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—— Abstract

In the online sorting problem that was introduced by Aamand, Abrahamsen, Beretta and Kleist
[SODA 2023], n items of real numbers arrive in an online fashion. Each item has to be placed
irrevocably into an array of size n before the next item is revealed. The cost is the sum of the
absolute differences between adjacent items. We study the stochastic online sorting problem where
the items are sampled uniformly at random from the interval [0, 1], a problem first studied by
Abrahamsen, Bercea, Klausen and Kozma [ESA 2024], who presented an algorithm achieving an
expected competitive ratio of O((n logn)'/ 4). Later Hu [SODA 2026] achieved an improved expected
competitive ratio of logn - 20(og™ ) Hy also showed a lower bound of an expected competitive
ratio of Q(logn). In this paper, we present a simple algorithm achieving an expected competitive
ratio of O(logn), thus settling the complexity. In the variant where the array has size [(1 + e)n-l,
our algorithm achieves an expected competitive ratio of O(1 + loge™*'), improving the previous
best known of O(1 + ¢™') by Abrahamsen et al. We generalise the algorithm to higher dimensions
(stochastic online Euclidean traveling salesman problem), where an expected competitive ratio of
O(1) is achieved. This improves a previous competitive ratio of O(log® n) by Kalavas, Platanos and
Tolias [STACS 2026].
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1 Introduction

We consider the online sorting problem, which is a special case of the online Euclidean
traveling salesman problem, where you have to visit n points in n time slots. The points
are given in an online fashion, and have to be irrevocably assigned a time slot before the
next point is revealed. In the online sorting problem, the points are in one dimension, i.e.,
on a line. We show that if the points are distributed uniformly in the interval [0, 1], we can
achieve an expected competitive ratio of O(logn), that is, the length of the path is a factor
O(logn) worse than the optimal path in the offline case.

Formally, in the online sorting problem, you are given an initially empty array of size n,
and n items, which are real numbers, arrive in an online fashion. Each item has to be placed
in the array before the next item is revealed. Once an item is placed, it cannot be moved.
There can only be one item per slot. Ideally, the goal would be to end up with a sorted array.
However, this is, of course, in general not possible in the online case. Instead, the goal is
to minimize the sum of absolute differences of adjacent items, i.e., Z?;ll [Aix1 — A;]. In
the offline version of this problem, where all n items are known before placing the items, an
optimal assignment can be determined by sorting the items. Then the cost is the difference
between the largest and smallest item. We define the competitive ratio of an online algorithm
to be the ratio between the achieved cost and the optimal cost in the offline case. This means
that the competitive ratio is always at least 1 and no more than n — 1, as the difference
between any two adjacent cells is at most the difference between the largest and the smallest.
This problem was introduced by Aamand, Abrahamsen, Beretta and Kleist [1], and they
presented an algorithm achieving an asymptotically tight competitive ratio of ©(y/n).
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A natural question to consider is if the items are chosen randomly rather than adversarially,
can one then achieve a better competitive ratio in expectation? In the stochastic variant,
the items are sampled independently from the uniform distributions in the interval [0, 1].
Abrahamsen, Bercea, Beretta, Klausen and Kozma [2] introduced this variant and showed
a slight improvement from the adversarial case to a competitive ratio of O((n logn)*/ 4)
with high probability, which Hu [8] later improved to an expected competitive ratio of
logn - 20098 ") Hu also showed a lower bound for the expected cost of Q(logn). A variant
of the problem allows the array to have size [(1 + e)n], i.e., [en] cells are empty when all
the items have been placed. The cost is defined by ignoring the empty cells. Abrahamsen,
Bercea, Beretta, Klausen and Kozma [2] introduced the variant and showed how to achieve
an upper bound of expected competitive ratio of O(1 +e71).

We present an algorithm that, for an array of size n and uniformly distributed inputs
in [0, 1], achieves an expected competitive ratio of O(logn), thus settling the complexity
for the stochastic online sorting problem. For the variant with [(1 + &)n] cells, the same
algorithm without any modifications achieves an expected competitive ratio of O(1+loge™1).
We also generalise the algorithm to higher dimensions where we show how the algorithm
achieves an expected competitive ratio fo O(1) for the stochastic online Euclidean traveling
salesman problem for dimension d > 2.

