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—— Abstract

A multipacking in an undirected graph G = (V, E) is a set M C V such that for every vertex v € V
and for every integer r > 1, the ball of radius r around v contains at most r vertices of M, that is,
there are at most r vertices in M at a distance at most r from v in G. The MULTIPACKING problem
asks whether a graph contains a multipacking of size at least k.

For more than a decade, it remained an open question whether the MULTIPACKING problem is
NP-complete or solvable in polynomial time, although the problem is known to be polynomial-time
solvable for certain graph classes (e.g., strongly chordal graphs, grids, etc). Foucaud, Gras, Perez,
and Sikora [16] [Algorithmica 2021] made a step towards solving the open question by showing that
the MULTIPACKING problem is NP-complete for directed graphs and W[1]-HARD when parameterized
by the solution size.

In this paper, we prove that the MULTIPACKING problem is NP-complete on undirected graphs,
which answers the open question. Moreover, the problem is W[2]-hard on undirected graphs
when parameterized by the solution size. Furthermore, we show that the problem is NP-complete
and W[2]-hard (parameterized by solution size) on chordal, bipartite, and claw-free graphs, and
remains NP-complete on regular and CONV graphs (intersection graphs of convex sets in the plane).
Additionally, the problem is NP-complete and W[2]-hard (parameterized by the solution size) on
chordal N %—hyperbolic graphs, which is a superclass of strongly chordal graphs on which the problem
is polynomial-time solvable. On the positive side, we present an exact exponential-time algorithm
for the MULTIPACKING problem on general graphs that breaks the 2™ barrier, with running time
O*(1.58™), where n is the number of vertices.

2012 ACM Subject Classification Theory of computation — Design and analysis of algorithms;
Mathematics of computing — Discrete mathematics

Keywords and phrases Multipacking, Complexity, Exact exponential algorithms
Digital Object Identifier 10.4230/LIPIcs.ESA.2026.152

Related Version Full Version: https://arxiv.org/abs/2602.07982

1 Introduction

Multipacking was introduced by Brewster, Mynhardt, and Teshima [4] as a natural generaliz-
ation of classical packing and independence concepts in graphs (see also [1, 7, 21, 12, 24, 26]).
Intuitively, multipacking can be viewed as a refined version of the independent set problem,
where the feasibility of selecting vertices depends on distance constraints at all scales.

For a graph G = (V, E), let dg(u,v) denote the length of a shortest path between two
vertices u and v in G; we write d(u,v) when there is no ambiguity. Let N,.[v] := {u €
V(G) : d(v,u) < r}, i.e. a ball of radius r around v. The eccentricity e(w) of a vertex
w is min{r : N.[w] = V}. The radius of the graph G is min{e(w) : w € V}, denoted by
rad(G). The center C(G) of the graph G is the set of all vertices of minimum eccentricity,
ie, C(GQ) :={v eV :e(v) =rad(G)}. Each vertex in the set C(G) is called a central vertex
of the graph G. Let diam(G) := max{d(u,v) : u,v € V(G)}. A diameter of G is a path of
length diam(G).

© Sandip Das, Sk Samim Islam, and Daniel Lokshtanov;

licensed under Creative Commons License CC-BY 4.0
34th Annual European Symposium on Algorithms (ESA 2026).
Editors: Philip Bille, Seth Pettie, and Sabine Storandt; Article No. 152; pp. 152:1-152:23

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl Publishing, Germany


mailto:sandip.das69@gmail.com
https://orcid.org/0000-0001-7565-8593
mailto:samimislam08@gmail.com
https://orcid.org/0009-0007-8974-5920
mailto:dlokshtanov@gmail.com
https://orcid.org/0000-0002-3166-9212
https://doi.org/10.4230/LIPIcs.ESA.2026.152
https://arxiv.org/abs/2602.07982
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics
https://www.dagstuhl.de

152:2

On the Complexity of Multipacking

A multipacking is a set M C V in a graph G = (V, E) such that |N,.[v] N M| < r for each
vertex v € V and for every integer r > 1. It is worth noting that in this definition, it suffices
to consider values of r in the set {1,2,...,diam(G)}. Moreover, if ¢ is a central vertex of
the graph G, then N.[¢] = V(G) for r = rad(G). Therefore, the size of any multipacking
in G is upper-bounded by rad(G). Therefore, we can further restrict r (in the definition of
multipacking) to the set {1,2,...,rad(G)}, where rad(G) is the radius of the graph. The
multipacking number of G is the maximum cardinality of a multipacking of G and it is
denoted by mp(G). A mazimum multipacking is a multipacking M of a graph G such that
|M] = mp(G).

MULTIPACKING problem
Input: An undirected graph G = (V, E), an integer k € N.
Question: Does there exist a multipacking M C V of G of size at least k7

It remained an open problem for over a decade whether the MULTIPACKING problem
is NP-complete or solvable in polynomial time. This question was repeatedly addressed
by numerous authors ([3, 16, 21, 26, 28, 29]), yet the problem remained as an unsolved
challenge. In this paper, we answer this question by proving that the MULTIPACKING problem
is NP-complete which is one of the main results of this paper.

