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—— Abstract

Time series data can often be represented as a string T'[1..n] over an integer alphabet ¥. A standard
approach for indexing such strings is the compressed suffiz tree, which supports efficient exact pattern
matching using O(nlog|X|) bits of space. However, when |X| is close to n, as is often the case for
time-series data, this yields little to no space savings over the classical ©(nlogn)-bit suffix tree.

In this work, we study a different parameter that is often much smaller than |X|: the mazimum
absolute difference between consecutive values in T, denoted by A. Although representing 7' in
O(nlog A) bits is straightforward, supporting efficient pattern matching within this space bound
remains challenging. By leveraging succinct data structure techniques, particularly the FM-index, we
obtain a compressed index occupying nlog A4+ O(n) bits. Given a query pattern P[1..m], the index
answers counting queries in O(mlog A) time and reporting queries in O(m log A + occ - logn - log A)
time, where occ denotes the number of occurrences of P in T'. In addition, the structure supports
suffix array and inverse suffix array queries in O(logn - log A) time.

Our construction is conceptually simple. We show that the local-difference bound induces a
strong form of locality in the Burrows—Wheeler Transform (BWT), allowing the transformed text
to be decomposed into regions that each use only a small local alphabet of size O(A). This makes
it possible to adapt the classical FM-index so that its space usage depends on A rather than the
overall alphabet size, while still supporting efficient pattern matching queries.
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1 Introduction

In text indexing, we are given a string 7T'[1..n], called the text, and we preprocess it to build
a data structure, called the index, that enables efficient pattern-matching queries. For an
input string P[1..m], called a pattern, two basic queries are typically considered: counting
queries, which return the number of substrings of T that match P, and reporting queries,
which list the starting positions (called occurrences) of these substrings in 7.

A central goal is to support these queries using space close to that required to represent
T itself. Standard solutions achieve optimal query time but, as we will see, can fall short of
optimal space for particular families of strings. We assume that both T and P are over an
integer alphabet of size ¢ = n®1). The classic suffix tree supports counting queries in O(m)
time and reporting queries in O(m + occ) time, where occ is the number of occurrences of
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P in T [31]. The suffix array is a simpler, array-based alternative that supports the same
queries [21]. However, both data structures require O(nlogn) bits of space. Compressed
indexes, such as compressed suffix arrays (CSA) [13] and the FM-index [5], reduce the space
usage to O(nlog o) bits, at the cost of a slight increase in query times. However, when o is
polynomial in n, this bound becomes O(nlogn) bits, eliminating the advantage over classical
suffix trees.

To overcome this limitation, we consider a different parameter that is often much smaller
than o. Specifically, we define A > maxj<;<p, |T[i + 1] — T'[4]|, which bounds the absolute
difference between adjacent characters. This parameter is natural for discretized signals,
such as time-series data, where consecutive values change gradually. It is also meaningful in
stochastic settings: for a simple symmetric random walk on the integers, we have A = 1, yet
the maximum value attained over n steps is O(y/n) in expectation [25]. Thus, even when A
is constant, the range of values in T' can be large.

Observe that such a string T' can be represented in O(nlog A) bits by storing T'[1] and
the successive differences T'[i + 1] — T'[¢]. While standard techniques support constant-time
random access within this space, building an index that enables efficient pattern matching
remains open. To address this, we consider the following problem:

Problem: Differentially Encoded Indexing.
Given A > 2 and T[1..n|, a length-n string of integers such that |T[i + 1] — T'[i]| < A for
all 1 <4 < n, we seek a data structure to answer queries of the following form:

Input: A length-m string P[1..m] of integers (called a pattern).

Output: A reporting query asks to output the set of all occurrences of P in T, that is
{i1,%2,.. . ioec} C [1..n] such that P =TTi;..i; +m) for each j. A counting query asks
to return occ, the size of that set.

We restrict our attention to A > 2, since even if the maximum difference has absolute
value 1, a bound of A > 2 trivially holds. Our main result is summarized in Theorem 1.

