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Abstract
Strategy improvement is a natural and well-studied family of algorithms for solving various classes
of stochastic and deterministic graph games. We present an improved upper bound of O(n2n) on
the number of iterations performed by the most natural, and most greedy, variant of the algorithm
when applied to n-vertex Energy Games. We also obtain a similar upper bound of O(poly(n) · 2n) on
the expected number of iterations performed by Random-Edge, one of the most natural randomized
variants of the algorithm. To the best of our knowledge, these are the first bounds for natural
strategy-improvement algorithms on non-binary energy games that beat the trivial nn = 2n log n

bound obtained by enumerating all strategies. The proof is based on a new adaptation of the layering
technique of [Dorfman, Kaplan, Zwick, ICALP 2019].
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1 Introduction

2-player Turn-Based Deterministic Games (2TBDG), are zero sum, infinite-duration, turn-
based, deterministic games played by two players, usually referred to as Min, or player 0,
and Max, or player 1, on a finite directed graph. Each vertex of the graph is controlled by
one of the players. Each edge has a real cost associated with it. A token is initially placed at
one of the vertices of the graph. The player controlling the vertex in which the token resides
chooses an outgoing edge and moves the token along it. (Each vertex is assumed to have at
least one outgoing edge.) Play goes on indefinitely producing an infinite sequence c0, c1, . . .

composed of the costs of the edges traversed. The outcome of the game is OBJ(c0, c1, . . .),
where OBJ : Rω → R is the objective function. Min wants to minimize the outcome while
Max wants to maximize it. The definition can be extended to 2-player Turn-Based Stochastic
Games (2TBSG) in which some of the vertices are randomization vertices. (see, e.g., [9, 21].)

Discounted Payoff Games (DPG) (see, e.g., [44]) use the objective function
DISλ(c0, c1, . . .) = (1 − λ)

∑∞
i=0 λici, where 0 < λ < 1 is a discount factor. Mean Pay-

off Games (MPG) (see, e.g., [12, 19, 44]) use the objective function AV G(c1, c2, . . .) =
lim infn→∞

1
n

∑n
i=1 ci. Energy Games (EG) (see, e.g., [8, 4]) use the objective function

ENG(c1, c2, . . .) = supn≥0
∑n

i=1 ci. (When n = 0 the sum is defined to be 0.)

© Dani Dorfman, Haim Kaplan, and Uri Zwick;
licensed under Creative Commons License CC-BY 4.0

34th Annual European Symposium on Algorithms (ESA 2026).
Editors: Philip Bille, Seth Pettie, and Sabine Storandt; Article No. 140; pp. 140:1–140:18

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:ddorfman@mpi-inf.mpg.de
https://orcid.org/0009-0000-5134-4645
mailto:haimk@tau.ac.il
https://orcid.org/0000-0001-9586-8002
mailto:zwick@tauex.tau.ac.il
https://orcid.org/0000-0002-7638-7710
https://doi.org/10.4230/LIPIcs.ESA.2026.140
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics
https://www.dagstuhl.de


140:2 Improved Bounds for Strategy Improvement Algorithms for Energy Games

Parity Games (PG) (see, e.g., [13, 39]), which may be seen as very special cases of
MPGs or EGs (see, e.g., [40]), assume that all costs, usually referred to as priorities, are in
{1, 2, . . . , d} and PAR(c0, c1, . . .) = (lim supn→∞ cn) mod 2, i.e., PAR(c0, c1, . . .) = 1 if and
only if the parity of the largest priority that appears infinitely often is odd, and 0 otherwise.

It is well known [12, 40, 15] that all these classes of games, and many more, are posi-
tionally determined, i.e., have positional optimal strategies. (A strategy is positional if it
is deterministic and memoryless.) In particular, each vertex has a value that both players
ensure if they play optimally. (If the value of a vertex is ν, then Min has a strategy that
ensures that the outcome of the game will be at most ν, no matter what Max does, and Max
has a strategy that ensures that the outcome will be at least ν, no matter what Min does.)

It is a major open problem whether any of the games defined above can be solved in
polynomial time.1 Solving a game means finding the values of all vertices, and sometimes
also optimal (positional) strategies for the two players. MPGs and EGs are equivalent under
polynomial time reductions. Both can be reduced to DSGs with discount factors arbitrarily
close to 1. PGs seem to be much easier than DSGs, MPGs and EGs. It is not difficult to
see that decision versions of these problems are in NP ∩ co-NP [44], this follows easily from
the fact that the 1-player versions of these games are in P [5]. Furthermore, Jurdziński [27]
proved that these problems are actually in UP ∩ co-UP.

The fastest randomized algorithms for 2TBSGs, and in particular, MPGs, EGs, run in
subexponential 2Õ(

√
n) time, where n is the number of vertices in the game graph [34, 3, 20, 23].

These algorithms are based on randomized versions of the simplex algorithm for solving
linear programs [29, 36, 30].2

MPGs and EGs with integer costs in {−M, . . . , 0, . . . , M} can be solved in a pseudopoly-
nomial running time of O(mnM), where n is the number of vertices and m is the number of
edges [6]. The fastest deterministic algorithm whose running time does not depend on M

runs in O(m2n/2) time [11, 31].3
PGs can be solved much faster in quasipolynomial time [7, 28, 14, 32]. Unfortunately,

the techniques used to obtain these quasipolynomial time algorithms for PGs do not seem to
apply to MPGs or EGs [16].

One of the most natural algorithms for solving various versions of games is Strategy
Improvement (SI). When applied to 1-player versions of such games, also known as Markov
Decision Processes (MDPs), the algorithm is also called Policy Iteration and was first proposed
by Howard [26]. The algorithm starts with an arbitrary strategy of one of the players and
improves it by making local improving changes until no further local improvements are
possible. It can then be shown that the final strategy obtained is optimal. Note that this is
reminiscent of the simplex algorithm for solving linear programs. One important difference,
however, is that the strategy improvement algorithm may perform several improving changes
simultaneously, which is usually not possible in the context of general linear programs.

Strategy improvement is actually a family of algorithms parameterized by a switching
rule that specifies which improving changes, also known as switches, to perform in each
situation. (In typical situations there are many possible improving switches some of which
may be performed simultaneously.) This is analogue to a pivoting rule used by the simplex
algorithm. The subexponential algorithms mentioned above are actually randomized versions
of the strategy improvement algorithm with a switching rule called Random-Facet.4

1 DPG and stochastic extensions of them can be solved in polynomial time if the discount factor λ is
assumed to be a constant. See [43, 21].

2 It is important to note that there are no known ways of solving 2TBSG using linear programming. It is
known, however, that solving MPGs is equivalent to solving tropical linear programs [1].

3 Some small mistakes in the pseudocode of [11] are corrected in [2].
4 The names Random-Facet and Random-Edge are borrowed from the names of closely related pivoting

rules for the simplex algorithm.
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Perhaps the most natural switching rule, known as Switch-All, chooses the best improving
switch available at each vertex, if any, and performs all these switches simultaneously. In a
sense, this is the most greedy variant of strategy improvement.5 It is also known to behave
very well in practice [5].