1.1 Previous Work

Online sorting was originally introduced as a tool in working with online geometric packing
of convex polygons in the plane [1], where tight asymptotic bounds were shown on the
competitive ratio of ©(y/n) for the adversarial case for deterministic algorithms. The
algorithm presented in [1] works by segmenting the array into equal-sized buckets and the
universe, assumed to be [0, 1], into equal-sized disjoint spans. The main idea is to have twice
the number of buckets as spans. Each bucket is either empty or has a span associated with
it. If there is a bucket whose associated span covers the next item, the item is placed in
the first empty cell of that bucket. If that bucket is full, the item is placed in an empty
bucket, and the span of the full bucket is now associated with that bucket. If there is no
empty bucket, the algorithm recurses on all the empty cells, viewed as an array through
concatenation. This ensures that before recursion, at least half of the items are placed. By
setting the number of buckets a2 \/n, the bound is achieved. Later, a lower bound was shown
for the competitive ratio of Q(y/n) for randomized algorithms against an oblivious adversary,
i.e., an adversary who does not know the coin flips of the algorithm [2].

Due to the high competitive ratio for the adversarial case, the stochastic variant, where the
items are drawn independently and identically from the uniform distribution, was introduced
by Abrahamsen et. al [2]. They showed a slight improvement with high probability compared
to the adversarial case, with an expected competitive ratio of O((nlogn)/4)). Their
algorithm is similar to [1] and uses buckets; however, only one per span, and uses concentration
bounds to show that the buckets will be filled with high probability. Additionally, they
allocate an extra bucket, called the backyard, which deals with all items to overflowing buckets.
Their best result comes from recursing in each bucket, which they can do as each bucket
receives items uniformly random in a subinterval. Hu [8] studied the problem and showed
nearly tight bounds with a lower bound of expected Q(logn) cost and an algorithm achieving
expected competitive ratio of logn - 200°8" ®) The main innovation was to use O(loglogn)
phases of buckets with geometrically decreasing number of buckets. This makes the recursion
much more complicated, as they do not follow a uniform distribution. Concurrently, [9]
achieved a competitive ratio of O(log? n) with high probability. The algorithm presented
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in [9] also uses phases, but O(logn) phases instead, and instead of recursing in each bucket,
the deterministic algorithm from [1] is used in each bucket. Using other parameters, the
algorithm in [9] can achieve a competitive ratio of O(logg/ #+¢ ) with high probability.

A natural attempt at solving the stochastic problem may be to try to place items according
to their expected rank. For an item z, we can place it into cell [zn], and if this cell is full,
we can use linear probing to find the next free cell. This technique is used in hash tables,
which admit O(1) insertion in expectation [10]. The key to this result is that the array is
slightly larger than the number of items. When filling the array completely, this does not
work very well as the items cluster, and so some items have to be placed far away. The
expected distance an item is probed, when filling an array fully, is ©(y/n) [10]. Using a larger
array with linear probing for stochastic online sorting was explored in [2], and it was shown
that if the array has size [(1 + 6)7ﬂ we can use this technique along with a buffer at the end
to avoid wraparound to achieve an expected competitive ratio of O(1 + e~1) for stochastic
online sorting.

The variant with the larger array has also been studied in the adversarial case. This was
introduced in [2] where a deterministic competitive ratio of 20(\/@V loglog n+log=1) was

achieved for € = Q(k’%) and a lower bound for the competitive ratio of Q((HEI)OI%). This

was recently improved significantly in [3] to a competitive ratio of O(@) for e = Q(lo%)
and O(l‘ig;”) for e € [Q(1), O(log? n)]. An implication of this is that O(1) cost is achievable
with O(nlog? n) space. For ¢ < 3 an algorithm with competitive ratio of (¢! logn)©(loglogn)
exists [12].

Another generalization of online sorting is in higher dimensions. Here, the items are
points in d dimensions, and the cost is the Euclidean distance. This can be seen as an online
version of the traveling salesman problem. As online sorting is the special case where d = 1
of online TSP, all lower bounds apply. Initially an algorithm achieving O(2%y/dnlogn) was
presented in [2]. Since then, online TSP has been improved to O(y/n), thus matching the
lower bound [6]. Online TSP has also been studied as a stochastic variant by [9], achieving a
competitive ratio of O(log? n) with high probability.