» Theorem 1. Let 7 > 1 be a user-chosen sampling parameter. There exists a solution for
Differentially Encoded Indexing that occupies

1
nlog A + O(n) +0<” Og”)
.

bits of space, supports counting queries in O(mlog A) time and reporting queries in
O(mlog A + occ - Tlog A)

time, where occ denotes the number of occurrences of P in T. In addition, the index supports
suffix array and inverse suffiz array queries in O(7log A) time.

By setting 7 = logn, we obtain the bounds stated in the abstract.

Our approach is based on a simple observation about the classical FM-index. Given the
A bound on differences between adjacent characters, the LF-mapping (described in Section 2)
is constrained to a limited range. This locality allows us to decompose the Burrows—Wheeler
Transform (BWT) of the text into blocks, each defined over a local alphabet of size O(A).
These blocks can be transformed and concatenated into a sequence over an alphabet of size
O(A), which can then be stored efficiently using a wavelet tree [12].
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1.1 Related Work and Applications

Many recent breakthroughs in text indexing have focused on repetition-aware indexing [2,
6, 16, 23, 24]. The goal is to design indexes whose space depends on the text’s substring
complexity 4, defined as ¢ = maxy, di(T)/k, where di(T) denotes the number of distinct
substrings of length & in 7' [19, 27]. The measure § lower-bounds several classical measures
of compressibility, such as the size of the LZ77 parse and the number of runs in the Burrows—
Wheeler Transform (BWT) [15, 17].

It is known that O(dlog(n/d)) words of space (i.e., O(dlog(n/d)-logn) bits) are necessary
to store the text, and indexes matching this bound can support reporting queries in O(m +
(14 occ) log® n) time [18], where € > 0 is an arbitrarily small constant fixed at construction
time. A recent result also supports suffix array and inverse suffix array queries in O(log*™n)
time within this space bound [16].

While ¢ can be significantly smaller than n for highly repetitive strings, it is not always
the right measure. In particular, one can construct strings for which nlog A is asymp-
totically smaller than both Jlog(n/d)logn and nlogo. Thus, our index is best viewed as
complementary, especially in settings where repetition-aware indexes are not space-efficient.

An alternative and closely related perspective on our construction is through the lens
of wavelet forests [1, 9], in which a sequence is partitioned into multiple subsequences that
are each represented using separate wavelet trees. Conceptually, our construction can be
interpreted as a structured wavelet-forest decomposition in which the partition is induced by
ranges of the F' column of the BWT. The key additional ingredient is the use of carefully
chosen offsets, which ensure that every block is represented over a local alphabet of size O(A).

The theoretical presentation in this paper uses a single wavelet tree over the concatenation
of the shifted block sequences. However, our implementation instead stores the blocks using
multiple wavelet trees. This practical choice can significantly reduce space usage further in
practice, since many blocks induce substantially smaller local alphabets than the worst-case
bound of 3A. We discuss this implementation choice further in Section 4.

In time-series analysis, most work on pattern matching focuses on approximate matching
under distance measures such as dynamic time warping. A prominent example is the UCR,
suite of Rakthanmanon et al. [26]. For exact matching, however, these methods require at
least a linear scan of T, i.e., O(n) time, making them less efficient than our approach in the
worst case. The iISAX method of Shieh and Keogh [29] partially mitigates this by organizing
the data into a hierarchical structure. However, queries still require scanning the portions
of T associated with the leaves, leading again to linear-time behavior. Similar hierarchical
approaches based on discrete Fourier coefficients [20] exhibit the same limitation. We refer
to [4] for a broader survey of time-series indexing techniques.

2 Preliminaries

We work in the word-RAM model with word size ©(logn). We assume A = o(n), since
otherwise no space savings over classical suffix trees or suffix arrays is possible.

