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—— Abstract

Connected clustering denotes a family of constrained clustering problems in which we are given a

distance metric and an undirected connectivity graph G that can be completely unrelated to the
metric. The aim is to partition the n vertices into a given number k of clusters such that every
cluster forms a connected subgraph of G and a given clustering objective gets minimized. The
constraint that the clusters are connected has applications in many different fields, like for example
community detection and geodesy.

So far, k-center and k-median have been studied in this setting. It has been shown that
connected k-median is Q(n'~¢)-hard to approximate which also carries over to the connected k-
means problem, while for connected k-center it remained an open question whether one can find a
constant approximation in polynomial time. We answer this question by providing an Q(log* (k))-
hardness result for the problem. Given these hardness results, we study the problems on graphs
with bounded treewidth. We provide exact algorithms that run in polynomial time if the treewidth
w is a constant. Furthermore, we obtain constant approximation algorithms that run in FPT time
with respect to the parameter max(w, k).

Additionally, we consider the min-sum-radii (MSR) and min-sum-diameter (MSD) objectives.
We prove that on general graphs, connected MSR can be approximated with an approximation
factor of (34 ¢€) and connected MSD with an approximation factor of (4 4 €). The latter also directly
improves the best known approximation guarantee for unconstrained MSD from (6 + €) to (4 + ¢).
We complement this with a reduction showing that connected MSR is NP-hard to approximate with
an approximation factor smaller than (4/3).
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1 Introduction

Clustering describes a family of problems that, given a set of data points, aim at grouping
together similar points into a limited number of clusters. These kinds of problems have
been studied widely both in practice as well as in theory. There are numerous objective
functions to evaluate the quality of a clustering, among them k-center, k-median, k-means,
and min-sum-radii (MSR). In all of the listed objectives, the data points are usually contained
in a metric space which defines a distance function and the number of clusters k is given
beforehand. In addition to the clusters, one also needs to determine a center for each cluster
and the quality of the clustering is determined by the distance of the data points to their
respective centers.
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In k-center one aims to minimize the maximum distance among any data point to its
respective center. In k-median the sum of the distances of all points to the centers and in
k-means the sum of the squared distances to the centers should be minimized. In min-sum-
radii the objective value is the sum of the radii of all clusters, with the radius being the
maximum distance of any point in this cluster to the center. There is also a variant of this
problem called min-sum-diameter (MSD) where no centers are needed and instead of the
radius one considers the diameter of each cluster, which is the maximum distance between
two points in this cluster.

All of these problems are NP-hard but there exist numerous approximation results. For
k-center multiple 2-approximation algorithms are known [26, 23|, which is the best possible,
unless P = NP [28]. For k-median the currently best known algorithm achieves a (2 + ¢)-
approximation guarantee [11] and for k-means there exists a (9 + €)-approximation algorithm
for general metrics and a (5.912 + €)-approximation algorithm for Euclidean metrics [2, 10].
Recently, Buchem et al. provided a (3 + ¢)-approximation algorithm for MSR, which also
directly implies a (6 + €)-approximation guarantee for MSD [6].

In many applications the clusters should fulfill additional requirements besides having a
good objective value, which is why researchers have studied these objectives under various
side constraints. For example, one can require that the clusters are not too small or too large
which results in private [1] and capacitated clustering [32]. Additionally, different variants of
fair clustering have been studied over the last decade [7, 40, 38].

In this work, we deal with a connectivity side constraint. In this setting, we are not
only given a distance metric but the data points are also vertices in a connectivity graph
which is independent of the metric. The aim is to find clusters that minimize the respective
objective while ensuring that every cluster induces a connected subgraph of the connectivity
graph. This side constraint was introduced by Ge et al. [22], who motivated it in the context
of community detection. In this setting we are given two kinds of data for a group of
entities (for example humans, organizations, or events) called attribute and relationship
data. The attribute data corresponds to the intrinsic properties of the entities and can
be used to define the similarity of two entities. Ge et al. modeled this using the distance
metric. The relationship data corresponds to extrinsic relationships between entities, for
example, a common paper of two researchers if we want to identify research communities.
When identifying a community it seems reasonable to require that there are no parts of this
community that are totally isolated from the rest. As a result, Ge et al. modeled this using
the connectivity graph by adding edges between entities if they are related. Given that in
many real world scenarios also very dissimilar entities may interact (for example joint work
of researchers from different fields) while similarity between entities does not necessarily
imply that there exists a relationship between them, it seems reasonable to not assume any
clear correlation between the distance metric and the connectivity graph. Other researchers
have also observed that in practice incorporating both attribute and relationship data yields
better results than purely attribute-based or relationship-based approaches [42, 27], and
some explored connectivity constraints in this context [5, 4]. Gupta et al. [24] and Eube et
al. [19] studied connected k-median motivated by this interpretation.