1.2 Our Results

In this paper, we close the gap between the upper and lower bounds for stochastic online
sorting, and thus answer an open question stated in [8]. Concretely, we present a deterministic
online algorithm achieving the following theorem:

» Theorem 1. There exists an algorithm for stochastic online sorting achieving an expected
competitive ratio of O(logn).

Our algorithm also implies an improvement for the case where the size of the array is
[(1+ ¢e)n], where we achieve the following theorem:

» Theorem 2. For all ¢ > 0, there exists an algorithm for stochastic online sorting with an
array with [(1+ &)n] cells achieving an expected competitive ratio of O(1 +loge™!).

Note that for small additional space, say € < %, Theorem 2 improves the previous best
expected competitive ratio of [2] from O(e71) to O(loge™1).

We generalise the algorithm to the stochastic online Euclidean traveling salesman problem,
where a better competitive ratio is possible for d > 2 dimensions.

» Theorem 3. There exists an algorithm for the stochastic online Fuclidean traveling
salesman problem in d dimensions achieving an expected competitive ratio of O(1) for d > 2.
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1.3 Technical overview

We reuse ideas from [1, 9]. Our algorithm is illustrated in Figure 1. Our algorithm runs in
log, n — O(1) phases, consisting of geometrically decreasing number of cells and geometrically
decreasing number of buckets, both decreasing by a factor 2. The buckets of a phase each
have an associated span forming a partition of the universe. For each item, we attempt to
place it into the bucket whose span contains the item. We call this bucket the canonical
bucket for the item. If this is not possible, we instead insert it into a bucket whose span is
close to the item. This incurs an extra cost, but as long as the items are not inserted too far
away and it does not happen too often, the expected extra cost is low. In previous work, a
lot of consideration was given to how to place items inside the buckets. We avoid this by
setting the bucket capacity to ©(1). Then the order of items inside any bucket does not
matter asymptotically, so we simply place the items in the first free cell.

If only a few cells remain free in a phase, items may be inserted very far away from their
canonical buckets. Therefore, we only partially fill each phase. Concretely, we fill % of the
available cells in each phase. This leaves us with some extra cells, which we reuse in the
next phase. As there are half as many buckets, the span of each bucket in the next phase
covers two buckets from the previous phase. Therefore, we merge the buckets pairwise. The
buckets may then be too large. We use the same procedure as for placing items to place the
excessive reused cells in the new buckets.

By considering the buckets as leaves in a binary tree, we insert the item into the bucket
closest to the canonical bucket in the tree, in terms of tree edges, not in terms of their
associated spans. We show that this ensures that the expected misplacement of items and
cells only multiplies the cost by O(1).

1.4 Paper Organization

In Section 2, we describe our algorithm achieving Theorems 1 and 2. In Section 3, we show
the analysis for the case where the array has size n. In Section 4, we extend the analysis to
the case where the array is larger than n. In Section 5 we show how the algorithm can be
generalised to higher dimensions. In Section 6 we give an experimental evaluation of the
competitive ratio achieved by the algorithm.

2 The Algorithm

Our algorithm runs in k = logyn — O(1) phases 1,2,...,k and is illustrated in Figure 1.

In phase i, the algorithm places J; (ignoring roundings for now) items in 2= buckets
1,2,...,2F1 with associated spans, where all buckets have equal capacity and whose spans
partition the universe. The buckets of phase i have a total capacity of % - 57 cells. A cell

containing no item is considered free. A cell containing an item is considered filled. Initially,
all cells are free. From now on, we write all roundings explicitly. The output array A is
partitioned into subarrays Cy,Cs,...,C) contiguously from left to right. Items in phase 4
are placed in C; and free cells in Cy,Co,...,C;_1 at the end of phase ¢ — 1. The capacity of
C; is set such that the number of available cells at the beginning of phase i, including the
free cells from phase i — 1, is as precisely described below.

