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Abstract
A hierarchical graph G consists of a vertex set V (G) and L pairwise disjoint edge sets E1, . . . , EL.
Such a structure naturally defines a hierarchy of L unweighted graphs, where the ℓ-th graph is
Gℓ = (V,

⋃ℓ

i=1 Ei).
In this paper, we initiate the study of hierarchical spanners, namely subgraphs of G that

approximately preserve distances among a given set of pairs of vertices in V (G) at every level of the
hierarchy. This notion generalizes classical spanners, and thus all known lower bounds extend to
this setting; however, it is not clear whether the same size-stretch trade-offs can be achieved.

We investigate this question by devising both upper and lower bounds for hierarchical spanners
under various types of stretch and pairs of vertices of interest whose approximate (or exact) distances
are to be maintained. On the positive side, a trivial adaptation of the greedy construction yields
(2k − 1)-spanners of size O(n1+1/k), matching the classical bounds. However, the non-hierarchical
bounds do not extend to the hierarchical case when additive or nearly-additive spanners are
considered. For instance, we prove that any β-additive single-pair hierarchical spanner must have
size Ω

(
n
√

n
β+1

)
in the worst case. This bound is tight, as we provide a matching upper bound for

every β ≥ 0, which in turn implies a O(n
√

n)-size single-pair hierarchical preserver.
Finally, we present additional positive results among which a 4-additive all-pairs hierarchical

spanner of size Õ(n5/3), an (essentially tight) single-source hierarchical (1+ε)-spanner of size Õ(n/ε),
an all-pairs hierarchical spanner of size Õ

(
n
√

n
ε

)
achieving stretch (1 + ε, 2), for any constant value

of ε > 0, and a subsetwise hierarchical preserver of size O(n
√

n|S|), where S ⊆ V (G).

2012 ACM Subject Classification Theory of computation → Sparsification and spanners; Mathem-
atics of computing → Graph algorithms

Keywords and phrases Graph spanners, Network sparsification, Hierarchical graphs

Digital Object Identifier 10.4230/LIPIcs.ESA.2026.145

Funding Davide Bilò: acknowledges the support of the project SOS-TG: Spanners and Oracles
for Static and Temporal Graphs, funded by Università degli Studi dell’Aquila under the Call for
Proposals for Fundamental Research and Early-Career Research Grants – Year 2026.

© Davide Bilò, Luciano Gualà, Stefano Leucci, Guido Proietti, and Alessandro Straziota;
licensed under Creative Commons License CC-BY 4.0

34th Annual European Symposium on Algorithms (ESA 2026).
Editors: Philip Bille, Seth Pettie, and Sabine Storandt; Article No. 145; pp. 145:1–145:18

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:davide.bilo@univaq.it
https://www.disim.univaq.it/DavideBilo
https://orcid.org/0000-0003-3169-4300
mailto:guala@mat.uniroma2.it
https://www.mat.uniroma2.it/~guala/
https://orcid.org/0000-0001-6976-5579
mailto:stefano.leucci@univaq.it
https://www.stefanoleucci.com
https://orcid.org/0000-0002-8848-7006
mailto:guido.proietti@univaq.it
https://people.disim.univaq.it/guido.proietti/
https://orcid.org/0000-0003-1009-5552
mailto:alessandro.straziota@uniroma2.it
https://alessandrostr95.github.io/alessandro-straziota/
https://orcid.org/0009-0008-4543-786X
https://doi.org/10.4230/LIPIcs.ESA.2026.145
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics
https://www.dagstuhl.de


145:2 Hierarchical Spanners

1 Introduction

Motivated by problems in network sparsification, the design of high-quality graph spanners
has received extensive attention. Given parameters α ≥ 1 and β ≥ 0, a graph G, and a set
of vertex pairs of interest P , an (α, β)-spanner H of G (with respect to P ) is a subgraph of
G that approximately preserves distances between pairs in P . Formally, for every (u, v) ∈ P ,
H satisfies d(u, v, H) ≤ αd(u, v, G) + β, where d(·, ·, X) denotes the shortest-path distance
in graph X. The pair (α, β) is referred to as the distortion, or stretch, of the spanner. When
α = 1, H is said to be a β-additive spanner, while H is called a α-multiplicative spanner, or
simply α-spanner, when β = 0. Spanners with distortion (1, 0) are also called preservers.

The quality of a spanner is typically evaluated along two dimensions. On the one hand,
one aims to have small size, measured as the number of edges. On the other hand, one seeks
to guarantee a low distortion. A central goal in the area is to understand the achievable
trade-offs between size and distortion for general graphs. For instance, a classical result shows
that when P consists of all vertex pairs, every n-vertex graph admits a (2k − 1, 0)-spanner
with O(n1+1/k) edges, which is asymptotically tight under the Erdős girth conjecture [14].1

The literature on graph spanners is vast, and a wide range of trade-offs has been established
depending on the type of distortion considered, the choice of pairs of interest (e.g., all pairs
versus a subset), and additional constraints such as resilience to edge or vertex failures
(leading to so-called fault-tolerant spanners). We refer the reader to the survey by Bodwin [1]
and subsequent works [8, 9, 10, 17] for recent developments.

However, most prior work focuses on the design of spanners for “single-layer” graphs. In
this paper, we extend the study of spanners to a more general setting of hierarchical (multi-
layer) graphs. Specifically, we assume that the edge set of a hierarchical graph is partitioned
into L subsets E1, . . . , EL, where L is the depth of the hierarchy. This naturally defines a
hierarchy of graphs, where the graph Gℓ at level ℓ contains all edges in E1 ∪ E2 ∪ · · · ∪ Eℓ.

Hierarchical graphs arise naturally in several practical scenarios. For example, consider a
public transportation network in which each edge is associated with a type of subscription
required to traverse it; more expensive subscriptions grant access to increasingly larger subsets
of edges. Another example comes from wireless networks, where each edge is associated with
an activation threshold: an edge is present only if the transmission power at both endpoints
exceeds a certain value. In this case, the hierarchical graph represents the hierarchy of
networks obtained as a function of a uniform power parameter γ assigned to all nodes.

Given a hierarchical graph G, we define a hierarchical (α, β)-spanner as a subgraph H
of G that approximately preserves distances between the pairs of interest at every level
of the hierarchy, i.e., Hℓ is an (α, β)-spanner of Gℓ for every ℓ = 1, . . . , L. Note that this
notion generalizes the classical spanner problem, since a standard graph can be viewed as a
hierarchical graph of depth 1. Consequently, known lower bounds for spanners immediately
extend to hierarchical spanners. On the other hand, it is not clear whether the classical
size–distortion trade-offs can still be achieved in this more general setting.

1.1 Our results
In this paper we prove several bounds on the size of hierarchical spanners for different choices
of pairs of interest and distortions. Some of these upper and lower bounds are summarized
in Tables 1 and 2. The following discussion provides a high-level overview with a focus on

1 Such lower bound has been proven unconditionally for k = 1, 2, 3, and 5 [18, 19].
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Table 1 Upper bounds for various types of hierarchical spanners. All the bounds hold regardless
of the depth L of the hierarchy. The Õ notation hides multiplicative factors that are polylogarithmic
in n. We also assume that ε > 0 is a constant. Gray rows are special cases obtained by instantiating
more general results already listed in the table.

Type Stretch Size Reference
Pairwise preserver O(n

√
n|P |) Theorem 5

Pairwise 1 + ε O(n|P |/ε) Theorem 5
Pairwise 1 + ε Õ(n

√
|P |/ε) Theorem 5

Single-pair preserver O(n
√

n) Theorem 5
Single-pair 1 + ε O(n/ε) Theorem 5

s× T preserver O(n
√

n|T |) Theorem 5
Subsetwise preserver Õ(n

√
n|S|) Theorem 5

Single-source 1 + ε Õ(n/ε) Theorem 6
All-pairs 4-additive Õ(n5/3) Corollary 10
All-pairs (1 + ε, 2) Õ(n

√
n/ε) Corollary 12

the qualitative differences between standard spanners and their hierarchical counterpart. We
refer the reader to the technical part of the paper for precise bounds and more fine-grained
results, also depending on the depth of the hierarchy.