Another natural application of connected clustering is the clustering of geographic regions
or objects. We are given information (e.g. regarding the population or climate) for a set
of regions and want to cluster similar regions together while ensuring that the resulting
clusters actually correspond to continuous areas. Connected k-median and related problems
have been utilized to determine political districts [39, 41], aggregate areas in a scaled-down
map [25, 36], and cluster sensor data [34]. Many researchers also studied the p-regions
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problem, which is a connected clustering variant where one aims at optimizing the sum of
all pairwise distances between vertices in the same cluster [18, 17, 14, 21, 33, 43]. To the
authors’ knowledge all results for this problem are either based on integer linear programs or
heuristic approaches. Most recently, Drexler et al. studied connected k-center in the context
of clustering tide gauge stations [16]. Here one is given a sequence of measurements of the sea
levels of different stations and wants to group stations with similar measurements together
such that the groups are again reasonably compact.

Unfortunately it turned out that most clustering objectives get very hard to approximate
once a connectivity constraint is introduced. Ge et al. already showed that even for k = 2
connected k-center cannot be solved optimally anymore [22]. While they claimed to have a
constant approximation algorithm for connected k-center [22], Drexler et al. later pointed out
that this is not the case [16]. The latter provided an O(log(k)?)-approximation algorithm,
which is the best known guarantee to this day. They also provided constant approximations
if the metric is an L, metric of constant dimension or has a constant doubling dimension®
but it remained an open question whether or not there exists a constant approximation in
the general case. As we show in this work this is not the case, unless P = NP, as connected
k-center is Q(log* (k))-hard to approximate?.

The connected k-median problem turned out to be even harder, as Eube et al. [19] showed
that even for k = 2 connected k-median is Q(n!~¢)-hard to approximate. The same reduction
also works for connected k-means. They relaxed the problem by allowing vertices to be part
of multiple clusters. In this setting they were able to provide an O(k? log(n))-approximation
but also showed by slightly adapting a previous reduction by Gupta et al. [24] that the
problem remains Q(log(n))-hard to approximate. Already before this, it was observed that
one can slightly adapt the classic k-center algorithm by Hochbaum and Shmoys to obtain
a 2-approximation for connected k-center if the clusters may overlap [22]. However, while
this might be a reasonable relaxation for some settings, the possibility to assign an entity
to multiple groups would appear unnatural in many situations. Especially if we cluster
geographic data, having overlapping areas may not be reasonable in many contexts. Previous
research mostly focuses on the disjoint variant. In the remainder of this work we will focus
exclusively on the disjoint setting.

While both connected k-center and k-median are very hard to approximate on general
graphs, there exist dynamic programs for both problems that calculate the optimal solution
in polynomial time if the graph is a tree [22, 19]. In this work, we extend these results for
a broader class of “treelike” graphs. This is based on the concept of treewidth and tree

decompositions defined by Robertson and Seymour [37], whose definition we present later.

For many NP-hard problems it has been shown that they can be solved in polynomial time
if the treewidth w of the input graph is constant (see for example Chapter 7 of [12]). By
combining the dynamic programs for connected k-center and k-median with the ideas of an
algorithm for Steiner trees on graphs with constant treewidth [8], we can also solve these
problems exactly for constant treewidths. One may observe that especially in the setting that
we want to cluster tide gauge stations as presented by Drexler et al., it is not unreasonable
to assume that the graph is treelike. This is due to the fact that these stations are usually
placed at the coast which means that for large parts there are sequences of stations just
following the coastline. While islands close to the mainland and almost enclosed bodies of
water like the Mediterranean Sea can lead to cycles, the number of parallel cycles will not be
too large. Also in other settings we might end up with a reasonably small treewidth.

