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—— Abstract

We consider Stackelberg pricing games, which are also known as bilevel pricing problems, or
combinatorial price-setting problems. This family of problems consists of games between two players:
the leader and the follower. There is a market that is partitioned into two parts: the part of the
leader and the part of the leader’s competitors. The leader controls one part of the market and can
freely set the prices for products. By contrast, the prices of the competitors’ products are fixed and
known in advance. The follower, then, needs to solve a combinatorial optimization problem in order
to satisfy their own demands, while comparing the leader’s offers to the offers of the competitors.
Therefore, the leader has to hit the intricate balance of making an attractive offer to the follower,
while at the same time ensuring that their own profit is maximized.

Pferschy, Nicosia, Pacifici, and Schauer considered the Stackelberg pricing game where the
follower solves a knapsack problem. They raised the question whether this problem is complete for
the second level of the polynomial hierarchy, i.e., 3%-complete. The same conjecture was also made
by Bohnlein, Schaudt, and Schauer. In this paper, we positively settle this conjecture. Moreover, we
show that this result holds actually in a much broader context: The Stackelberg pricing game is
Y8-complete for over 50 underlying problems whose decision versions are NP-complete, including
most classics such as TSP, vertex cover, clique, subset sum, etc. This result falls in line of recent
meta-theorems about higher complexity in the polynomial hierarchy by Griine and Wulf.
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1 Introduction

Stackelberg pricing games are economic games between two players, usually called the leader
and the follower. In these games, we assume that the leader owns one part of the relevant
market and may set prices of products to their liking. The rest of the market belongs to
competitors of the leader and has fixed prices, which we assume to be known in advance.
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After the leader has set the prices, the follower solves a combinatorial optimization problem,
freely combining products of the leader and the competitors. The leader therefore has to
balance both players’ interests carefully. On the one hand, if the leader sets the prices too
low, the leader will not make a large profit. On the other hand, if they set the prices too
high, the follower will simply switch to the competitors, and the leader will not receive any
profit. Stackelberg pricing games were introduced by Labbé, Marcotte and Savard, in order
to model optimal highway road tolls [15]. In this context, the follower solves a shortest-path
problem. Early works have studied NP-hardness, approximation algorithms, hardness of
approximation, or multiple followers for the highway toll pricing problem [3, 4, 6, 14, 21].
Later works have extended this to many other settings where the follower solves different
combinatorial optimization problems. This includes the case of minimum spanning tree
(Cardinal et al. [7], Labbé et al. [17]), knapsack (Briest et al. [2], Pferschy et al. [20], Bui et
al. [5]), set cover (Briest et al. [2], Bui et al. [5]), independent set (Bohnlein et al. [1], Bui
et al. [5]), or the bipartite vertex cover problem (Briest at al. [3]). Pferschy et al. consider a
variant of the knapsack pricing problem [19]. A general overview of network pricing problems
can be found in the articles of van Hoesel [23] and of Labbé and Violin [16]. While the
follower’s problem in the original toll pricing problem of Labbé et al. is the shortest path
problem, which can be solved efficiently, we remark that this is a serious restriction of our
modeling capacities. Indeed, it might be argued that, in the real world, the vast majority of
optimization problems that one encounters are NP-hard. As such, in this paper we restrict
our attention to such pricing games where the follower’s problem already is NP-hard, vastly
enriching our modeling capabilities. Several of the above mentioned papers have already
studied this setting.

Example. As one possible example of a Stackelberg pricing game with an NP-hard follower’s
problem, let us mention the Stackelberg knapsack game with profit selection as defined
by Pferschy, Nicosia, Pacifici, and Schauer [20]. We are given a set U of items and a
partition U = Uy, UUF into leader’s and follower’s items (with Uy, NUF = 0). Just like in
the standard knapsack problem, each item e € U has a weight w(e). Together with some
given weight threshold W > 0, this determines the set of feasible knapsack solutions by
F={XCULUUF : )  xw(e) < W} Each item has a profit, specified separately for
the leader by pr, : U, — Z>( and for the follower by pr : Ur — Z>g. The idea is now that,
for all items e € Uy, the leader receives their profit py,(e) only if the follower actually buys
item e. In order to achieve this, the leader is allowed to “tempt” the follower, by offering
so-called incentives i(e) for each e € Uy, to the follower. The leader then wants to solve

(% PLXT) —iXT)

s.t. X* € argmax i(X) 4+ pp(X).
XeF

(1)

