consisting of the first 7
elements in the incremental solution returned by CLEVER-GREEDY when given (f,U) as
input. It follows from Lemma A.8 that

Uy ooy csSc ULy .. Uu(i*+1)'

Thus, by Lemma 4.3, we have that

* *

f(8) = VOI(E(i*)) + ST ) . (VOI(E(i*+1)> —VO](E(i*))) = v« + 87“ X
i+ ot

. ('Ui*Jrl — 'UZ'*) .

Lower Bounding the Optimum. It follows from Lemma A.5 that OPT(7) = OPT(s,) = vq.

Lower Bounding the Competitive Ratio. Putting these bounds together, it follows that
the competitive ratio of our algorithm is at least

orr(1) r* -t
fs) (++ (i1 )) ‘
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