! The approximation factor depends on the dimension in both cases.
2 log* (k) denotes how often we have to iteratively apply the logarithmic function to k until we end up
with a number that is at most 1.
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However, the running times of the resulting algorithms lie in Q(n®). Using ideas similar
to the nesting property for hierarchical clustering [35], we are able to obtain constant
approximation algorithms, with a fixed parameter tractable (FPT) running time with respect
to the parameter max(w, k) (i.e. the running time can be bounded by the product of a
polynomial function in n and another function that only depends on max(w, k)).

Lastly, we introduce the connectivity constraint to the MSR and MSD problem, which to
the authors’ knowledge has not been done before?. While it is NP-hard to obtain constant
approximations for the other clustering objectives under the connectivity constraint, we show
that the approximation algorithm for MSR by Buchem et al. [6] can be modified to also ensure
connectivity. This results in a polynomial time (3 + ¢)-approximation algorithm for connected
MSR. Additionally, we noticed that Buchem et al. only mentioned that their algorithm
calculates a (6 + ¢€)-approximation for MSD while one can also prove a (4 + ¢)-approximation
guarantee. We provide the corresponding proof for the connected setting. Since the algorithm
also works in the non-connected setting (which is the same as using the complete connectivity
graph) this also improves the best known approximation guarantee for unconstrained MSD
from (6 + €) to (4 + ¢).

Also, while unconstrained MSD is NP-hard to approximate with an approximation factor
smaller than 2 [15] no lower bounds for the approximability of unconstrained MSR, are known.
We show that connected MSR is NP-hard to a-approximate for any a < %.

1.1 Definitions

Let us first formally define the clustering problems considered in this work:

» Definition 1. In an instance of a connected clustering problem, we are given a set V' with
n = |V| vertices, a distance metric d : V. x V. — Rsq on V, a positive integer k > 2, and
an undirected connectivity graph G = (V, E). A feasible solution is a partition of V into k
disjoint clusters Py, ..., P, with corresponding centers cy,co,...,cr € V which satisfies that
for every i € [k] :={1,...,k} the subgraph of G induced by P; is connected and ¢; € P;. The
aim is to minimize one of the following objective functions:

k-center:  maxmax d(v, ¢;)

el e min-sum-radii: max d(v, ¢;)
k-median: Z Z d(v,¢;) ic[k] veri

i€k veP; min-sum-diameter: max d(v,w)
k-means: Z Z d(v,ci)2 i€lk] vweri

ic[k] veP;

One might note that for MSD the centers are not necessary.

To extend the dynamic programs for connected clustering on tree connectivity graphs we
define the concept of tree decompositions introduced by Robertson and Seymour [37]:

» Definition 2 (Tree Decomposition). A tree decomposition of a graph G = (V, E) consists of
a tree T = (Vp, ET) and a corresponding bag By C V for every t € Vi such that UteVT B, =V
and:

For every {u,v} € E, there exists at least one node t € Vp with u,v € By.

For every v € V, the set S, = {t | v € B} of nodes whose bags contain v forms a

connected subtree of T'.

3 There exists a paper by An and Kao [3] that deals with the “Connected Minimum Sum of Radii Problem”.
However, their problem is not related to the connectivity constraint.
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The treewidth of a tree decomposition (T,{Bi}ievy) is the size of the largest bag minus one.
The treewidth of a graph is the minimum treewidth among all possible tree decompositions

of G.

Kloks later introduced the concept of nice tree decompositions, which fulfill structural
properties that are often desirable [29]. In this work we will use an extended version of
this concept by Cygan et al. that also explicitly deals with the introduction of edges in the
decomposition [13]:

» Definition 3 (Nice Tree Decomposition). A nice tree decomposition is a tree decomposition
with a special node z called the root with B, = () and in which each node t € Vr is one of the
following types:
Leaf node: t is a leaf of T and By =0
Introduce vertex node: t has precisely one child s such that By = B; U{v} for a vertex
v €V \ Bs. We say that t introduces v.
Introduce edge node: t is labeled with an edge {u,v} € E and has a single child s such
that By = Bs and u,v € By. We say that t introduces {u,v} and every edge is introduced
precisely once in our tree decomposition.
Forget node: t has precisely one child s such that By = Bs \ {v} for a vertex v € Bs.
We say that t forgets v. Every vertex v is forgotten exactly once.
Join node: t has precisely two children s; and sy with Bs, = Bs, = By.