(For the sake of readability, we write pr,(X*), i(X*), and pr(X) instead of pp(X* NUL),
i(X*NUL), and pp(X NUF).) The leader therefore has to consider the tradeoff between
offering the follower good incentives i(e) and still receiving a large payout pr (X*) — i(X™).
Even though we described this problem from the viewpoint of giving incentives, we will later
see in Section 3 that an easy reformulation can equivalently frame the problem in terms of
pricing. Therefore, as has also been observed by past researchers [1, 5], problem (1) fits into
the framework of combinatorial pricing games.
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The polynomial hierarchy. Many problems in bilevel optimization are expected to be even
harder than NP-hard — they are naturally complete for the second level of the polynomial
hierarchy, the so-called complexity class 5. If a problem is X5-complete, then, under
complexity-theoretic assumptions, it cannot be expressed as a mixed-integer linear formulation
with only polynomially many variables and constraints (unless the polynomial hierarchy
collapses). Therefore, the study and understanding of ¥:5-complete problems is important. We
refer to Woeginger [24] for an excellent introduction to 25-completeness in bilevel optimization.
Past researchers have recognized the potential relevance of the complexity class 35 in the
context of bilevel pricing problems. Indeed, Pferschy, Nicosia, Pacifici, and Schauer [20]
considered the knapsack pricing problem (1). They were able to show NP-hardness as well as
several other interesting approximability and inapproximability results for different variants
of the follower’s behavior. They could show that the variant of problem (1) where the
leader can only choose between two different incentives per item is X5-hard. However, in the
general case, they could not resolve the complexity status and stated it as an open question
whether the problem is ¥5-complete. Later, Bohnlein, Schaudt, and Schauer [1] considered
the combinatorial pricing problem for multiple underlying problems. They obtained a
polynomial-time algorithm for interval scheduling pricing and an inapproximability result
for independent set pricing. Furthermore, they showed that there exists some artificial,
hand-crafted problem IT such that IT is in NP and the pricing problem for II is ¥5-complete.
Naturally, they remarked that such a result would be much more interesting for a more
natural problem, and conjectured that both the knapsack pricing problem, and the set packing
pricing problem (where set packing is a generalization of independent set) are ¥5-complete.

Our contribution. In this paper, we positively settle the open question and conjecture
from [1, 20] by proving that the knapsack pricing problem (1) and the independent set
pricing problem are ¥5-complete. Moreover, we are able to extend our techniques beyond a
proof of the initial conjecture in order to prove a much more general result: We show that
the combinatorial pricing problem is in fact ¥5-complete for many underlying optimization
problems whose decision versions are NP-complete. This includes every of the following
problems:

knapsack, independent set, clique, vertex cover, set cover, hitting set, feedback
vertex set, dominating set, feedback arc set, uncapacitated facility location, p-center,
p-median, TSP, Steiner tree, 3-dimensional matching, two-disjoint directed path,
satisfiability, subset sum, Hamiltonian cycle,

as well as many more problems (but at least 50) on an ever growing list of so-called SSP-NP-
complete problems. This is a subclass of NP-complete problems introduced by Griine and
Whulf 9, 12]. The class contains most classically known NP-complete problems, and is defined
as all NP-complete problems that satisfy a certain extra condition, more precisely explained
in Section 5. This extra condition is on the one hand general enough so that it seems to be
satisfied by most “natural” NP-complete problems, on the other hand it is restrictive enough
to enable broad meta-theorems about X5-completeness. In fact, our main theorem states
that, for every SSP-NP-complete problem II, its pricing variant is 35-complete. Our result
complements recent other meta-theorems about completeness in the polynomial hierarchy of
multi-level optimization problems, regarding min-cost interdiction [9], min-max regret [9],
unit cost interdiction [11], and recoverable optimization [10].

We remark that, for each individual problem from the list, it is not surprising that the
pricing variant is ¥5-complete. However, we argue that the main insight that our paper
offers is that all these pricing problems are ¥5-complete “for the same reason”. We further

141:3

ESA 2026



141:4

The Complexity of Stackelberg Pricing Games

remark that our results are not a trivial consequence of [9]. Instead, we first need to show
YP-completeness of the pricing variant of (an optimization version of) SAT, which requires a
carefully chosen instance and already partially answers the open question of [1]. Additionally,
due to the complicated interaction between the leader and the follower, where the leader
could choose any price function from a potentially unbounded union of polyhedra, both the
Y:2-containment proof (Theorem 2) as well as the hardness proof (Section 7) are significantly
more involved than in [9].

Outline. We quickly sketch the remainder of the paper, and our general proof strategy to
obtain our meta-theorem. In Section 3, we define the pricing problem, and in Section 4, we
show that it is contained in the class ¥%. In Section 5, we summarize the main ideas of the
SSP framework of Griine and Wulf. In Section 6, we first consider the pricing problem for
only IT = SATISFIABILITY (SAT) and show its X5-completeness. Finally, in Section 7, we
show how the ¥5-completeness of the SAT pricing problem extends to all other problems in
the class SSP-NPc. This results in our main theorems, Theorems 7, 10, and 11.

2 Preliminaries

A language is a set L C {0,1}*. A language L is contained in X% if and only if there
exists some polynomial-time computable function V' (also called verifier) such that, for all
w € {0,1}* and suitable m;, my = |w|®™),

wel & 3y €{0,1}™ Vy, € {0,1}™2 : V(w,y1,92) = 1.

An introduction to the polynomial hierarchy and the class 3% can be found in the book by
Papadimitriou [18] or in the article by Jeroslow [13]. An introduction specifically in the
context of bilevel optimization can be found in the article of Woeginger [24].

A many-one reduction or Karp reduction from a language L to a language L’ is a map
f:{0,1}* — {0,1}* such that w € L if and only if f(w) € L’ for all w € {0,1}*. A
language L is ¥5-hard if every L' € ¥ can be reduced to L with a polynomial-time many-one
reduction. If L is both ¥-hard and contained in X5, it is 35-complete.