Although Switch-All is probably not the most efficient deterministic variant of the strategy
improvement algorithm, we believe that it is important to understand its theoretical behavior.
Our main result is an improved upper bound of O(n2n) on the number of iterations that
it performs on any n-vertex energy game. We also obtain a similar upper bound on the
expected number of iterations performed when using the Random-Edge switching rule, one
of the most natural randomized switching rules. Comparable results were known only for
binary games, i.e., games in which the outdegree of each vertex is at most 2.

Friedmann [17] obtained a lower bound of Ω(2cn), for some c > 0, on the number of
iterations performed by the Switch-All algorithm for PGs suggested by [42]. This lower
bound can also be adapted to hold for EGs. Thus, our O(n2n) upper bound is tight up to a
constant in the exponent.

Acyclic Unique Sink Orientations (AUSOs) of the Boolean hypercube [41] may be seen
as combinatorial abstractions of binary versions, i.e., outdegree 2, of the games we are
considering, as well as of other problems.6 The strategy improvement family of algorithms
can also be expressed in this abstract setting. Mansour and Singh [35] obtained an O(2n/n)
upper bound on the number of iterations performed by Switch-All on any AUSO. (see
also [25].) Matoušek and Szabó [37] obtained an Ω(2n/2) lower bound on the number of
iterations performed in the worst case by Switch-All. Hansen et al. [22] gave an O(1.7985n)
upper bound on the expected number of steps performed by Random-Edge on AUSOs. Hansen
and Zwick [24] obtained a 2Ω

(√
n log n

)
lower bound for Random-Edge. Gartner [18] obtained

an O(e2
√

n) upper bound on the expected number of steps performed by Random-Facet. An
almost matching 2Ω(

√
n) was obtained by Matoušek [38].

The strategy improvement algorithm for energy games with the Switch-All switching
rule was previously considered by Brim and Chalupka [5]. They showed that the algorithm
performs at most O(mnM) steps, when all edge costs are in {−M, . . . , 0, . . . , M}. They
did not present any bound for energy games with arbitrarily large integer edge costs, let
alone arbitrary real edge costs. They also did not consider Random-Edge. Our O(n2n) and
(expected) O(mn2 log n · 2n) upper bounds for Switch-All and Random-Edge hold for energy
games with arbitrary edge costs.

Our new analysis of strategy improvement algorithms is based on the layering technique
of Dorfman, Kaplan and Zwick [10] who used it to analyze their deterministic O(m2n/2)-time
algorithm for solving energy games. (Note, however, that their algorithm is not a strategy
improvement algorithm.) The technique was also used by Kozachinskiy [31] to obtain a
deterministic O(3.214n)-time algorithm for solving DPGs. New ideas are needed to adapt
the layering technique to the analysis of strategy improvement algorithms.

On a final note, there is a simple reduction [31] from energy games to bipartite energy
games (i.e., E ⊆ V1 × V2 ∪ V2 × V1). Although this reduction will somewhat simplify part of
our proofs, this reduction only preserves the winning vertices but not the values.

5 Performing more locally improving switches does not necessarily imply a larger improvement. Thus,
Switch-All is not necessarily the best strategy improvement algorithm.

6 A non-binary game can be converted into a binary game, but the number of vertices in the new game
becomes proportional to the number of edges in the original game. AUSOs can also be considered over
non-Boolean “cubes”.

ESA 2026
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2 Preliminaries

An energy game is played on a graph G = (V0, V1, E, c), where V0 ∩ V1 = ∅. V = V0 ∪ V1 is
the set of vertices, E ⊆ V × V is the set of edges and c : E → R is the cost function. It is
assumed that every vertex has at least one outgoing edge.

The game is played by two players, Player 0 that controls the vertices in V0, and Player 1
that controls the vertices in V1. Starting from an initial vertex u0 ∈ V , the players construct
an infinite path u0, u1, . . .. If ui ∈ V0, then Player 0 chooses the edge (ui, ui+1) ∈ E. If
ui ∈ V1, then Player 1 chooses the edge (ui, ui+1) ∈ E. Let ci = c(ui−1, ui), for i ≥ 1.
The value of this play from u0 is the smallest c ∈ R≥0 ∪ {∞} such that c ≥

∑k
i=1 ci for

every k ≥ 1. Equivalently c = supk≥0
∑k

i=1 ci (when k = 0 the sum equals 0). Player 0
wants to minimize c while Player 1 wants to maximize it. I.e., Player 0 wants to choose
short paths while Player 1 wants to choose long paths. The value of the game is a function
val(G) : V → R≥0 mapping every vertex to the value of the game starting at that vertex
(assuming both players play optimally). For ease of notation we abbreviate val(G) to val.

Let Πp = {u1u2 . . . uk ∈ V ∗Vp | ∀i (ui, ui+1) ∈ E}, for p = 0, 1, be the set of finite paths
(walks) in G that end in a vertex of Vp. The paths are not required to be simple.

▶ Definition 2.1 (Strategies, positional strategies). A strategy for player p, where p = 0, 1,
is a mapping σ : Πp → E such that σ(u1 . . . uk) = (uk, v) ∈ E for every u1 . . . uk ∈ Πp.
A positional strategy for Player p is a strategy σ such that σ(u1 . . . uk) = σ(uk) for every
u1 . . . uk ∈ Πp.

It is well known [15] that energy games are determined by positional strategies, i.e., each
player has a positional strategy that guarantees him at least the optimal value, no matter
what the initial vertex is. Therefore throughout this paper we will consider only positional
strategies. We denote by Σp the set of all positional strategies of player p, where p = 0, 1.

▶ Definition 2.2 (playσ0,σ1 and valσ0,σ1). Let σ0 ∈ Σ0 and σ1 ∈ Σ1 be strategies of Players 0
and 1 and let u1 ∈ V . Let playσ0,σ1(u1) be the infinite path u1u2 . . . defined by (uk, uk+1) =
σp(uk), if uk ∈ Vp, for p = 0, 1. Let ci = c(ui, ui+1), for i ≥ 1. Let valσ0,σ1(u1) =
max{0, supk≥1

∑k
i=1 ci}.

The following lemma follows immediately from Definition 2.2.

▶ Lemma 2.3. Let σ ∈ Σ0, π ∈ Σ1. The following holds for every u ∈ V with valσ,π(u) > 0
If u ∈ V0 then valσ,π(u) = c(u, v) + valσ,π(v), where σ(u) = (u, v).
If u ∈ V1 then valσ,π(u) = c(u, v) + valσ,π(v), where π(u) = (u, v).

▶ Definition 2.4 (f -tight edges). Let f : V → R≥0. We say that an edge (u, v) ∈ E is f -tight
if c(u, v) − f(u) + f(v) = 0.

Given positional strategies σ ∈ Σ0, π ∈ Σ1, we define the induced games G(σ, ·) =
(∅, V, E(σ, ·), c) and G(·, π) = (V, ∅, E(·, π), c), where

E(σ, ·) = E ∩ {(u, v) | u ∈ V1 ∨ σ(u) = (u, v)},

E(·, π) = E ∩ {(u, v) | u ∈ V0 ∨ π(u) = (u, v)}.

The values of the induced games are denoted valσ,·, val·,π, respectively. The game G(σ, π)
is defined in the obvious way. Clearly, val(G(σ, π)) = valσ,π.
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▶ Definition 2.5. Given a strategy π ∈ Σ1, the set BR(π) ⊆ Σ0 of best-response strategies to
π is defined as BR(π) = {σ ∈ Σ0 | ∀σ′ ∈ Σ0, valσ,π ≤ valσ′,π}. (Here, and in what follows,
valσ,π ≤ valσ′,π means that valσ,π(u) ≤ valσ′,π(u), for every u ∈ V .)