It has been shown that if a graph admits a tree decomposition of width w then it also
admits a nice tree decomposition of this width. Furthermore, one can always transform a
tree decomposition into a nice one of bounded size:

» Lemma 4 (Lemma 7.4 in [12]). Given a tree decomposition (T,{Bi}icv,) of a graph
G = (V, E) with width w, one can compute a nice tree decomposition of G of width w and
with O(w|V|) nodes in time O(max(|Vr|, |V])w?).

Together with the fact that Korhonen and Lokshtanov proved that one can calculate
a tree decomposition of the same treewidth w as the graph G in O(2O(w2)|V|4) [31], this
enables us to calculate a nice tree decomposition of a graph G with minimum width in FPT
time. Alternatively, there also exist approximation algorithms for tree decompositions [30].

1.2 OQutline and Our Results

Table 1 Overview over the connected clustering results given a tree decomposition of width
w. The algorithms for connected k-median and connected k-means are based on an unconstrained
k-median algorithm with running time O(p1(n)) and approximation factor a1 and an unconstrained
k-means algorithm with running time O(p2(n)) and approximation factor aq, respectively.

Objective Running Time Approximation factor | Theorem
k-center o) 1 11
k-center | n?log(n) + nlog(n)(wk)°™) 6 13
k-median pi(n) +n - (wk)°™ 200 + 4 14
k-means p2(n) +n - (wk)°®@ 8az + 32 15

In Section 2 we give an overview over the techniques we used to obtain our results. The
complete presentation of the results can be found in the full version of this work.
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In Section 2.1 we focus on our results for graphs with bounded treewidth which are
summarized in Table 1. In Section 2.1.1 the exact algorithm for connected k-center with
running time n®®) is presented. In Section 2.1.2 we modify this algorithm to obtain a
constant approximation while achieving an FPT running time. By similar methods as for
k-center, one can also obtain exact algorithms for connected k-median and k-means with
running time n®®). In Section 2.1.3, we present how one can apply the same techniques as
for k-center to compute approximations for connected k-median and k-means in FPT time.

In Section 2.2 we complement these results with a family of instances proving that in the

general case one cannot hope for a constant approximation for connected k-center unless
P = NP:

» Theorem 5. It is NP-hard to approximate connected k-center with an approzimation ratio
in o(log”(k)). The same is also true if the centers are given in advance.

In Section 2.3 we argue that unlike connected k-median and k-center, connected min-
sum-radii actually admits a constant approximation:

» Theorem 6. For any ¢ > 0 one can calculate a (3 + €)-approzimation for the connected
min-sum-radii problem in polynomial time.

Additionally, we show that the algorithm also calculates a (4 4 €)-approximation for
min-sum-diameter which also improves the previously known (6 + €)-approximation guarantee
in the unconstrained case and add a lower bound for the approximability of connected MSR:

» Theorem 7. For any € > 0 one can calculate a (4+ €)-approzimation for both the connected
as well as the reqular min-sum-diameter problem in polynomial time.

» Theorem 8. [t is NP-hard to approximate connected min-sum-radii with an approzimation

actor smatkter than . 18 1S even true 1 ere are only two CLUSTETS.
t ller than §. This i true if th ly two clust

2  Our Techniques

2.1 Results for Graphs with Bounded Treewidth
2.1.1 An Exact Algorithm for Connected k-Center

Let a graph G = (V, E) with n = |V/| vertices, a natural number %k and a nice tree decomposi-
tion (T' = (Vr, Er),{Bt}tevy) of G with treewidth w and size O(wn) be given. For any node
t € Vr we define T; to be the nodes contained in the subtree rooted at ¢ and the graph G; =
(Vi, Ey), where V; = U, cp, By and E; = {{v,u} € E | {v, u} has been introduced in T} }.