A Boolean variable x is a variable that takes one of the values O or 1. Let X = {z1,...,z,}
be a set of variables. The corresponding literal set is given by L = {x1,...,2, }U{ZT1,...,Tn}.
A clause is a disjunction of literals. A Boolean formula is in conjunctive normal form (CNF)
if it is a conjunction of clauses. It is in disjunctive normal form (DNF) if it is a disjunction
of conjunctions of literals. In this paper, we use the notation where a clause is represented by
a subset of the literals, and a CNF formula ¢ is represented by a set of clauses. For example,
the set {{x1, T2}, {22, 23}} corresponds to the formula (z1 V ZTa) A (2 V x3). We write p(X)
to indicate that formula ¢ depends only on X. Sometimes we are interested in cases where
the variables are partitioned, we indicate this case by writing o(X,Y,...). An assignment of
variables is a map « : X — {0,1}. The evaluation of the formula ¢ under assignment « is
denoted by () € {0,1}. Given a formula ¢(X,Y") with partitioned variables and a partial
assignment « on X, we also denote the remaining formula by ¢(a,Y).

For some cost function ¢ : U — R and some subset U’ C U, we define the cost of the
subset U’ as c¢(U’) := >,y c(u). For amap f: A — B and some subset A" C A, we
define the image of the subset A" as f(A’) = {f(a) : a € A’}. The preimage of B’ C B is
f~Y(B)={ac A: f(a) € B'}. We write f~1(b) instead of f=1({b}) for b € B.
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3 Problem Definition

We formally define the pricing problem. Since we later wish to argue about the properties of
all pricing problems simultaneously, our definition necessarily has to be somewhat technical.
Every pricing problem is based on an underlying optimization problem. We assume in this
paper that the underlying problem is a combinatorial optimization problem with a linear
objective function, and that it has the following structural properties.

» Definition 1 (Linear Optimization Problem, from [9]). A linear optimization problem (or
short LOP problem) 11 is a tuple (Z,U,F,w,t) such that
T C{0,1}* is a language. We call T the set of instances of II.
To each instance I € I, there is some
set U(I) called the universe associated to the instance I.
set F(I) C 240 called the feasible solution set associated to instance I.
function w™) :U(I) — Z mapping each universe element to its weight.
threshold t1) € Z.

For I € T, we define the solution set S(I) := {S € F(I) : w(S) < ¢t} as the set of
feasible solutions below the weight threshold. The instance I is a yes-instance if and only if
S(I) # (. We assume that the universe size [U(I)| as well as the bit-complexity of w/) and
) are polynomial in the input size |I| and that it can be checked in polynomial time in ||
whether some proposed set F' C U(I) is feasible. The LOP problem is called a minimization
LOP problem if w®,+() > 0 for all instances I € Z. It is called a mazimization LOP problem
if w +) <0 for all instances I € Z. The following is an example of a minimization LOP
problem (in this example, the function w(?) is always the unit weight function).

VERTEX COVER
Instances: Graph G = (V, E), number k € N.
Universe: Vertex set V =: U.
Feasible solution set: The set of all vertex covers of G.
Solution set: The set of all vertex covers of G of size at most k.

How to turn any problem into a pricing problem. As explained, we want to consider the
VERTEX COVER problem, and define its pricing variant PRICING-VERTEX COVER. Our goal
is to make this definition in such a way that it naturally and seamlessly generalizes to all
other problems from the class LOP, and such that the resulting pricing problem can again
be considered a natural problem. However, there are some technical details that cannot be
avoided when making such a definition. This is because trying to find a definition that fits all
problems at once naturally arises some complications. If some team of researchers studies a
single pricing problem, they can adapt to the complications tailored to this specific problem,
but here we do not possess this luxury. In the full version of this paper, we informally explain

these complications and which choices we make in our modeling in order to overcome them.

Formal definition. We are now ready to give the definition of the pricing problem. Our
problem definition is slightly different for minimization and maximization problems. First,
let IT = (Z,U, F,w,t) be a maximization LOP problem as defined earlier. We now formally
define the problem PRICING-II. The input is a tuple (I,Uy,Ur,pr,pr) such that I € Z,
U(I) =ULUUp, U NUr =0, pr : U, — Z>o, and pp : Up — Z>g. The problem is to
compute the value of

max_ py(X*) —i(X*)

UL —R

iU

2
s.t. X* € argmax i(X) 4+ pp(X). @)

XeF(I)

141:5

ESA 2026



141:6

The Complexity of Stackelberg Pricing Games

Since we are concerned with computational complexity, we want to treat the problem as a
decision problem. We therefore assume that we are given an additional threshold T}, € Q>o,
and the question is whether the value of (2) is at least T},,. The problem PRICING-II is then
the set of all such decision problems for all possible tuples (I,Ur,Ur, pr, pr) with properties
as specified above, and all possible thresholds T}, € Q>o.

As it is often done in bilevel optimization, we follow the optimistic assumption: If the
follower can choose between different solutions X that have the same maximal follower’s
objective value i(X) + pr(X), we assume optimistically that they will select one with the
best objective value pr,(X) —i(X) for the leader.

In the remainder of the paper, it will be more convenient to instead consider an equivalent
reformulation of (2). Let us define for all items e € Uy, the term d(e) := pr(e) — i(e),
and let p(e) := pr(e) for e € Uy, and p(e) := pr(e) for e € Up. Then, since the function
pr : UL — Z>g is a fixed function that is part of the input, we have that optimizing over
i: U, — R is equivalent to optimizing over d : Uy, — R. Therefore, (2) is equivalent to

max _ d(X™)

d: UL —R

s.t. X* € argmax p(X) — d(X).
XeF(I)

(Pmax)

Observe that (Ppax) can be understood as a problem where the follower has a gross profit
p(e) > 0 for every item e € U, UUp, and is aiming to maximize their profit. The leader
can place taxes on the items in Uy, which increases the leader’s profit, while decreasing the
follower’s profit. Note that, if X NUy, # () for all X € F(I), then the leader can raise the
tax to infinity since the follower has to include such leader’s items into a feasible solution.
Therefore, (Pyax) is unbounded. In the remainder of the paper, we assume that this is not
the case, that is, we make sure that there is always at least one feasible solution F' C Up.