▶ Remark. The set BR(π) consists of all optimal strategies for player-0 in G(·, π). In
particular, BR(π) ̸= ∅. Also, valσ,π = val·,π for every σ ∈ BR(π). Brim and Chalupka [5]
show that val·,π and a strategy σ ∈ BR(π) can be found in polynomial time.

▶ Lemma 2.6 ([5]). Let G = (V0, ∅, E, c) be an energy game controlled by player 0. There
is an O(mn + n2 log n) algorithm that computes val(G) and a positional optimal strategy
σ ∈ Σ0.

▶ Lemma 2.7. For any u ∈ V and strategies σ ∈ Σ0, π ∈ Σ1, if valσ,π(u) < ∞, then there
exists a vertex v ∈ playσ,π(u) such that valσ,π(v) = 0. Moreover, there is a possibly empty
path of valσ,π-tight edges from u to v in G(σ, π).

Proof. By contradiction, assume that valσ,π(v) > 0 for every v ∈ playσ,π(u). Since playσ,π(u)
is an infinite walk, it eventually cycles. That is, playσ,π(u) = u0...ukC⋆, where C =
uk+1 . . . uk+ℓ. Since valσ,π(u) < ∞ we have that valσ,π(ui) < ∞ for every i ≥ 0 and by
Lemma 2.3, valσ,π(ui) = c(ui, ui+1) + valσ,π(ui+1) for every i ≥ 0. Summing these equations
for i = k + 1, . . . , k + ℓ yields that c(C) = 0. A standard argument shows that at least
one vertex (the vertex of minimal value) v ∈ C has valσ,π(v) = 0, a contradiction. (This is
essentially the gasoline puzzle of Lovász [33, p. 31].)

Therefore, there exists a vertex v ∈ playσ,π(u) with valσ,π(v) = 0. Let v be the first such
vertex. By Lemma 2.3, every edge on the path from u to v is valσ,π-tight, and this path is
contained in G(σ, π). ◀

The following lemma states that the value function of an Energy Game can be attained by
solving a non-linear system of equations. This is the basis of many value-iteration algorithms
for Mean-Payoff games and Energy games. It is well known [6] that this system of equations
has a minimal solution (coordinate-wise).

▶ Lemma 2.8 ([6]). Let G = (V0, V1, E, c) be an energy game. Then val : V → R≥0 ∪ {∞}
is the minimal function satisfying the following system of equations:

(i) For every u ∈ V0, val(u) = max (0, min{c(u, v) + val(v) | (u, v) ∈ E}).
(ii) For every u ∈ V1, val(u) = max (0, max{c(u, v) + val(v) | (u, v) ∈ E}).

▶ Corollary 2.9. Let π ∈ Σ1, and let u be such that val·,π(u) > 0. Then:
(i) If u ∈ V0 then val·,π(u) ≤ c(u, v) + val·,π(v) for every (u, v) ∈ E.
(ii) If u ∈ V1 then val·,π(u) = c(u, v) + val·,π(v) where π(u) = (u, v).

Next, we define greedy strategy improvement.

▶ Definition 2.10. Given a strategy π ∈ Σ1, we define the set SI(π) ⊆ Σ1 of greedy strategy
improvements for π as follows. A strategy π′ ∈ Σ1 belongs to SI(π) if, for every u ∈ V1,

π′(u) =

π(u) if val·,π(u) ≥ max{c(u, v) + val·,π(v) | (u, v) ∈ E},

e ∈ arg max{c(u, v) + val·,π(v) | (u, v) ∈ E}, otherwise.

The following theorem is folklore. For completeness, we include its proof in Appendix A.

ESA 2026
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▶ Theorem 2.11. Let π ∈ Σ1, σ ∈ BR(π) and let π′ ∈ SI(π), σ′ ∈ BR(π′). It holds
that valσ,π ≤ valσ′,π′ . Moreover, if π′ ̸= π then there exists a vertex u ∈ V1 such that
valσ,π(u) < valσ′,π′(u).

Note that Theorem 2.11 proves the termination of the following strategy improvement
algorithm for energy games. Start with an arbitrary strategy π1 ∈ Σ1, compute π2 ∈
SI(π1), π3 ∈ SI(π2), ..., and terminate when πi+1 = πi. Indeed, by Theorem 2.11 val·,πi ≤
val·,πi+1 for all i, and val·,πi(u) < val·,πi+1(u) for at least one7 vertex u ∈ V . Since the
number of strategies is a finite, the process must terminate. We refer to this algorithm as
greedy strategy improvement.

▶ Lemma 2.12. Let π ∈ Σ1 and π′ ∈ SI(π). It holds that val·,π′(u) ≥ c(u, v) + val·,π(v) for
every (u, v) ∈ E, where u ∈ V1.

Proof. By the definition of SI(π), we have that c(u, v′) + val·,π(v′) ≥ c(u, v) + val·,π(v),
where (u, v′) = π′(u). By Lemma 2.8, applied to G(·, π), it holds that

val·,π′
(u) = max

(
0, c(u, v′) + val·,π′

(v′)
)

.

Therefore

val·,π′
(u) ≥ c(u, v′) + val·,π′

(v′) ≥ c(u, v′) + val·,π(v′) ≥ c(u, v) + val·,π(v),

where the second inequality holds since val·,π′(v′) ≥ val·,π(v′) by Theorem 2.11. ◀

3 Greedy Strategy Improvement

In this section we use the layering technique to obtain key structural properties of the
Switch-All algorithm. These properties are used in Section 4 to obtain an O (n2n) upper
bound on the number of iterations that Switch-All performs on any n-vertex energy game.

Consider the sequence of strategies computed during the algorithm
(σ1, π1), (σ2, π2), ..., (σN , πN ). For convenience, from now on we let fi := valσi,πi . We
define the anchor of the ith iteration as Ai = {v ∈ V | fi(v) = 0}. By Lemma 2.7, for
every i ≥ 1 and v ∈ V with fi(v) < ∞, there exists a path of fi-tight edges from v to Ai in
G(σi, πi). We now introduce the concept of layers, a partitioning of the vertices with finite
fi value. This structural definition is crucial for our analysis.

▶ Definition 3.1 (Layers). Let (σ, π) ∈ Σ0 × Σ1 and f = valσ,π. Let A = {v | f(v) = 0}.
We define the following partitioning of {v | f(v) < ∞} as follows. The first Layer L1 is
defined as

L1 = A ∪ {v ∈ V1 | v has an f -tight path of vertices in V1 to A}.

The next layers are defined recursively as follows. For j ≥ 1 we let

L2j = {v ∈ V0 | v has an f -tight path of vertices in V0 to L2j−1} \ L≤2j−1,

L2j+1 = {v ∈ V1 | v has an f -tight path of vertices in V1 to L2j} \ L≤2j ,

where L≤j :=
⋃

k≤j Lk. For convenience we define L0 = A. (L0 and L1 are the only layers
that intersect.) We denote by Li

j the jth layer with respect to fi = valσi,πi .