Rank, Select, and Count. Let B[l..n| be a binary array. We define:
RANK(i, B) = Y B[k], SELECT(i, B) = min{j | RANK(j, B) = i}.
k=1
That is, RANK(i, B) counts the number of 1’s in BJ[1..4], and SELECT (i, B) returns the

position of the i-th 1 in B. There exist data structures using O(n) bits of space that support
both operations in O(1) time and can be constructed in O(n) time [3, 14].
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For a general string S[1..n] over alphabet ¥, we extend RANK as
RANK.(i, S) = |{k < i | S[k] = c}].

These queries can be supported using wavelet trees [12, 22], which occupy nlogo + o(nlog o)

bits of space and answer rank queries in O(logo) time. By internally using the bit map

structures of Golynski et al. [10] this space can be further reduced to nlogo + o(n) bits.
Wavelet trees also support select queries. For a character ¢ and integer k > 1, we define

SELECT,(k, S) = min{i | RANK,(i, ) = k},

that is, the position of the k-th occurrence of ¢ in S. These queries can be supported in
O(log o) time using the same space.
Furthermore, wavelet trees support range-count queries of the form

COUNT(a,b,i,5) = |{k € [i..5] | S[k] € [a..b)}]

in O(log o) time. For example, COUNT (a, b, 1,|S]) is the number of characters in the entire
sequence whose values lie in [a..b), which can be computed in O(log o) time !.

Strings and Suffix Arrays. Let T'=T[1]T[2]...T[n] be a string over an integer alphabet
X =1[0...0). For 1 <1i < j <n, we denote by TT[i..j] the substring from position i to j,
and by T'[i..J) the substring T[i..j — 1].

The suffix array SA[1..n] lists the starting positions of all suffixes of T in lexicographic
order. That is, SA[j] =4 if and only if Té..n] is the j-th smallest suffix. The inverse suffix
array ISA[1..n] satisfies ISA[i] = j if SA[j] = i.

For a pattern P, its suffix range is the interval [sp(P), ep(P)] such that all suffixes prefixed
by P appear in SA[sp(P)..ep(P)]. Therefore, the set {SA[k] | k € [sp(P), ep(P)]} gives all
occurrences of P in T'. Note that the suffix range is empty if P does not occur in 7.

Burrows—Wheeler Transform and FM-index. The Burrows-Wheeler Transform (BWT) of
T$, denoted BWT[1..n + 1], is defined as follows. Let SA[1..n + 1] be the suffix array of
T$, where $ is a special character appended to T that is lexicographically smaller than all
other characters. Then

T[SA[{] —1] if SA[{] > 1,
s _ [ TSl =11 i SAl
$ if SA[i] = 1.
Let C[c] denote the number of characters in T' that are strictly smaller than ¢. The
FM-index supports pattern matching via the LF-mapping, defined as

LF(i) = C[BWTJi]] + RANKgy (i (i, BWT).

The LF-mapping maps a position corresponding to the suffix of T'$ beginning at position
SA[i] to the position corresponding to the suffix beginning at position SA[i] — 1, effectively
prepending one character.

! Large-alphabet sequence representations can support exact-symbol rank queries in O(loglog o) time
within comparable space bounds [11]. However, our construction also requires access and ordered
range-count queries of the form COUNT (a, b, 4, j). These operations are directly supported by wavelet
trees.
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Using this property, the FM-index performs backward search. Starting from the full suffix
range [1,n + 1], we process the pattern P from right to left. Given the current range [sp, ep)
for suffixes prefixed by P[i + 1..m]|, we update it for P[i..m] as:

sp = C[P[i]] + RANKp[;1(sp — 1,BWT) + 1, ep = C[P]i]] + RANKp; (ep, BWT).

After processing all characters, the resulting interval gives the suffix range of P. Finally,
we define LF™! as the inverse permutation of LF. Suffix array and inverse suffix array queries
are also supported by FM-index through the LF-mapping and sampled suffix array/inverse
suffix array. We detail this procedure, along with the slight modification needed to access
the current character, in Sections 3.2 and 3.3.

3  Our Solution

The primary data structure, which supports LF-mapping, consists of a bit vector supporting
rank and select queries together with a wavelet tree constructed over a transformed version
of the BWT. To accomplish reporting, suffix array, and inverse suffix array queries, we
additionally store a structure consisting of a bit vector and an array of sampled SA /ISA
values.