On the algorithmic side, Beaudou, Brewster, and Foucaud [2] presented a (2 + o(1))-
approximation algorithm for general graphs. Polynomial-time algorithms are known for trees
and, more generally, for strongly chordal graphs [3], although even the case of trees requires
nontrivial techniques. Approximation algorithms with ratio (3 + o(1)) have been obtained
for chordal graphs [10] and cactus graphs [11].

In 2021, Foucaud, Gras, Perez, and Sikora [16] studied the complexity of the MULTIPACK-
ING problem on digraphs (directed graphs). They showed that the MULTIPACKING problem
is NP-complete for digraphs, even for planar layered acyclic digraphs of bounded maximum
degree. They further proved that the problem is W[1]-HARD (even on digraphs of maximum
finite distance 3) when parameterized by the solution size.

It is well known that the MULTIPACKING problem admits a natural integer programming
formulation. If M is a multipacking, we define a vector y with the entries y; = 1 when
vj € M and y; = 0 when v; € M. Let A = [a; ;1)) be a matrix with entries a; ;) = 1 if
vj € Nilvi], and aj,(; ) = 0 otherwise. Let ¢ be a vector indexed by (i, k) where v; € V(G)
and 1 < k < diam(QG), with the entries ¢; , = k.

mp(G) = max{y-1:yA <c,y; € {0,1}}.

A comprehensive survey of multipacking and related problems can be found in the
book [21], and a geometric variant of the problem is studied in [9].

The mazimum multipacking problem is the dual integer program of the optimal broadcast
domination problem. Erwin [15, 14] introduced broadcast domination in his doctoral thesis in
2001. For a graph G = (V, E), a function f:V — {0,1,2,...,diam(G)} is called a broadcast
on G. For each vertex u € V| if there exists a vertex v in G (possibly, u = v) such that
f(v) > 0 and d(u,v) < f(v), then f is called a dominating broadcast on G. The cost of the
broadcast f is the quantity o(f), which is the sum of the weights of the broadcasts over all
vertices in G. So, o(f) = >, cy f(v). The minimum cost of a dominating broadcast in G
(taken over all dominating broadcasts) is the broadcast domination number of G, denoted by
Y (G). An optimal dominating broadcast on a graph G is a dominating broadcast with a cost
equal to v,(G).
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A standard integer linear programming formulation of broadcast domination is obtained as
follows. Let ¢ and = be the vectors indexed by (i, k) where v; € V(G) and 1 < k < diam(G),
with the entries ¢;, = k and z; , = 1 when f(v;) = k and z;, = 0 when f(v;) # k. Let
A = [a; k)] be a matrix with entries a; ;) = 1 if v; € Ny[vg], and a; ; x) = 0 otherwise.
Hence, the broadcast domination number can be expressed as an integer linear program:

W(G) = min{c.x : Az > 1,2, € {0,1}}.

For general graphs, surprisingly, an optimal dominating broadcast can be found in
polynomial time O(n%) [22]. The same problem can be solved in linear time for trees [3].

It is known that mp(G) < v,(G) [4]. In 2019, Beaudou, Brewster, and Foucaud [2] proved
that 5(G) < 2mp(G) + 3 and they conjectured that +v,(G) < 2mp(G) for every graph. In
2025, Rajendraprasad et al. [25] have shown that for general connected graphs,

lim  sup 1(G) =
mp(G)—oco Hlp(G)

Stronger bounds are known for specific graph classes. In particular, for any connected
chordal graph G, we have 7,(G) < [% mp(G)] [10], and for any cactus graph G, it holds that
w(G) < §mp(G) + 4 [11].

Our Contributions. The algorithmic complexity of the MULTIPACKING problem remained
open for more than a decade ([3, 16, 26, 28, 29]). In this paper, we resolve this ques-
tion by establishing hardness results for MULTIPACKING on a wide range of graph classes,
complemented by an exact exponential-time algorithm.

Our main focus is to identify graph classes for which the MULTIPACKING problem admits
a polynomial-time algorithm and to delineate a boundary between tractable and intractable
cases. Whenever our reductions also imply consequences for the parameterized complexity of
MULTIPACKING on the considered graph classes, we explicitly point them out. However, we
do not aim at obtaining tight parameterized complexity bounds, and we deliberately avoid
more involved reductions whose sole purpose would be to strengthen such bounds.

Our main hardness result is obtained via a simple and elegant reduction from the HITTING
SET problem, which is NP-complete [17] and W{[2]-complete when parameterized by the
solution size [8]. This reduction yields the following theorem.

» Theorem 1. The MULTIPACKING problem is NP-complete. Moreover, when parameterized
by the solution size k, the problem is W[2]-hard. In addition, unless the Exponential Time
Hypothesis (ETH)" fails, there is no algorithm for MULTIPACKING running in time f(k)n°®),
where n is the number of vertices of the input graph.

We further study the complexity of MULTIPACKING on graph classes defined by metric
properties, with a particular emphasis on %—hyperbolic graphs. The notion of d-hyperbolicity
was introduced by Gromov [18]. A formal definition of hyperbolic graphs is provided in
the Preliminaries (Section 2). While MULTIPACKING is solvable in polynomial time on
strongly chordal graphs? and in linear time on trees [3], and while strongly chordal graphs are

! The Ezponential Time Hypothesis (ETH) states that 3-SAT cannot be solved in time 2°(™ | where n is
the number of variables of the input CNF formula.

