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—— Abstract

Recent concurrent work by Dupré la Tour and Fujii and by Hollender, Manurangsi, Meka, and
Suksompong [ITCS’26] introduced a generalization of classical discrepancy theory to non-additive
functions, motivated by applications in fair division. As many classical techniques from discrepancy
theory seem to fail in this setting, including linear algebraic methods like the Beck-Fiala Theorem
[Discrete Appl. Math ’81], it remains widely open whether comparable non-additive bounds can be
achieved.

Towards a better understanding of non-additive discrepancy, we study coverage functions in a
sparse setting comparable to the classical Beck-Fiala Theorem. Our setting generalizes the additive
Beck-Fiala setting, rank functions of partition matroids, and edge coverage in graphs. More precisely,
assuming each of the n items covers only t elements across all functions, we prove a constructive
discrepancy bound that is polynomial in ¢, the number of colors k, and logn.
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1 Introduction

The field of Discrepancy Theory studies the inevitable imbalance that arises under discrete
choices. In the classical setting, the vertices of a hypergraph have to be colored in red
or blue while bounding the difference in the number of red and blue vertices for each
hyperedge. The maximum difference is called the discrepancy of the coloring and the
typical goal is to prove existence of a coloring of some discrepancy, possibly under structural
restrictions on the hypergraph. One of the cornerstones of this area is the classical result
by Spencer [35] which proves that any hypergraph with n vertices and m = n hyperedges
has a coloring of discrepancy O(y/n). Another classical result by Beck and Fiala [10] states
that any hypergraph where each vertex appears in at most ¢ hyperedges has a coloring of
discrepancy O(t).
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Notably, several classical results in discrepancy theory were initially non-constructive.
This includes Spencer’s Theorem [35] as well as Banaszczyk’s proof [2] of a O(y/logn)
bound in the Komlés setting!, which implies O(y/tlogn) in the Beck-Fiala setting. As both
remained longstanding open problems, it took significant effort until efficient algorithms were
known [3, 26, 33, 14, 4]. Remarkably, there is still progress on longstanding conjectures,
with Bansal and Jiang [5, 6] very recently proving @(1og1/4 n) for the Komlds setting
and O(v/t + v/Iogn) in the Beck-Fiala? setting.?

Beyond the classical results, various extensions of the notion of discrepancy have been
studied. Due to the close connection of rounding linear programming relaxations, techniques
developed in this field have proven useful in, for example, approximation algorithms [8, 19, 32].
Recently, concepts and techniques from discrepancy have been studied in the context of fair
allocation [28, 11, 21, 24], with the following motivation: consider the task of distributing n
items among k agents. Suppose we have m valuation functions fi,...,fm, @ 2" — R,
which each assign a value to every subset of items. The different functions may represent
incomparable aspects of the items, for example monetary or sentimental value. Our goal is
to distribute the items among the agents such that each agent receives approximately the
same value with respect to each of the functions. Formally, we define:

» Definition 1. Let F = {f1,..., fmn : {0,1}"™ — R} be a family of functions. The discrepancy
of a k-coloring x : [n] — [k] with respect to F is defined as

: e : —1 _ —1/p
disc(F, x) ~—1¥g%£$gﬁ]|f1(>< 0) = filx~ ()]

Then, the k-color discrepancy of F is defined as

discy (F, k) := min__disc(F, x).
x:[n]—[k]

It is not hard to see that this notion of fairly allocating items is a generalization of the
classical setting of discrepancy, also referred to as multicolor discrepancy [15]. More precisely,
consider one item for each vertex, k = 2 agents representing the two colors, and one function f
for each hyperedge H such that f(S) = |S N H|. Notably, many techniques from classical
discrepancy extend to more than 2 colors and additive functions with bounded coefficients.
The setting of non-additive functions, however, is largely unexplored and the transfer of
techniques from classical discrepancy seems highly unclear. Partly, because many classical
techniques are linear algebraic in nature, e. g. the Beck-Fiala Theorem [10], which intuitively
leads to problems when the underlying functions are no longer linear. Moreover, many
additive results [35, 3, 33, 26, 7] rely on the partial coloring method introduced by Beck [9]
and Gluskin [18] which fails for general non-additive Lipschitz functions.

The non-additive setting was introduced simultaneously and independently by Hollender,
Manurangsi, Meka and Suksompong [21] and by Dupré la Tour and Fujii [24]. Both show
similar discrepancy bounds, but the analysis of the second set of authors yields the following
slightly stronger result.

» Theorem 2 ([24]). For any prime power k = p” and any family of 1-Lipschitz functions
F=Af1,-- fm :{0,1}™ = R}, there exists a k-coloring of discrepancy O(y/mlog(mk)).

1 The Komlds conjecture states that given vectors of euclidean norm at most 1, one can find signs such
that their signed sum is at most O(1) in every dimension.

2 The well known Beck-Fiala conjecture states that a discrepancy of O(v/1) is possible.

3 Here, O(-) hides loglog n factors.



T.R. Auvila, L. Rohwedder, and L. Wennmann

To prove this, both sets of authors use the multilinear extension for a continuous relaxation
of the problem and replace the typical linear algebraic method to obtain a solution with at
most m fractional elements by a necklace cutting theorem [1, 22]. Combining this with a
standard randomized rounding approach and exploiting the Lipschitzness in the analysis
yields the result. Importantly, it is not constructive as the necklace cutting theorem is
non-constructive.

A bound on the Lipschitzness is necessary to obtain any reasonable result, thus the setting
of the theorem above is perhaps the most general with respect to this assumption. However,
the theorem still leaves a multitude of directions open, for example:

What about Beck-Fiala type settings?

What about non-prime powers k7

What about constructive bounds?

Towards these directions, we consider a more restrictive class of functions, namely coverage
functions, which are defined in the next subsection.

1.1 Sparse Coverage Functions

We call a function f : 2" — Z>( a coverage function if there exist a universe U and
subsets Uy, ..., U, C U such that f(T) = |UJ,cp Uil for all T C [n]. We say that i
covers u € U if w € U;. In other words, f(T) is the number of elements covered by
the items T. Intuitively, coverage functions reward diversity over redundancy, because
their function value grows with the number of covered elements. Consequently, they are a
natural subclass of submodular functions that appear in classical problems of combinatorial
optimization, for example the Set Cover problem [36] or Max k-Coverage [20]. For some
other examples, refer to [12, 16, 23, 13, 17].