Single-pair. The simplest case asks to preserve distances between a single pair of vertices,
which is trivial in a non-hierarchical setting. We show that O(n

√
n) edges suffice to build a

hierarchical preserver. Indeed, tight upper and lower bounds of Θ(n
√

n
β+1 ) on the size of

β-additive hierarchical spanners hold for any β ≥ 0.

All pairs. On the opposite end of the spectrum lies the all-pair setting. For multiplicative
stretch, it is well known that every (non-hierarchical) graph admits a (2k − 1)-spanner
with O(n1+1/k) edges, obtainable through a simple greedy construction [3].2 Interestingly,
a natural adaptation of this approach also yields hierarchical (2k − 1)-spanners with the
same size.3 Concerning additive distortions, spanners with subquadratic size are known
in the non-hierarchical setting; hence, a natural question is whether subquadratic size is
also attainable for hierarchical additive spanners. We answer this question positively, by
showing the existence of hierarchical 4-additive spanners with size Õ(n5/3). Although this
bound is worse than that of the non-hierarchical 2-additive spanner of size O(n3/2) [2, 15],
the existence of hierarchical spanners with size O(n3/2) appears to be unlikely even if one
allows for any constant additive stretch. Indeed, as discussed above, the simpler single-pair
β-additive case already requires Ω(n

√
n) edges for β = O(1). Somewhat surprisingly, allowing

a slightly weaker guarantee leads to significantly sparser constructions. In particular, by

2 Observe that, while the greedy construction holds even in the more general case of weighted (non-
hierarchical) graphs, the hierarchical graphs considered in this papers are unweighted.

3 To construct a (2k − 1)-spanner of a non-hierarchical graph G, the greedy algorithm starts with a
spanning subgraph H of G with no edges, and processes the edges of G in an arbitrary order. Whenever
the distance in H between the endpoints of a processed edge exceeds 2k − 1, such edge is added to
H. This procedure also works for the hierarchical case once edges are considered in non-decreasing
order of the index ℓ of their containing set Eℓ. Indeed, for each e ∈ Eℓ, the above ordering ensures that
e ∈ E(Hℓ) or that Hℓ contains a path of length at most 2k − 1 between the endpoints of e.

ESA 2026
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Table 2 Lower bounds for single-pair and s × T hierarchical preserver and β-spanners with β ≥ 1.

Type Stretch Size Reference
Single-pair β-additive Ω(n

√
n

β+1 ) Theorem 15

Single-pair preserver Ω (n
√

n) Theorem 15
s× T preserver Ω(n|T |) Theorem 13

relaxing the distortion to (1+ε, 2), for any ε ∈ (0, 1] of choice, we obtain all-pairs hierarchical
spanners with Õ(n

√
n/ε) edges, matching the size achieved by non-hierarchical 2-additive

spanners, up to polylogarithmic factors.

Single-source. If distances between a single source vertex and a set T of target vertices
are to be preserved, then a simple lower bound of Ω(n|T |) on the size of any hierarchical
preserver holds, which implies a strong Ω(n2) lower bound for the single-source case. On the
positive side, single-source hierarchical (1 + ε)-spanners have size Õ(n/ε) for any ε ∈ (0, 1],
which is tight up to polylogarithmic factors whenever ε is constant.

Pairwise and beyond. In the most general setting, one is only interested in preserving
shortest paths between |P | arbitrarily-chosen pairs of vertices. We show that pairwise
hierarchical preservers have size O(n

√
n|P |). This resembles the O(n

√
|P |) upper bound

on the size of pairwise spanners of non-hierarchical graphs given in [13], since each pair in
(s, t) ∈ P may require the addition of up to n− 1 shortest paths between s and t when the
graph is hierarchical. Our bound can be improved to Õ(n

√
n|S|) for the special case in

which P = S×S. For better upper bounds on pairwise spanners in the non hierarchical-case,
we refer the reader to [1].

Interestingly, if one allows a slightly larger (1 + ε) stretch, for ε ∈ (0, 1], we can obtain
hierarchical pairwise spanners of size Õ(n

√
|P |/ε).

1.2 Other related works
As already discussed in the introduction, the literature on spanners for standard graphs is
vast. The generalization addressed in this work is not the only one possible, as several other
directions have been explored in the literature. Two are particularly noteworthy: the study
of spanners for temporal graphs [5, 6, 11, 12] and spanners for generalized shortest-path
metrics, such as Beer distances and group Steiner distances [4, 7].

A closely related problem is investigated in [16], where a hierarchy of graphs is provided
as input. In this context, the goal is to construct an efficient data structure (index) capable
of answering distance queries between vertex pairs at any given level of the hierarchy. The
authors design a 2-hop labeling index whose quality is evaluated experimentally, however no
theoretical bounds on its size or query time are provided.

1.3 Paper organization
Our results on pairwise and single-source hierarchical preservers are given in Section 3 and
Section 4, respectively. Section 3 also discusses subsetwise and s× T hierarchical preservers.
Some of the above results are then used in Section 5 to derive all-pairs hierarchical spanners.
Our lower bounds are given in Section 6, while Section 7 concludes the paper and discusses
some problems left open.
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2 Preliminary definitions

Given a graph G, we denote by V (G) and E(G) its vertex-set and the set of its edges,
respectively. We write H ⊆ G to say that H is a subgraph of G. We denote by d(s, t, G) the
hop-distance from s ∈ V (G) to t ∈ V (G) in the graph G.

Let P ⊆ V (G) × V (G) be a set of vertex pairs, and for α, β ∈ R we say that H

is a pairwise (α, β)-spanner of G w.r.t. P , if H is a spanning subgraph of G such that
d(s, t, H) ≤ α · d(s, t, G) + β for all pairs (s, t) ∈ P . The values α and β are called the
multiplicative and the additive stretch of H, respectively. An (α, 0)-spanner is also referred to
as an α-spanner, and a (1, β)-spanner is called a β-additive spanner. A 1-spanner is also called
a preserver. In the following we will consider single-pair spanners (i.e., P = {(s, t)}), s× T

spanners (i.e., P = {s}×T , for some T ⊆ V (G)), single-source spanners (i.e., P = {s}×V (G)
spanners), sourcewise spanners (i.e., P = S × V (G), for some set of sources S ⊆ V (G)),
subsetwise spanners (i.e., P = S ×S, for some subset S ⊆ V (G)), and all-pairs spanners (i.e.,
subsetwise spanners with S = V (G)).

A hierarchical graph G = (V (G), E1, E2, . . . , EL) consists of a set V (G) of n vertices, and
of L pairwise disjoint subsets E1, . . . , EL of edges with endvertices in V (G). We define the
set of all edges of G as E(G) = ∪L

i=1Ei, and we let m = |E(G)|. Equivalently, one can think
of G as a sequence of graphs G0, G1, . . . , GL, all defined on the same set of vertices V (G),
where the set of edges in Gℓ is ∪ℓ

i=1Ei. Observe that G0 is the empty graph, and that
G0 ⊆ G1 ⊆ G2 ⊆ · · · ⊆ GL, hence the name hierarchical graph. Throughout the paper, for
the sake of simplicity, we assume that GL is connected.