2 A strongly chordal graph is an undirected graph G which is a chordal graph and every cycle of even
length (> 6) in G has an odd chord, i.e., an edge that connects two vertices that are an odd distance
(> 1) apart from each other in the cycle.
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%—hyperbolic [27], we show that this tractability does not extend to a larger class chordal N
%—hyperbolic. In particular, we strengthen the above result by proving that MULTIPACKING
remains NP-complete even for chordal N %—hyperbolic graphs, a strict superclass of strongly
chordal graphs.

Beyond metric graph classes, we establish hardness results for several classical families.
Using two distinct reductions from HITTING SET, we show NP-completeness and W[2]-
hardness for bipartite graphs and claw-free® graphs. We also prove NP-completeness for
regular graphs via a reduction from the TOTAL DOMINATING SET problem on cubic (3-
regular) graphs [17]. Furthermore, we study MULTIPACKING on geometric intersection graphs:
we show that the problem is NP-complete for CONV graphs* by a reduction from TOTAL
DOMINATING SET on planar graphs.

These results are summarized in the following theorem.

» Theorem 2. The MULTIPACKING problem is NP-complete for each of the following graph
classes (See Fig. 1):

chordal N %-hyperbolic graphs,

bipartite graphs,

claw-free graphs,

reqular graphs, and

CONYV (convex intersection) graphs.
Moreover, when parameterized by the solution size, the problem is W[2]-hard for chordal N
%—hyperbolic graphs, bipartite graphs, and claw-free graphs.

Finally, complementing our hardness results, we design an exact exponential-time al-
gorithm for MULTIPACKING on general graphs.

» Theorem 3. There exists an exact algorithm for computing a mazimum multipacking in
an n-vertex graph with running time O*(1.58™).

Due to space constraints in the conference version, some lemma proofs have been moved
to the appendix. The proofs of lemmas marked with (x) are deferred to the appendix.

Organisation. In Section 2, we recall some definitions and notations. In Section 3, we
prove that the MULTIPACKING problem is NP-complete and also the problem is W[2]-hard
when parameterized by the solution size. In Section 4, we discuss the hardness of the
MULTIPACKING problem on some subclasses. In Section 5, we present an exact exponential
algorithm for the problem on general graphs. We conclude in Section 6 by presenting several
important questions and future research directions.

2 Preliminaries

A complete bipartite graph K 3 is called a claw, and the vertex that is incident with all the
edges in a claw is called the claw-center. A Claw-free graph is a graph that does not contain
a claw as an induced subgraph.

3 Claw-free graph is a graph that does not contain a claw (K1.3) as an induced subgraph.

4 A graph G is a CONV graph or Convex Intersection Graph if and only if there exists a family of convex
sets on a plane such that the graph has a vertex for each convex set and an edge for each intersecting
pair of convex sets.
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General graphs

‘ Unbounded hyperbolicity ‘ ‘ Bounded hyperbolicity ‘

N

Regular ‘ ‘ CONV ‘ ‘ Bipartite ‘ ‘ Claw-free ‘

1-hyperbolic

1o -
3-hyperbolic

NP-hard W([2]-hard | Chordal N -hyperbolic |
\

0-hyperbolic/Block

Figure 1 Inclusion diagram for graph classes mentioned in this paper (and related ones). If a
class A has a downward path to class B, then B is a subclass of A. The MULTIPACKING problem is
NP-hard for the graph classes above the dashed purple line and polynomial-time solvable for the
graph classes below it. Moreover, the problem is W[2]-hard for the graph classes above the dashed
darkorange curve. In this paper, we discuss the hardness of the MULTIPACKING problem for the
graph classes in the colored (lightblue) block.

Let G be a connected graph. For any four vertices u,v,z,y € V(G), we define §(u, v, z,y)
as half of the difference between the two larger of the three sums d(u,v) + d(x,y), d(u,y) +
d(v,x), d(u,x) + d(v,y). The hyperbolicity of a graph G, denoted by §(G), is the value of
max, , » yev(a) 0(u, v, z,y). For every § > §(G), we say that G is 6-hyperbolic. A graph class
G is said to be hyperbolic (or bounded hyperbolicity class) if there exists a constant J such
that every graph G € G is d-hyperbolic.

The complement of a graph G, denoted by G¢, is the graph with vertex set V/(G°) = V(G),
where two distinct vertices are adjacent in G if and only if they are non-adjacent in G. Two
graphs G and H are said to be isommorphic if there exists a bijection f : V(G) — V(H) such
that wv € E(G) if and only if f(u)f(v) € E(H) for all u,v € V(G).

3 Hardness of the Multipacking problem (Proof of Theorem 1)

In this section, we present a reduction from the HITTING SET problem to prove our first
hardness result for the MULTIPACKING problem.

» Lemma 4. The MULTIPACKING problem is NP-complete. Moreover, the problem is
W[2]-hard when parameterized by the solution size.

Proof. We reduce the well-known NP-complete (also W[2]-complete when parametrized by
solution size) problem HITTING SET [8, 17] to the MULTIPACKING problem.