We focus on the sparse setting where we are given coverage functions fi,..., f;, and
each item covers at most ¢ elements across all m functions. We say that such a family of
functions is t-sparse (which we formally define in the next section). Note that such functions
are t-Lipschitz. Examples for ¢t-sparse families of coverage functions include:

The classical Beck-Fiala setting can be formulated as a t-sparse family of coverage functions,

where for a hyperedge H, we define a coverage function with U = H and U; = {i} N H

for all i € [n].

The rank function of a partition matroid is a coverage function, where each item covers

at most one element (assuming a capacity of 1 for each set in the partition). Thus, a

family of m partition matroid rank functions is a m-sparse family.

For a given graph, the number of vertices covered by a set of edges is a coverage function,

where each item (edge) covers at most two elements. Thus, a family of m edge coverage

functions forms a 2m-sparse family.

1.2 Our Contribution
Towards the goal of understanding non-additive discrepancy for several natural classes of
functions, we show the following results.

Main Result

Affirmatively answering all three previous questions, our main result is a constructive bound
on the (multicolor) discrepancy of a t-sparse family of coverage functions, which is polynomial
in ¢, any color k, and In(n).
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» Theorem 3. Let F = {f1,..., fm : {0,1}" — R} be a t-sparse family of coverage functions.
In polynomial time, we can compute a k-coloring x : [n] — [k] such that with high probability

disc, (F, k) < O(VE3k - In(ntk)).

Technical Overview

Throughout the rest of the paper, we use an equivalent dual definition of coverage functions:
for each element u € U, introduce a set S,, C [n] that describes which items cover . Then
we call S = |J, oy Su the dual sets. Formally, we redefine the t-sparse family of coverage
functions as follows.

» Definition 4 (¢-Sparse Family of Coverage Functions). Let m,t € N. For alli € [m], let S;
be a collection of sets S C [n] such that each element j € [n] appears in at most t different
sets S € S 1= Uie[m] Si. Let F = {f1,..., fm : {0,1}" — R} denote a t-sparse family of
coverage functions defined by fi(T) = gc s, min{[SN T, 1}.

In order to show Theorem 3, we distinguish two special cases: either the sizes of the
sets S € S are all small or all big. Importantly, the results in this overview primarily provide
intuition for the algorithmic challenges to overcome for the main result and are not fully
optimized.

In the case of only small sets, we first construct a fractional k-coloring Y with few
fractional elements and zero discrepancy based on the multilinear extension. The key insight
is that we can compute a large set for which the restricted multilinear extension becomes
linear (see Definition 8 and Lemma 9), thereby allowing the use of standard LP techniques
to round Y while maintaining zero discrepancy. As a last step, we randomly round the
remaining fractional elements in Y to an integral k-coloring without significantly increasing
the discrepancy. More precisely, we obtain the following discrepancy bound in Section 3.4

» Theorem 5. Let F = {f1,..., fm : {0,1}™ — R} be a t-sparse family of coverage functions
where |S| <'s for all S € S. In polynomial time, we can compute a k-coloring x : [n] — [k]
such that with high probability

discy (F, k) < v/2mt3ks - (1 + In(2mk)).

In the case of only big sets, the key insight is that it is highly unlikely to miss a color
under a random coloring. The sparsity of our setting ensures that failures in different sets
are nearly independent allowing for standard concentration bounds. For a slightly stronger
result, the Constructive Lovész Local Lemma [30, 34] guarantees the existence of a global
coloring where no set is missing a color. This yields the perfect discrepancy result shown in
Section 4.

» Theorem 6. Let k € N and F = {f1,...,fm : {0,1} — R} be a t-sparse family of
coverage functions where |S| > 6k - In(tk) for all S € S. In randomized polynomial time, we
can compute a k-coloring x : [n] — [k] such that disc, (F, k) = 0.

The techniques necessary to prove Theorems 5 and 6 capture the main difficulties to
overcome when showing the discrepancy bound for sets of all sizes in Theorem 3. We
start by introducing an artificial size threshold s to distinguish between small and big sets.

4 For exposition, we omit optimization details in Section 3 to focus on core ideas. Thus, the bound in
Theorem 5 depends on m; this dependency can be removed by replacing the standard LP techniques by
the more involved randomized procedure used for Theorem 3.
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Remarkably, it suffices to ensure zero discrepancy w. h. p. for a representative subset of size s
for all big sets. Combining the key ideas of the two cases, we start with an initial fractional
k-coloring of zero discrepancy and iteratively increase the number of integral elements by
a random procedure that maintains the value of the initial k-coloring in expectation while
bounding the rounding error of the linear restricted multilinear extensions w.r.t. the small
sets. Importantly, all elements of the same set are rounded independently. Putting the pieces
together, we obtain a discrepancy bound w.r.t. the small sets from the rounding procedure
and zero discrepancy w. h. p. for the big sets by standard concentration bounds. For more
details, refer to Section 5.

1.3 Future Directions

In Theorem 3, we show a discrepancy bound of O(V#3k - log(nkt)). A simple lower bound
shows that the discrepancy in our sparsity setting must be at least ¢: Consider a single item
and a single function, where the item covers t elements. In other words, it is not possible to
color the item in more than one color, thus all other colors cannot be used which results in a
discrepancy of t. Therefore, our bound is tight up to a factor of O(v/tk - log(nkt)). In the
following, we will comment on the two factors O(log(nkt)) and O(v/tk) separately.

The O(log(nkt)) factor is inherent to our approach in order to ensure that the big sets
have w. h. p. zero discrepancy. Avoiding this factor requires a new approach that does not
rely on a union bound. Similar logarithmic factors are lost in other methods in the non-
additive setting that are also based on random colorings, e. g. both previous papers [21, 24].
Compared to the lower bound of Q(v/m) by Meka and Manurangsi [27] in the additive
setting®, they lose a factor of O(y/log(mk)) due to the use of concentration and union
bounds.® It also remains an interesting open question whether the gap of O(y/log(mk))
can be closed there. Moreover, this extra factor is in some sense comparable to obtaining
the standard bound of O(y/nlogn) in traditional discrepancy where randomly rounding a
fractional 2-coloring with only n fractional elements is analyzed with concentration and union
bounds as well. Improving the bound to O(y/n) demanded the development of more refined
rounding techniques [35, 3, 33, 26, 7, 25, 31] that do not require a union bound, however,
heavily rely on additivity. This raises the intriguing question whether the extra factor can
be avoided in the non-additive setting as well.