Now, let IT = (Z,U, F,w,t) be a minimization LOP problem as described earlier. Each
instance of IT can be described as minxery w(X) = maxxer) —w(X) for some weight
function w > 0. It is therefore natural to define the problem PRICING-II in this case as

max _ d(X™)
d: U —R

s.t. X* € argmin ¢(X) + d(X).
XeF()

(Pmin)

for a function ¢ : U(I) — Z>¢. Problem (P,;,) can be interpreted as a pricing problem,
where the follower tries to pay minimal cost ¢(X) + d(X) and the leader can increase the
prices for their part of the universe, trying to make attractive offers to the follower while
still aiming for a high profit.

Difference between the domains R and R>o. In both problems (Pnax) and (Puyin), the
leader is unconstrained, i.e., they can select any d : Uy, — R. Other natural choices, which
have also been considered by past authors [5, 20], are to only allow d(e) > 0 or d(e) < p(e)
(which is equivalent to i(e) > 0 in (2)) for all e € Uy,. For our exposition, it is most convenient
to consider d : U;, — R. However, we later show that this does not make a difference for our
main result, i.e., all the other natural choices lead to X-complete problems as well.

Example. If IT = knapsack, then II is a maximization problem, and our problem PRICING-II
is given by (Pmax), where p : U(I) — Z>¢ are the profits and F(I) is the family of sets of
items of total weight below the weight threshold. By our explanations, this is equivalent to the
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Stackelberg knapsack problem (1) from [20]. If IT = vertex cover, then II is a minimization
problem, and PRICING-II is given by (Pyin), where ¢ : U(I) — Z>¢ are the vertex weights
and F(I) is the family of all vertex covers of the input graph.

4 Containment in X5

Given the above definition of PRICING-II for any LOP problem II, we can show the containment
in X% under the following theorem.

» Theorem 2. For all LOP problems 11, we have PRICING-II € L.

Proof. In order to prove the containment in X%, we would like to find a witness Jy;Vyo
of polynomial size that can be verified by a polynomial-time computable function V' with
input y1, y2 and the instance of the problem. Consider w.l.0.g. only problem (P,.x). The
instance of the corresponding decision problem PRICING-II = (I,U,,Ur, p, Tp,,) consists of an
instance I as given in the underlying problem II, leader elements U, C U(I), follower elements
Ur CU(T), a profit function p : U — Z>p, and a threshold T}, € Q>¢. Let n := |[U(I)| and
ny := [UL|. A possible witness-verifier pair to this problem can be defined as follows:

Ad: U, - R,IX* e F(I): VX € F(I):

p(X) — d(X*) > p(X) — d(X)] A [d(X") > T )

Since d : Uy, — R involves real numbers, we have to worry about their encoding length. Thus,

it is not entirely obvious why the witness is of polynomial size and can be checked efficiently.

With the following polyhedral arguments, however, we can show that d can be encoded in
polynomial size. For this, let x; € {0,1}" be the characteristic vector of the i-th feasible
solution X; € F(I). Since II € SSP-NP, each z; is a string of length n = |[U/(I)|. However,
there may be exponentially many such z;’s. Then, (3) is true if and only if the following
nonlinear mixed-integer program contains a feasible point.

min 0

s.t. d e R""
z* e F(I) (4)
p'z* — (d,0)'x* > p'z; — (d,0)'z; Va; € F(I)
(d,0)'z* > Ty

Note that, in this formulation, we let the leader choose the characteristic vector x* to the
feasible solution X* € F(I) that maximizes the follower’s objective. This is possible due to
the optimistic assumption. Furthermore, the constraint “z* € F(I)” can in fact be expressed
as a MIP constraint because we have assumed II to be a problem in SSP-NP. More precisely,
the feasibility of IT can be checked in polynomial time, and this Turing machine can be
translated into polynomially many MIP constraints (by the Cook-Levin theorem and a
corresponding reduction from SAT to MIP).

If we have a yes-instance to the problem PRICING-II, there is a feasible solution (d, z*)
to (4). Then, 2* encodes an optimal follower’s solution X* € F(I) corresponding to the
leader’s solution d. Since 3X* € F(I) is on the same quantifier level as 3d : U, — R, we can
fix the characteristic vector z*. Then, let P,+« denote the resulting polyhedron associated
to the linear program where we fix z* and vary d € R"Z in (4). We remark that this

linear program may have exponentially many constraints and is not necessarily bounded.

However, P,« is nonempty since d € P,+. Let Ly.x be the largest size of a number in
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the linear inequality system of (4) (where the bit-size of a rational number r/q is given by
log(|r|) 4+ log(]q|) + 1). Furthermore, P,« C R™= and the size of each constraint is bounded
by 2np Limax + 2nLmax < 4nLpmax =: m (note that a*, z; € {0,1}™ for all x; € F(I)).

We now claim that, for all thresholds T}, the following holds: If there is a leader’s solution
d with profit at least T}, then there is also a leader’s solution d with profit at least T}, such
that d has a bit-size of at most 1613 Liax. For the proof, we use a theorem of Schrijver.

» Fact 3 (Theorem 10.2 in [22]). For any rational N-dimensional polyhedron, its vertex
complezity is bounded by 4N? times its facet complexity.