152:5
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HITTING SET problem
Input: A finite set U, a collection F of subsets of U, and an integer k € N.
Question: Does there exist a hitting set H C U of size at most k; that is, a set of at
most k elements from U such that each set in F contains at least one element from H?

Let U = {uy,uz,...,un}t and F = {S1,S59,...,Sn,} where S; C U for each i. We
construct a graph G in the following way: (i) Include each element of F in the vertex set
of G and F forms a clique in G. (ii) Include k — 2 length path u; = ulu?...uF~" in G, for
each element u; € U. (iii) Join u} and S; by an edge iff u; ¢ S;. Fig. 2 gives an illustration.

1
Uy u’f 1
Sl .\\ | - C——C———cceo0000000000000000 o o o Uq
e 1
-7 S Uy
‘92 .'_'____________:f.—.—.—. ...................... *— o e ’LL2
/// 1
. u
. 3
33 ) /,’ ".—.—.—. ...................... *— o e u?)
PPl 1
e u
Z o= 4
5’4 ' (————+ /Y Yh5nannnnbnaa600006000 * o e Uy
1 k—1
Uy, Uy
O———{— " }0000000000090900500000 *— o o uﬂ

S ®
n paths of length k — 2

Clique

Figure 2 An illustration of the construction of the graph G used in the proof of Lemma 4,
demonstrating the hardness of the MULTIPACKING problem.

Claim 4.1.  F has a hitting set of size at most k iff G has a multipacking of size at least k,
for k > 2.

Proof. (If part) Suppose F has a hitting set H = {uy,ua,...,ur}. We want to show that
M= {u’ffl,ugfl, ... ,u’,zfl} is a multipacking in G. If r < k — 1, then |N.[o]N M| <1<,
Vv € V(G), since d(uf ™", uf 1) > 2k—2, Vi # j. If r > k—1, then [N, [v]NM| < M| =k <r,
Vv € V(G). Suppose r = k — 1. If M is not a multipacking, there exists some v € V(G) such
that |Ny_1[v] N M| = k. Therefore, M C Nj_1[v]. Suppose v = uf for some p and g. In this
case, d(ug,uffl) > k, Vi # p. Therefore, v ¢ {u{ :1<i<mn,1<j<k—1}. This implies
that v € {S1,59,...,Sm}. Let v = S; for some ¢. If there exists i € {1,2,...,k} such that
S, is not adjacent to u}, then d(Shuf*l) > k. Therefore, M C Nj_1[S;] implies that S; is
adjacent to each vertex of the set {uf,ud,...,u}}. Then uy, us,...,ux ¢ Si. Therefore, H is
not a hitting set of F. This is a contradiction. Hence, M is a multipacking of size k.
(Only-if part). Suppose G has a multipacking M of size k. Let H = {u; : uf eM,1<i<
n,1 < j<k—1}. Then |H| < |M| = k. Without loss of generality, let H = {uy,ua,...,ur }
where &/ < k. Now we show that H is a hitting set of . Suppose H is not a hitting set.
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Then there exists ¢ such that S; " H = (). Therefore, S; is adjacent to each vertex of the
set {uf,ud,...,u},}. Then M C Nj_1[S;]. This implies that |Njy_1[S;] N M| = k. This is a
contradiction. Therefore, H is a hitting set of size at most k. <

Since the above reduction is a polynomial-time, the MULTIPACKING problem is NP-complete.
Moreover, the reduction is also an FPT reduction. Hence, the MULTIPACKING problem is
W/2]-hard when parameterized by the solution size. <

» Corollary 5. MULTIPACKING problem is NP-complete for chordal graphs. Moreover,
MULTIPACKING problem is W[2]-hard for chordal graphs when parameterized by the solution
size.

Proof. We prove that the graph G constructed in the proof of Lemma 4 is chordal. Note
that if G has a cycle C = cgcica ... ci_1¢q of length at least 4, then there exists an index ¢

such that ¢;, ¢;12 (moa ¢) € F because no two vertices of the set {ul,ud,... ul} are adjacent.
Since F forms a clique, so ¢; and ¢; 12 (mod ¢) are endpoints of a chord. Therefore, the graph
G is chordal. <

It is known that, unless ETH fails, there is no f(k)(m + n)°®*)-time algorithm for the
HITTING SET problem, where k is the solution size, |U| = n and |F| = m [8].

» Lemma 6. Unless ETH fails, there is no f(k)n°®) -time algorithm for the MULTIPACKING
problem, where k is the solution size and n is the number of vertices of the graph.

Proof. Consider the construction of G in the proof of Lemma 4. Let |V(G)| = ny. From
the construction, we have ny = m + n(k — 1) = O(m + n?). Therefore, the construction
of G takes O(m + n?)-time. Suppose that there exists an f(k)n(l’(k)—time algorithm for the
MULTIPACKING problem. Therefore, we can solve the HITTING SET problem in f(k)n‘f(k) +
O(m +n?) = f(k)(m +n?)°®) = f(k)(m + n)°*) time. This is a contradiction, since there
is no f(k)(m 4 n)°®)-time algorithm for the HITTING SET problem, assuming ETH. <

4  Hardness results on several subclasses (Proof of Theorem 2)

In this section, we present hardness results on some subclasses.