The O(\/t>k) factor is the overhead of our iterative approach. In fact, the naive analysis
of the number of iterations results in about O(tk) which yields an overhead of O(tk) that we
improve upon using Azuma’s inequality. We leave open whether this factor can be improved
further.

Furthermore, observe that our notion of sparsity relies on the structure of coverage
functions. In an alternative definition of sparsity, as mentioned in [21], each item ¢ influences
only ¢ functions, more precisely there exists some S C [n] such that f(SU{i}) # f(S). Under
this notion, they show a non-constructive discrepancy bound of O((ntk)'/3 - (log(ntk))*/3)
for any prime k. As this assumption is weaker than ours, it raises the intriguing question
whether a similar bound holds for coverage or even broader function classes (under additional
assumption of 1-Lipschitzness). In the case of partition matroid rank functions where both
notions are equivalent, we affirmatively answer this question with an efficient algorithm to
compute a k-coloring with no restrictions on k. Independent of the sparse setting, many

5 There are no lower bounds specific to the non-additive setting.
5 To be precise, [21] actually loses a factor of O(1/klog(mk)) due to their slightly weaker bound.
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questions remain open in non-additive discrepancy. In this paper, we emphasize natural
function classes such as coverage functions, matroid rank functions, or generally monotone
submodular functions that will form interesting benchmarks for future research.

2 Preliminaries

Throughout, we use the following notation. We write [n] = {1,...,n} for any n € N. For any
set S C [n], denote its complement by S := [n]\S and its indicator vector by 1g € {0,1}".

An integral k-coloring of n elements is a function x : [n] — [k] that assigns each element
exactly one color. A fractional k-coloring is a function X : [n] — Ay with the k-simplex
Ay, = {z € [0,1]*| > repw) ©e = 1}. For any k-coloring x, the elements of color £ € [k] are
interchangeably written as x ' (¢) and the vector x, € {0,1}" where x¢; = 1 for any j € [n]
with x; = £. Similarly, for any fractional k-coloring X, we use the vector X, € [0,1]"™ for all
elements of color ¢ € [k]. Slightly abusing notation, we also use the vector X; € [0, 1]* with
> ey Xje = 1 for the coloring of a single element j € [n].

2.1 Rounding the Linear Multilinear Extension
We extend our discrete functions to the continuous setting via the multilinear extension.

» Definition 7 (Multilinear Extension). For any function f : {0,1}" — R, its multilinear
extension F : [0,1]" — R is defined as

Pla) = Esmalf(8) = 3 108) - T] o [ 51— ).

Importantly, in the case of coverage functions, one can evaluate the multilinear extension
in time polynomial in the size of the underlying universe, since it is straight-forward to
compute the probability that an element of the universe is covered. In Sections 3 and 5, we
consider the following restricted multilinear extension.

» Definition 8 (Restricted Multilinear Extension). Let f : {0,1}" — R be a function and X :
[n] = Ag a fractional k-coloring. For any set D C [n], denote the restricted multilinear
extension by F|p : [0,1]'Pl — R where the values X; are fized for alld € D.

In words, restricting the multilinear extension to elements in D reduces the number of
variables to |D| and treats the values of the elements in D as constants. Importantly, the
restricted multilinear extension becomes linear for the following choice of D.

> Lemma 9. Let f:{0,1}" — R be a coverage function with dual sets S and let X : [n] — Ay
a fractional k-coloring. For any set D C [n] with |[SND| <1 for all S € S, the restricted
multilinear extension F|p(X) is linear.

We defer the proof to Appendix A. In the following, we show how to take advantage of this
insight when showing small discrepancy bounds. Given a fractional k-coloring X : [n] — Ay,
let F;|p denote the restricted multilinear extension w.r.t. X for all ¢ € [m]. By Lemma 9, all
functions F;|p are linear. Thus, the problem of coloring all elements in D while preserving
the function values F;|p(X¢) can be modeled as the following linear program RoundingLP.

Vi € [m], £ € [k] F;|p(Xy) = F;|p(Xy) Value Preservation
vd e D Z%W Xy =1 Valid Coloring

Vd € D,t € [k] Xy >0 Non-Negativity
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Excluding the non-negativity constraints, RoundingL.P has mk + |D| many constraints. As
the values for all d € D are fixed, RoundingLP has |D| - k many variables X, for all d € D
and ¢ € [k]. In Section 5, we use the following lemma and RoundingLP to round a fractional

k-coloring X to a more integral k-coloring X’ while maintaining the value of X in expectation.

» Lemma 10 (Rounding in Expectation). Let A € R™*™ and b € R™. Given X € [0,1]"
with AX = b, we can sample a random vector X' € [0,1]" with E[X'] = X, AX' =b and at
most m fractional variables in polynomial time.

We defer the proof to Appendix A.

2.2 Concentration Bounds

In order to bound the randomized rounding error in Section 3, we use McDiarmid’s inequality.

» Lemma 11 (McDiarmid’s Inequality [29]). Let Y = (Y1,...,Y,) € {0,1}9 be a vector of
independent random variables. Let h : {0,1}2 — R be any function satisfying |h(Y)—h(Y")| <
t whenever Y and Y’ differ in at most one coordinate. For any r > 0, we have

2
Pr (|M(Y) —E[R(Y")]| > ) < 2exp <Z) .

We use the following concentration bounds to show the discrepancy bound in Section 5.

» Lemma 12 (Chernoff Bound). Let Xi,..., X, € {0,1} be independent random variables.
Let X =3¢ Xi and p=E[X]. For any é € [0,1], we have
Pr((1-0)u>X) <exp(—1/2-6°4).

We call a sequence (M;)ien of random variables a discrete-time martingale if we have
E[Mt] < oo and E[Mt+1 |M0, ...7Mt] = X; for all t € N.