3.1 The Data Structure

We first calculate the minimum character anin of 7' and subtract it from all entries. Next,
we append to T the character $, which is the lexicographically smallest character and does
not occur elsewhere in T'. Consider the BWT of T'$. We group the indices of BWT[1..n +1]
into blocks By, By, B, ..., where B; = [s;, s;41) is the maximal range of indices such that
Fli] € [JA, (j+1)A) for all i € B;. We consider T'[n] the first entry of By since it is cyclically
followed by the $ symbol.

Note that block indices are numbered starting from 0, while all strings and arrays are
indexed starting from 1. We indicate the first entry of each block in a bit vector BLOCK__BV
of length n + 1, where

BLOCK_BV[i|=1 if and only if i = s; for some j.

This structure uses O(n) bits and supports rank and select queries in O(1) time.

Let BWT[B;] = BWT]s; .. s;j4+1). Our first observation is that the A bound on differences
in T implies a form of locality for the corresponding BWT values. The only exceptional
positions are the indices i € {1,LF~*(1)}, corresponding to the suffixes beginning at the
boundaries of T'. At these positions, the adjacency relation between BWT/i] and F[i] does
not correspond to adjacent characters in T, since they involve the sentinel $. In particular,
F[1] = $ and BWT[1] = T[n], while F[LF~*(1)] = T[1] and BWT[LF~*(1)] = $.

We formalize this in the following lemma.

» Lemma 2. For any block B; and for alli € B;, if i ¢ {1, LF~(1)}, then
BWT[i] € [(j — DA, (j +2)A).

Proof. For such ¢, the values BWT(i] and F[i] correspond to adjacent characters in T, and
hence satisfy

| BWT[i] — F[i]| < A.
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G-1)A

BLOCK_BY 7 BWT  BWT'
1 $
ol o
1] 101 103 8
0| 101 104 9
0| 102 100 5 |BWTa
Bj 95
0| 103 106 11
0| 103 101 6
0| 104 107 12
1] 105 102 2
0| 106 108 8
B 0| 106 103 3 | BWTsy,
0| 107 105 5
0| 108 106 6

Figure 1 Block-structured view of F', BWT, and BWT’ for A = 5. Grayed-out entries correspond
to the exceptional sentinel-related positions.

Since F[i] € [jA, (j +1)A), we have
BWT[i] < Fli] + A< (G+1DA+A=(j+2)A,
and
BWTI[i] > Fli] — A > jA — A = (j — 1)A. <

Based on the lemma above, we now construct the rest of our data structure:
(Wavelet Tree) For each block Bj, we define a shifted sequence BWT; by offsetting
each value by (j — 1)A, i.e., for i € B,

BWT,[i — s; + 1] = BWT[i] — (j — 1)A.

See Figure 1. By Lemma 2, for all i € B; \ {1,LF~'(1)}, we have
BWT[i] € [(j — 1)A, (j + 2)A).

Therefore,
BWT,[i — s; + 1] € [0,3A).

We treat the two exceptional entries corresponding to $ and T'[n] separately by assigning
them the value 3A in their corresponding shifted blocks (for the purposes of wavelet tree
alphabet size) and store their original values explicitly.

We now concatenate all shifted blocks to obtain

BWT' = BWT,BWT, ---BWT,.

Since each shifted block lies over an alphabet of size at most 3A + 1, the entire sequence
BWT’ also lies over an alphabet of size O(A). We therefore store BWT' in a single
wavelet tree occupying

(n+1)log(3A + 1)+ o(n) =nlog A+ O(n)

bits while supporting rank, select, and range-count queries in O(log A) time.
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(Suffix Array Samples) Let 7 be the given sampling parameter. We sample text
positions 1,1 + 7,1 4 27,.... For each sampled text position p, we compute its inverse
suffix array value ISA[p] and mark that row in a bit vector Bsa of length n + 1, i.e.,
Bsa[ISA[p]] = 1. We also store the sampled text positions in an array SA’, ordered by their
corresponding inverse suffix array values. Equivalently, if p1,po, ..., p; are the sampled
text positions sorted so that

ISA[p1] < ISA[po] < -+ < ISA[py],

then SA'[k] = p. for 1 < k < t. The number of samples is at most O(’;L) , so the total

space for suffix array samples is O(w) bits.