4.1 Chordal N %—hyperbolic graphs

In Corollary 5, we have already shown that, for chordal graphs, the MULTIPACKING problem
is NP-complete and the problem is W[2]-hard when parameterized by the solution size. Here,
we strengthen this result. It is known that the MULTIPACKING problem is solvable in cubic
time for strongly chordal graphs [3]. We prove hardness for chordal N %—hyperbolic graphs, a
superclass of strongly chordal graphs [27]. To show this, we need the following result.

» Theorem 7 ([5]). If G is a chordal graph, then its hyperbolicity §(G) < 1. Moreover,
§(G) =1 if and only if G contains one of the graphs in Fig. 3 as an isometric subgraph®.
FEquivalently, a chordal graph G is %-hypeTbolic (i.e., 6(G) < %) if and only if G does not
contain any of the graphs in Fig. 8 as an isometric subgraph.

5 A subgraph H of a graph G is isometric if for any u,v € V/(H), it holds that dg (u,v) = da(u, v).
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Y Y

H, Hy

Figure 3 Forbidden isometric subgraphs for chordal N %—hyperbolic graphs.

» Lemma 8. MULTIPACKING problem is NP-complete for chordal N %-hyperbolic graphs.
Moreover, MULTIPACKING problem is W[2]-hard for chordal N %-hyperbolz’c graphs when
parameterized by the solution size.

Proof. We reduce the HITTING SET problem to the MULTIPACKING problem to show that
the MULTIPACKING problem is NP-complete for chordal N %—hyperbolic graphs.

Let U = {uy,u2,...,un}t and F = {S1,S59,...,Sn,} where S; C U for each i. We
construct a graph G in the following way: (i) Include each element of F in the vertex set of
G. (i) Include k — 2 length path u; = ulu?...u* "' in G, for each element u; € U. (iii) Join
u; and S; by an edge iff u; ¢ S;. (iv) Include the vertex set Y = {y;;: 1 <i < j<n}in
G. (v) For each i,j where 1 <i < j <n, y;; is adjacent to u; and uj. (vi) FUY forms a
clique in G. Fig. 4 gives an illustration.

Claim 8.1. G is a chordal graph.

Proof. If G has a cycle C = cgcica ... ci_1¢ of length at least 4, then there exists an index

i such that ¢;, ¢j12 (moa ¢ty € F UY because no two vertices of the set {ul,ul, ... ul} are
adjacent. Since FUY forms a clique, ¢; and ¢;12 (mod ¢) are endpoints of a chord. Therefore,
the graph G is chordal. <

Claim 8.2. (Gisa %—hyperbolic graph.

Proof. Let G’ be the induced subgraph of G on the vertex set F UY U {uf,u,...,ul}. We
want to show that diam(G’) < 2. Note that the distance between any two vertices of the
set FUY is 1, since F UY forms a clique in G. Furthermore, the distance between any
two vertices of the set {uf,u3,...,ul} is 2, since they are non-adjacent and have a common
neighbor in the set Y. Suppose v € FUY and u} € {ul,ud,... ul} where v and u} are
non-adjacent. In that case, u;y1 ;v is a 2-length path that joins v and u; since FUY forms a
clique in G. Hence, diam(G’) < 2. By Claim 8.1 we have that G is chordal. From Theorem 7,
we can say that the hyperbolicity of G is at most 1. Suppose G has hyperbolicity exactly 1.
In that case, from Theorem 7, we can say that G' contains at least one of the graphs H; or Hy
(Fig. 3) as isometric subgraphs. Note that every vertex of H; and Hs is a vertex of a cycle.
Therefore, Hy or Hs does not have a vertex from the set {u{ :1<i<n,2<j<k-—1} This
implies that H; or Hy are isometric subgraphs of G’. But both H; and Hs have diameter 3,
while diam(G’) < 2. This is a contradiction. Hence, G is a %—hyperbolic graph. <

Claim 8.3.  F has a hitting set of size at most k iff G has a multipacking of size at least k,
for k > 3.
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Figure 4 An illustration of the construction of the graph G used in the proof of Lemma 8,
demonstrating the hardness of the MULTIPACKING problem for chordal N %—hyperbolic graphs.

Proof. (If part) Suppose F has a hitting set H = {uy,ua,...,ur}. We want to show that
M= {u’f_l,ug_l, . ,u’g_l} is a multipacking in G. If r < k — 1, then |N,.[o]N M| <1<,
Vv € V(G), since d(uf " uf™") > 2k—2,Vi # j. If r > k—1, then [N, [v]NM| < [M| =k < r,
Vv € V(G). Suppose r = k — 1. If M is not a multipacking, there exists some v € V(G) such
that |Ny_1[v] N M| = k. Therefore, M C Nj_1[v]. Suppose v = uf for some p and g. In this
case, d(ug,uf_l) > k, Vi # p. Therefore, v ¢ {uf :1<i<n,1<j<k—1}. This implies
that v € FUY. Suppose v € Y. Let v = y, 4 for some p and ¢g. Then d(ynq,uf_l) >k,
Vi e {1,2,...,n}\ {p,q}. Therefore, v ¢ Y. This implies that v € F. Let v = S; for some

t. If there exist i € {1,2,...,k} such that S; is not adjacent to u}, then d(St,uﬁ_l) > k.
Therefore, M C Nj_1[S:] implies that S; is adjacent to each vertex of the set {ui,u, ..., up}.
.,u ¢ Si. Therefore, H is not a hitting set of F. This is a contradiction.