» Lemma 13 (Azuma’s Inequality). Suppose (M;);>0 is a martingale and |M; — M;_1| < ¢;

almost surely for all j > 1. Then, for all positive integers N and all positive reals €,

2
Pr(| Xy — Xo| > ¢) <2exp <_f\12> )
2Zj:1 c

3 Sparse Coverage Functions with Small Sets

In this section, we show the following theorem.

» Theorem 5. Let F ={f1,..., fm :{0,1}" — R} be a t-sparse family of coverage functions
where |S| < s for all S € S. In polynomial time, we can compute a k-coloring x : [n] — [k]
such that with high probability

disc, (F, k) < /2mt3ks - (1 + In(2mk)).

We show Theorem 5 in two steps: First, we construct a fractional k-coloring Y with
at most mtks fractional elements and zero discrepancy. Second, we randomly round the
remaining fractional elements to an integral k-coloring x without significantly increasing the
discrepancy.

139:7
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3.1 Computing a k-Coloring with Few Fractional Elements

Throughout this subsection, we show how to compute a fractional k-coloring with few
fractional elements by proving the following lemma.

» Lemma 14. Let F ={f1,..., fm : {0,1}"™ — R} be a t-sparse family of coverage functions
where |S| < s for all S € §. In polynomial time, we can compute a fractional k-coloring
Y : [n] = Ay with at most mtks fractional elements such that F;(Y;) = F;(Ye) for alli € [m)
and £,0" € [k].

We prove Lemma 14 as follows. Starting out with a fractional k-coloring Y : [n] — Ay,
where Yy; = 1/k for all j € [n] and ¢ € [k], we iteratively increase the number of integrally
colored elements until we have at most mtks fractional elements. Throughout, let Z C [n]
denote the set of fractional elements in Y, where Z = [n] initially. In the following lemma,
we show how to compute a large independent set in the dependency graph of F.

» Lemma 15. For some Z C [n|, let G = (Z,E) denote the dependency graph of F
where E = {{u,v} |35 € S:u,v € SNZ,u # v}. In polynomial time, we can compute an
independent set D C Z in G such that |D| > |Z|/ts.

Proof. In polynomial time, we construct G and compute D using a standard greedy algorithm.
Initialize D = (). While Z # (), we repeat the following steps.

1. Pick any vertex z € Z with the smallest degree.

2. Set D = DU {z} and remove z and all its neighbors from Z.

Due to the second step, it holds that {d1,ds2} ¢ E for all di,dy € D. By definition of size s
and sparsity ¢, it holds that deg(z) < (¢ — 1)(s — 1) for all vertices z € Z. Hence, we delete z
and at most (t{ — 1)(s — 1) dependent vertices from Z in each iteration. Thus, it follows
that |D| > |Z|/ts. <

In words, no two elements in D appear in the same set S € S§. In the following, we
explain how to exploit the independence of the elements of D to compute a fractional k-
coloring Y with at most |Z| — 1 many fractional elements while maintaining F;(Yy) = F;(Y))
for all i € [m] and ¢ € [k] with Lemma 16. The key insight is that restricting the multilinear
extension F;|p to D and fixing all elements d € D to their value of Y; results in Fy|p
becoming linear (see Definition 8 and Lemma 9). Therefore, the problem of coloring the
elements of D while ensuring that F;|p(Y,) = F;|p(Y) for all i € [m] and ¢ € [k] can be
modeled as a linear program. In the following lemma, we show that standard LP techniques
result in at least one more integrally colored element in D.

» Lemma 16. Let Y : [n] — Ay be a fractional k-coloring and Z C [n] the set of fractional
elements in'Y. Let D C Z be an independent set of size |D| > mk. In polynomial time, we
can compute a fractional k-coloring Y' : [n] — Ay with at most |Z| — 1 fractional elements

and F;(Yy) = F;(Y)) for alli € [m] and ¢ € [k].

Proof. In the following, we show how to obtain Y’ such that

vd € D Y=Yy, (1)

Vi € [m], ¢ € [k] F:(Y)) = FF (Vo) (2)
k : _

ddeD Y, € {0,1}* with ZZGM Y, = 1. (3)
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To satisfy Equation (1), we set Y7 = Y; for all d € D. For all i € [m], let F|p denote the
restricted multilinear extension w.r.t. Y. Then we use RoundingLLP to compute a fractional
coloring (Y;)4ep such that Equations (2) and (3) hold. Due to |D| > mk, we have more
variables than constraints, i.e. we have |D| 4+ mk < |D| - k. Using a standard LP algorithm,
we obtain a vertex solution (Y})4ep to RoundingLP with at most |D| + mk many non-zero
variables in polynomial time. By the valid coloring constraints, any element d € D must
have at least one non-zero variable. If d is fractionally colored, then at least two variables
must be non-zero. Hence, there can be at most mk many elements that have more than
one non-zero variable. As a consequence, at least |D| — mk > 1 elements of D are integrally
colored and Equation (3) is satisfied.

Using Definition 8, it holds that F;|p(Yz) = F;(Ye) for a fixed fractional k-coloring Y,
and all 7 € [m] and ¢ € [k]. Together with the value preservation constraints of RoundingLP,
we have that Equation (2) holds. <

We repeatedly reduce the number of fractional elements using Lemmas 15 and 16 until
we can no longer find an independent set D of size |D| > mk. At that point, the resulting
k-coloring has at most mitks fractional elements. We are now in the position to prove
Lemma 14.

Proof of Lemma 14. Let Y : [n] — Ay, denote a fractional k-coloring with Y, = 1/k for all
j € [n] and ¢ € [k]. Due to the choice of Y, we have zero discrepancy

Fi(Y;) = Fi(Ye) (4)

for all i € [m] and £,¢ € [k]. Let Z C [n] be the set of fractional elements in Y, initially we
have Z = [n]. In order to compute a fractional k-coloring Y* with at most mtks fractional
elements such that Equation (4) holds, we repeat the two following steps. First, we find
an independent set D C Z of size |D| > |Z]|/ts with Lemma 15. Second, we compute a
fractional k-coloring Y’ with at most |Z| — 1 many fractional elements while maintaining

F(Y/)) = F;(Ye) (5)

for all ¢ € [m] and ¢ € [k] using Lemma 16. Then we pick Y* to be the k-coloring that is the
result of repeating these steps until there no longer exists a set D with |D| > mk. At this
point, Y* has at most mtks fractional elements. From Equations (4) and (5), it holds that

F(Y]) = Fi(Ye) = Fi(Ye) = Fi(Yy)

for all i € [m] and ¢,¢ € [k]. Consequently, maintaining Equation (5) throughout the
algorithm results in F;(Y;") = F;(Y,r) for all i € [m] and £,¢" € [k]. <

3.2 Rounding a k-Coloring with Few Fractional Elements

Based on the fractional k-coloring computed in Section 3.1, we show that a simple randomized
rounding scheme, similar to [24, 21], yields a proper k-coloring of small discrepancy.