An upper bound to the facet complexity of P« is given by m = 4nL,,,. This induces
an upper bound to the vertex complexity of Py« of 4n%m < 1613 Lyax. Then, Py« can be

described by vectors as,...,ag,b1,...,b;, each of bit-size at most 16n3 L.y, With Py =
conv{ay,...,ar}+cone{by,...,b}. Since P.« # () and any point in P, is a feasible point in
which the leader receives a profit of at least T},;, we can set d = a;. Thus, there is a suitable

d of bit-size at most 1613 Linax, which shows the claim.
Note that the encoding of d contains the encodings of the vector components as ra-
tional numbers. It follows that there are an z* € {0,1}", encoding an X* € F(I), and

ad: U, — R of polynomial size such that for all z € {0,1}™, encoding X € F(I),
[p(X*) —d(X*) > p(X) - CT(X)} A [J(X*) > Tpr} holds. <

» Lemma 4. If (Pn.x) is bounded, then there is an optimal d* : Uy, — R of polynomial
bit-complexity in the size of the input (I,Ur,Ur,prL,pF)-

Proof. This is a corollary of the proof of Theorem 2. Similarly to (4), consider the polyhedron
Py = {d € R" : ptz* — (d,0)'z* > plx; — (d,0)'x; Va; € F(I)} for an appropriate fixed
x* € F(I) (an optimal follower’s solution corresponding to some optimal leader’s solution d),
and let L.« again be the largest size of a number in the inequality system. Analogously
to the proof of Theorem 2, P, is nonempty because d € P,«, and we can write it as
P« =conv{ay,...,ar} + cone{by,..., b}, where the vectors ay,...,ax,b1,...,b; each have
a bit-complexity of at most 1613 Ly,.x. Optimal solutions of max{(d,0)!xz* : d € P,«} are
now optimal solutions of (Pmax). Note that this maximization problem over P« is bounded
because (Pax) is bounded. Thus, by the fundamental theorem of linear programming, we
may choose an optimal d* € P, that is one of the vectors a,...,a,. This gives an optimal
solution of (Ppay) that has a bit-complexity of at most 1613 Lax. <

5 SSP Framework

We repeat the most important definitions from [9] necessary to understand our meta-theorem.
In Section 3, we introduced the concept of LOP problems. It turns out that oftentimes the
mathematical discussion is a lot clearer when one omits the concepts F(I), w!), and t()
since, for the abstract proofs of the theorems, only Z, U, and S are important. This leads to
the following abstraction from the concept of an LOP problem:

» Definition 5 (Subset Search Problem (SSP), from [9]). A subset search problem (or short
SSP problem) 11 is a tuple (Z,U,S) such that
Z C{0,1}* is a language. We call T the set of instances of II.
To each instance I € I, there is some set U(I), which we call the universe associated to
the instance I.
To each instance I € T, there is some (potentially empty) set S(I) C 24U which we call
the solution set associated to the instance I.
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90:(51\/52\/%3) |

(T1 VT2 V x3)

Figure 1 The injective mapping of an exemplary SSP reduction between SATISFIBILITY and
VERTEX COVER.

An instance of an SSP problem is a yes-instance if S(I) # (. Every LOP problem becomes
an SSP problem with the definition S(I) := {S € F(I) : w")(S) < tD}. We call this the
SSP problem derived from an LOP problem. Some problems are more naturally modeled as an
SSP problem to begin with, rather than as an LOP problem. For example, the satisfiability
problem becomes an SSP problem with the following definition.

SATISFIABILITY (SAT)
Instances: Literal set L = {¢1,...,0,}U{fl,...,0,}, clause set C = {C1,...,C,,} such
that C; C L for all j € {1,...,m}.
Universe: L =:U.
Solution set: The set of all subsets L' C U of the literals such that |L’ N {¢;,£;}| = 1 for all
te{l,...,n}and |[L'NC;| > 1 for all clauses C; € C.

Griine and Wulf [9] introduce a new type of reduction, called SSP reduction. This type of
reduction is best explained with an example. Consider Figure 1. Garey and Johnson [8] show
a reduction from SAT to vertex cover. Given a Boolean formula ¢ with n variables and m
clauses, they construct a graph G, such that G, has a vertex cover of size n+ 2m if and only
if ¢ is satisfiable. Garey and Johnson associate to each literal z; ..., x,,T1,...T, a vertex in
the graph, which could be called the representative f(x;) of the literal. These representatives

have very strong structural properties. Let V' = image(f) be the set of all representatives.

Then V'’ “encodes” the SAT problem: Precisely, this means that the following structural
properties are true:
The function f is injective.
Given a vertex cover of size n + 2m, if we restrict it to V’/, we directly obtain a satisfying
assignment.
On the other hand, given a satisfying assignment, we can easily translate it to V/ and
complete this partial vertex cover to a vertex cover of size n + 2m.

Whenever one has all these structural properties together, we call this an SSP reduction.

Completely formal, the definition is as follows.