A hierarchical graph H = (V (H), E′
1, . . . , E′

L) is said to be an hierarchical subgraph of
G = (V (G), E1, . . . , EL) if E′

ℓ ⊆ Eℓ for each ℓ = 0, . . . , L. A hierarchical (α, β)-spanner H of
G w.r.t. a set of pairs P ⊆ V (G)× V (G) is a hierarchical subgraph of G such that Hℓ is an
(α, β)-spanner of Gℓ w.r.t. P for every ℓ = 1, . . . , L.

3 Pairwise hierarchical spanners and beyond

In this section we describe a simple algorithm to build pairwise hierarchical (α, β)-spanner
w.r.t. a set of pairs P ⊆ V (G)×V (G). Since the algorithm will be used as a building-block for
several other hierarchical spanner constructions, it is useful to introduce a parameter D, and
handle the more general case in which the sought pairwise hierarchical (α, β)-spannerH is only
required to approximate short distances, i.e., it must hold that d(s, t, Hℓ) ≤ α · d(s, t, Gℓ) + β

for every pair (s, t) ∈ P and every ℓ ∈ {1, . . . , L} for which d(s, t, Gℓ) ≤ D.
The algorithm builds a collection Π of paths whose union yields exactly the edge set of

the returned spanner H. For each pair (s, t) ∈ P , the algorithm examines all ℓ = 1, . . . , L in
order, and greedily adds a shortest path πℓ from s to t in Gℓ if |πℓ| ≤ D and no previous path
added to Π for this pair guarantees an (α, β)-approximate distance in Gℓ. The pseudocode
is given in Algorithm 1. Moreover, in Appendix A, we discuss how to efficiently compute Π.

Define M as 2 plus the minimum between the following quantities: (i) L, (ii) 2D
β+1 , and

(iii) logα
D

β+1 , where (iii) is only part of the minimum when α > 1. We first provide a lemma
that is useful to bound the total number of paths added to Π by the algorithm.

▶ Lemma 1. For any fixed pair (s, t) ∈ P , the number of shortest paths πℓ from s to t added
to Π by Algorithm 1 is at most M .

Proof. Let π(k), π(k−1), . . . , π(0) be the shortest paths πℓ added to Π by Algorithm 1 when
the pair (s, t) is considered by the outer loop, in this order. In the rest of the proof we
assume that k is at least 1 and we upper bound its value.

ESA 2026



145:6 Hierarchical Spanners

Algorithm 1 Computes a pairwise hierarchical (α, β)-spanner for short distances of G.

Input : A hierarchical graph G, a set of vertex pairs P ⊆ V (G)× V (G), two values
α ≥ 1, β ≥ 0, and a distance threshold D.

Output : A pairwise hierarchical (α, β)-spanner H for short distances of G w.r.t. P .

1 Π← ∅;
2 foreach (s, t) ∈ P do
3 D′ ← +∞; // Length of the shortest path from s to t added to Π
4 for ℓ = 1, . . . , L do
5 πℓ ← a shortest path from s to t in Gℓ or ⊥ if no such path exists;
6 if πℓ ̸= ⊥ and |πℓ| ≤ D and D′ > α|πℓ|+ β then
7 Π← Π ∪ {πℓ};
8 D′ ← |πℓ|;

9 H ← the hierarchical spanning subgraph of G containing all edges of the paths in Π;
10 return H;

The first upper bound is k < L and holds since the algorithm adds at most one such path
per graph of the hierarchy.

Moreover, we must have |π(k)| ≤ D, |π(0)| ≥ 1, and |π(i)| > α|π(i−1)|+ β for i = 1, . . . , k,
which implies |π(i)| ≥ |π(i−1)|+ max{β, 1}. Then, D ≥ |π(k)| > k ·max{β, 1}, yielding the
second upper bound k < D

max{β,1} ≤
2D

β+1 .
Finally, whenever α > 1, we have D ≥ |π(k)| > αk + β

∑k−1
j=0 αj ≥ αk + βαk−1 >

αk−1(β + 1), which provides the third upper bound k < 1 + logα
D

β+1 . ◀

The next two lemmas show two different upper bounds on the size of the pairwise
hierarchical (α, β)-spanner H computed by the algorithm.

▶ Lemma 2. Algorithm 1 computes a pairwise hierarchical (α, β)-spanner for short distances
of size at most |P |MD. Moreover, if α > 1, the size of the spanner is at most α|P |D

α−1 .

Proof. The |P |MD upper bound follows since, by Lemma 1, at most M paths are added for
each pair of vertices in P , and that each such path has length at most D by construction.

Consider now the case in which α > 1. For a fixed pair of vertices (s, t) ∈ P , the length
of the i-th path from s to t added to Π by the algorithm must be at most D

αi−1 . Therefore,
the size of H is upper bounded by |P |

∑∞
i=1

D
αi−1 = α|P |D

α−1 . ◀

▶ Lemma 3. Algorithm 1 computes a pairwise hierarchical (α, β)-spanner for short distances
of size O(n

√
|P |M).

Proof. We consider the paths πℓ added to Π in an arbitrary non-decreasing order of ℓ, and
we study how a non-hierarchical version H̃ of H changes overt time.

Initially H̃ is the graph containing all vertices in V (H) and no edges, and when we
consider some πℓ, H̃ contains all edges of the paths that precede πℓ in the ordering.

Let ∆ =
√
|P |M . We say that a vertex in H̃ has high degree if its degree is at least ∆.

For a path πℓ, it holds that the the number η(πℓ) of vertices v ∈ V (πℓ) having high degree
in H̃ is at most 3n

∆ . Indeed, if more than 3n
∆ such vertices had degree larger than ∆, then

there would be some vertex u ∈ V (H̃) incident to at least
⌈

(1+⌊ 3n
∆ ⌋)·∆
n

⌉
≥ 4 vertices from πℓ.

This cannot be the case since 2 of such vertices would have distance at least 3 in πℓ, but at
most 2 in H̃, contradicting the fact that πℓ is a shortest path in Gℓ (which contains all edges
added in H̃ up to this point).
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Consider now the graph H̃ after all paths πℓ have been processed. From the above
discussion, we have that the final degree deg(v) of a vertex in H̃ is upper bounded by ∆ plus
the number of edges added the paths in Π when v has high degree.

Then,
∑

v∈V (H̃) deg(v) ≤ n∆ + 2
∑

πℓ∈Π η(πℓ) since a path πℓ contains at most 2 edges
incident to each of its η(πℓ) vertices of high degree. The overall number of edges of H̃ is
upper bounded by:∑

v∈V (H̃)

deg(v) ≤ n∆ + 2
∑

πℓ∈Π
η(πℓ) ≤ n∆ + |Π| · 6n

∆ = O
(

n∆ + |P |M n

∆

)
= O(n

√
|P |M),

where we used |Π| ≤ |P |M since at most M paths πℓ are added for each pair in P , as shown
by Lemma 1. ◀

We provide an additional technical lemma that will be used to build sparser pairwise
hierarchical spanners than those obtained by naïvely using Algorithm 1. More precisely, we
will use pivoting techniques to hit long paths, thus allowing us to apply Algorithm 1 with
more refined values of the parameter D. These techniques have already been successfully
applied to design sparse spanners for non-hierarchical graphs.

▶ Lemma 4. Given a collection Z of subsets of {1, . . . , n}, where each subset has size
at least x and |Z| is polynomially bounded in n, we can find in polynomial time a subset
R ⊆ {1, . . . , n} of size O( n log n

x ) that hits all subsets in Z, i.e., R ∩ Z ̸= ∅ for all Z ∈ Z.

Proof. Consider an iterative greedy algorithm that builds a sequence of partial hitting sets
Ri while keeping track of number ni of sets S ∈ S that are not hit by Ri. Initially R0 = ∅
and n0 = |Z|. In the generic i-th iteration, the algorithm finds an element j ∈ {1, . . . , n}
maximizing the number ci(j) of sets Z ∈ Z such that j ∈ S and S ∩ Ri−1 = ∅ and adds
it to the next partial hitting set, i.e., it sets Ri = Ri−1 ∪ {j} and ni = ni−1 − ci(j). The
algorithm stops as soon as ni = 0 and returns Ri.