Then uy, ug, ..
Hence, M is a multipacking of size k.

(Only-if part). Suppose G has a multipacking M of size k. Let H = {u; : uZ eM,1<i<
n,1 < j<k—1}. Then |H| < |M| = k. Without loss of generality, let H = {uy, ua,...,ur }
where k' < k. Now we show that H is a hitting set of F. Suppose H is not a hitting set.
Then there exists ¢ such that S; N H = (). Therefore, S; is adjacent to each vertex of the
set {ui,ud,...,up,}. Then M C Nj_1[S;]. This implies that |Ny_1[S;] N M| = k. This is a
contradiction. Therefore, H is a hitting set of size at most k. <
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Since the above reduction is a polynomial-time, the MULTIPACKING problem is NP-complete
for chordal N %—hyperbolic graphs. Moreover, the reduction is also an FPT reduction.
Hence, the MULTIPACKING problem is W([2]-hard for chordal N %—hyperbolic graphs when
parameterized by the solution size. <

4.2 Bipartite graphs
Here, we discuss the hardness of the MULTIPACKING problem for bipartite graphs.

» Lemma 9 (x). MULTIPACKING problem is NP-complete for bipartite graphs. Moreover,
MULTIPACKING problem is W[2]-hard for bipartite graphs when parameterized by the solution
size.

4.3 Claw-free graphs
Next, we discuss the hardness of the MULTIPACKING problem for claw-free graphs.

» Lemma 10 (x). MULTIPACKING problem is NP-complete for claw-free graphs. Moreover,
MULTIPACKING problem is W[2]-hard for claw-free graphs when parameterized by the solution
size.

4.4 Regular graphs

Next, we prove NP-completeness for regular graphs. We need the following result to prove
our theorem.

From the Erdés-Gallai Theorem [13] and the Havel-Hakimi criterion [19, 20], we can say
the following.

» Lemma 11 ([13, 19, 20]). Let n and d be nonnegative integers. If d < n and nd is even,
then there exists a simple d-reqular graph on n vertices. Moreover, such a graph can be
constructed in polynomial time.

We use Lemma 11 to prove the NP-completeness of the MULTIPACKING problem on
regular graphs.

» Lemma 12. MULTIPACKING problem is NP-complete for regular graphs.

Proof. It is known that the TOTAL DOMINATING SET problem is NP-complete for cubic
(3-regular) graphs [17]. We reduce the TOTAL DOMINATING SET problem on cubic graphs to
the MULTIPACKING problem on regular graphs.

ToTAL DOMINATING SET problem
Input: An undirected graph G = (V, F) and an integer k € N.
Question: Does there exist a total dominating set S C V of size at most k; that is, a
set of at most k vertices such that every vertex in V has at least one neighbor in S?

Let (G,k) be an instance of the TOTAL DOMINATING SET problem, where G is a 3-
regular graph with the vertex set V' = {vy,va,...,v,} where n > 6. Therefore, n is even.
Let d =n — 4. So, d is also even. Now we construct a graph G’ in the following way (Fig. 5
gives an illustration).

(i) For every vertex v, € V(G), we construct a graph H, in G’ as follows.
Add the vertex sets S? = {u%7 : 1 < j <d} forall 2<i<k—2in H, Each vertex
of S% is adjacent to each vertex of Si™! for each i.
Add a vertex ul in H, where ul is adjacent to each vertex of S2. Moreover, S2
forms a clique.
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- Add the vertex set T, = {uf~'7 : 1 < j < d?} in H, where the induced subgraph
H,[T,] is a (2d —1)-regular graph. We can construct such a graph in polynomial-time
by Lemma 11 since d is an even number and 2d — 1 < d? (since n > 6).

= Let Uy,Us,...,Uy be a partition of Ty into d disjoint sets, each of size d, that is,
T, =U,uUzU---UUg and |Uj| = d for each 1 < j < d. Each vertex in U; is
adjacent to uF=2J for all 1 < j < d.

(ii) If v; and v; are different and not adjacent in G, we make u; and u; adjacent in G’ for
every 1 <i,j <mn,i#j.

Note that G’ is a 2d-regular graph.

Ty

k-1,1
2 — 5
Si S3 52 Uy
VR I l/
Clique Independent Set Independent Set (2d — 1)-regular graph
of size d of size d of size d of size d?

Figure 5 An illustration of the construction of the graph G’ used in the proof of Lemma 12,
demonstrating the hardness of the MULTIPACKING problem for regular graphs. The induced subgraph
G'[ul,u3, ..., ug] is isomorphic to G°.

Claim 12.1. G has a total dominating set of size at most k iff G’ has a multipacking of
size at least k, for k > 2.