T

Finally, we store T[n] and the smallest character ami, using O(logn) bits.

3.2 Counting and Reporting Queries

We now turn to detailing the querying procedure. To this end, the following lemma bounds
how many adjacent blocks a given character in BWT of T' can appear in.

» Lemma 3. For two distinct blocks B and Bj with j' < j — 3, we have
BWT[B,;] nBWT[B;/] C {$,T[n]}.
Proof. Let i € B; and i’ € Bj, and suppose ,i’ ¢ {1,LF~'(1)}. Then
|IBWT[i] — F[i]] <A,  |BWT[/] - F[']| < A.
Since F[i] € [JA,(j + 1)A) and F['] € [§'A, (' + 1)A), and since 5/ < j — 3, we have

Fli|>jA and  F[I']| < (' +1)A<(j—-2)A.

Fli] — F[i'] > 2A.
Therefore
BWT[i| - BWT[i'] > (F[i] — A) — (F[i'] + A) = F[i] — F[i'] —2A > 0.

Hence BWT[i] # BWTJ[i’]. The only excluded rows are the two exceptional rows, whose
BWT values are $ and T'[n]. <

Backward Search. To initialize the backward search, we first initialize the suffix range
[$Pm+1,€Pm+1] = [1,n + 1]. To perform a backward step from the range of P[k + 1..m] to
that of P[k..m], suppose we are given the current range [spx11,€pr+1]. Then we compute

spr = C[P[k]] + RANK p[j (spr+1 — 1,BWT) + 1,
and
epr = C[P[k” + RANKp[k] (ka+1, BWT)

Thus, it suffices to support the operations C|c] and RANK,(pos, BWT) efficiently.

ESA 2026



151:8

Indexing Integer Strings Using Local Difference Bounds

Computing RANK.(pos, BWT). Let q¢= L&J . By Lemma 2, any non-exceptional occur-
rence of ¢ in BWT can only lie in the three blocks

Bq—lv qu Bq+1~
Let
Sy = SELECT(t + 1, BLOCK_BV)

denote the start of block By, and let s;11 denote the start of the next block, or n + 2 if B, is
the last block. For each candidate block By, define

r¢(pos) = min(pos, st+1 — 1).

Then
q+1
RANK. (pos, BWT) = 3 COUNT(cfot, c—op 41, s, rt(pos)) +
t=q—1

where 0; = (t — 1)A, terms corresponding to nonexistent blocks or empty position ranges are
treated as zero, and

{1 if ¢ = T[n]
X:

0 otherwise.

The additional term accounts for the exceptional occurrence of T'[n] at the first position of
the BWT.
This rank computation also allows us to determine whether ¢ € T'. In particular,

ceT <= RANK.(n+1,BWT) > 0.

If ¢ ¢ T, then any pattern P containing ¢ has zero occurrences in 7'

Computing C[c]. Recall that C[c] denotes the number of characters in T that are strictly
smaller than ¢. Since every character appears in BWT with the same multiplicity as in T,
we may equivalently compute these counts using BWT.

Let q = {ij . All characters strictly smaller than ¢A occur before block B, in the F
column. Since rows are indexed starting from 1, the number of such rows is s, — 1, where

s, = SELECT(q + 1, BLOCK_BV).

It remains to count characters in the range [¢A,c). By Lemma 2, any non-exceptional
occurrence of a character in this range can only occur in the three blocks

Bq—h qu Bq+1~

Therefore,
q+1
Clel = (s, = 1)+ > COUNT(qA o, ¢ = o1, 1, st1 = 1) +xc
t=q—1

where o, = (t — 1)A, terms corresponding to nonexistent blocks are treated as zero, and
1 ifgA<Tn|<c
Xc = .
0 otherwise.