As pointed out by Hochbaum and Shmoys [26], every possible objective value of the
k-center objective corresponds to the distance between a pair of vertices, of which there are
only O(n?) many. This remains true for the connected k-center problem. Thus, we can guess
the optimal radius r* by sorting these distances and then applying binary search. For a
guessed radius r, our goal is then to use dynamic programming to decide whether a connected
k-center solution with radius r exists. This enables us to find the optimal radius r* and later
obtain the corresponding solution via backtracking. To apply dynamic programming, we
need to be able to calculate, for a given node ¢, the number of clusters necessary to partition
the vertices in the subgraph G; independently of the remainder of the graph. We can use the
property of the tree decomposition that the vertices in B; form a vertex separator between
V\V; and V; \ B;. Thus, all clusters that contain vertices in V; and V' \ V; must be connected
via at least one vertex in B;.
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Figure 1 A solution for the graph G, fulfilling the specification (a, {U1,Us2,Us}) where a(U;) =
a(Us) = ¢1 and a(Uz) = ¢z with ¢a ¢ V. The solution requires 3 clusters, finished ones are circled in
black, the unfinished ones in the color corresponding to their assignment.

Following the same idea as in the dynamic program for tree connectivity graphs [22], we
can fix the centers to which the vertices in B; get assigned to. Then we know exactly to which
centers in V'\ V; we could possibly assign the vertices in V; and vice versa. However, this is not
sufficient to make the partial solutions for the separated subgraphs entirely independent. If
multiple vertices in B; get assigned to the same center we know that they must be connected
in the final solution. The connecting path could either pass through G; or through the
remainder of the graph G. Thus, we may or may not need to assign the vertices in V; in such
a way that the respective vertices in B; are connected which could separate other clusters
and increase the number of clusters necessary to cover Gjy.

To circumvent this problem, we do not only fix the assignments of the vertices in By, but
also provide a partition specifying which vertices must be connected in G;. A similar approach

was already used to solve the Steiner tree problem on graphs with bounded treewidth [8].

For obvious reasons, we only want to consider partitions of B; that cluster vertices together
that are assigned to the same center. More generally:

» Definition 9. Let S C V be a set of vertices and a : S — V be an assignment function
on S. We say a partition U of S is compatible with a if for any U € U and any vertices
v,w € U it holds that a(v) = a(w). With a slight abuse of notation we say for any set
U e U that a(U) = a(v), where v is an arbitrary vertex in U. We call the pair (a,U) of an
assignment function and a compatible partition U a specification for S.

Now we would like to calculate, for a given ¢, and any specification (a,U) for B; the
minimum number of clusters necessary to cover G; if we assign and connect the vertices in
B; accordingly. For technical reasons, we will only count the clusters that do not contain
any vertices in B;. We call these clusters finished. For every U € U we have to make sure
that all the vertices in U are contained in the same cluster already since we require them to
be connected in Gy. All clusters need to be connected and every vertex should be within
radius r of its center. While the finished clusters are required to contain their center the
unfinished clusters might be connected to it in the upper layers of the tree. If there exists
a vertex ¢ € V; and a vertex v € B; with a(v) = ¢, ¢ must be contained in an unfinished
cluster that is assigned to ¢ (possibly but not necessarily the same cluster that also contains
v), since otherwise it would not be possible to connect v to ¢:

» Definition 10. Let t € Vi and (a,U) withU = {Uy,...,U;} be a specification for B,. We
say that a partition Py, ..., P, P41, ..., Py of Vi is a connected k-center solution for Gy
fulfilling (a,U), if:

135:7
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1. For alli € [l + k'] the cluster P; induces a connected subgraph of Gy.

. For all i € [l] it holds that U; C P; and for all v € P; we have d(v,a(U;)) <.

3. For all c € Vi for which there exists a vertex v € By with a(v) = ¢, there must ezist an
indez i € [l] such that a(U;) = ¢ and ¢ € P;.

4. For alli e {l+1,...,l +k'} it holds that there exists a center ¢ € P; such that for all
ve PR dv,c) <r.

We say that such a solution requires k' clusters and define pi(a,U) to be the minimum value

k' € Ny such that there exists a solution for Gy fulfilling (a,U) that only requires k' clusters.

If such a k' does not exist, we set pi(a,U) = oo.

N

Figure 1 depicts how a solution for a node fulfilling a specification can look like.