Before we can discuss how to allocate buckets and place items, we introduce the universe
tree, which is a hierarchical segmentation of [0, 1], where a node spans an interval, such that
each level of the tree forms a partition of [0, 1], with each node having equal length span.
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Input 38 71 65 69 26 21 37 49 8 40 53 73 46 76 45 15 97 44 57 28 67 89 94 9
——— ——

Phase 1 Phase 2 Phase 3 Phase 4

44/46|45]0
p2222247277: . ¢

777] 7774777

Output A 15 76|97/57

777 W

C 1 C2 CS C4

Universe tree

Phase 1

Y, 2
27777770 77777777
222222222200 22222222727

A Yy, s
P AR AR N AR
ase 2 o 27 257
2507 2o0ko00 2o
2000222227

Phase 3

Figure 1 An example of the algorithm with n = 24 items and k = 4 phases. We use the
distribution of integers from 0 to 99 instead of [0, 1], for example’s sake only. The colors indicate the
phase an item was placed in. For each node in the universe tree, its span is the interval between the
two dashed lines on either side. In the first phase, the buckets correspond to the lowest level in the
universe tree, thus spanning intervals [0,13),[13,25),...,[88,100). A dashed arrow above an item
indicates that the item was not placed in its canonical bucket. The thickness indicates how far away
in tree distance it is placed in terms of the number of levels in the tree traversed. For example, 44
only had to go up one level in the tree, being placed in the [0, 25) bucket instead of its canonical
[25,50) bucket, and thus is thin. However, 40 had to go up two levels in the tree, being placed in
the [0,13) bucket instead of its canonical [38,50) bucket, and is therefore thick (we allow 40 to be
placed in any bucket in the span [0,25), not necessarily the closest to [38,50), with a free cell). The
arrows between phases indicate the cells that were free at the end of a phase and, therefore, reused

in the next phase. The thickness indicates how far from its canonical bucket it was placed. For
example, the last cell in phase 1 is not placed in its canonical bucket, which is [75,100), but in its
neighboring bucket, which is [50,75) and is therefore thick. The remaining cells are taken from C;
from left to right.
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)

The tree has k levels and is a perfect binary tree. In a level, the nodes have “increasing’
spans from left to right. The buckets in a phase correspond to a level in the universe tree. In
phase 1, the buckets correspond to the lowest level.

In phase 1 we split C; into 2°~1 buckets of equal capacity. For an item z, we call the
bucket whose span contains  the canonical bucket. This is bucket [2¥~12] from the left.
For each item in phase 1, if there is a free cell in the canonical bucket, the item is placed in
an arbitrary free cell, which then becomes filled. Otherwise, we find a bucket that has the
shortest distance in terms of tree edges in the universe tree from the canonical bucket. In
case there are multiple such buckets, an arbitrary one is chosen.

After placing the items of a phase, we still have free cells that are reused in the next
phase. The next phase has half as many buckets, corresponding to going up one level in the
universe tree. All new buckets have equal capacity. It would be natural to reuse a cell in the
bucket in the parent node, as its span covers the bucket it is currently in. This, however,
may lead to some buckets being too large. We solve this exactly the same way as we solved
placing the items. Each cell has a canonical bucket that it ideally would be a part of. If the
bucket already has the number of cells needed, we find a closest bucket in the universe tree
that still reuqires more free cells. After having allocated all free cells at the end of phase i — 1
to the buckets of phase i, the buckets are filled with fresh cells from C;, from left to right.
Note that a cell may be reused in multiple phases and, in the extreme case, in all phases.

For the remaining phases, we place items just as we did in phase 1. In phase 7, we
calculate the canonical bucket as [2¥~?z]. In the last phase, we only have one bucket and all
remaining items are placed in this bucket.

As each phase reuses free cells from the previous phase, we set the capacity of C;
appropriately. Let s; denote the ideal capacity of C; (not necessarily an integer). For the first

phase, we have no cells to reuse and therefore, s1 = % = % -n. For phase 2 < i < k, a forth
of the cells available in the last phase are reused, therefore s; = % = i . % o = % - 5¢. For
the last phase we use all remaining cells therefore s, = anf;ll S; =n— % oanf;Ql % e =

n(5 =325 3) =n(3 - 3G - ) =3 ot

Unfortunately, s; may not be an integer. Imagine allocating the cells anyway by cutting
some cells. A cell that is cut between two subarrays is allocated to the latter. Since each Cj
gains less than one cell from C;_; and gives less than one cell to C;1, the actual capacity of
C; is s; rounded either up or down. When allocating buckets, they also may not all be able
to have the same capacity. Therefore, we calculate the average bucket capacity for the phase
and make some that are rounded down, and some rounded up. We decide which buckets
have which capacity arbitrarily.

Concretely, by setting k = |loga n — 5], the capacity of the buckets is ©(1). The exact
number of items placed in phase i < k is PmiJ, where m; is the number of free cells at the

1
beginning of phase i.