In the rest of the proof we show that the number of iterations of the algorithm is at
most 1 + n

x ln |Z| = O(n
ℓ log n), thus simultaneously bounding the running time of the

algorithm (notice that each iteration can be performed in polynomial time) and the size of
the returned hitting set. At the beginning of the i-th iteration, there are ni−1 sets in Z that
are not hit by Ri−1 and each occurrence of an element j′ in any such set contributes 1 to
ci(j′). Since each set contains at least x elements, we have

∑n
j′=1 ci(j′) ≥ ni−1x implying

that ci(j) = maxj′=1,...,n ci(j′) ≥ 1
n

∑n
j′=1 ci(j′) ≥ ni−1x

n and hence ni = ni−1 − ci(j) ≤
ni−1 · (1 − x

n ) ≤ n0 · (1 − x
n )i = |Z| ·

(
(1 − x

n )n
)i/n ≤ |Z| · e−xi/n. As a consequence,

there must be some i ≤ 1 + n
x ln |Z| such that ni = 0. Indeed, for i > n

x ln |Z|, we have
|Z| · e−xi/n < 1. ◀

We are now ready to provide the main results of this section.

▶ Theorem 5. Given a hierarchical graph G with n vertices and depth L, Algorithm 1 can be
used to compute any of the following hierarchical spanners of G of choice:
1. A pairwise hierarchical (1 + ε)-spanner w.r.t. P ⊆ V (G)× V (G), where ε ∈ (0, 1], of size

O
(

n min{
√

|P | log n
ε ,

√
|P |L, |P |

ε }
)

;

2. A pairwise hierarchical β-additive spanner, with β ≥ 0, of size O
(

n
√
|P |min{L, n

β+1}
)

w.r.t. P ⊆ V (G)× V (G);
3. A subsetwise hierarchical preserver of size O(n min{|S|

√
L,
√
|S|n log n}) w.r.t. S ⊆ V (G).

ESA 2026
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Proof. From Lemma 2 with D = n and α = 1 + ε, the size of a pairwise hierarchical
(1 + ε)-spanner is at most (1+ε)n

ε = O( |P |n
ε ). Moreover, from Lemma 3 with D = n, we can

also upper bound the size as O(n
√
|P |min{L, log n

ε }), where we used log1+ε n = Θ( log n
ε ).

This proves the first claim.
The second claim follows directly from Lemma 3 once M is replaced with its definition.
In the rest of the proof we focus on the third claim, and we show how to use Algorithm 1

to build a subsetwise hierarchical preserver w.r.t. a subset S ⊆ V (G). We run Algorithm 1 to
compute the set of paths Π added to a hierarchical preserver for P = S×S and D = n. Then,
we build a collection Z of subsets of V (G) by considering each path π ∈ Π with |π| ≥ x− 1,
where x = ⌈n log n

|S| ⌉. For each such π, we let v1, . . . , v|π|+1 be the vertices of π, in order, and
we add to Z all sets V (π[vix+1 : v(i+1)x]) for i = 0, . . . ,

⌊ |π|+1
x

⌋
− 1. We then compute a

hitting set R of Z of size O( n log n
x ) = O(|S|) as shown in Lemma 4.

The returned subsetwise hierarchical preserver H is the one obtained by running Al-
gorithm 1 once more with P = (S ∪R)× (S ∪R) and D = 2x− 1. From Lemma 3, the size
of H is O(n

√
|P |M) = O(n

√
(|S|+ |R|)2 min{L, x}) = O

(
n min{|S|

√
L,
√
|S|n log n}

)
.

We now argue that H is a subsetwise hierarchical preserver w.r.t S × S. Fix some
ℓ ∈ {1, . . . , L} and a pair (s, t) ∈ S × S such that s and t are connected in Gℓ. Let π be
the shortest path from s to t in Gℓ that is in Π, let v1, . . . , v|π|+1 be the vertices of π, in
order, and choose an arbitrary ri ∈ V (π[vix+1 : v(i+1)x]) ∩ R for each i = 0, . . . , k with
k =

⌊ |π|+1
x

⌋
− 1. Define r0 = v1 = s, and rk+1 = v|π|+1 = t. For i = 0, . . . , k, both ri

and ri+1 belong to S ∪ R and satisfy |π[ri : ri+1]| ≤ (i + 2)x − (ix + 1) = 2x − 1, hence
d(ri, ri+1, Hℓ) = d(ri, ri+1, Gℓ). The claim follows from d(s, t, Hℓ) ≤

∑k
i=0 d(ri, ri+1, Hℓ) =∑k

i=0 d(ri, ri+1, Gℓ) = d(s, t, Gℓ). ◀

Theorem 5 has the following interesting implications. The size of an s× T hierarchical
preservers is O(n

√
n|T |), which becomes O(n

√
n) in the special case of single-pair hierarchical

preservers. This latter bound is asymptotically tight, as shown in Section 6. Moreover,
single-pair hierarchical (1 + ε)-spanners size O(n

ε ), which is linear for constant values of
ε. We also note that, for β = o( |S|

log n ), the size of our subsetwise hierarchical preserver is
asymptotically smaller than that of the subsetwise hierarchical β-additive spanner.

4 Single-source hierarchical spanners

In this section we show how the iterative pivoting techniques – which have been used to
obtain sparse spanners for non-hierarchical graphs – can be adapted to design single-source
hierarchical (1 + ε)-spanners of size O(n log4 n

ε ). Throughout the rest of this section, we
denote the source vertex as s.

Given x > 0, we define the x-suffix of a path π from s to t as the subpath of π induced
the last min{|π|, ⌊x⌋} edges of π in a traversal from s to t.

Our construction is given by an iterative algorithm that starts with a hierarchical spanning
subgraph H with no edges. The algorithm performs k = ⌈log n⌉ iterations, and in a generic
iteration i, the algorithm augments H with suitable suffixes of a collection of a hierarchical
paths from s to the vertices in a pivot set Ri−1, and computes the next pivot set Ri. The
initial pivot set R0 is V (G). In details, the i-th iteration invokes Algorithm 1 with α = (1+ε) 1

k ,
to build a collection Πi of paths from s to Ri−1 whose union yields an s×Ri−1 hierarchical
α-spanner of G. Then, we examine each path π ∈ Πi and we add all the edges of its xi-suffix
π′ to H, where xi = n

i
k log1− i

k n. If |π| ≥ xi, we also add the set V (π′) (of size at least xi)
to a collection Zi, which is initially empty. Finally, we compute Ri as a hitting set of Zi of
size O( n

xi
log n) using Lemma 4.
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▶ Theorem 6. For any ε ∈ (0, 1], the hierarchical graph H returned by the algorithm is a
single-source hierarchical (1 + ε)-spanner of G of size O( n log4 n

ε ).

Proof. We start by shoring that the multiplicative stretch of H is 1 + ε. More precisely,
we prove the following: for every i ∈ {0, 1, . . . , k − 1} and for every ℓ ∈ {1, . . . , L}, we
have d(s, t, Hℓ) ≤ αk−id(s, t, Gℓ) for all t ∈ Ri. The claim follows by choosing i = 0 since
R0 = V (G) and α = (1 + ε) 1

k .
The proof by reverse induction on i. The base case is i = k− 1. In the k-th iteration, the

algorithm computed the set Πk of paths of an s×Rk−1 hierarchical α-spanner of Gℓ, and all
paths in π ∈ Πk are added to H since |π| ≤ n = xk.