7 It can happen at most once that val·,πi = val·,πi+1 and πi ≠ πi+1. If this happens then val·,πi (u) = 0
for every u ∈ V such that πi(u) ̸= πi+1(u). Moreover, because val·,πi = val·,πi+1 , after such an iteration
it holds that πi+1 = πi+2.
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▶ Remark. A basic but important observation is the following. Let u ∈ Li
a, v ∈ Li

b be such
that a, b > 0 and (u, v) ∈ E is fi-tight, then a ≤ b + 1. Moreover, if a, b belong to the same
player then a ≤ b.

▶ Definition 3.2 (Static layers). Let fi = valσi,πi as above and let Li
j be the layers as defined

in Definition 3.1 with respect to fi, where i ≥ 2. We say that layers 0 to k ≥ 0 are static at
iteration i if Li−1

j = Li
j ̸= ∅ for every 0 ≤ j ≤ k and fi−1(v) = fi(v) for every v ∈ Li

≤k.

▶ Definition 3.3 (Stable layers). Let fi = valσi,πi and let the layers Li
j be as above. We say

that layers 0 to k ≥ 1 are stable at iteration i if layers 0 to k − 1 are static at iteration i and
If k is even then ∅ ≠ Li−1

k ⊆ Li
k and fi−1(v) = fi(v) for every v ∈ Li−1

k .
If k is odd then Li−1

k ⊇ Li
k ̸= ∅ and fi−1(v) = fi(v) for every v ∈ Li

k.
We define layer 0 to be stable at all iterations. We let S(i) be the maximal k such that layers
0 to k are stable at iteration i. We call S(i) the stability at iteration i. Note that S(i) ≥ 0
for all i.

The following lemma will be a key tool throughout this section.

▶ Lemma 3.4. Let (u, v) ∈ E and assume fi+1(u) > 0. Then
If u ∈ V0, (u, v) is fi-tight and fi(v) = fi+1(v), then fi(u) = fi+1(u).
If u ∈ V1, (u, v) is fi+1-tight and fi−1(v) = fi(v) = fi+1(v), then fi(u) = fi+1(u).

Proof. We begin with the first statement. Let u ∈ V0 and (u, v) ∈ E such that (u, v) is
fi-tight and fi(v) = fi+1(v). By Corollary 2.9, we get that

fi+1(u) ≤ c(u, v) + fi+1(v) = c(u, v) + fi(v) = fi(u),

where the last equality holds since (u, v) is fi-tight. By Theorem 2.11, it holds that
fi+1(u) ≥ fi(u) and therefore fi+1(u) = fi(u).

For the second statement, Let u ∈ V1 and (u, v) ∈ E such that (u, v) is fi+1-tight and
fi−1(v) = fi(v) = fi+1(v). By Lemma 2.12, we get that

fi(u) ≥ c(u, v) + fi−1(v) = c(u, v) + fi+1(v) = fi+1(u),

where the last equality holds since (u, v) is fi+1-tight. By Theorem 2.11 we conclude that
fi+1(u) = fi(u). ◀

▶ Lemma 3.5. Assume that layers 0 to k are stable at iteration i. Let ℓ be minimal such
that Li+1

ℓ ̸= Li
ℓ.8 Then, layers 0 to min{k, ℓ} are stable at iteration i + 1.

Proof. We prove by induction on 1 ≤ j ≤ min{k, ℓ} that:
If j is even and v ∈ Li

j , then fi+1(v) = fi(v) and v ∈ Li+1
j .

If j is odd and v ∈ Li+1
j , then fi+1(v) = fi(v) and v ∈ Li

j .

We start with the base case j = 1. Recall that the first layer also contains the anchor and
therefore might have vertices from V0. Let v ∈ Li+1

1 . If v ∈ V0 then v ∈ Ai+1, so fi+1(v) = 0.
By Theorem 2.11, we get that fi(v) = 0 and therefore v ∈ Li

j . The analysis of the case
v ∈ V1 is identical to the inductive step and therefore omitted.

We now move to the inductive step. Let j ≥ 2, we divide the proof into two cases as
follows.

8 We define ℓ = ∞ if Li+1
j = Li

j , for all j. In Figure 1 we give an example in which this can happen.

ESA 2026
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Case 1: j is even. Thus v ∈ V0. By the definition of layer Li
j , v has an fi-tight path

P = v0(= v), v1, ..., vr, where v0, v1, . . . , vr−1 ∈ Li
j , to vr ∈ Li

j−1 = Li+1
j−1.

Since P is fi-tight, we get fi(v0) =
∑r−1

i=0 c(vi, vi+1) + fi(vr). By Corollary 2.9, with
π = πi+1, it holds that fi+1(vi) ≤ c(vi, vi+1) + fi+1(vi+1) for every 0 ≤ i ≤ r − 1. Therefore

fi+1(v0) ≤
r−1∑
i=0

c(vi, vi+1) + fi+1(vr) =
r−1∑
i=0

c(vi, vi+1) + fi(vr) = fi(v0), (1)

where the first equality holds since vr ∈ Li
j−1 (and by the main induction hypothesis

on j). Hence, by Theorem 2.11 (fi+1 ≥ fi), fi+1(v0) = fi(v0). Thus, all the inequalities in
Equation 1 are equalities, so P is fi+1-tight and therefore v0 ∈ Li+1

j .

Case 2: j is odd. Thus v ∈ V1. By the definition of layer Li+1
j , v has an fi+1-tight path

P = v0(= v), v1, ..., vr, where v0, v1, . . . , vr−1 ∈ Li+1
j , to vr ∈ Li+1

j−1. We prove that for every
s < r, it holds that vs ∈ Li−1

j ∩ Li
j ∩ Li+1

j and fi+1(vs) = fi−1(vs). The case s = 0 finishes
the proof of the lemma. The proof is by a backward induction on s = r − 1, r − 2, . . . , 1.

We begin by showing that fi+1(vr−1) = fi(vr−1). The edge (vr−1, vr) ∈ E is fi+1-tight.
Since vr ∈ Li+1

j−1, then by the main induction hypothesis on j, it holds that fi+1(vr) = fi(vr).
Moreover, since j − 1 < min{k, ℓ} we have that fi(vr) = fi−1(vr). By Lemma 3.4, we get
that fi+1(vr−1) = fi(vr−1).

Thus, (vr−1, vr) is also fi-tight, and therefore vr−1 ∈ Li
j . By stability, Li

j ⊆ Li−1
j

and fi(vr−1) = fi−1(vr−1). We conclude that vr−1 ∈ Li−1
j ∩ Li

j ∩ Li+1
j and fi+1(vr−1) =

fi−1(vr−1).
The proof of the induction step is similar. We use the inductive assumption fi+1(vs+1) =

fi−1(vs+1) and apply Lemma 3.4. ◀

As a direct Corollary we get

▶ Corollary 3.6. If k := S(i + 1) < S(i) then Li+1
k ̸= Li

k.

Proof. By contradiction, assume Li+1
k = Li

k, thus the minimal ℓ for which Li+1
ℓ ̸= Li

ℓ satisfies
ℓ > k. By Lemma 3.5 we get S(i + 1) > k, a contradiction. ◀

The next two lemmas establish a connection between the behavior of layers 0 to k and
the next layer Lk+1. They state that if the kth layer is static for sufficiently many iterations,
then the (k + 1)th layer becomes stable.