3 Analysis

In the analysis, we place temporary items in the cells. At the start of phase i, we place
temporary items in all cells in all buckets in phase i that equal the minimum of the bucket’s
span. When real items are placed by the algorithm, we replace these temporary items with
the real items in the analysis. The idea is that if we replace an item by another with absolute

! In case z = 0, which happens with probability 0, the algorithm chooses bucket 1.
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difference d, the increase in cost is at most 2d. For the free cells reused from the previous
phase, we replace the temporary items with new temporary items of absolute difference d,
which we also count as a cost of 2d. We bound the expected cost of our analysis, which is an
upper bound of the cost of the algorithm. Cost comes from the following four sources:

(1) The cost between different C;.

(2) The cost for placing temporary items in C;.

(3) The cost for placing real items.

(4) The cost for replacing temporary items when reusing cells from C1, ..., C;_.

The difference between two items in adjacent cells is at most 1. For 2 <1 < k, there is
one boundary between C;_; and C;. As there are k — 1 such values of i, the cost (1) is at
most k£ — 1.

Within each phase, we place temporary items as the minimum value of the bucket’s span
in each of the bucket’s cells. As the temporary items in C; are allocated into buckets left to
right, their temporary items are ordered ascendingly, and thus the cost (2) is at most 1 per
phase, i.e., k for all phases.

For placing a real item, what matters is the difference from the temporary value in the cell.

The further up the universe tree the placement goes, the larger that difference is. Consider
the highest node on the path from the canonical bucket to the bucket in which the item was
placed in. We call this the placing node. The span of this node spans both the item and

the temporary item in the cell. Therefore, this span is an upper bound on the difference.

For each phase individually, consider marking the placing node for each item. Then the cost
is bounded by twice the sum over the products of the number of marks on a node and the
length of its span. Consider all nodes that are marked, but where no ancestor is marked. We
say such a node is top-marked. Every item placed in the subtree of a top-marked node has
a canonical bucket in this subtree, so multiplying the length of the span by the number of
cells in this subtree is an upper bound on the cost for all those items. All items are also in a
subtree of a node that is top-marked. A node can only be top-marked if a child overflows
based only on the items that have their canonical buckets in the child’s subtree. We call
this type of overflow local overflow. This is because no ancestor is marked, no items with a
canonical bucket outside of the subtree are placed in the subtree, and one of the children
must overflow first, thus not based on any items whose canonical bucket is in the other child’s

subtree. By counting all nodes with at least one overflowing child, we upper bound the cost.

We do this by upper bounding the probability of overflow and then calculating the expected
cost for a node. We use linearity of expectation over all nodes and phases to get an upper
bound on the expected cost (3).

As reusing cells uses the same procedure as placing items, the analysis for () is the same
as for (3), except that calculating the overflow probability is slightly different.

The central argument for the analysis of (3) and (4) is that when we go up one level into
the tree, the cost for a node quadruples as the length of the span is twice as long and the
number of cells in its subtree is twice as many. On the other hand, there are only half as
many nodes. We show that the probability of overflow geometrically decreases by a factor
of four using a Chernoff bound (Lemma 7 and Lemma 8 below), thus leading the expected
cost per level to decrease by a factor of two. As the buckets have a capacity bounded by a

constant (Lemma 4), the cost is at most constant for the level corresponding to the buckets.

As the cost geometrically decreases with increasing level in the tree, the cost overall is O(1)
per phase.

142:7
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We now give a detailed analysis. We first show that buckets have a capacity bounded by a
constant. Concretely, we show that all buckets have capacity B or B+ 1, where B = LSQ%J,
and that B is a constant.?

» Lemma 4 (B is a constant). 42 < B < 85 and therefore B = ©(1).

Proof. From the definition of B = | 35¢=] and k = [logyn — 5]:

n n
B = \;3,2l_log2n—7jJ z \;3,210g2n—7J 242 .

n < n <85
3 . 2llogy n—7] J - {3 . 9log, n—8J = : <

|

» Lemma 5 (Cells in a phase). Let L; be the cells available in phase i. For 1 <i <k, the
number of cells available in phase i is bounded by 28~ B < |L;| < 2F~1. (B +1).