The correction term accounts for the exceptional occurrence of T'[n] at the first position
of the BWT.
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Reporting. To report occurrences, we locate the suffix-array value corresponding to each
row i € [spy ..ep1]. Starting from the row i, we repeatedly apply LF-mapping until a sampled
suffix-array row is reached, that is, until

Bsa[LF"(i)] = 1

for some k > 0.

During this traversal, suppose the current row is j. We determine the block B; that
contains j, retrieve the corresponding shifted value from BWT’, and recover the original
character by adding the block offset:

BWT[j] = BWT'[j] + (t — 1)A.

Since the shifted blocks were concatenated in their original order, position j in BWT’
corresponds directly to position j in BWT. The recovered character is then used to evaluate
the LF-mapping.

If LE* () is the first sampled row reached during this traversal, then

SA[i] = SA’[RANK(LF" (i), Bsa)] + k.
This follows from the identity
LF(ISA[p]) =ISA[p — 1].

At most (7 — 1) LF-steps are required before reaching a sampled row. Since each LF-step
takes O(log A) time, the total reporting time per occurrence is O(7log A).

3.3 Suffix and Inverse Suffix Array Queries

Suffix array queries can be answered in O(7 log A) time using the same LF-mapping procedure
as in reporting. Starting from a row j, we repeatedly apply LF until a sampled row is
reached. Then, we recover SA[j] from the stored sample and add the number of LF-mapping
applications.

To support inverse suffix array queries within the same time bound, we additionally store,
for every sampled text position p € {1,7 4+ 1,27 + 1,... }, the corresponding row ISA[p] in
an array indexed by sampled text positions. Let

. F—l—‘
=147
-

be the smallest sampled text position such that i’ > i. We retrieve the sampled row ISA[i’]
directly from this array and then apply LF exactly ¢’ —¢ times. Since LF(ISA[p]) = ISA[p—1]
for every p > 1, it follows inductively that LF*(ISA[p]) = ISA[p — k]. Therefore, ISA[i] =
LF 71 (ISA[i')).

Since at most 7 — 1 LF-steps are performed and each LF-step requires O(log A) time,
inverse suffix array queries are supported in O(7log A) time. The additional sampled array

nlogn
T

occupies O( ) bits, maintaining the same asymptotic space complexity.

4  Preliminary Experiments

We conducted preliminary experiments to compare our index against an integer wavelet
tree FM-index implementation based on the SDSL library [8]. Our goal was to evaluate the
practical impact of parameterizing the index by the local-difference bound A, particularly
for sequences whose alphabet size grows with the length of the text despite having small
adjacent differences.
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Average Space Ratio vs n

—o— Delta=1
—0— Delta=2
—&— Delta=3
—e— Delta=4

1.6
1.4
1.2
1.0
0.8
0.6 -

0.4 4 \\

10° 108 107 108

(our index size) / (CST size)

Figure 2 Average ratio between the size of our index and the size of the SDSL FM-index over 10
independently generated random walks for each parameter pair (n,A). Values below 1 indicate that
our structure uses less space.

Dataset generation. To generate synthetic datasets, we used bounded random walks over the
integers. Starting from the value 0, each subsequent value was obtained by adding a uniformly
chosen integer from [—A, A]. Thus, every generated sequence satisfies |T[i + 1] — T[i]| < A.
We generated datasets for A € {1,2,3,4} and for sequence lengths ranging from 10° to 108.

For each pair (n,A), we generated 10 independent random walks. Query patterns were
sampled directly from the generated text to ensure that occurrences existed in the dataset.
We tested pattern length m = 100, sampling 100 patterns for each pattern length from every
generated walk.