The next lemma states that even layers stabilize immediately. Intuitively, the reason for
this is that player 0 always plays according to a best response to the strategy of player 1.
Hence, as long as player 1 does not change his strategy at layers 0 to 2k, neither does player 0.

▶ Lemma 3.7. If layers 0 to 2k − 1 are static at iteration i + 1, then layers 0 to 2k are
stable at iteration i + 1.

Proof. Let v ∈ Li
2k. By the definition of the layers, v has an fi-tight path P = v0(=

v), v1, ..., vr, containing vertices of Li
2k to vr ∈ Li

2k−1. As shown in the proof of Lemma 3.5,
fi+1(vs) = fi(vs) for every s ≤ r and all edges on this path are also fi+1-tight. We conclude
that vs ∈ Li+1

2k for all s < r. Hence, fi+1(v) = fi(v) and v ∈ Li+1
2k . ◀

The following lemma states that if layers 0 to 2k remain static for sufficiently many
consecutive iterations (see Example C.1 in Appendix C), then the next odd layer L2k+1 can
only lose vertices and the f -values of its vertices will not change, i.e., layer 2k + 1 is stable.
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▶ Lemma 3.8. If layers 0 to 2k are static at iterations 9 i + 1, . . . , i + n, then layers 0 to
2k + 1 are stable at iteration i + n.

Proof. Let v ∈ Li+n
2k+1. By the definition of the layers, v has an fi+n-tight path10 P = vr(=

v), vr−1, ..., v0, containing vertices of Li+n
2k+1, to v0 ∈ Li+n

2k . Note that r < n. By the settings
of the lemma, Li+t

≤2k = Li+n
≤2k for every 0 ≤ t ≤ n, and fi+n(v0) = fi(v0) (since v0 ∈ Li+n

≤2k).
We show by induction on 0 ≤ s ≤ r that fi+s(vs) = fi+n(vs). The base case s = 0

was mentioned above. Let s > 0, by the inductive assumption fi+s−1(vs−1) = fi+n(vs−1).
Consider the edge (vs, vs−1), this edge is fi+n-tight. Therefore, by Lemma 3.4, fi+s(vs) =
fi+n(vs), concluding the inductive step.

Since r < n and fi+s(vs−1) = fi+n(vs−1) for every 0 ≤ s ≤ r, we get that fi+n−1(vs) =
fi+n(vs) for every 0 ≤ s ≤ r. Thus, P is also fi+n−1-tight, so v ∈ Li+n−1

2k+1 . The case s = r

also gives us fi+n−1(v) = fi+n(v), thus, layers 0 to 2k + 1 are stable at iteration i + n. ◀

In particular, if layers 0 to 2k are static for n iterations then at the last iteration it is
guaranteed that layers 0 to 2k + 1 are stable.

To summarize the results of this section, we analyzed the behaviour of S(i). In Corol-
lary 3.6 we showed that when S(i) decreases then an appropriate stable layer shrinks/expands.
In Lemmas 3.7 and 3.8 we showed that S(i) should increase if it remained unchanged for
several iterations. Thus, in a span of n strategy improvements, either a stable layer shrinks/-
expands or the stability S(i) increases.

4 Bounding the number of iterations

We prove Theorem 4.1 which is our main theorem.

▶ Theorem 4.1. Let (σ1, π1), (σ2, π2), ..., (σN , πN ) be the sequence of strategy pairs computed
by greedy strategy improvement, then N = O(n2n).

We carefully define a binary counter and show that it increases every n iterations of
greedy strategy improvement. Let k = S(i). We define the stable binary counter, denoted as
bi, as follows

bi =



0.....0︸ ︷︷ ︸
|Li

0|

1 0.....0︸ ︷︷ ︸
|Li

1\Li
0|

1.....1︸ ︷︷ ︸
|Li

2|

..... 1.....1︸ ︷︷ ︸
|Li

k
|

00.........01︸ ︷︷ ︸
n+1−

∣∣⋃
j≤k

Li
j

∣∣ k is even

0.....0︸ ︷︷ ︸
|Li

0|

1 0.....0︸ ︷︷ ︸
|Li

1\Li
0|

1.....1︸ ︷︷ ︸
|Li

2|

..... 0.....0︸ ︷︷ ︸
|Li

k
|

10.........00︸ ︷︷ ︸
n+1−

∣∣⋃
j≤k

Li
j

∣∣ k is odd.

That is, except for layer 0, even layers correspond to a sequence of 1s and odd layers
correspond to a sequence of 0s. We denote the last n + 1 −

∣∣∣⋃j≤k Li
j

∣∣∣ bits as the padding
bits. Note that the padding depends on the parity of k.

▶ Lemma 4.2. For every i ≥ 1, bi+1 ≥ bi. Moreover, bi+1 = bi if and only if S(i + 1) =
S(i) := k and layers 0 to k are static at iteration i + 1.

9 A tighter bound would be to say: at iterations i + 1, . . . , i + a, where a = |V1| − |V1 ∩ Li
≤2k|.

10 Note the change in indices, vr = v is the first vertex of the path.
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Proof. Let ki = S(i), ki+1 = S(i + 1). We divide the proof into three cases as follows.

Case ki+1 > ki. This means that layers 0 to ki are static at iteration i + 1 and therefore
the most-significant bits of bi, bi+1, corresponding to layers 0 to ki, are the same. Thus, it
suffices to prove that the suffix of bi+1 is larger than the padding of bi. If ki is even then
the padding of bi equals 1 (as a binary number). Since the length of the binary counter is
n + 1, then every suffix of the binary counter that has all the bits corresponding to at least
one layer (and the padding bits) has a value of at least 2. It follows that the suffix of bi+1

that start at layer ki + 1 has a value of at least 2. Assume ki is odd. Then the padding of bi

equals 10 · · · 0. Since ki+1 > ki, it holds that |Li+1
ki+1| ≥ 1. Thus, the suffix of bi+1 also starts

with 1 as the most significant bit (actually |Li+1
ki+1| many 1s) but then it is followed by the

padding which is at least 1. Hence bi+1 > bi.

Case ki+1 = ki. Let k = ki. If Li+1
k = Li

k then bi+1 = bi and layers 0 to k are static in
iteration i + 1. Assume Li+1

k ̸= Li
k. If k is odd then Li+1

k ⊊ Li
k then bi+1 > bi, since the

padding became longer. If k is even then Li
k ⊊ Li+1

k then again bi+1 > bi, since there are
now more leading bits of 1 before the padding.

Case ki+1 < ki. By Corollary 3.6 we get that Li+1
ki+1

̸= Li
ki+1

. As in the previous case, this
means bi+1 > bi. ◀

We are ready to prove Theorem 4.1.