» Definition 6 (SSP Reduction, from [9]). LetII = (Z,U,S) and II' = (7', U',S’) be two SSP

problems. We say that there is an SSP reduction from II to II', and write 11 <ggp Il if
There exists a function g : T — I', computable in polynomial time in the input size |I|,
such that I is a yes-instance if and only if g(I) is a yes-instance (i.e., S(I) # 0 if and
only if S'(g(1)) #0).
There exist functions (fr)rez, computable in polynomial time in |I|, such that, for all
instances I € T, we have that fr : UI) — U'(g(I)) is an injective function mapping from
the universe of the instance I to the universe of the instance g(I) such that

{f1(9) : S e S} ={5" N frU(I)) : §" € §'(9(I))}.
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The main insight of [9] is that a surprising amount of problems admit such SSP reductions.
The class of SSP-NP-complete problems is denoted by SSP-NPc and consists of all SSP
problems II that are polynomial-time verifiable and such that SAT <ggp II.

Finally, we introduce a new concept, which is not included in [9]. An LOP problem II is
called LOP-complete if the SSP problem derived from it is SSP-NP-complete, and there exists
an SSP reduction that shows this SSP-NP-completeness and has the additional property
that {F € F(I) : wD(F) < tB) — 1} = (), where I, w!), and ¢t!) are the instance, the
weights, and the threshold used in the reduction. Intuitively, this means that there exists an
NP-completeness proof of IT, where the threshold ¢(!) used for this NP-completeness reduction
is tight in the sense that there can never exist any solutions below weight ¢(!), and there
exists a solution of weight equal to t/) if and only if the original instance is a yes-instance.
As an example, in the same reduction as above, Garey and Johnson prove that G, has no
vertex covers of size less than n + 2m =: t). This proves that the vertex cover problem is
LOP-complete.

Note that the usual meaning of “completeness” of II means that every member of the
class can be reduced to II using a Karp reduction. We mean completeness here in a slightly
different context. It can be shown that, if IT is LOP-complete, then every member IT" of LOP
can be reduced to II with a reduction that has the properties described above.

In contrast to previous papers, we require this additional tightness guarantee for our
calculations to be correct. However, note that a lot of natural occurring NP-hardness proofs
indeed already have the tightness guarantee, so this is not too much of a restriction.

Having introduced LOP-completeness, we can now state our main result that for every
LOP-complete minimization or maximization problem, the corresponding pricing problem is
Y2-complete (Theorems 10 and 11). The main idea is that we can make use of the strong
structural properties of SSP reductions, which are guaranteed to exist for all LOP-complete
problems.

6 Feasibility Pricing

Apart from only the pricing problems (Puax) and (Pmin) corresponding to linear optimization
problems, we wish to additionally consider problems such as II = SAT, which are neither
maximization nor minimization problems, as they are concerned only with feasibility. As
explained in the introduction, we wish to prove our meta-theorem starting from problems of
this kind. Let II = (Z,U, S) be an SSP problem as described in the previous section. Given
a tuple (I,Ur,Up,p) with p : U — Z>¢, we define the problem FEAS-PRICING-II as the
decision problem corresponding to

max _ d(X™)
d: U, —R

s.t. X* € argmax p(X) — d(X).
Xes(D)

(Pfeas)

By the exact same proof as in Theorem 2, we can prove that, for all SSP-NP problems II,
we have FEAS-PRICING-II € ¥5. Our main result for problems of this kind can then be
stated as follows and is a corrollary of Theorem 10.

» Theorem 7. For any problem II that is SSP-NP-complete (see Section 5), the problem
FEAS-PRICING-1I as in (Pfeas) is X5-complete.

In this section, we consider FEAS-PRICING-SAT, and start by proving that the main result
is true for the case of SAT. We are given a Boolean formula I in conjunctive normal form
over the literals U(I) := {¢1,...,In} U {l1,...,fx}, where the set S(I) C 24) of satisfying
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subsets is defined as in Section 5. Moreover, we are given a partition U(I) = Uy UUp (with
UL NUp = 1), a function p : U(I) — Z>p, and a threshold Ty, € Q>¢. The problem then is
to decide whether the optimal value of (Pfeas) is at least Tp,.

We give a sketch of the proof idea and remark that some of our arguments are based
on the elegant proof of Bohnlein et al. [1]. We reduce from the canonical ¥5-complete
problem 3V-DNF-SAT. Here, we are given a Boolean formula (A, B) in disjunctive normal
form, and we are asked to evaluate whether there exists an assignment of the A-variables
such that, for all assignments of the B-variables, ¢(A4, B) is true. We may assume that
|A| = |B| =: n. We now want to transform the DNF formula ¢ into a new CNF formula I,
and find Uy UUp = U(I), p, and T}, such that the decision version of (Pfeas) becomes difficult.
In particular, the idea is that the choice of d : U, — R forces the follower to select elements
that correspond to the assignment of A, and residual elements from the follower’s solution
should correspond to the assignment of B. The first idea is that our formula I begins with a
clause (hy V hy), where h; € Up. If the leader sets the prices too high, the follower simply
chooses h; and obtains a fixed profit. In the other case, the follower chooses ho and the
following considerations apply: The instance I contains variables vf, vzf ,uf fori e {1,...,n},
where vf, sz € Uy, and v¢ € Up. The idea is that the leader will set prices for v{ and vf, and
the follower will generally prefer the element that maximizes their profit, i.e., the element
with the smaller price. This implicitly determines an assignment of A, by having a; = 1 if
d(v) < d(vzf ) and a; = 0 otherwise. However, if the prices are too high, the follower simply
switches to v{. Finally, there is a pair of variables z;, zp such that the solution contains
exactly one of them. The leader would like to collect prices on z;, but the value of z; is
linked to the satisfiability of 3AVBy(A, B). If this formula is false, the follower can evade
the leader’s prices. In summary, we are able to show that the leader can collect high prices if
and only if 3JAVBy(A, B).