Proof. The proof is by induction. For phase 1 we have L; = C7, and by definition of (i,
|2-n] <|C1] < [%-n]. Note that 2871 . B = 2k=1 | i | < 2" 1| = |2 n] for

3 3.0k—2 3.0k—2 3
k> 1. Similarly, 2671 - (B+ 1) = 281 (| g= | +1) > 28! [; =] > [ -n] for k > 1.
Therefore,

21 B <Ly <2 (B+1). (1)

For the induction step, recall that in phase i — 1, | L;_1| cells are available and | 3|L;_1|| items
are placed. Therefore, there are |&|Li,1|-| free cells that are reused in phase i. Therefore,
|Li| = [$|Li—1]] +|Ci|. By definition of C; for 2 <i <k—1, [2- 2| <|C;| < [2- 2] we
have, similarly to Equation 1,

k==l . p <Oy < 2" 1. (B+1). (2)

By the induction hypothesis

2P B <Ly <28 (B +1) (3)
2P B < gL <28 (B D) (4)
=l p < [YHL, 4] <2271 (B+1). (5)

As i <k — 1, both bounds are integers, and therefore, after rounding, the inequalities still
hold. Combining Equation 2 and Equation 5 completes the proof. |

» Corollary 6 (Bucket capacity). Every bucket in phase i < k has capacity B or B+ 1.

Proof. Following Lemma 5 the average bucket capacity for a phase is between B and B + 1.
As there is at least one bucket smaller than or equal to the average and at least one larger
than or equal to, no bucket can be further from the average than 1. <

We now show that for both placing items and reusing cells, the probability that a node
overflows is geometrically decreasing when going up the tree.

» Lemma 7 (Probability of overflow when placing items). For a node j > 0 levels above the
buckets in the universe tree, the node locally overflows with probability at most (%)j when
placing items.

2 The parameter k could be chosen such that B = 1, but results in a slightly more complicated analysis.
For the evaluation, we do use such parameters.
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Proof. Recall that local overflow means that the bucket overflows only based on items with
a canonical bucket in the subtree of the node. We therefore bound the probability that too
many items were sampled in this node’s span during the current phase.

We use the following Chernoff bound [11, Corollary 4.6] for a binomial distribution X
with mean pu:

52

Pr[X > (1+6)u <e 3

As each bucket has capacity at least B, the node never locally overflows if at most 27 B
items are sampled in this node’s span. Therefore, we bound the probability that more
were sampled in the phase. Since the expected number of items placed per bucket in a
phase is between 2B and 2(B + 1), we know that 2/ - 3B < ;< 27 - 3(B 4 1). By setting

5:%5%1—12%~%—1:%usingBZ42fromLemma4weget:

) 392.29.3.B 39%.3-42 ; j
Pr[X >2/B] < Pr[X > (1+0)u] < e 120732 < e 1207347 < (4)7 . <

» Lemma 8 (Probability of overflow when reusing cells). For a node j > 0 levels above the
buckets in the universe tree, the node locally overflows with probability at most (%)] when
reusing cells.

Proof. Recall that local overflow means that the bucket overflows only based on items with
a canonical bucket in the subtree of the node. For a node to locally overflow when reusing
cells, this means that there were many free cells in its span in the previous phase. This can
be seen as an underflow in the previous phase. We therefore bound the probability that too
few items were sampled in the node’s span during the previous phase.

We use the following Chernoff bound [11, Theorem 4.5] for a binomial distribution X
with mean pu:

62

PX < (1-8)u < e 2

=

As each bucket has capacity at least B, if there are fewer than 27 B free cells in this subtree,
this node never locally overflows. This means that if more than 27 (% +1) items were sampled
in this node’s span in the previous phase, this node never locally overflows. Therefore, we
bound the probability that fewer items were sampled in this node’s span. The expected
number of items per bucket in the previous phase is at least %B; therefore, y > 2j+1%B. By

setting § = % — % > %7 using B > 42 from Lemma 4, we get,

. 192.29t1.3.3 19%2.3-42 ;4
PrX <2 (B+1)] < PX < (-0 < e Cormis < comai? <

)’ <

Bl

We can now bound the expected cost per phase.
» Lemma 9 (Expected cost per phase). The expected cost is O(1) per phase.

Proof. As discussed earlier the cost (1) and (2) is O(1) per phase.