Proof of Theorem 4.1. Since bi is a binary number with n+1 digits, it can increase at most
O(2n) times. By Lemma 4.2, bi+1 = bi if and only if S(i + 1) = S(i) and layers 0 to S(i) are
static at iteration i + 1. By Lemmas 3.7 and 3.8 this can happen for at most n consecutive
iterations. Thus, at least once in every n consecutive iterations, bi strictly increases, resulting
in our stated upper bound of O(n · 2n) iterations for greedy strategy improvement. ◀

5 Random-Edge

Random-Edge is perhaps the most natural choice for a random strategy improvement
algorithm. Given a strategy π ∈ Σ1 (to which player 0 chooses an optimal counter strategy
σ ∈ BR(π)), Random-Edge considers the set EI = {(u, v) ∈ E | u ∈ V1 ∧ c(u, v)+val·,π(v) >

val·,π(u)} of improving switches. Then a random edge (u, v) ∈ EI is chosen and the new
strategy for player 1 is defined as π′, where π′(w) = (u, v) if w = u and π′(w) = π(w),
otherwise. A similar theorem to Theorem 2.11 shows that this strategy improvement algorithm
terminates. We say that an edge (u, v) ∈ E is f -valid (or just valid if f is clear from context)
if c(u, v) − f(u) + f(v) ≤ 0. In particular, an edge e ∈ E(V1, V ) is an improving switch if it
is not val·,π(u)-valid (invalid).

▶ Theorem 5.1. Let (σ1, π1), (σ2, π2), ..., (σN , πN ) be the sequence of strategies computed
during Random-Edge, then E[N ] = O(mn2 log n · 2n).

In our analysis (and hence also definition) of stable/static layers, we heavily relied
on Lemma 2.12, i.e., that if u ∈ V1 has an improving switch (u, v) then greedy strategy
improvement will increase the potential of u enough to make this edge tight (as long as f(v)
does not change). This does not hold anymore when using Random-Edge since only one
vertex in V1 switches its strategy. Therefore we need to strengthen the definition of stability
in order to achieve the same structural properties we had (to the current case in which only
a single edge is switched at each iteration). Let Ei

I be the set of improving switches with
respect to fi (i.e., the set of outgoing edges of V1 that are invalid with respect to fi).
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We now define strongly static layers and strongly stable layers. Layers 0 to k are strongly
static (stable) if they are static (stable) and there are no improving switches (for vertices
in V1) that can change the structure of those layers because of the improving switch. This
means that no vertex in V1 ∩ L≤k has an improving switch and that no vertex of V1\L≤k

has an improving switch that connects it to L≤k. In the case of strong stability, when k is
odd, we allow vertices in the last layer to have improving switches to V \ L≤k. (We allow
this because odd layers are supposed to shrink.) We get the following definitions.

▶ Definition 5.2 (Strongly static layers). Layers 0 to k ≥ 0 are strongly static at iteration i

if they are static at iteration i and
If k is even then Ei−1

I ∩
(
E(Li

≤k−1 ∩ V1, V ) ∪ E(V1, Li
≤k−1)

)
= ∅.

If k is odd then Ei−1
I ∩

(
E(Li

≤k ∩ V1, V ) ∪ E(V1, Li
≤k)

)
= ∅.

▶ Definition 5.3 (Strongly stable layers). Layers 0 to k ≥ 1 are strongly stable at iteration i

if they are stable at iteration i, layers 0 to k − 1 are strongly static at iteration i, and if k is
odd then Ei−1

I ∩
(
E(Li

k, Li
≤k) ∪ E(V1, Li

k)
)

= ∅.

We define S′(i) with respect to the strongly stable layers similarly to S(i). We also define
the strongly stable binary counter bi

s with respect to S′(i), similarly to bi.
Lemmas 3.5 and 3.7 transfer immediately to the strong stability settings. Their proofs

are almost identical to the original ones, hence deferred to Appendix B and are regarded as
Lemmas 3.5’ and 3.7’.

Unlike Corollary 3.6 for greedy strategy improvement, if k := S′(i + 1) < S′(i), we cannot
claim that the kth layer changed. The following lemma states that if k is even then the
claim holds. For odd values of k, the kth layer can remain the same (this also means that bs

decreases!) and therefore we need a more delicate analysis which is given in Lemmas 5.5
and 5.6.

▶ Lemma 5.4. Assume k := S′(i + 1) < S′(i). If k is even then Li
k ⊊ Li+1

k .

Proof. By contradiction, assume Li
k = Li+1

k . Therefore layers 0 to k are strongly static
at iteration i + 1. We show that S′(i + 1) ≥ k + 1 (a contradiction). Let v ∈ Li+1

k+1 and
let P = v0(= v), v1, ..., vr be an fi+1-tight path, where v0, . . . , vr−1 ∈ Li+1

k+1, and vr ∈ Li+1
k .

We prove by backward induction on s < r that vs ∈ Li
k+1(⊆ Li−1

k+1 by stability) and
fi+1(vs) = fi−1(vs). We only prove the base case s = r − 1 as the inductive step is similar.
Since S′(i) > S′(i + 1) = k, we get that vr ∈ Li−1

k and fi+1(vr) = fi−1(vr). We get

0 = c(vr−1, vr) + fi+1(vr) − fi+1(vr−1) ≤ c(vr−1, vr) + fi−1(vr) − fi−1(vr−1).

By strong stability at iteration i, (vr−1, vr) is fi−1-valid and therefore, by the last inequality,
it is also tight. Hence fi+1(vr−1) = fi−1(vr−1). Thus, (vr−1, vr) was also tight at iteration i

and therefore vr−1 ∈ Li
k+1. Since S′(i) > k, we get vr−1 ∈ Li−1

k+1, ending the inductive proof.
We have shown that layers 0 to k+1 are stable. It remains to prove that at iteration i there

are no improving switches in E(Li+1
k+1, Li+1

≤k+1) ∪ E(V1, Li+1
k+1). By our previous observations,

fi+1(v) = fi−1(v) for every v ∈ Li+1
≤k+1. Therefore if one of these edges is an improving switch

at iteration i, then it was also an improving switch at iteration i − 1 (a contradiction to
S′(i) > k). ◀

The following lemma addresses the case in which layers 0 to k, where k is odd, are static
and strongly stable, but not strongly static. The lemma states that in this case, S′ cannot
increase in the next iteration. Note that this cannot occur with greedy strategy improvement
(Lemma 3.7), since an even layer stabilizes immediately when the previous layer becomes
static.
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▶ Lemma 5.5. Assume k := S′(i) is odd and Li
k = Li−1

k . Then S′(i + 1) ≤ k.

Proof. Note that layers 0 to k are not strongly static at iteration i since otherwise, by
Lemma 3.7’, we get S′(i) ≥ k + 1. By contradiction, assume S′(i + 1) > k.

Since S′(i) = k and Li
k = Li−1

k , then by strong stability (and the fact that the layers are
not strongly static), there is an edge e ∈ E(Li−1

k , V \ Li−1
≤k ) which is an improving switch

with respect to fi−1. Thus, e is also an improving switch with respect to fi (f did not change
inside Li−1

≤k during these iterations). This contradicts the assumption S′(i + 1) > k, since
the first k layers must be strongly static at iteration i + 1. ◀

▶ Remark. As seen in the last proof, as long as the last layer does not change and e = (u, v)
remains an improving switch, S′ cannot increase. Hence, an improving switch at u is crucial
in order to make progress. Luckily, in Random-Edge, this event has high probability of
happening over a span of O(m log n) strategy improvements.
▶ Remark. Note that unlike the proof of Theorem 4.1, bs can decrease when S′(i + 1) < S′(i)
and k := S′(i + 1) is odd and Li+1

k = Li
k. (as stated in the previous remark this happens

since there is a vertex in Li
k with an improving switch to V \ Li

≤k which Random-Edge did
not choose yet.) The following lemma states that the next time bs does increase, it will be
larger than bi

s (i.e., highest so far).