» Lemma 17. Let F = {f1,..., fm : {0,1}" — R} be a t-sparse family of coverage functions.
Let Y : [n] — Ag be a fractional k-coloring such that F;(Yy) = F;(Yy) for all i € [m]
and ¢, 0" € [k] and Z C [n] the set of fractional elements in'Y . In polynomial time, we can
compute a k-coloring x : [n] — [k] such that with probability larger than 1/2 holds that

disc, (F, k) < \/2|Z|t2 - (1 + In(2mk)).

We defer the proof to Appendix A. Together, Lemmas 14 and 17 show Theorem 5.
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4 Sparse Coverage Functions with Big Sets

In this section, we show the following theorem.

» Theorem 6. Let k € N and F = {f1,..., fm : {0,1}™ — R} be a t-sparse family of
coverage functions where |S| > 6k - ln(tk) for all S € S. In randomized polynomial time, we
can compute a k-coloring x : [n] — [k| such that disc, (F, k) =0.

There are two key insights to proving Theorem 6. First, any k-coloring x where all
sets S € S contain at least one element of each color, i.e. 1g - x¢ > 1 for all £ € [k], has zero
discrepancy. Any set S with that property is called a k-rainbow set.

» Definition 18 (k-Rainbow Set). Let x : [n] — [k] be a k-coloring. A set S C [n] is called a
k-rainbow set with respect to x, if Ls-xe¢ > 1 for all £ € [k]. If a subset P C S is a k-rainbow
set with respect to x, then so is S.

Second, consider a k-coloring x where each element is randomly colored in one of the k
colors. Due to the sparsity ¢, the random coloring of all elements in S € S is only dependent
on a few other sets. Since the sets are large in comparison to the number of dependencies,
the probability of a set being a rainbow set in a random coloring is high and we can apply
the Lovdsz Local Lemma (LLL).

» Lemma 19 (Symmetric Constructive Lovasz Local Lemma [30, 34]). Let X be a finite set of
mutually independent random binary variables in a probability space. Let A be a finite set
of events determined by these variables. Let p € [0,1] and d € N such that Pr(A) < p for
all A€ A and every A € A depends on at most d other events A’ € A.

If ep(d + 1) < 1, then there is a non-zero probability that none of the bad events occur.
Moreover, there exists a randomized algorithm that computes such an realization of random
variables in expected time polynomial in |X| and |A|.

Putting the two insights together, we show the following lemma as follows. For each
set S € S, we define the bad event as S not being a rainbow set in a random coloring and
analyze its probability and dependencies. Applying LLL, we show that all bad events can
be avoided and we can obtain a coloring where each set is a rainbow set. Importantly, we
first replace each set S by arbitrary subset P of size s = 6k - In(¢tk). This step maintains
sufficiently low probability for the bad events, but restricts the dependencies as a larger set
may have higher dependencies.

» Lemma 20. For any t,k € N, let s = 6k - In(tk). Let S be a collection of sets S C [n]
such that |S| > s and each element j € [n] appears in at most t different sets S € S. In
randomized polynomial time, we can compute a k-coloring x : [n] — [k] such that each S € S
is a k-rainbow set.

Proof. Let P be a collection of sets that contains for each S € S an arbitrary P C S
of size |P| = s. Then P is also t-sparse. Let x : [n] — [k] be a k-coloring where each
element j € [n] is randomly colored by setting x; = ¢ with probability 1/k for each ¢ € [k].
For all P € P and ¢ € [k], let A(P) denote the event that P is not a k-rainbow set with
respect to y and let Cy(P) denote the event that 1p - x, < 1. Then we have

Pr(Ci(P) = (1) <exp ().
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Notably, if P € P is not a k-rainbow set, then 1p - x, < 1 for at least one color ¢ € [k].

Therefore, using a standard union bound, it holds for all P € P that

p:=Pr(A(P)) =Pr <Ue€m @(P)) < Zlew Pr (Cy(P)) = k- (1— )" < kexp (—2).

Here, the last inequality follows from 1 + x < exp(z), which holds for every x € R.
Since each element j € [n] appears in at most ¢ different sets P € P, each event A(P) is
only dependent on at most d = s(t — 1) < ts — 1 other events. Thus, we have that

6e - In(tk) <1

ep(d+1) = etk - exp (—%) +s = Getk? - exp(—In(t°k")) - In(th) = — 57— <

where the last inequality holds for all £ > 2 and ¢ > 1. Therefore, we can compute in
polynomial time a k-coloring x’ such that no bad event occurs. In particular, all sets P € P
and therefore also all sets S € S are k-rainbow sets with respect to x'. <

Theorem 6 is the immediate consequence of Lemma 20.

Proof of Theorem 6. By Lemma 20, we can compute a k-coloring x : [n] — [k] where each
set S € S is a k-rainbow set in polynomial time. Hence, it holds that

min{1lg x¢,1} > min{1,1} =1
for all S € S and ¢ € [k]. Therefore, we have f;(x¢) = fi(xe) for all £ € [k] and i € [m]. As
a result, it holds that disc, (F, k) = 0. <
5 Sparse Coverage Functions with Any Size Sets

Throughout this section, we show the following theorem.

» Theorem 3. Let F = {f1,..., fm : {0,1}" — R} be a t-sparse family of coverage functions.
In polynomial time, we can compute a k-coloring x : [n] — [k] such that with high probability

discy (F, k) < O(Vt3k - In(ntk)).

We start by explaining the key ideas of computing the integral k-coloring x of Theorem 3.
Based on an artificial size threshold s, we partition our family of functions F into two parts.