For phase j < k, consider a node j levels above the buckets. By a union bound, Lemma 7
and Lemma 8, the probability that a node is top-placing is at most twice the probability that
a child locally overflows, that is, a node in level j — 1 above the buckets. The probability
is thus 2 - (i)j_l, for j > 1. The formula also holds for j = 0, as it claims a probability
greater than 1. Let ¢ be the length of the span of this node. The cost this node incurs
if it is top-placing is at most the number of cells in its subtree times 2¢. As there are

142:9
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27 buckets in its subtree and each has at most B + 1 cells, the expected cost is at most
2(B+1)-2- (i)]_l ¢ = $8(B + 1)¢. Consider all nodes j levels above the buckets. The
sum of their span-lengths is 1; therefore, the cost of all nodes in this level using linearity of
expectation is at most %8(3 + 1). Summing over all levels forms a geometrically decreasing
sum such that the expected cost (3) and (4) is O(1).

For phase k using Lemma 4 and Lemma 5, the number of cells in phase k is |Cy| +
[ Le-1|] < |Ckl+[|Lr=1]1 < [2 - 75| +2(B+1) = O(1). As each item can at most differ
by 1 compared to the temporary item in both the case of placing items and reusing free cells,

the cost (3) and (1) is O(1). <

We show that the cost is O(logn). But it is actually the competitive ratio that is the
goal. We show that those are essentially the same thing.

» Lemma 10. An algorithm that achieves expected cost ¢ for a uniform input distribution
achieves expected competitive ratio at most 2¢ + o(1).

Proof. Let X be a continuous random variable denoting the cost of the algorithm and Y
a continuous random variable denoting the optimal cost in the offline case. Note that X
and Y are dependent variables. Let z,,;, and Z,,,; be random variables for the minimum
and maximum items, respectively. Note that Y = x40 — Tmin. The competitive ratio can
never be more than n — 1, as the difference between two adjacent items cannot be more than
Y = Tymaw — Tmin. Below we use that Pr[a,, > ﬂ = Pr[zmaes < %] = (%)n By the law
of the unconscious statistician [13, Equation 5.19], the expected competitive ratio can be
calculated as

1

o0 o0 o0 oo o0 5
/ / SIxy(z,y)dyde = / /1 S fxy (@, y)dyde + / / SIx.y(z,y)dyde

—o0 J —o0 -0 J 5 —o0 J —o0

1
oo oo 5 oo
< 2/ xfl fx,y(x,y)dydx+n/ / fx v (z,y)dzdy
—00 5 —o0 J —00

< 2/0;56/0; fx,y(x,y)dydar+n/i fy (y)dy

(SIS

= 2/Oo zfx(z)dz +nPr[Y < 1]

—00
< 2c+nPr [xmin > % V ZTmar < %]
< 2c+n (Pr [zmin > 3] + Pr [2mas < 2])
—2c4n-2(3)"
=2c+o(1). <
We can now prove the first theorem of the paper.

» Theorem 1. There exists an algorithm for stochastic online sorting achieving an expected
competitive ratio of O(logn).

Proof. As each phase has expected cost O(1) by Lemma 9, and there are log,n — O(1)
phases, the expected cost is O(logn). Lemma 10 completes the proof. <

4 Larger Array

We now consider the case where the array may be larger than n. The algorithm is exactly
the same except that it terminates early when there are no more items. Note that € need
not be known ahead of time; only the size of the output array A is needed.
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» Theorem 2. For all € > 0, there exists an algorithm for stochastic online sorting with an
array with [(1 +e)n] cells achieving an ezpected competitive ratio of O(1 + loge™1).

Proof. Let m = {(1 + E)n] The expected cost per phase is O(1) by Lemma 9. Therefore, we
only need to count the number of phases before all items are placed to bound the expected

cost. If € > 2, then |C}| > 2n and the number of items that can be placed in the first phase

is at least L% . QnJ > n. There will therefore be one phase. Otherwise, using Lemma 5,

Lemma 4 and assuming ¢ < k, the number of items that can be placed after ¢ phases is

t

Soicil - | %) = V <2+Z>J — [2F (B 4 1)]

=1

¢
k—t—

>m <2+Z2}_1> — 2k 1=2(B 4 1) — 2

i=2
>m (3 ghr) — 2 2(B +5) t<k=2ht2>1
>m— g8 —2"7lp B > 42 by Lemma 4
>m— 32% _ 2k—t—1 3,2"1;—2
=M = 33T ~ 33T
=m = 337 -

We solve for when n = 1 items are placed:
m g =

1 _ 1
L= 55> = 132

1 £

—3oT T e
t—2+logy3 =logy(1+¢)—logye.