» Theorem 8. FEAS-PRICING-SAT is ¥5-complete.

Proof. The containment in X5 can be shown analogously to Theorem 2. Given an in-
stance JAVByp(A, B) of IV-DNF-SAT with |A| = |B| = n, we define the following instance
(I,Ur,Ur,p) of FEAS-PRICING-SAT. Let M := 2n, let once(y1, y2,ys3) be the CNF formula
that is true if and only if exactly one of y1, y2, and y3 is true, and let & denote the XOR

relation.
Variables: V= {h1,h2, 21,22} UJ]_ {0}, vzf, vy, a;,bi}
Literals: UT) =V UV withUy, = U:L:l{vf,vlf} U{z1}, Ur=UI)\UL

Profits (Ur):  p(o!) = p(v]) = M Vi€ {1,...,n}, p(z1) =M
Profits Ur):  p(vy) =1Vie€{1,...,n}, p(hi) =n, p(z2)=1, p(e) =0 else
Formula: (v h2) A (B = (Asevr g, @)

A(hy = ((z1 @ 22) A (22 = —@(A, B))))

A (hz A (once(vf,vf V) A (0F = ai) A (v] = @) A (0 — zl)))

This completes the description of the instance. It is easily seen that I is in CNF, using that
¢ is in DNF and De Morgan’s law. Let k* := (n 4+ 1)M — n. We claim that the optimal
value of (Preas) is at least k* if and only if 3AVBp(A, B) is true.
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“If” direction. Assume that there exists an assignment o : A — {0,1} that makes
JAVBp(A, B) true. We define a pricing function d : U, — R by having d(z;) = M and, for
alli e {1,...,n},

d(vt) = M —1, dwly =M if aa;) =1,
d(vt) = M, dwhy=M-1 if a(a;) = 0.

We claim that this choice of d enables the leader to obtain k* profit. First, we argue that
the follower’s optimal value is n.

If the follower chooses hi, their profit is exactly n, since h; implies that, for all other
variables, the negative literal is selected, and only positive literals induce profit for the
follower. Note that this is independent of the choice of d.

Otherwise, the follower chooses ho. Then, they obtain at most a profit of 1 from every

clause once(v!, v!, v?). Furthermore, they cannot obtain profit from 21, since d(z1) = p(z1) =

27 71
M. At last, we have to consider the element z5. For this, suppose that the follower collects a
profit of 1 from zp. Then, due to v) — z; and z; @ 22, the follower’s solution X does not
contain any v?, but contains either v or vlf for all i € {1,...,n}. If X contains exactly the
element from {vf, vif} that has cheaper prices d, for all i € {1,...,n}, then, due to v! — a;
and vif — a;, the variables A have to be set according to the assignment «. Then the clause
zo — (A, B) and the fact that e makes JAVByp(A, B) true imply 2o ¢ X. If X contains
at least one element v} or vlf with leader’s price M, then the total profit obtained from the
clauses once(v! vf v?) is at most n — 1. In all cases, the total follower’s profit is at most n.

1) Y1) T

In total, the follower’s optimal value is indeed n. Finally, observe that the follower’s solution

X = {1, ha, 2,2} U | J{weru | {ohol,atu | (0] 4}

i=1 a(a;)=1 a(a;)=0

achieves the follower’s optimal value n and has d(X) = k*. Due to the optimistic assumption,
the leader can make at least k* profit.

“Only if” direction. Assume that there exists d : U, — R such that d achieves profit
at least k* for the leader. We need to show that JAVBy(A, B) is satisfiable. Let Xy be
an optimistic follower’s response to d, i.e., d(X4) > k* and p(X4) — d(X4q) = OPTF, where
OPTrF is the follower’s optimal value.

First, we show that OPTr = n. The follower can always choose hi, hence, OPTp > n.
By construction of the instance, for all X € S(I), we have p(X) < (n + 1)M. Therefore, the
follower’s profit is OPTr = p(X4) —d(X4) < (n+1)M — k* = n. It follows that OPTFr = n.

Second, if the follower chooses h1, then the leader’s profit is 0, since hy implies that, for
all other variables, the negative literal is selected, and only positive literals induce profit for
the leader. Hence, h1 ¢ X4 and he € X4 because the leader’s profit is at least k* > 0.

Third, observe that d(z;) > M. Indeed, if d(z;) < M, then the follower can pick

{v9,...,v2}U{z} as a partial solution and obtain strictly more than n profit, contradicting
OPTF =nN.
Fourth, we claim that both z; € Xy and | X3 N {vﬁ,vzf}| =1 foralli € {1,...,n}.

Indeed, assume otherwise, then by the structure of the instance, Xy contains at most n
elements e with p(e) = M. Therefore, p(Xy) < nM + 1. But, since d(Xy) > k*, we have
p(Xa) —d(Xq) <nM+1—-k*=(n+1) — M <0, which is a contradiction to OPTr > n.

We claim that these four properties implicitly define a satisfying assignment to the formula
JAVBp(A, B) by setting a(a;) = 1 if v} € X, (and a; € X,) and a(a;) = 0 if vlf € X4 (and
a; € Xy). For this, assume that « does not satisfy the formula. Then the follower can choose
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an assignment of by, ..., b, that makes p(«, B) false. Then X' := X4\ {21,Z2} U {Z1, 22} is
also a valid solution to I. But since d(z1) > M and p(z2) = 1, the follower’s profit of X’
is strictly greater than the profit of X, a contradiction to the fact that X, is an optimal
follower’s solution. We conclude that 3AVBp(A, B) is true. <

» Corollary 9. FEAS-PRICING-SAT remains X5-complete, even if d : Uy — R in (Preas) is
restricted to 0 < d ord <p or0<d<p.