» Definition 21. Let s = 24k - In(ntk) and F = {f1,..., fm : {0,1}" = R}. For alli € [m],
let S; = 8§ US? where S§ is the collection of sets S € S; with |S| < s and S? the collection
of sets S' € S; with |S'| > s. Based on S§ and S?, write f; = f£ + f? and define the t-sparse
families F* = {f§,..., f5} and Fo = {fb, ..., fo}.

Intuitively, F* is the t-sparse family of small set coverage functions and F? is the t-sparse
family of big set coverage functions. Let Y(?) be the fractional k-coloring where Yz(qo) =1/k
for all ¢ € [n] and ¢ € [k] as an initial solution, then we have zero discrepancy

Fs (on)) — F? (Y}/O))

for all ¢ € [m] and ¢, ¢’ € [k]. Next, we iteratively increase the number of integral elements
in our fractional k-coloring by a random procedure that maintains the value of Y(© in
expectation while bounding the rounding error of F in each iteration. As a result, the
integral k-coloring x has small discrepancy w.r.t. F*.
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Notably, this approach only considers the discrepancy of the small sets in S®. This
raises the question of whether our approach yields any discrepancy property for the big sets
in S*. Observe that if each set in S® is with high probability a k-rainbow set w.r.t. x (see
Definition 18), then this implies zero discrepancy w.r.t. F° with high probability. Combining
these two ideas, we show the following lemma throughout this section.

» Lemma 22. For any t,k € N, let n > Q(¢ - In(tk)). Let s = 24k - In(ntk) and F* =
{f3,.. ., f5, :{0,1}" — R} be a t-sparse family of small set coverage functions. In polynomial
time, we can compute a k-coloring x : [n] — [k] such that with high probability each S € S°
is a k-rainbow set w.r.t. x and

disc, (F°, k) < O(V3k - In(ntk)). (6)

Due to the size of s, it suffices to show that integrally coloring s elements of each S € S®
results in S being a k-rainbow set with high probability w.r.t. x. For the rest of the section,
assume w.l.o.g. that all big sets S € S® have exactly s elements by arbitrarily picking s
elements from S and removing the rest. As a consequence, we slightly abuse notation and
define F* over 8* U S?, because all sets in S* U S? have at most s elements.

We show Lemma 22 in two steps. First, we compute I < ts+1 many sets Dy, ..., Dy C [n]
where no two elements of D; appear in the same set S € S° U SP. This is equivalent to
finding a ts+ 1 vertex coloring in the dependency graph G of F* where two distinct elements
share an edge if they are present in the same set .S.

Second, we iteratively increase the integral elements in the initial solution Y'(°) by rounding
the fractional elements of one independent set D; in each iteration j € [I] while all other
elements in D; remain unchanged. More precisely, in the j-th iteration the elements Yd(j ) for
all d € D; become integral with ]E[Yd(j )] = Yd(j ~Y while maintaining Yg(j ) = Yg(j Y for all
elements d € E Moreover, we also bound the error in the linear multilinear extensions F’
in each iteration. The key insight to a small error is the following: Similar to Beck-Fiala [10],
we only consider linear functions F’|p; with more than 3t occurences of fractional elements
with respect to D; and disregard all others. Thus, we only make an error once a function
has at most 3t fractional variables. Formally, we show the following lemma.

» Lemma 23. Let Y : [n] — Ay be a fractional k-coloring and D C [n] an independent set.
In polynomial time, we compute a fractional k-coloring Y' : [n] — Ay such that

vd € D V) =Yy,
Vd e D E[yé] =Yy,
vd e D Y, € {0,1}* with ZZE[M Yy, =1,

Vi € [m], £ € [K] |F7(Y/) — FP(Ye)| < 3t.

Proof. We show how to compute Y’ by describing an iterative rounding algorithm that
repeatedly applies Lemma 10 to RoundingLP in order to integrally color all elements d € D
while maintaining E[Y}]] = Y. For all d € D, we set Y; =Yy Let r denote the number of
linear functions F}?|p defined w.r.t. ¥ with more than 3¢ fractional elements w.r.t. D and
assume w. L. 0. g. that these functions are Fi, ..., F,.

Let J < |D| denote the number of iterations of the following algorithm. Starting out
with X(©) = (Yy)agep € (0,1)/PI'* as an initial solution, we apply Lemma 10 to a subset of
constraints of RoundingLP in each iteration. Let Dy = D. For all j € [J], let D; C D;_;
be the set of fractional elements in the solution X¢) € [0,1]/PI"*. Let r; be the number
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of functions F?|p with more than 3t occurrences of fractional elements w.r.t. D;, i.e. all
occurrences of a fractional element in F}|p are counted towards the threshold. Observe
that r; < |D;|t/(3t+1). In each iteration j € [I], we omit the value preservation constraints
for all functions F?|p with at most 3t fractional elements w.r.t. D; and the valid coloring
constraints for the integral elements in D;_; \ D;. Therefore, we have r;k 4 |D;| remaining
constraints and |D;| - k variables. Furthermore, it holds for all j € [I] that

|D;lt
3t+ 1

|D;tk
3t

k
Tjk+|Dj|S{ J'k+|Dj|< +|Dj:(+1)'|Dj|<|Dj'k-

3
Using Lemma 10, solution X U*1) has at least |D;|- (k — 1) — r;k > 1 more integral elements
than X ) and we have E[XU+D] = X (),

After J iterations, we have D1 = and X(/) € {0,1}/PI"*. Foralld € D, set Y}, = X(g‘]).
For a fixed i € [r], let ¢ € [I] denote the last iteration in which function F?|p has more
than 3t fractional elements w.r.t. D,. Using the triangle inequality, we have that

|10 (YY) = Flo (Yo)| < [F? 1o (Y)) = o (X70) | + |7 1o (X() = Fo 1o (v2))|
= ’FﬂD(YZ) - F¢S|D(thb))|
< 3t.