Starting with the leaves, our algorithm iterates over all nodes t € Vi ordered by their
height in T', calculates the value p;(a,U) for any specification (a,U) of B; and stores it in a
table. We show in the complete version of this work one can calculate each of these values
with a running time bounded by a function depending only on w, if we already filled the
table for the children of ¢. Note that for a fixed treewidth w the number of specifications for
the bag B; is polynomially bounded in n. Consequently, our algorithm runs in polynomial
time if the treewidth is a constant. Once we reach the root z we have that G, = G and
B, = 0. Thus, for the unique function ag : § — V the value p,(ay,0) is exactly equal to the
minimum number of centers necessary to cover G with radius r and we can check if this
number is at most k. We end up with the following theorem:

» Theorem 11. Given a nice tree decomposition (T,{Bi}icvy) of a graph G with treewidth
w and O(nw) nodes and a natural number k, one can calculate an optimal connected k-center
solution on G in time O (log(n) ~n“’+2(bw+1)2p(w)), where p is a polynomial function and
buwt1 is the (w + 1)-th. Bell-number.

2.1.2 Obtaining a Constant Approximation in FPT Time

One might note that the running time of the previous algorithm is not FPT. This is due to
the fact that for a node ¢ there exist up to n!Pt
V', since for any vertex v € By there exist n possible assignment choices. Thus, there can
be Q(n**1) specifications for a node. We can reduce this factor by limiting the number of
possible center choices in advance. We do this by introducing the connected k-center with
facilities problem:

| different assignment functions from B; to

» Definition 12. In the connected k-center with facilities problem we are given a graph
G = (V,E), a set of facilities F C V, a constant k and a distance metric d : V? — Rxg.
The goal is to find a tuple (ci,...,cx) € F¥ of k facilities (where one facility might appear
multiple times) and clusters Py, ..., Py CV such that:

Py, ..., Py is a partition of V.

For all i € [k] the vertices in P; form a connected subgraph of G.

max; ez Maxyep, d(v, ¢;) gets minimized.
One may note that this definition does not require the clusters to contain the respective
centers, which will enable us to choose a facility set independently of the connectivity graph.

One can modify the dynamic program for connected k-center to also calculate the optimal
connected k-center with facilities solution, while reducing the factor n“** to |F|**1. If
the facility set F' does not contain the optimal centers for connected k-center, this will
obviously not correspond to the optimal connected k-center solution. However, if we choose
a good unconnected k-center solution on the vertices V' as F' (which can be obtained using a
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2-approximation [26]), then there exists a facility close to every optimal center, which means
that the connected k-center with facilities solution is not too much more expensive than
the regular connected k-center solution. Since the clusters of the connected k-center with
facilities solution may not contain the respective facilities, we then have to find a feasible
center for each cluster to transform the resulting solution into a regular connected k-center
solution. To do this, one can just take the vertex closest to the center, which only increases
the radius by at most 2. In total we end up with a 6-approximation while reducing the
number of possible assignment functions to |F|“*! = k**1 which results in an FPT running
time w.r.t. the parameter max(k, w):

» Theorem 13. Given a nice tree decomposition of a graph G with treewidth w and O(nw)
bag nodes and a natural number k, one can calculate a 6-approzimation of connected k-center
in time O (n?log(n) + nlog(n)(wk)°™)), which lies in FPT with respect to the parameter
max(w, k).

2.1.3 Results for Connected k-Median and k-Means

The dynamic program can also be adapted to the k-median and k-means objective. The main
difference is that we cannot guess the optimal radius in advance. Inspired by an approach of
Eube et al. [19], we extend the specification for the bag B; of a node t € Vi by an additional
parameter k' < k that specifies how many centers may be placed in the subgraph. This
allows us to compute, for every node t and every specification for B;, the cost of the optimal
clustering for G fulfilling this specification.

Also for these two objectives, we can use a nesting argument to show that if we choose
the centers of a good unconnected k-clustering solution as facilities, the cost of the optimal
solution only increases by a constant factor if we restrict ourselves to these facilities. By
calculating the optimal connected clustering with facilities solution and choosing appropriate
centers for each cluster afterwards, we can calculate constant approximations for both
objectives in FPT time:

» Theorem 14. Given a nice tree decomposition of a graph G with treewidth w and O(nw)
nodes and a natural number k, as well as an a-approximation algorithm for unconnected
k-median with running time p(n), one can calculate a (2 + 4)-approzimation for connected
k-median in O (p(n) 4+ n - (wk)9™) time.