Proof. We check that both directions of the proof of Theorem 8 remain true. For the “if”
direction, observe that the function d defined there already has the property 0 < d < p. For
the “only if” direction, the assumption that a function d with any of the three restrictions
exists is stronger than only assuming d : U, — R. Clearly, starting with a stronger assumption,
the reasoning remains correct. <

7 Outline of the Proof of the Main Theorem

Due to space constraints, we can only give an outline of the proof of the main theorem. The
complete formal proof is presented in the full version of this paper.

» Theorem 10. For any problem 11 that is an LOP-complete mazximization problem (see
Section 5), the problem PRICING-II as in (Pmax) s X5-hard.

» Theorem 11. For any problem II that is an LOP-complete minimization problem (see
Section 5), the problem PRICING-II as in (Puyin) is X5-hard.

In order to prove our main theorems, we give a reduction from FEAS-PRICING-SAT to
PricING-IT for the problem IT. We make use of the fact that II is LOP-complete. This implies
that the strong structural properties explained in Section 5 hold.

More technically, this implies that, given the instance Igyy of SAT, one can compute
in polynomial time a tuple (In,w(fn),t(ln)), where Iy is an instance of II with universe
U(In), set of feasible solutions F(Iry), weight function wm) : U (I) — Zso, and threshold
tUn) ¢ Z>p. Note that a maximization LOP problem can be expressed by non-negative
weights w(m) and threshold tm) by defining S(Ir) = {F € F(Iyy) : wIm)(F) > tUm}, In
order to simplify the notation, we may write Us,r, Ur, F, w, and t from now on for these
objects. For the proof of the main theorem, we show how, using these objects, one can define
an instance of the pricing problem for II, such that we can reduce the pricing variant of SAT
(which we know is ¥8-hard by the previous section) to the pricing variant of II. Therefore
the pricing variant of IT is 35-hard. More concretely, we assume that we have as input an
instance of the SAT pricing problem, as follows:

max  d(X™)
d: U —R

s.t. X* € argmax p(X) — d(X).
XeS(Isar)

()

We now wish to take this instance, defined by the function p : U(Igxr) — Z>o and
transform it into a new instance of the pricing problem for II and a function p’ : U (I1) — Z>o,
such that the two instances are equivalent.

max d(Y*)
& UL SR

s.t. Y* € argmax p'(Y) —d'(Y)
YeF(In)

(6)
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In particular, one main idea is to define the new profit function p’ for the II pricing
problem as follows, given the profits p of the SAT pricing problem:

Pe) = {Mw(e) FPUITHO) e € fUs)
Muw(e) if e € Un \ f(Usar)-

Here M > 0 is some large integer. The main idea why we choose the function p’ in
this way is that we want to show that this lifts the NP-completeness proof of II to a ¥5-
completeness proof of PRICING-II. In particular, M gives larger importance to all those
elements in Uy that are contained in the image of the SSP reduction f. There is one major
technical difficulty: The NP-completeness proof of II is inherently concerned with the set
S(I), and not with the set F(I). On the other hand, PRICING-II (in the variant (Ppax))
is inherently concerned with the set F(I) and not with the set S(I). Bringing these two
concepts together is the main technical feat of the proof. We show that choosing M large
enough can get rid of this issue and unify the two concepts. Finally, there is one last
complication, which can be explained as a certain kind of “bootstrapping” issue. Note that
M is part of the definition of p’. In the pricing problem, no matter how large we choose
M, the leader can always choose a function d’ with d’ < 0 and |d'| > M, i.e., set highly
negative taxes (which is unreasonable regarding the leader’s objective, but could lead to
optimal follower’s solutions outside of S(I)). This shows that a very simple argument along
the lines of “simply choose M large enough” is not enough for our argument. Instead, we
additionally show how to overcome this final bootstrapping issue.

In summary, we prove the following two technical lemmas:

» Lemma 12. [f ~y is the optimal value of (5), then the optimal value of (6) is at least .
» Lemma 13. If v/ is the optimal value of (6), then the optimal value of (5) is at least ~'.

Hence, their optimal values are equal, and this is a valid reduction between the two
pricing problems, showing >5-hardness.

8 Conclusion

In this work, we showed that the knapsack pricing problem is ¥5-complete, answering an open
question of Pferschy, Nicosia, Pacifi, and Schauer [20] and a conjecture of Béhnlein, Schaudt,
and Schauer [1]. Furthermore, we extended this result by showing that, when considering
an arbitrary NP-complete problem, only very few assumptions are needed to ensure that
the corresponding pricing problem is ¥8-complete. These natural assumptions are met by
most classical NP-complete problems. Our result holds for both natural maximization and
minimization variants of the pricing problem, and for any choice of constraints 0 < d, d < c,
or 0 < d < ¢ for the leader.

As a future research direction, it would be interesting to consider the complexity of
approximating the Stackelberg pricing problem. Moreover, other models involving several
decision makers could be considered in the future. Finally, the approach of this paper is
limited to underlying problems that are NP-hard. It would be very interesting to extend our
techniques to underlying problems in P, showing NP-completeness of the pricing problem in
a unified way. However, we do not know if such a result is possible.
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