Proof. (If part) Suppose G has a total dominating set D = {v1,va,...,v5}. We want to
show that M = u]f_l’l,ug_l’l, ...,uZ_l’l} is a multipacking in G’. If r < k — 1, then
IN, W] N M| <1 <7, VoeV(G),since d(u; "' uf ) > 2k —3, Vi #j. If r > k—1, then
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IN o] " M| < |M| =k <r, YveV(G). Suppose r = k — 1. If M is not a multipacking,
there exists some vertex v € V(G’) such that |Ni_i1[v] N M| = k. Therefore, M C Nj_1[v].
Suppose v € V(Hp) \ {u}} for some p. In this case, d(v,u¥™"1) > k, Vi # p. Therefore,
v ¢ V(Hp) \ {uy} for any p. This implies that v € {uj : 1 <i < n}. Let v = u} for some
t. If there exist i € {1,2,...,k} such that neither u; = u} nor u} is adjacent to u}, then
d(ut, uf_l’l) > k. Therefore, M C Nj_1[ui] implies that either u] is adjacent to each vertex
of the set {uf,ul,...,u}} when u} & {ui,ud,... ,u}} or u} is adjacent to each vertex of the
set {ul,ud, ..., up}\{u}} when u} € {ui,ul,... ,uj}. Therefore, in the graph G, either v; is
not adjacent to any vertex of D when v; ¢ D or v; is not adjacent to any vertex of D\ {v:}
when v; € D. In both cases, D is not a total dominating set of G. This is a contradiction.
Hence, M is a multipacking of size k in G'.

(Only-if part). Suppose G’ has a multipacking M of size k. Let D = {v; : V(H;) N M #
f,1 < i < n}. Then |D| < |M| = k. Without loss of generality, let D = {v1,v2,..., v}
where k' < k. Now we show that D is a total dominating set of G. Suppose D is not a
total dominating set. Then there exists ¢ such that either v; ¢ D and no vertex in D is

adjacent to v or vy € D and no vertex in D \ {v;} is adjacent to v;. Therefore, in G’, either

uy is adjacent to each vertex of the set {uf,ud,...,u}} when uj ¢ {u},ud,... ui} or u} is
adjacent to each vertex of the set {uf,ul,...,up}\ {us} when u} € {uf,ul,...,ur}. Then
M C Ng_1[uy]. This implies that |Nx_1[uf] N M| = k. This is a contradiction. Therefore, D
is a total dominating set of size at most k£ in G. <
Hence, the MULTIPACKING problem is NP-complete for regular graphs. |

4.5 Convex Intersection graphs

Here, we discuss the hardness of the MULTIPACKING problem for a geometric intersection
graph class: CONV graphs. A graph G is a CONV graph if and only if there exists a family
of convex sets on a plane such that the graph has a vertex for each convex set and an edge
for each intersecting pair of convex sets. We show that the MULTIPACKING problem is
NP-complete for CONV graphs. To prove this we will need the following result.

» Theorem 13 ([23]). The complement of a planar graph (also called co-planar graph) is a
CONYV graph.

We use Theorem 13 to prove the NP-completeness of the MULTIPACKING problem on
CONV graphs.

» Lemma 14 (x). MULTIPACKING problem is NP-complete for CONV graphs.

5 Exact Exponential Algorithm (Proof of Theorem 3)

In this section, we present an exact exponential-time algorithm for computing a maximum
multipacking in a graph. Using a naive approach, it achieves a running time of O*(1.58™),
where n is the number of vertices in the graph.

Let M(G) denote the set of all multipackings of a graph G. Suppose G is a connected
graph and T is a spanning tree of G. Then dr(u,v) > dg(u,v) for any u,v € V(G). Therefore,
any multipacking of G is a multipacking of T. Hence M(G) C M(T).

In our algorithm, we compute a family of sets of size O(1.58™) that contains all elements
of M(T). A maximum multipacking is then obtained by searching within this family.
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To describe the algorithm, we first define some notions related to rooted trees. A rooted
tree is a tree in which one vertex is designated as the root, giving the tree a hierarchical
structure. In a rooted tree, every vertex except the root has a unique parent, which is the
neighboring vertex on the unique path from that vertex to the root. A vertex that lies
directly below another in this hierarchy is called its child. If a vertex wu is the parent of v,
and v is the parent of w, then w is the grandparent of w. The maximum distance (or number
of edges) from the root to any vertex in a rooted tree T is called the height of T, which is
denoted by height(T').

Before describing the algorithm, we introduce some notation. For two families of sets
S1 and Sy, we define §; & Sy := {M1 U My : My € 81, My € S;}. For a vertex u and a
family of sets S, we define u ® S := {{u}} ®S. If H is a subgraph of a graph G, we write
G\ H := G[V(G)\ V(H)], that is, the subgraph of G induced by the vertex set V(G)\ V(H).
We say that two rooted trees T;, and T, rooted at u and v respectively, are isomorphic,
and we denote this by T,, = T,, if there exists a bijection f : V(T,) — V(T,) such that
xzy € E(T,) if and only if f(x)f(y) € E(T,), and moreover f(u) = v.

First, we present a simple exact exponential-time algorithm for computing a maximum
multipacking that runs in time O*(1.62™). Subsequently, we describe an improved exponential-
time algorithm with a better running time.

» Proposition 15. There is an exact exponential-time algorithm for computing a mazximum
multipacking in a graph with n vertices, which has running time O*(1.62").