» Theorem 15. Given a nice tree decomposition of a graph G with treewidth w and O(nw)
bag nodes and a natural number k, as well as an a-approrimation algorithm for unconnected
k-means with running time p(n), one can calculate an (8« + 32)-approzimation for connected
k-means in O (p(n) +n - (wk)°™)) time.

2.2 Hardness of Approximation for Connected k-Center

To prove that the connected k-center problem is Q(log™(k))-hard to approximate we consider
the assignment variant of the problem. Here we are given the centers in advance and only
have to decide to which center the vertices get assigned (i.e. determine the corresponding

clusters). Intuitively, one would expect this to make the problem easier rather than harder.

Indeed, we can prove that any a-approximation algorithm for the regular variant can be
transformed into a 2a-approximation algorithm for the assignment variant, meaning that the
hardness also carries over if the centers are not given. The hardness is based on a reduction
from the 3-SAT problem, in which we have to decide if a given CNF formula ¢ can be
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satisfied. There already exist reductions that show that even with two centers the assignment
problem is NP-hard [22, 16] to approximate with an approximation factor smaller than 3.
We use the respective construction as a gadget in our reduction.

Given that our construction is quite technical, we only present a very broad idea of its
structure in this section. The complete proof can be found in the full version of this work
and some of the terms we use in this section (gadget, input, output) are not used in the
actual description of the reduction. One might also note that for the asymmetric k-center
problem there exists an o(log”(n))-hardness result with a similar bound [9]. However, there
are no similarities between the respective hardness constructions. Notably, the asymmetric
k-center problem also becomes polynomially solvable if the centers are given.

To get stronger inapproximability results we use a layer approach. In total we have L
layers and our vertices are placed in an L-dimensional space, meaning that their positions
have L coordinates where each coordinate basically corresponds to one of the layers. Using
a metric similar to the Manhattan distance, we can enforce that the distance between two
vertices is equal to the number of unequal coordinates of their positions*. For every position
appearing in our instance, there exists a center that is also placed at this position. However,
not every vertex placed at that position is directly connected to the center. We construct
the instance in such a way that every vertex can be assigned to a center differing in at most
one coordinate if ¢ can be satisfied while otherwise at least one vertex needs to be assigned
to a center that differs in every coordinate, resulting in a gap of L between the radius of
these two cases.

Each layer is only connected with the previous and the next layer and the centers are
only connected with the first, i.e. the outermost layer. Thus, paths connecting the vertices in
the L-th layer to their respective center have to pass through every layer. For a vertex v
we say that an assignment does a mistake in the i-th layer if the assignments in this layer
separate v from every center with the same i-th coordinate as v, meaning that v also needs
to be assigned to a center with a different i-th coordinate.

The L-layer instance is defined iteratively and contains multiple copies of instances with
L — 1 layers. In these copies, we replace the centers by regular vertices which we call the
inputs of the subinstance. They are the only vertices adjacent to vertices from the first
layer of the L-layer instance. We also add an additional coordinate at the beginning of the
positions of the vertices, which is the same for every vertex in this subinstance. As a result
we can also say that we make a mistake for this entire subinstance if we assign all inputs to
centers with a different first coordinate. A 0-layer instance simply consists of an isolated
vertex.

To construct the first layer, we use gadgets based on the reduction by Ge et al. [22]. These
gadgets simulate Boolean decisions by assigning a vertex to one of two centers, which enables
connections to one center while potentially blocking connections to the other. Following this
idea, we can create gadgets modeling the formula ¢ that use two centers whose positions
only differ in the first coordinate and contains a special set of vertices that we call outputs.
Each output is supposed to be assigned to one specific center (among the two contained in
the gadget). If ¢ can be satisfied, we can assign all outputs accordingly, but if ¢ cannot
be satisfied, at least one output needs to be assigned incorrectly. We create such gadgets
for every possible choice of the last L — 1 coordinates and connect their outputs with the
inputs of the instances with L — 1 layers (where the same output can be used multiple
times). The different inputs of the same subinstance are each connected with an output from

4 This is a slight simplification, actually their distance is not equal but proportional to this value.
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Legend
Instance, ¢ Layers

Gadget

o Center

e Output

o Input

Figure 2 A sketch of a 2-layer subinstance included in a 3-layer instance. Note that the number
of in- and outputs is not accurate and there are further gadgets, centers and subinstances in the
3-layer instance.

a different gadget and the connections between the in- and outputs have to fulfill certain
properties which are not presented in this section. Figure 2 sketches the overall structure of
this construction.