The equality follows from the fact that F?|p(X l@) = F?|p(Ye) due to the value preservation
constraints. In the last inequality, we use that ¥, and X éb) differ in at most 3t fractional
variables. By Definition 8, we have that

[Felp () = Felp(X))| = [F7 (V7) = F7 (v)| < 3. )

After I iterations, we computed an integral k-coloring y of small discrepancy such
that E[x,] = Yq(o) = 1/k for all ¢ € [n]. Since all disjoint sets D, are rounded in different iter-
ations (and remain unchanged after), the outcome of the rounding of the sets Dy, D, ..., D;_1
in previous iterations only affects the correlation between elements within D;, not the distri-
bution of single elements in D, (for the formal argument see the proof of Lemma 22). As
no two distinct elements of any set D; are contained in the same set S € S, the random
variables {x, : u € S} are mutually independent. Intuitively, it is highly likely that indepen-
dently rounding s = 24k - In(ntk) many elements results in each big set in S” becoming a
k-rainbow set. Hence, we are now in the position to prove Lemma 22.

Proof of Lemma 22. We compute the integral k-coloring y in two steps. We start by
partitioning the n elements into disjoint independent sets in the dependency graph G = ([n], E)
of F* where E = {{u,v}|35 € SSUS®: u,v € S,u # v}. Note that the maximal degree §
in G is bounded by ts due to the size assumption on the sets in S?. Using the classical greedy
algorithm, we compute a d + 1 vertex coloring of G where each color class is an independent
set in G. Let I <ts+ 1 and assume w.1. 0. g. that these independent sets are Dy,..., Dy.

Let Y(© : [n] — Aj denote the fractional k-coloring with Yg(qo) = 1/k for all ¢ € [n]
and £ € [k]. From the choice of V() we have zero discrepancy

F? <Y€<0)) — F? (Y}f’)) (7)

for all i € [m] and ¢, ¢’ € [k]. Next, we iteratively increase the integral elements in Y(*) by
rounding the fractional elements of one independent set D; in each iteration j € [I] while all
other elements in D; remain unchanged. More precisely, for all j € [I], we use Lemma 23 to
compute a fractional k-coloring ¥ ) such that
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vd e D; Y =y, ®8)
vd € D; E[v] =yIY, (9)
Vd € D; Y9 e {0,1}* with Zee[k] v =1, (10)

Vi € [m], £ € [K]

K2

Fr (YD) - B (v ) < e (11)

After I iterations, we have Yq(l) € {0,1}* with > eelk] Yq(;) =1 for all ¢ € [n] and ¢ € [k]
by Equation (10). We define the integral k-coloring x as follows: for all g € [n], set x4 = ¢
where ¢ € [k] is the color for which we have Yq(ZI) =1

In the following, we show that each big set S € S® is with high probability a k-rainbow
set w.r.t. x. We start by showing that the Bernoulli random variables {x, : v € S}
with E[x,] = 1/k are mutually independent for any S € S®. Notably, by definition, no two
distinct elements in D; are contained in the same set S € S and all disjoint sets D; are
rounded in different iterations of our algorithm. Together with Equation (8) and the choice
of Y(O), it holds for all d € D; that d ¢ D1 U...UD;_; and

Y ==y =y =1/k (12)

for all ¢ € [k]. Due to Equations (9) and (12), rounding the elements d € D; in the j-th
iteration results in IE[Ye(dj)] = 1/k. From Equation (8), it follows that they remain unchanged
for all iterations j + 1,...,I and thus E[yx4] = 1/k. Consequently, conditioning on any
outcome of the rounding of elements in Dy, Dy, ..., D;_;, our procedure satisfies that x4 is
a Bernoulli random variable with E[x,4] = 1/k. In particular, for some iterations j' < j and
elements d' € Dj/, d € Dj, the random variable x4 is distributed the same, regardless on the
realization of x4 we condition on. Therefore, all {x,, : u € S} are independent. Finally, with
a standard Chernoff bound, we have that each S € S? is with high probability a k-rainbow
set w.r.t. x (see Lemma 24 in Appendix A).

It remains to show Equation (6). Combining the definition of x and Equation (11), it
follows for all ¢ € [m] and ¢ € [k] that

F3(xe) - F? (nm))‘ — ‘F <Y€<1)) _F? (Y}‘”)’ -y ‘F (Yé(j)) _F? (W(j_l))‘~
Jel]

Due to Equation (9) and the fact that F?|p is linear, it holds that (F} (Yl(j)))j>0 is a

martingale. Applying Azuma’s Inequality (see Lemma 13), we have that

Pr(

for all ¢ € [k]. Therefore, it holds with high probability that

F?(xe) — Ff (YZ(O)N >6 t3sln(ntk)) < 2exp (—2In(ntk)) < %

Fi () = F (Y7)] < O(VEk - n(nth)) (13)
for all £ € [k]. Using the triangle inequality and Equations (7) and (13), it holds that

Fis (XZ’) o ES (1/@(/0))’

FP(xe) — FP (xe)

<

F?(xe) — F? (YE(O))’ +
< O(Vt3k - In(ntk))

for all ¢ € [m] and ¢, ¢ € [k]. <
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Putting all the pieces together, we show Theorem 3.

Proof of Theorem 3. Let s = 24k - In(ntk). Assume w.l.o.g. that all sets S € S” have
exactly s elements by arbitrarily picking s elements from S and removing the rest. Using
Lemma 22, in polynomial time, we compute a k-coloring x : [n] — [k] such that with high
probability each S € S is a k-rainbow set with respect to y and with high probability holds
that

discy (F*, k) < O(V3k - In(ntk)).
From the definition of k-rainbow sets, it follows with high probability that

min{lg-x¢, 1} > min{l,1} =1

for all S € S® and £ € [k]. As a consequence, we have discy (F b k) = 0 with high probability.

Finally, we can conclude that with high probability holds that

discy (F, k) = discy (F*, k) + discy (F*, k) < O(VE3k - In(ntk)). <«
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A Appendix

In this section, we state the previously omitted proofs.

» Lemma 9. Let f : {0,1}"™ — R be a coverage function with dual sets S and let X : [n] — Ay
a fractional k-coloring. For any set D C [n] with |SND| <1 for all S € S, the restricted
multilinear extension F|p(X) is linear.

Proof. Let r = |S| and arbitrarily determine an ordering of the sets Si,..., S, € §. For any
set T'C {0,1}/P1, it holds that

flp(T) = filo(TN(S;n D)),

JE€lr]

where all subsets S; N D C [n] are disjoint by definition of D. Thus, we can decompose
any random subset /2 ~ X such that R(X) = ¢, R;(Y;) where all R; are independent
random subsets, since the decisions to include elements in R, are disjoint for all j € [r]. By
linearity of expectation and independence of the sets R;, we have that

Flp(X) =E[flp(RX))] =E | Y_ fIo(R;(¥)) | = Y E[filp(R;(¥)))]

j€lr] jelr]

= Fin(Y)).