Therefore, t = O (1 + log 5’1), where ¢ < 2. Lemma 10 completes the proof. <

5 Higher Dimensions

In this section we sketch how to generalise the algorithm to higher dimensions, i.e., the
stochistic online Euclidean traveling salesman problem. The algorithm is the same except
that we need to define how to assign cannonical buckets to points in the d-dimensional unit
cube, [0,1]%. We therefore define a new universe tree. The root consists of the entire universe,
the d-dimensional unit cube, [0,1]¢. The two children of a node split the parent halfway
along a dimension. Which dimension is split along is chosen cyclically by level in the universe
tree. This is the same way as a k-d tree splits the universe [5].

» Theorem 3. There exists an algorithm for the stochastic online Fuclidean traveling
salesman problem in d dimensions achieving an expected competitive ratio of O(1) for d > 2.

Proof. The analysis is done in the same way as in Section 3. In one dimension, we had
the length of the span as an upper bound on how far apart items can be. We now have
a d-dimensional rectangle instead. The furthest two points can be from each other is the
distance between two opposite corners. For a node j levels below the root in the universe tree,
the volume is 277. As each side length are roughly equally long, they may have a difference
of a factor of two; the side lengths are approximately 2~ long. Using the Pythagorean
theorem two opposite corners have distance O(v/d -27). As in Lemma 9 we need the sum

j
over the length of all spans in a level of the universe tree, which is O (\/E . (21_%) )
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k—i
For phase i the buckets are on level £ — i and therefore the cost is O (\/3 . (21_5> )

Note that 21— > /2 for d > 2. Therefore, the sum over all phases forms a geometrically
decreasing sum.

ﬁ:lO <\/&~ (215)76_1) -0 <\/E- (2lé)k> -0 (\/Enl*%) .

Comparing this with bounds on the expected optimal cost of @(\/& . nl_é) for a tour
of uniformly random generated points in the d-dimensional unit cube [4, 14] results in an
expected competitive ratio of O(1). More details can be found in [7]. <

6 Experimental Evaluation

We experimentally evaluated the algorithm from Section 2 and Section 4 with different n

and €.
Array size n (Section 2) Array size [(1 4 ¢)n] (Section 4)
T T T T T T T
S N
D4l 1 og4f 1
- 2
2 o
= =
" g
g 2 — — (<) 2 — .
= 5
g 3
2,
: =
: :
O | | | | | O I I | | |
) 10 15 20 25 ) 10 15 20 25
log, n log, e 1

For the case of € = 0 (left), we see that the constant factor seems to converge towards 3.5.
For the case of ¢ > 0 (right), it seems that the constant is around 4, except when n < e*

where logn is less than loge~! and therefore the cost decreases compared to loge 1.

7 Conclusion

In this paper, we showed that for the stochastic online sorting problem there is an upper
bound for the expected competitive ratio of O(logn), thus matching the lower bound [8], and
O(loge™1) for the case with the larger array. The implicit constant hidden in our analysis of
Theorem 1 is around 6000. As seen in our experimental evaluation, the true competitive ratio
appears to be around 3.5logn. Our algorithm has no high probability guarantees. We leave

it as an open question if a competitive ratio of O(logn) is also possible with high probability.

—1
’

For the case of the larger array, the competitive ratio appears to be around 4loge
when 7! < n. There is no lower bound for the case with the larger array. It would be
interesting to either find a matching lower bound or an even better algorithm.

We show that the algorithm can be generalised for the stochastic online Euclidean traveling
salesman problem, where the competitive ratio improves to O(1) for d > 2 dimensions.
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In the worst case, our algorithm has a competitive ratio of ©(n). This can be achieved

by sending 0 until the left half of the universe tree has no more cells, then alternating 0

and 1. We leave it an open question if there exists an algorithm that is optimal both in the

stochastic case and the adversarial case simultaneously.

We only consider the uniform distribution. For other distribution the algorithm presented

here can be run by adjusting the spans according to the distribution, and it seems that the

competitive ratio is at least close to O(logn), when we tested with a normal distribution;
however, we were not able to prove it.
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