▶ Lemma 5.6. Assume S′(i + 1) := k < S′(i) for an odd k. Let kj = S′(i + j) for j ≥ 1.
Let ℓ ≥ 1 be minimal such that either kℓ is even or Li+ℓ

kℓ
̸= Li+ℓ−1

kℓ
. Then bi+ℓ

s > bi
s

Proof. Assume kℓ is odd (and that Li+ℓ
kℓ

̸= Li+ℓ−1
kℓ

). By the assumption, for every 1 ≤ s < ℓ,
ks is odd and Li+s

ks
= Li+s−1

ks
. By Lemma 5.5 this means that k1, . . . , kℓ is monotone non-

increasing. Therefore, bi
s and bi+ℓ

s share the most significant bits corresponding to the layers
Li

<kℓ
= Li+ℓ

<kℓ
. Since Li+ℓ

kℓ
̸= Li+ℓ−1

kℓ
(and by stability this means Li+ℓ

kℓ
⊊ Li+ℓ−1

kℓ
), we get that

bi+ℓ
s > bi

s.
Assume kℓ is even. By the assumption, kℓ−1 is odd. By Lemma 5.5 it holds that kℓ ≤ kℓ−1,

so kℓ < kℓ−1 (different parity). Hence, by Lemma 5.4 it holds that Lℓ−1
kℓ

⊊ Lℓ
kℓ

. By stability,
during iterations i, . . . i + ℓ, the first kℓ − 1 layers did not change and therefore bi+ℓ

s > bi
s. ◀

Recall the proof of Lemma 3.8. We considered a tight path of length r to Li+a
2k at iteration

i + a. We proved by induction that after t iterations, the last t vertices on this path belong to
L2k+1 (i.e., each iteration guarantees that another vertex on this path “stabilized” in L2k+1).
In the case of Random-Edge we cannot give this deterministic guarantee since only one
random edge is switched at a time. However, since each improving switch might be chosen
with probability Ω( 1

m ), we can say that after Θ(tm log n) iterations, with high probability, the
last t vertices on the path do belong to L2k+1. This observation is summarized in following
lemma, whose proof, due to space constraints, is deferred to Appendix B.

▶ Lemma 5.7. Assume S′(i + j) = k and Li+j
k = Li

k, for every 0 < j ≤ ℓ. If k is even then
ℓ ≤ 3mn ln n with probability at least 1

2 .

▶ Corollary 5.8. Assume S′(i + j) = k and Li+j
k = Li

k, for every 0 < j ≤ ℓ. If k is even
then E[ℓ] = O(mn log n).

▶ Lemma 5.9. Assume S′(i + j) = k , for every 0 < j ≤ ℓ. If k is odd then E[ℓ] =
O(mn log n).

Proof. Same proof as for Lemma 5.7. After Ω(mn log n) iterations the first k layers should
be strongly static and by Lemma 3.7’, after another iteration S′ ≥ k + 1. ◀
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We are ready to prove Theorem 5.1.

Proof of Theorem 5.1. We show that every Ω(mn2 log n) iterations, bs is expected to in-
crease and become higher than all of its previous values at least once.

Consider Ω(mn2 log n) consecutive iterations. As in the proof of Theorem 4.1 and by
Lemma 5.6, whenever bs increases, it becomes higher than all of its previous values. Therefore
if S′ increases during these iterations then we are done. By Corollary 5.8 and Lemma 5.9,
bs remains unchanged for at most O(mn log n) iterations in expectation. As stated in the
Remark before Lemma 5.6, the only way for bs to decrease is when S′ decreases to an odd
value and the last layer did not change. Therefore bs can decrease at most n times without
increasing, resulting in the O(mn2 log n · 2n) bound. ◀

6 Concluding remarks and open problems

We have presented an O(n2n) bound on the number of iterations Switch-All performs on
energy games and an O(mn2 log n · 2n) expected bound for Random-Edge. To the best of our
knowledge, this is the first exponential bound of the form 2n, rather than the total number
of strategies which is nn, for non-binary EGs or DPGs.

Since the layering technique of Dorfman, Kaplan and Zwick [10] also applies for the result
of Kozachinskiy [31] for DPGs, a natural question is whether Switch-All and Random-Edge
have exponential bounds for DPGs also.

Another interesting direction for future research is to incorporate the binary-counter
progress measure, which can be computed in polynomial time, into the design of a faster
algorithm for solving Energy Games, or more generally, any class of games that admits a
similar layered structure.
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A Correctness of Strategy Improvement

The next two lemmas give structural insights on the costs of edges in playσ,π and playσ′,π′ .

▶ Lemma A.1. Let σ, σ′, π, π′ be as in Theorem 2.11. Let u ∈ V with valσ,π(u) > 0.
(i) If u ∈ V0, then valσ,π(u) ≤ c(u, v) + valσ,π(v) where (u, v) = σ′(u).
(ii) If u ∈ V1, then valσ,π(u) ≤ c(u, v) + valσ,π(v) where (u, v) = π′(u). Moreover, if

π′(u) ̸= π(u) then the inequality is strict.

Proof.
(i) Immediate by Corollary 2.9.
(ii) If π′(u) = π(u) then valσ,π(u) = c(u, v) + valσ,π(v). Otherwise, since π′ ∈ SI(π) we

get valσ,π(u) < c(u, v) + valσ,π(v). ◀

▶ Lemma A.2. Let σ, σ′, π, π′ be as in Theorem 2.11. Let u1, ..., uk = u1 be a cycle in
G(σ′, π′). If valσ,π(ui) > 0 for every 1 ≤ i < k, then the cycle is positive.

Proof. By Lemma A.1 the modified costs, with respect to f = valσ,π, of all edges on the
cycle are nonnegative. Thus, the modified cost of the cycle, and hence its original cost, is
nonnegative. Assume, for the sake of contradiction, that the cost of the cycle is 0 (so all its
edges are tight). By Lemma A.1(ii) we have π′(ui) = π(ui) for every i such that ui ∈ V1.
Thus u1, ..., uk is also a cycle in G(σ′, π) and since it has zero cost there exists 1 ≤ i < k

such that valσ′,π(ui) = 0 < valσ,π(ui), a contradiction to σ being a best-response to π. ◀

We are now ready to prove Theorem 2.11.

Proof of Theorem 2.11. Let v ∈ V , we prove valσ,π(v) ≤ valσ′,π′(v). If valσ,π(v) = 0 then
this holds trivially. Assume valσ,π(v) > 0 and let P = v1, v2, ... be the infinite walk in G(σ′, π′)
starting at v1 = v. If valσ,π(vi) > 0 for all i then by Lemma A.2, P loops over a positive
cycle and thus valσ′,π′(v) = ∞ ≥ valσ,π(v). Otherwise, let j be the minimal index such that
valσ,π(vj) = 0. By Lemma A.1 it holds that c(vi, vi+1) + valσ,π(vi+1) − valσ,π(vi) ≥ 0 for all
i < j. Summing these terms up we get

0 ≤
j−1∑
i=1

c(vi, vi+1) + valσ,π(vj) − valσ,π(v) =
j−1∑
i=1

c(vi, vi+1) − valσ,π(v).