Regarding the inductive step, assume that the claim holds for some i + 1 ≤ k − 1, and
consider i. Given any ℓ ∈ {1, . . . , L} and any t ∈ Ri, the set Πi+1 computed during the
(i + 1)-th iteration of the algorithm contains some path π from s to t of Gℓ such that
|π| ≤ α · d(s, t, Gℓ). If |π| ≤ xi+1, then H contains all edges of π, hence d(s, t, Hℓ) ≤ |π|
and the claim holds. Otherwise, |π| > xi+1, and the edges of a xi+1-suffix π′ of π are
in H. Moreover, the set of vertices V (π′) is in the collection Zi+1, hence there is some
r ∈ Ri+1 ∩ V (π′). By inductive hypothesis, d(s, r, Hℓ) ≤ αk−(i+1)d(s, r, Gℓ). By the triangle
inequality, we have:

d(s, t, Hℓ) ≤ d(s, r, Hℓ) + d(r, t, Hℓ) ≤ αk−(i+1)d(s, r, Gℓ) + |π[r : t]|

≤ αk−(i+1)|π[s : r]|+ |π[r : t]| ≤ αk−(i+1)(|π[s : r]|+ |π[r : t]|)

= αk−(i+1)|π| ≤ αk−id(s, t, Gℓ).

This concludes the proof by induction. We now bound the size of H. For i = 0, . . . , n,
the set Ri contains O(n1− i

k log
i
k n) vertices. Indeed, when > 1 we have |Ri| = O( n

xi
log n)

where xi = n
i
k log1− i

k n, while |R0| = O(n).
Consider a generic iteration i = 1, . . . , k. The number of edges added to H during such

iteration is at most |Πi|xi, where we have |Πi| ≤ |Ri−1| logα n as shown by invoking Lemma 1
with D = n and β = 0. Then, the overall number of edges added to H during iteration i is
at most:

O(|Ri−1|xi logα n) = O(n1− i−1
k log

i−1
k n ·n i

k log1− i
k n logα n) = O(n1+ 1

k log1− 1
k n · logα n).

Since there are k = O(log n) iterations, the overall size of H is

O
(

kn1+ 1
k log1− 1

k n · logα n
)

= O

(
kn1+ 1

k log2 n

log α

)
= O

(
k2n1+ 1

k log2 n

log(1 + ε)

)
= O

(
n log4 n

ε

)
,

where we used n
1
k = O(1), and log(1 + ε) = Θ(ε) for every ε ∈ (0, 1]. ◀

5 All-pairs hierarchical spanners

In this section we show a general technique to transform a construction of a subsetwise or
sourcewise hierarchical spanner into one for all-pairs hierarchical spanners whose resulting
size and stretch both depend on the corresponding parameters of the input construction. The
application of such techniques to the constructions of Section 3 and Section 4 allows us to
obtain hierarchical 4-additive spanners of size O(n 5

3 log
1
3 n) and hierarchical (1+ε, 2)-spanners

of size O( n
√

n log2 n√
ε

) for any ε ∈ (0, 1] of choice.
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The technique we use is based on a clustering procedure, which is another known technique
to design sparse spanners for non-hierarchical graphs. However, we have to carefully adapt
the technique to let it work to the case in which we have a hierarchy of graphs.

Our clustering procedure is parameterized by an integer ∆. The procedure returns an
ordered collection C = ⟨C1, C2, . . . ⟩ of clusters. Each cluster Ci is a triple ⟨Vi, Fi, ci⟩ where
Vi ⊆ V (G), Fi ⊆ E(G) is a set of edges each having at least one endvertex in Vi, and ci ∈ Vi

is the center of cluster Ci. The sets Vi will be pairwise disjoint, and Fi will contain all edges
(ci, v) for v ∈ Vi \ {ci}.

We build our collection of clusters by examining the edges of G in some fixed order
e1, e2, . . . that places all edges of Eℓ before those in Eℓ+1, for every ℓ = 1, . . . , L− 1, where
edges in the same Eℓ are ordered arbitrarily. During the process, we keep track of an
auxiliary (non-hierarchical) graph G̃ containing all unclustered vertices of G, and all edges,
each connecting two unclustered vertices, among those that have already been examined by
the procedure. Initially, G̃ contains all vertices of G and no edges. Whenever an edge (u, v)
is examined, we add (u, v) to G̃ if both u and v are vertices in V (G̃). If the edge is added,
we additionally check whether at least one endvertex x ∈ {u, v} has degree at least ∆ in G̃

and, in such a case, we create the next cluster Ci = ⟨Vi, Fi, ci⟩ of the sequence, where ci = x,
Vi is the closed neighborhood of x in G̃, and Fi contains all edges in G̃ that have at least
one endvertex in Vi. Finally, we delete Vi and Fi from G̃.

Let HC be the hierarchical spanning subgraph of G containing all edges of G whose both
endvertices are unclustered (i.e., exactly all remaining edges in G̃ at the end of the clustering
procedure), plus all clustered edges (i.e., all edges in ∪|C|

i=1Fi). Hence, if an edge e ∈ E(G) is
missing from E(HC), then at least one endvertex of e must belong to some cluster (while the
converse is not necessarily true). The following lemma shows that the HC is sparse and also
provides a bound on the total number of clusters returned by the clustering procedure.
▶ Lemma 7. It holds that |C| ≤ n

∆ and that |E(HC)| = O(n∆).
Proof. Since sets Vi of different clusters Ci are pairwise disjoint, and each set contains at
least ∆ vertices by construction, the procedure creates at most n

∆ clusters.
Consider then the set Fi of edges of some generic cluster Ci. Cluster Ci was created

following the addition fo some edge ej . Therefore, immediately before the addition of ej to
G̃, each vertex in Vi had degree smaller than ∆. Hence, the number of edges in Fi is at most
|Vi|∆ + 1. Hence,

∑|C|
i=1 |Fi| ≤ n∆ + |C| = O(n∆). Finally, each vertex in G̃ at the end of

the clustering procedure has degree at most ∆, hence the number of edges with at least one
unclustered endpoint is at most n∆. ◀

The next lemma shows a key property that is guaranteed by our clustering procedure for
all the edges of G that are not added to HC .
▶ Lemma 8. Let (u, v) ∈ Eℓ be an edge that is not contained in HC. There exists a cluster
Ci ∈ C, such that Vi ∩ {u, v} ≠ ∅ and Fi ⊆ E(Gℓ).
Proof. Observe that all edges that are inserted in G̃ at some point during the clustering
procedure belong to HC . Indeed, they are either added to some set Fj of some cluster Cj , or
they remain in G̃ until the end of the procedure (and all such remaining edges are part of
HC by its definition).

Then, (u, v) is never inserted into G̃, which implies that at least one of u and v belongs
to some cluster. Let Ci be the cluster having Vi ∩ {u, v} ≠ ∅ that minimizes i. Since (u, v)
is never inserted into G̃, cluster Ci must have been built before the clustering procedure
examined (u, v). By the order in which edges are examined, each edge in Fi belongs to some
Eℓ′ with ℓ′ ≤ ℓ, hence Fi ⊆ E(Gℓ), as claimed. ◀
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Figure 1 A qualitative representation of the proof of Theorem 9. Red edges are in the sets Fi

and Fj corresponding to clusters Ci and Cj . The cross edges added during the second augmentation
step are shown in blue. Finally, the edges of a shortest path from ci to cj in HS (added during the
first augmentation step) are shown in green.