By adding sufficiently many (L — 1)-layer instances, one can ensure that if ¢ cannot be
satisfied (meaning each gadget has an incorrect output), then there also exists at least one of
these subinstances which is only connected to incorrect outputs resulting in a mistake for this
subinstance. By an inductive argument we can then show that in this (L—1)-layer subinstance
we have to again make a mistake for one of the contained (L — 2)-layer subinstances and
so on. This guarantees a vertex for which we make a mistake in every layer resulting in a
radius of L. However, if ¢ can be satisfied, it is possible to assign the vertices without any
mistakes resulting in a radius of 1.

To make this construction work, we have to cover many different possibilities which
outputs are assigned incorrectly by the gadgets. This requires many centers, gadgets, and
copies of (L — 1)-layer subinstances in an L-layer instance and the number of centers increases
exponentially when we add an additional layer. As a result, the number of layers is bounded
by O(log™(k)) which then also limits our hardness result accordingly.

2.3 Approximation Algorithms for Connected MSR and MSD

Our approximation for connected MSR is based on the (3 + €)-approximation algorithm for
regular MSR by Buchem et al. [6]. Their algorithm first guesses the (1/€) largest clusters
and then calculates the remaining ones using a primal dual approach. The variables of the
primal LP (and thus the constraints of the dual LP) correspond to balls B(c,r) that contain
all vertices around a center ¢ with radius r. These variables indicate whether or not the
respective ball is used as a cluster in the LP solution. To ensure connectivity we have to
modify these balls to instead contain all vertices which are reachable from the center via a
path of vertices at distance r from it. It is easy to verify that the resulting balls are indeed
connected.

Since the original algorithm already merges overlapping balls together, most of the analysis
by Buchem et al. can be adapted to incorporate the connectivity constraint. However, one
needs to be careful with the (1/€) largest clusters that have been guessed in the beginning. In
the regular setting, we can just assign all vertices within a certain radius around an optimal
center (similarly to the balls) to the center and know that it does not affect the other clusters
negatively, if they cannot use the respective vertices anymore. However, in the connected
setting, this might split up some of the other optimal clusters. To circumvent this, we allow
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the balls in the LP to also contain vertices that are already contained in these guessed
clusters. In the end, we merge them together with the guessed clusters if they overlap. By
being careful in the analysis, one can show that this does not increase the approximation
factor in the worst case. As a result, we end up with a (3 4 €)-approximation algorithm for
connected MSR.

To improve the trivial (6 + €)-guarantee that this algorithm gives for the MSD problem
(both in the connected and unconnected case), one needs to observe that the cost of the
optimal MSD solution is lower-bounded by the optimal MSR solution. As a result we can
compare against the optimal MSR solution to bound the approximation factor for MSD. In
their analysis, Buchem et al. were able to prove via an elaborate argument that the radius
of a cluster, resulting from merging a specific set of overlapping balls, can be bounded by
three times the contribution of these balls to the cost of the dual LP solution. Using an
actually far less involved argument, one can show that the diameter of the resulting cluster
is bounded by 4 times the contribution of these balls to the cost of the dual solution. By
inserting this bound into the remainder of the proof, we obtain that the MSR algorithm also
calculates a (4 + ¢)-approximation for the optimal MSD solution.

To show that it is NP-hard to approximate connected MSR with an approximation factor
smaller than 4/3 (even if k = 2), we use a reduction from 3-SAT similar to the gadgets
in our hardness proof for connected k-center. We need to be slightly more careful when
constructing the connected MSR instance, because in MSR, one can replace two clusters by a
single cluster with the combined radius without increasing the cost.
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