Thus, P has a prefix with cost at least valσ,π(v) yielding valσ′,π′(v) ≥ valσ,π(v).
We are left to prove that if π ̸= π′, then there exists a vertex u ∈ V such that valσ,π(u) <

valσ′,π′(u). Let u ∈ V1 be such that (u, v) = π′(u) ̸= π(u), therefore valσ,π(u) < ∞. By
Lemma A.1(ii), it holds that c(u, v) + valσ,π(v) − valσ,π(u) > 0. Let P = v1, v2, ... be the
infinite walk in G(σ′, π′) starting at v1 = u. As in the previous argument if valσ,π(vi) > 0
for all i then valσ′,π′(u) = ∞ > valσ,π(u). Otherwise, as above, we get that

0 <

j−1∑
i=1

c(vi, vi+1) − valσ,π(u),

thereby proving the theorem. ◀
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B Missing Proofs

Proof of Lemma 3.5’. By induction on 0 ≤ j ≤ min{k, ℓ}. The case j = 0 is trivial. As in
the proof of Lemma 3.5, we prove:

If j is even and v ∈ Li
j , then fi+1(v) = fi(v) and v ∈ Li+1

j .
If j is odd and v ∈ Li+1

j , then fi+1(v) = fi(v) and v ∈ Li
j .

The case in which j is even is identical to the original proof of Lemma 3.5.
Assume j is odd and let v ∈ Li+1

j . Thus v ∈ V1. By the definition of the layers, v has
an fi+1-tight path P = v0(= v), v1, ..., vr, containing vertices of Li+1

j , to vr ∈ Li+1
j−1. The

following claim (specifically, the case s = 0) finishes the proof.

▷ Claim B.1. For every s < r, it holds that vs ∈ Li−1
j ∩ Li

j ∩ Li+1
j and fi+1(vs) = fi−1(vs).

Proof. The proof is by a backward induction on s = r − 1, r − 2, . . . , 1.
We begin by showing that fi+1(vr−1) = fi(vr−1). Consider the edge e = (vr−1, vr) ∈ E

which is fi+11-tight. Since vr ∈ Li+1
j−1, then by the induction hypothesis of the main induction

on j, it holds that fi+1(vr) = fi(vr). Moreover, since j − 1 < min(k, ℓ) we have that
fi(vr) = fi−1(vr). By strong stability11 at iteration i, e must be fi−1-valid, hence

fi−1(vr−1) ≥ c(e) + fi−1(vr) = c(e) + fi+1(vr) = fi+1(vr−1),

where the last equality holds since P is fi+1-tight. Hence fi+1(vr−1) = fi−1(vr−1).
Thus, e is also fi-tight, and therefore vr−1 ∈ Li

j . By stability, Li
j ⊆ Li−1

j and we are
done. ◁

The proof of the induction step is similar. We use the equality fi+1(vs+1) = fi−1(vs+1)
and the inductive assumption that vs+1 ∈ Li

j to deduce that vs ∈ Li
j and that fi+1(vs) =

fi−1(vs). ◀

Proof of Lemma 3.7’. The proof that the first 2k layers are stable at iteration i + 1 is
identical to the original proof (but this time uses Lemma 3.5’ instead of Lemma 3.5). The
first 2k − 1 layers are strongly static by the assumption. Hence, by the definition of strong
stability, the first 2k layers are strongly stable at iteration i + 1 ◀

Proof of Lemma 5.7. The assumption implies that the first k layers are strongly static
during those iterations. We bound the probability that ℓ > 3mn ln n.

Let v ∈ Li+ℓ
k+1 and let P = v0 . . . vr be an fi+ℓ-tight path in Li+ℓ

k+1 from v = v0 to
vr ∈ Li+ℓ

k (= Li
k). We prove by backward induction on s < r that with probability of at

least 1 − (r − s) · 1
n2 , vs ∈ Li+j

k+1 for every j ≥ 2(r − s) · m ln n. i.e., the tth last vertex on
P stayed in layer k + 1 since iteration i + t · m ln n. Indeed, assume {vr, vr−1, . . . , vs} are
in Lk+1 since iteration T = i + 2(r − s) · mn ln n. If e = (vs−1, vs) is fT -valid, then we are
done (since fT (vs) = fi+ℓ(vs) and thus e is tight and will remain so). Assume that e is
an improving switch with respect to fT . Hence, in each iteration (until e becomes valid)
there is a probability of at least 1

m that e will be chosen by Random-Edge. Therefore with
probability of at least 1 − 1

n2 , after 2m ln n iterations e will become valid and therefore vs−1
belongs to layer k + 1 since iteration T + 2m ln n = i + 2(r − s + 1) · m ln n until iteration ℓ.
The inductive claim is achieved by applying union bound with the inductive step.

11 This is the only deviation from the original proof.

ESA 2026



140:18 Improved Bounds for Strategy Improvement Algorithms for Energy Games

Hence, with probability of at least 1 − n · 1
n2 , all vertices in Li+ℓ

k+1 remained in layer
k + 1 since iteration i + 2mn ln n ≤ i + ℓ − mn ln n (and their f values did not change).
This means that the first k + 1 layers are static since iteration i + 2mn ln n for at least
mn ln n iterations. Since the first k + 1 layers are not strongly stable, there is an edge e ∈
E(Li+2mn ln n

k+1 , Li+2mn ln n
≤k+1 ) ∪ E(V1, Li+2mn ln n

≤k+1 ) which is an improving switch since iteration
i + 2mn ln n. The probability of e not being chosen until iteration i + ℓ is at most 1

n2 .
Therefore, by union bound, the probability that the assumption of the lemma holds is at
least 1 − n · 1

n2 − 1
n2 ≥ 1

2 . ◀

C Example

▶ Example C.1. In the following example we present a game graph in which, during
greedy strategy improvement, it takes several iterations for an odd layer to stabilize. Let
G = (V0 = {s}, V1 = {v1, ..., vm}, c) be the game graph illustrated in Figure 1. The edge
costs satisfy c(vi, vi−1) = 0, c(vi, s) = 1 for every 2 ≤ i ≤ m and c(s, s) = 0, c(v1, s) = 2.
Note that V is winning for player-0, and moreover s is winning for player-0 with 0 initial
energy.

Let the initial strategy for player-1 be π1(vi) = s for all i. The strategy edges are full
lines, while non strategy edges are dashed. It is easy to see that L1

0 = {s}, L1
1 = V since we

have f1(s) = 0, f1(v1) = 2, f1(vi) = 1 for every i ≥ 2. Note that (v2, v1) is the only improving
switch with respect to f1 and therefore player-1 performs an improving switch.

By induction, we get that

πk(vi) =


s i = 1
vi−1 1 < i ≤ k

s i > k

, fk(vi) =
{

2 i ≤ k

1 i > k
, Lk

0 = {s}, Lk
1 = V

Thus, it takes L1 at least m − 1 iterations to stabilize.
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Figure 1 The energy game is given on the left. Red squares refer to player 0 and blue circles
refer to player 1. The sequence (a)-(d) corresponds to greedy strategy improvements. Dashed edges
are not used in the current strategy of player 1. Strategies (a) − (c) are the first 3 strategies, while
strategy (d) is the strategy at iteration m.
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