5.1 All-pairs hierarchical spanners from subsetwise hierarchical spanners
Let C be the ordered collection of clusters computed by the clustering procedure and let
S = {c1, c2, . . . , c|C|} be the cluster centers. In this section we assume the existence of an
algorithm that constructs a subsetwise hierarchical (α, β)-spanner HS of G w.r.t. S of size at
most f(n, |S|), where n is the number of vertices of the input hierarchical graph and f is
non-decreasing in both n and |S|. We show that we can use such a construction to obtain a
hierarchical (α, 2α + β + 2)-spanner H of size O(f(n, n

∆ ) + n∆ + n2

∆ ).
We build our hierarchical spanner H by augmenting the hierarchical spanning subgraph

HC computed by the clustering procedure with two types of edges:
Spanner edges: which are all the edges of HS ;
Cross edges: For each cluster Ci ∈ C, and for each vertex u ∈ V (G) \ Vi, we add the edge

ej = (u, w) with w ∈ Vi that minimizes j w.r.t. the ordering of the edges considered by
the clustering procedure, if any.

▶ Theorem 9. H is a hierarchical (α, 2α + β + 2)-spanner of size O(f(n, n
∆ ) + n∆ + n2

∆ ).

Proof. By Lemma 7, HC has O(n∆) edges, and |S| = |C| ≤ n
∆ . Hence the number of cross

edges is at most n|C| ≤ n2

∆ . Since the size of HS is f(n, |S|) ≤ f(n, n
∆ ), this proves the claim

on the size of H.
We now argue that H is a hierarchical (α, 2α + β + 2)-spanner. Let s, t ∈ V (G) be two

distinct vertices, and consider a shortest path π from s to t in Gℓ, for some ℓ ∈ {1, . . . , L},
such that π is not entirely contained in H. Let e = (u, v) (resp. e′ = (v′, u′)) be the first (resp.
last) edge of π (when traversed from s to t) that is not contained in Hℓ, where u is closer to
s than v (resp. u′ is closer to t than v′). Observe that e and e′ might coincide. By Lemma 8,
some endvertex x of e (resp. x′ of e′) is contained in the set Vi of some cluster Ci with center
ci and Fi ⊆ E(Gℓ) (resp. in the set Vj of some cluster Cj with center cj and Fj ⊆ E(Gℓ)).
See Figure 1. Observe that, for any vertex w ∈ Vi, we must have d(w, ci, Hℓ) ≤ 1 since Fi

either w = ci or (w, ci) ∈ Fi ⊆ E(Hℓ). Similarly, d(w, cj , Hℓ) ≤ 1 for all w ∈ Vj .
We now argue that d(s, ci, Hℓ) ≤ d(s, x, Gℓ) + 1. The proof depends on whether x = u or

x = v. If x = u, then d(s, ci, Hℓ) ≤ |π[s : u]|+d(u, ci, Hℓ) ≤ d(s, u, Gℓ)+1. Consider then the
case x = v. Since (u, v) ∈ E(Gℓ), our augmentation step must have added some cross edge
(u, w) with w ∈ Vi which precedes (u, v) in the ordering, thus implying that (u, w) ∈ E(Hℓ).
Then: d(s, ci, Hℓ) ≤ d(s, u, Hℓ) + 1 + d(w, ci, Hℓ) = d(s, v, Hℓ) + d(w, ci, Hℓ) ≤ d(s, v, Hℓ) + 1.

A symmetric argument shows that d(cj , t, Hℓ) ≤ (x′, t, Gℓ) + 1.
If e = e′, then Ci = Cj , ci = cj , and x = x′ (see Figure 1 (a)), therefore we can use the

fact that x = x′ lies on the shortest path π in Gℓ to write:

d(s, t, Hℓ) ≤ d(s, ci, Hℓ) + d(cj , t, Hℓ) ≤ d(s, x, Gℓ) + d(x′, t, Gℓ) + 2 = d(s, t, Gℓ) + 2.
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If e ̸= e′, then x is encountered no later than x′ when π is traversed from s to t, hence
d(s, x, Gℓ) + d(x, x′, Gℓ) + d(x′, t, Gℓ) = d(s, t, Gℓ). Since our augmentation step adds all
edges of a S × S hierarchical (α, β)-spanner HS of G to H, where S is the set of cluster
centers, it holds that d(ci, cj , Hℓ) ≤ αd(ci, cj , Gℓ) + β, and we have (see Figure 1 (b)):

d(s, t, Hℓ) ≤ d(s, ci, Hℓ) + d(ci, cj , Hℓ) + d(cj , t, Hℓ)
≤ d(s, x, Gℓ) + αd(ci, cj , Gℓ) + β + d(x′, t, Gℓ) + 2
≤ d(s, x, Gℓ) + α(d(ci, x, Gℓ) + d(x, x′, Gℓ) + d(x′, cj , Gℓ)

)
+ β + d(x′, t, Gℓ) + 2

= d(s, x, Gℓ) + αd(x, x′, Gℓ) + d(x′, t, Gℓ) + 2α + β + 2
≤ αd(s, t, Gℓ) + 2α + β + 2. ◀

▶ Corollary 10. It is possible to construct hierarchical 4-additive spanners of size
O(n5/3 log1/3 n).

Proof. We set ∆ = n2/3 log
1
3 n and combine Theorem 9 with the construction of Theorem 5 (3)

providing a subsetwise hierarchical preserver of size at most f(n, |S|) = O(n
√
|S|n log n). ◀

5.2 All pairs hierarchical spanners from sourcewise hierarchical spanners
Let C be the ordered collection of clusters computed by the clustering procedure and let
S = {c1, c2, . . . , c|C|} be the cluster centers. In this section we assume the existence of an
algorithm that constructs a sourcewise hierarchical (α, β)-spanner HS of G w.r.t. S of size
at most f(n, |S|) , where n is the number of vertices of the input hierarchical graph and f is
non-decreasing in both n and |S|. We show that we can use such a construction to obtain a
hierarchical (α, α + β + 1)-spanner H of size O(f(n, n

∆ ) + n∆ + n2

∆ ).
This is done by augmenting the hierarchical spanning subgraph HC resulting from our

clustering procedure with two types of edges:
Spanner edges: which are all edges of HS ;
Cross edges: For each cluster Ci ∈ C, and for each vertex u ∈ V (G) \ Vi, we add the edge

ej = (u, w) with w ∈ Vi that minimizes j w.r.t. the ordering of the edges considered by
the clustering procedure, if any.

▶ Theorem 11. H is a hierarchical (α, α + β + 1)-spanner of size O(f(n, n
∆ ) + n∆ + n2

∆ ).

Proof. By Lemma 7, HC has O(n∆) edges, and |S| = |C| ≤ n
∆ . Hence the number of cross

edges is at most n|C| ≤ n2

∆ . Since the size of HS is f(n, |S|) ≤ f(n, n
∆ ), this proves the claim

on the size of H.
Let s, t ∈ V (G) be two distinct vertices, and consider a shortest path π from s to t in Gℓ,

for some ℓ ∈ {1, . . . , L}, such that π is not entirely contained in H. Let e = (u, v) be the
first edge of π (when traversed from s to t) that is not contained in Hℓ. By Lemma 8, there
is an endvertex x of e that is contained in the set Vi of some cluster Ci with center ci and
Fi ⊆ E(Gℓ). As argued in the proof of Theorem 9, we have d(s, ci, Hℓ) ≤ d(s, x, Gℓ) + 1.

Since H contains an S × V (G) hierarchical (α, β)-spanner of G, where S is the set of
cluster centers, it holds that d(ci, t, Hℓ) ≤ αdG(s, t, Gℓ) + β. Then:

d(s, t, Hℓ) ≤ d(s, ci, Hℓ) + d(ci, t, Hℓ) ≤ d(s, x, Gℓ) + αd(ci, t, Gℓ) + β + 1
≤ d(s, x, Gℓ) + α(d(x, t, Gℓ) + 1) + β + 1
= d(s, x, Gℓ) + αd(x, t, Gℓ) + α + β + 1
≤ αd(s, t, Gℓ) + α + β + 1. ◀
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v1 v2 vℓ vn = s

u1 u2 uℓ un

t1 t2 tk
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Figure 2 Lower bound construction for an s × T hierarchical preserver H with T = {t1, . . . , tk}.
The blue edges form a complete bipartite graph, between the vertices in {u1, . . . , un} and T . The
graph Hℓ must contain all edges in {uℓ} × T .