JE[r]

From [S; N D| < 1 follows that each function F}|p(Y;) is linear. Since their sum is linear,
the restricted multilinear extension F|p(X) is linear. <

» Lemma 10 (Rounding in Expectation). Let A € R™*" and b € R™. Given X € [0,1]"
with AX = b, we can sample a random vector X' € [0,1]" with E[X'] = X, AX' =b and at
most m fractional variables in polynomial time.
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Proof. Let P = {y € [0,1]" : Ay = b}. Note that every vertex of P has at most m fractional
components. Assume otherwise, then the columns of A that correspond to fractional
components are linearly dependent. Thus, there exists some A € R™ with AN =0and \; =0
for each ¢ € [n] with X; € {0,1}. Further, for some ¢ > 0 we have that X + e\ € P
and X — e\ € P, contradicting the fact that X is a vertex.

Let V be the set of vertices of P. Since X € P, it is a convex combination of vertices
in V. Consider the following random process satisfying the properties of the lemma: select
each v € V with the probability corresponding to its weight in the convex combination of X.
It remains to show how to compute such a convex combination equal to X in polynomial
time. Formally, we want a solution to the following linear program.

ZUGV /\UU =X
ZveV Ao =1

YveV Ay > 0.

As this LP can have exponentially many variables, we construct its dual to solve it.

YvoeV Z,e[]uivﬂrl/zO
Vi € [n] p; €R
veR

As zero is a solution to the dual, it is never infeasible and bounded if and only if the primal
is feasible. Note that the dual has a polynomial number of variables and exponentially many
constraints. Using the Ellipsoid method, we can find a solution to it in polynomial time by
solving the following separation problem: given a solution u, v, find some v € V' violating the
constraint ), e[n] HiVi v < 0. This corresponds to minimizing a linear function (given by p)
over V. Since P is given by a polynomial size linear program, we can compute a vertex v € V
minimizing a linear function in polynomial time.

Assuming the primal is feasible, we encounter a polynomial number of constraints attesting
that the dual is bounded during the execution of the Ellipsoid method. Restricting ourselves
to these constraints and omitting all others results in a bounded and feasible linear program.
Consequently, the primal remains feasible when restricted to the corresponding variables. As
a result, the restricted primal is of polynomial size and we can compute a solution X’ using
any polynomial time LP algorithm. <

» Lemma 17. Let F = {f1,..., fm : {0,1}" = R} be a t-sparse family of coverage functions.
Let Y : [n] — Ay be a fractional k-coloring such that F;(Yy) = F;(Yy) for all i € [m]
and £,0' € [k] and Z C [n] the set of fractional elements in'Y . In polynomial time, we can
compute a k-coloring x : [n] — [k] such that with probability larger than 1/2 holds that

discy (F, k) < v/2|Z[t2 - (1 + In(2mk)).

Proof. We define the proper k-coloring x as follows: Each element 2’ € Z is already properly
colored with Y, € {0,1}*. Let ¢’ € [k] denote the color for which Y,.p» = 1 and set x,» = ¢'.
For all z € Z, we have Y, € [0,1]* and > reiw) Yz¢ = 1. Hence, we randomly color each
element z by choosing x, = ¢ with probability Y,, for each ¢ € [k].
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In the following, we show that the randomized coloring implies the claimed discrepancy
bound. Let 7 := /(| Z]t2 - (1 + In(2mk)))/2, then we will show that

Pr (|fi(xe) — Fi(Ye)| > 7) < Sk (14)

for all ¢ € [m] and ¢ € [k]. For now, assume that Equation (14) holds. Then a standard
union bound implies that

Pr(fi(x) - RVl <7) > 5

for all i € [m] and ¢ € [k]. Using that F;(Y;) = F;(Yy) for all i € [m] and ¢, ¢’ € [k] together
with the triangle inequality, with probability at least 1/2 it holds that

|filxe) = filxe)| < [fi(xe) = Fs(Yo)| + | filxe) = Fi(Ye)| < 2r

for all ¢ € [m] and ¢, ¢ € [k]. Thus, we have that disc(F,k) < 2r.

As a last step, we prove Equation (14). For all z € Z and ¢ € [k], define the random
variable Y,, € {0,1} that indicates whether x, = ¢ or not. For a fixed color ¢ € [k], the
random variables Y, are independent for all z € Z. Fixing the values of x. for all 2’ € Z,
it holds that f;(x¢) = hie((Yar).ez) for all i € [m] and £ € [k]. Since |fi(xe) = fi())| <t
whenever two assignments x, xy € {0, 1}" differ in at most one coordinate, the same applies
to the functions h;e. Finally, we can apply McDiarmid’s inequality (see Lemma 11) such that
for all ¢ € [m] and ¢ € [k] holds that

Pr (|fi(xe) = F;(Yo)| > ) = Pr (|hie((Yae)zez) — E[hie((Yae)ze2)]| = 1)

272
S 2 exXp | — W

= 2exp (—1 — In(2mk))
1

< —. |
2mk

» Lemma 24. Let s = 24k-In(ntk). Let x : [n] — [k] be a k-coloring such that for all S € S°
it holds that {x¢, : u € S} are mutually independent random variables with E[xe,] = 1/k for
all £ € [k] and uw € S. With high probability, each S € S® is a k-rainbow set w.r.t. .

Proof. From the fact that |S| = s for all S € S°, we have that E[1g -x,] = s/k for all £ € [k].

Let r = s/(2k). Using a standard Chernoff bound, it holds that

24k -1
Pr(r>1s-x¢) = Pr(1/2-E[Ls -x¢] > 15 X¢) < exp (_kn(”tk)>

8k
= exp (— 3 In(ntk))
1
= Wtk

for all £ € [k] and S € 8. Using a standard union bound and |S®| < nt, we have 7 > 15 -x¢
with probability less than 1/n2. Consequently, it follows that

1 xe > % >12 - In(ntk) > 1

with probability 1 — 1/n? for all £ € [k] and S € S°. <
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