Practical Implementation. While our theoretical presentation uses a single wavelet tree
over the concatenation of all shifted blocks, our implementation instead stores the blocks
using multiple wavelet trees. This design choice is motivated by practical considerations and
supported by our experimental evaluation. Although every block is guaranteed to use an
alphabet of size at most O(A), many blocks induce substantially smaller local alphabets in
practice. Storing blocks independently therefore allows the implementation to exploit these
smaller effective alphabets, often reducing space usage further. Furthermore, it is not clear
how such a BWT decomposition could be performed without the A bound, while maintaining
efficient LF-mapping.

Our implementation additionally performs a rank-compression step on the input alphabet
prior to index construction. To support this mapping efficiently, we store the distinct
characters using a succinct bit-vector representation with rank and select support. The
implementation itself is built using the SDSL library and uses integer wavelet trees to store
transformed BWT blocks. The implementation used in our experiments is publicly available
at https://github.com/dangibney/Delta_Bounded_Time_Series_Index.

Compared indexes. We compared our structure against an FM-index implementation
based on SDSL’s compressed suffix array with wavelet trees. Both structures included suffix
array samples. Since SDSL operates over compact alphabets, the input integers were first
rank-compressed prior to index construction. For both indexes, we measured index size and
counting query time.
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Figure 3 Average ratio between counting-query running times of our index and the SDSL FM-
index for patterns of length m = 100, averaged over 10 independently generated random walks for
each parameter pair (n,A). Values below 1 indicate that our structure is faster.

Experimental environment. All experiments were conducted on a machine running Ubuntu
24.04 LTS equipped with an Intel Core i5-1235U processor and 64 GiB of RAM.

Preliminary results. Figure 2 reports the average ratio between the size of our index and
the size of the SDSL FM-index across the 10 random walks generated for each parameter
pair (n, A). For larger inputs, our structure consistently used less space than the baseline
implementation. The improvement became more pronounced for smaller values of A, which is
consistent with the theoretical dependence of our structure on log A rather than the effective
alphabet size.

Figure 3 reports the average ratio between counting-query running times for patterns of
length m = 100, again averaged over the 10 generated random walks for each parameter pair.
A ratio below 1 indicates that our structure outperformed the SDSL baseline. For larger
datasets, our structure achieved competitive and often faster query times, particularly for
smaller values of A.

Overall, these preliminary experiments suggest that local-difference-aware indexing may
provide substantial practical space savings while maintaining competitive query performance
on data exhibiting small local fluctuations.

5 Discussion

In this work, we introduced a simple compressed indexing framework parameterized by the
maximum adjacent difference

A > max |T[i+ 1] — Td]].
1<i<n

Our results show that strong worst-case guarantees can be obtained whenever consecutive
values in the text vary slowly, even if the overall alphabet size is large. We also note that as
a consequence of a result by Sadakane, by utilizing an additional O(n) bits, the remaining
functionality of a suffix tree can be supported with polylogarithmic query time [28].
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A natural direction for future work is to move beyond worst-case local variation and
instead parameterize the index by the average adjacent difference. For example, one could
define

Z:

1 n—1

— ; |Tfi + 1] — T[d]].

In many real-world time-series datasets, large jumps may occur only rarely, while most
adjacent values differ by a very small amount. In such settings, the maximum difference A
may be dominated by a small number of outliers and therefore fail to accurately capture the
effective local complexity of the sequence.

This raises the question of whether one can design compressed indexes whose space
depends primarily on A, or more generally on the distribution of adjacent differences, while
still supporting efficient pattern matching queries. One possible direction is to allow blocks
with variable local alphabet sizes, adapting to the observed fluctuations in different regions
of the text. Another possibility is to combine our approach with entropy-compressed or
repetition-aware indexing techniques in order to simultaneously exploit local smoothness and
global repetitiveness.

More broadly, our work suggests that structural properties arising from local numerical
constraints may provide an alternative foundation for compressed indexing beyond traditional
measures such as alphabet size or substring repetitiveness.

Finally, recent work has demonstrated that inverse suffix array queries can be supported
in doubly logarithmic time within succinct space [30]. A natural question is whether these
techniques can be adapted to our setting.
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