▶ Corollary 12. Given any ε ∈ (0, 1], it is possible to construct hierarchical (1+ε, 2)-spanners
of size O

(
n

√
n log2 n√

ε

)
.

Proof. Let ε′ = ε
2 . Given a set S of vertices, we can take the union of the single-source

hierarchical (1 + ε′)-spanner of Theorem 6 from each source s ∈ S, in order to obtain a
sourcewise hierarchical (1 + ε′)-spanner of size at most f(n, |S|) = O

(
|S|n log4 n

ε

)
.

We choose ∆ =
√

n
ε log2 n and combine Theorem 11 with the above subsetwise construc-

tion. This results in a hierarchical (1 + ε′, 2 + ε′)-spanner H having size O
(

n
√

n log2 n√
ε

)
.

To see that H is a hierarchical (1+ε, 2)-spanner of G, consider any distinct pair of vertices
s, t ∈ V (G), and any ℓ ∈ 1, . . . , ℓ. It holds that:

d(s, t, Hℓ) ≤ (1 + ε′)d(s, t, Gℓ) + 2 + ε′ = (1 + ε)d(s, t, Gℓ) + 2 + ε′ − ε′d(s, t, Gℓ)
≤ (1 + ε)d(s, t, Gℓ) + 2. ◀

6 Lower Bounds

This section is devoted to proving lower bounds on the size of hierarchical spanners. We
start with a simple construction, depicted in Figure 2, which yields the lower bound stated
in the following theorem.

▶ Theorem 13. Given n and k with 1 ≤ k ≤ n, there exists a hierarchical graph G with Θ(n)
vertices, a vertex s ∈ V (G), and subset T of k vertices from V (G), such that every s × T

hierarchical preserver of G has size Ω(n|T |).

Proof. The vertices of G are those in the union of three disjoint sets {v1, . . . , vn}, U =
{u1, . . . , un}, and T = {t1, . . . , tk}. We choose vn = s. Let π be the path from v1 to vn

traversing all vertices vi in order, and let B = {(u, t) | u ∈ U, t ∈ T} be the edges of
the complete bipartite graph with sides U and T . The depth of G is L = n. We define
E1 = E(π) ∪ {(v1, u1)} ∪ B, and Eℓ = {(vℓ, uℓ)} for ℓ = 2, . . . , L. This concludes the
description of our graph G. See Figure 2 for an example.

The claim follows by observing that any {s}×T hierarchical preserver H of G must include
all n|T | edges in B. Indeed, for any choice of t ∈ T and ℓ = 1, . . . , L, the unique shortest
path from s to t in Gℓ traverses the sequence of vertices s = vn, vn−1, . . . , vℓ+1, vℓ, uℓ, t, in
this order, implying that (uℓ, t) ∈ E(Hℓ). ◀

Next, we prove a lower bound of Ω
(

n
√

n
β+1

)
on the size of any single-pair hierarchical

β-additive spanner. The special case β = 0 provides a lower bound of Ω(n
√

n) on the size of
single-pair hierarchical preserves.
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sN t1

(k, i)=(2, 1) (k, i)=(2, 2) (k, i)=(3, 1) (k, i)=(3, 2) (k, i)=(3, 3)

s1 tNs2 t2 . . .. . .

(k, i)=(1, 1)
π1 π2 π3 π4 π5 π6

v1 v2 . . . vN

Figure 3 The hierarchical graph X for N = 9. Unnamed vertices are depicted with smaller circles.
The paths πℓ for different values of ℓ are shown with different colors. For each path πℓ, its first and
last edges are dashed, while the remaining edges are solid.

We start by defining an auxiliary hierarchical graph X = (V (X ), F1, . . . , FL) which is
parameterized by an integer N ≥ 1 and has the following properties: X has 9N −6 vertices, a
depth of L = Θ(N), two distinguished vertices sN , tN , and contains L pairwise edge-disjoint
paths π1, . . . , πL, each of length at least ⌊

√
N⌋, such that πℓ is a subpath of all shortest

paths from s′ to t′ in Xℓ.
We now describe how X is built (see Figure 3 for an example with N = 9). The set of

vertices V (X ) contains N vertices s1, . . . , sN , N vertices t1, . . . , tN , N vertices v1, . . . , vN

plus 6N − 6 additional unnamed vertices. Let π′ a path from s1 to sN obtained by choosing
si as its (1 + 4(i− 1))-th vertex and traversing 3 unnamed vertices between si and si+1. Let
π′′ be the edges of a similarly defined path from t1 to tN , which is vertex-disjoint from π′.

Consider all integers k ∈ {1, . . . , ⌊
√

N⌋}, which we refer to as jump lengths. For each
jump length, we further consider all integers offsets i ∈ {1, . . . , k}.

We choose L = 1
2⌊
√

N⌋ · (⌊
√

N⌋+ 1). The path πℓ has sℓ and tℓ as its endvertices and is
defined by considering the unique pair (k, i) of a jump length k and a corresponding offset i

such that ℓ = k(k−1)
2 + i. The internal vertices of πℓ are all vi+hk for h = 0, 1, . . . ,

⌊
N−i

k

⌋
,

in increasing order of their index. Observe that |πℓ| =
⌊

N−i
k

⌋
+ 2. We choose F1 =

E(π′) ∪ E(π′′) ∪ E(π1), and Fℓ = E(πℓ) for ℓ = 2, . . . , L.
The following lemma immediately implies that all edges in the paths πℓ must be contained

in any single-pair hierarchical preserver of X w.r.t. the pair (sN , tN ).

▶ Lemma 14. For ℓ = 1, . . . , L, πℓ is a subpath of all shortest paths from sN to tN in Xℓ.
Moreover, all paths πℓ are pairwise edge-disjoint and have a length of at least

√
N .

Proof. Since the πℓ are pairwise edge-disjoint by construction, and their length is lower
bounded by

⌊
N−⌊

√
N⌋

⌊
√

N⌋

⌋
+ 2 ≥

√
N , we fix an ℓ ∈ {1, . . . , L} and show πℓ is in all shortest

paths from sN to tN in Xℓ. Let (k, i) be the pair of a jump length k and a corresponding
offset i such that ℓ = k(k−1)

2 + i.
Let π̃ be any shortest path from sN to tN in Xℓ. Let sj the last vertex from {s1, . . . , sN}

encountered when traversing π̃ from sN to tN . Similarly, let tq be the first vertex from
{t1, . . . , tN} encountered when traversing π̃[sj : tN ] from sj to tN .

By the choice of sj and tq, all internal vertices of π̃[sj : tq] belong to {v1, . . . , vN}.
Moreover, all edges (va, vb) with both endpoints in {v1, . . . , vN} in Xℓ satisfy |a− b| ≤ k.

We fist handle the case in which sj = sℓ and tq = tℓ. This implies that the first and last
edges of π̃[sℓ : tℓ] coincide with the first and last edges of πℓ, respectively, i.e., they are (sℓ, vi)
and (vi+hk, tℓ) for h = ⌊N−i

k ⌋. Therefore, |π̃[sℓ, tℓ]| = 2 + |π̃[vi : vi+hk]| ≥ 2 + i+hk−i
k =

2 + h = |πℓ| and equality is only attainable if all edges (va, vb) of π̃[vi : vi+hk] have |a− b| = k.
Hence, π̃[sℓ : tℓ] coincides with πℓ.

We now argue that the complementary case cannot happen. Assume towards a contradic-
tion that at least of the following two conditions holds: (i) sj ̸= sℓ or (ii) tq ̸= tℓ.
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X (1) X (2)
X (3) X (4)

X (5)

w1w0 w2 w3 w4 w5

Figure 4 A qualitative representation of the graph G obtained in our lower-bound construction
for single-pair hierarchical β-additive spanners when β = 2.

Let π∗ = π′[sN : sℓ] ◦ πℓ ◦ π′′[tℓ : tN ] and observe that this is a valid path from sN to tN

in Xℓ. We have |π∗| = 4(N − ℓ) +
⌊

N−i
k

⌋
+ 2 + 4(N − ℓ) ≤ 8(N − ℓ) + N

k + 2.
By construction, we must have j < ℓ or q < ℓ (possibly both) and |π̃| = |π̃[sN : sj ]|+|π̃[sj :

tq]| + |π̃[tq : tN ]| ≥ 4(N − ℓ) + |π̃[sj : tq]| + 4(N − ℓ) + 4 = 8(N − ℓ) + 4 + |π̃[sj : tq]|.
Moreover, the first (resp. last) internal vertex of π̃[sj : tq] can only be in {v1, . . . , vk}
(resp. {vN−k+1, . . . , vN}). It follows that |π̃[sj : tq]| ≥ 1 + ⌈N−k+1−k

k ⌉ + 1 ≥ N
k . Hence

|π̃| ≥ 8(N − ℓ) + 4 + N
k ≥ |π

∗|+ 2, providing the sought contradiction. ◀

By concatenating multiple copies of X , as shown in Figure 4, to obtain our lower bound on
the size of single-pair hierarchical β-additive spanners.

▶ Theorem 15. Given n, and β ≥ 0, there are hierarchical graphs G of Θ(n) vertices, such
that every single-pair hierarchical β-additive spanner of G (w.r.t. a suitable pair of vertices)
has size Ω

(
n
√

n
β+1

)
.

Proof. Since a trivial lower bound of Ω(n) holds regardless of the values of β, in the rest of
the proof we assume β = o(n),

The lower bound hierarchical graph G is constructed by starting with 2β + 1 copies
X (1),X (2), . . .X (2β+1) of the auxiliary graph X with N =

⌈
n

2β+1

⌉
. Then, for i = 1, . . . , β,

we identifying vertex tN of the i-th copy X (i) with vertex sN of X (i+1), and we name the
resulting vertex wi. As corner cases, we let w0 be vertex sN in X (1) and w2β+1 be vertex tN

in X (2β+1). The of vertices whose distances are to be preserved is (w0, w2β+1). See Figure 4
for a qualitative example with β = 2.

Let H be a single-pair hierarchical β-additive spanner of G, and let H(i) be the hierarchical
subgraph of H containing all vertices of V (X (i)) and all edges in E(H) ∩ E(X (i)). We argue
that, for any ℓ ∈ {1, . . . , L}, at least β + 1 of the 2β + 1 copies of X in G must contain all
the edges of (the corresponding copy of) path πℓ.

Since each wi with 1 ≤ i ≤ 2β is a cut-vertex of Hℓ that separates the vertices
in {w0, w1, . . . , ww−1} from those in {wi+1, wi+2, . . . , w2β+1}, we have that any shortest
path from w0 to w2β+1 in Gℓ must traverse w1, w2, . . . , wβ in this order. It follows
that the same holds in Hℓ, and we have d(w0, w2β+1, Hℓ) =

∑2β+1
i=1 d(wi−1, wi, Hℓ) =∑2β+1

i=1 d(wi−1, wi, H
(i)
ℓ ). By Lemma 14, the edges of πℓ belong to all shortest paths from

sN to tN in Xℓ, hence if H
(i)
ℓ does not contain all (the copies of the) edges of πℓ, we must

have d(wi−1, wi, H
(i)
ℓ ) ≥ d(wi−1, wi, X

(i)
ℓ ) + 1. This implies that the edges of at most β of

the 2β + 1 copies of πℓ are not entirely contained in H.
Since there are at least β + 1 (edge disjoint) copies of each path πℓ, each of which has

length at least
√

N = Ω
(√

n
β+1

)
, and all such paths are pairwise edge-disjoint, the size of

H is Ω
(

L(β + 1)
√

n
β+1

)
= Ω

(
n
√

n
β+1

)
, where we used L = Θ(N) = Θ( n

β+1 ). ◀
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7 Conclusions and open problems

In this paper, we initiated the study of graph spanners for hierarchical graphs, a framework
that generalizes the standard non-hierarchical setting. Our results reveal a complex relation-
ship between hierarchical and non-hierarchical spanners. On the one hand, for the all-pairs
case and multiplicative distortions, the established upper bounds for standard graphs can be
effectively extended to the hierarchical setting. On the other hand, the situation changes
significantly for additive distortions, where hierarchical spanners are subject to a lower bound
of Ω(n

√
n) even in the single-pair case. Many of the bounds provided in this work are

not tight and deserve a further investigation. Two concrete open problems that we deem
particularly significant are (i) devising a lower bound of Ω(n 3

2 +ε), for some constant ε > 0,
on the size of all-pairs hierarchical 2-additive spanners, and (ii) pinpointing (asymptotically)
tight bounds for hierarchical preservers for the single-source multi-destination (s× T ) case.
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A An efficient implementation of the algorithm of Section 3

A naïve implementation of Algorithm 1 requires time O(|P |Lm). To implement Algorithm 1
efficiently, we observe that each pair (s, t) ∈ P can be handled independently. Notice that
once one knows all critical values ℓ ∈ {1, . . . , L} for which the shortest path πℓ from s to t is
added to Π, for all pairs (s, t), it is easy to build H in time O(|Π|m). Moreover, we can find
all pairs for which at least one critical value exists in time O(m min{n, |P |}) by computing
their pairwise distances in GL.

We now fix a pair (s, t) ∈ P with at least one critical value, and we show how to find all
critical values for such pair. Define ϕ(ℓ) = d(s, t, Gℓ), and observe that ϕ is monotonically
non-increasing (where some values might be +∞). A binary search can be used to find the
smallest index ℓ for which ϕ(ℓ) ≤ D, which is exactly the smallest critical value. Moreover,
given any critical value ℓ, a further binary search can be used to find the next smallest critical
value ℓ′ > ℓ, or to detect that no such value exists. Since each binary search requires time
O(m log L) and causes the addition of a path in Π, the overall time spent to handle all pairs
in P is O(m|Π| log L + m min{n, |P |}) = O(m|P |M log L).

For hierarchical α-spanners with constant α > 1, the above time complexity becomes
O(m|P | log2 n), i.e., it is almost-linear whenever |P | = O(1), as in the single-pair case.
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A faster implementation can be provided for preservers. Indeed, for a fixed pair (s, t),
the largest critical value ℓ can be found by solving the minimum bottleneck shortest path
(MBSP) problem from s to t in the (unweighted) graph Gℓ, where each edge e is associated
to a cost c corresponding to the set Ec containing e.4 Similarly, given a critical value ℓ > 2,
one can find the previous largest critical value ℓ′ < ℓ by solving the MBSP problem on Gℓ−1.
This can be repeated until the length of the found shortest path exceeds D or the last found
critical value is 1. Since MBSP can be solved in time O(m) by a simple modification of the
breadth-first-search algorithm, we have that the overall running time to handle all pairs in P

is O(|Π|m + m min{n, |P |}) = O(m|P |M). In the case of single-pair preservers, the above
time complexity becomes O(mn).

4 Given an unweighted graph in which each edge has an assigned cost, the bottleneck shortest path from
s to t is a shortest path (w.r.t. hop-lengths) that minimizes the maximum cost of a traversed edge.
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