Proof. Let G be a connected graph with n vertices and T' be a BFS (Breadth-First Search)
tree of G rooted at v. Note that every multipacking in G is a multipacking in 7. For n = 1,
computing a maximum multipacking is trivial. Assume n > 2. Let w be a farthest vertex
from v and y be the parent of w. Let T}, be the subtree of T" rooted at y. If a multipacking
M; of T contains w, then no other vertices of T}, belong to M ; otherwise two vertices of M;
would belong to Ni[y]. Therefore, My € w& M(T'\ Ty). If a multipacking Ms of T' does not
contain w, then My € M(T \ w) where T'\ w is the subtree of T formed by deleting w from
T. Therefore, M(T) C (w & M(T \ Ty)) UM(T \ w). This implies the recursive relation
IM(T)| < |IM(T\T,)| + |M(T\ w)|, since |wd M(T\ Ty)| = |[M(T\Ty)|. Let f(n) be the
maximum number of multipackings in a tree on n vertices. So, the recursive relation yields
that f(n) < f(n —2) 4+ f(n — 1), which is the Fibonacci recurrence. Solving this recurrence
yields f(n) = O(1.62™). Therefore, we can compute a family of subsets of V(G) having size
0(1.62™) that contains all the multipackings of G. By searching within this family, we can
find a maximum multipacking of G in O*(1.62™) time. <

Now we refine the above branching idea to obtain a better running time. Let H;(k)
denote the rooted tree with vertex set {x,uy,us,...,u}, rooted at z, where x is adjacent
to each w; for 1 < ¢ < k; that is, Hy(k) is a complete bipartite graph with partite sets
{z} and {u1,ug,...,ur}. Let Ho(k1,ks) denote the rooted tree rooted at y and vertex set
{y,a1,az2,...,ak,,b1,b2, ..., b, C1,Ca, ..., Cky }, whose edge set is {a;b; : 1 <@ < ky}U{ay:
1<i<k}U{cy:1<i<ky} (see Fig. 6).

» Lemma 16.

1) If [V(H1(k))| = m, then |M(H1(k))| = m+1, and the family M(H;(k)) can be computed
in time O(|M(H,(k))|).

2) If |V(Ha(k1,k2))| = m and m > 4, then |M(Ha(ky,k2))| < 3m? — Im + L, and the
family M(Hz(k1,ke)) can be computed in time O(|M(Hz(k1,k2))|).
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Figure 6 Rooted trees H; (k) and Ha(k1, k2).

Proof.

1) The radius of H;(k) is at most 1, which implies 0 < mp(H;(k)) < 1. Therefore,
M(H (k) = {{u} : v € V(Hi(k))} U{0}. Hence |[M(Hy(k))] = m + 1, and the
family M(H;(k)) can be computed in time O(|M(Hy(k))|).

2) Let A = {a1,a9,...,ar,}, B = {b1,ba,...,bg, }, and C = {e1,co,...,c,}. Therefore,
V(Ha(k1, k2)) = {y}UAUBUC. Since Ha(kq, k2) has radius at most 2, it has multipackings
of size at most 2. Let My, My, Ms be the sets of multipackings of size 0, 1,2 respectively.
Therefore, M(Ha(k1,k2)) = Mo U My U Ms. Clearly, My = {0} and My = {{u} : u €
V(Hs(k1,k2))}. Therefore, |[My| = 1 and |M;| = m. Note that My = {{b,c} : b €
B,c e C} U {{bi,bj} : bi,bj € B,i }é ]} U {{ai,bj} La; € A,bj € B,i }é ]} Therefore,
|M2| = kle + (1€21) + kl(kl — 1) Since m = 2k1 + kg + 1,

k
| M| = kyks + (;) + ki (kg — 1)

k
:kl(m—2k1—1)+ (21) +I€1(k1—1)
_2m -5
2

1
ky — ik%

Let f(k1) = 2’”2_5 ki — %k% Since m = 2k; + ko + 1, we have 0 < k1 < mT_l Note
that % = % — k1 >0, form >4and 0 < k < mT_l Hence f(k1) is a non-
decreasing function when 0 < k; < ™1 and m > 4. Therefore, f(k1) < f(Z52) =

2
2m—5 m—=1 _ 1 /m—=1)2
=2 M= — 5 (™5=)%. Hence

|M(Ha(ky, k2))| = | Mo| + [ M| + [ Mo

=1+m+ f(k1)

i +2m—5 m—1 1(m-1 2
=Lrm 2 D 2\ 2
3, 1 17
=-m"— = —.

8 2 8

From the constructions of the sets My, My and My, the family M(Hs(kq,k2)) can be
computed in time O(|M(Hz(k1, k2))|). <

» Corollary 17. If |Ha(k1,k2)| = m and m > 4, then |[M(Ha(k1,k2))| < 1.58™ and the
family M(Hz(k1,k2)) can be computed in time O(1.58™).

Proof. From Lemma 16, we have [M(Hz(k1, k2))| < 3m? — m+ L. The maximum value of

(3m? —Lm+L)1/™ for m > 4 is 1.5732... attained at m = 4. Hence, the corollary holds. <
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Algorithm 1 M, (T): A set that contains all multipackings of a tree 7" with root v.

1: Input: A tree T with root v.

2: Output: A set that contains all multipackings of T'.

3: if height(T) > 2 then

4: Compute the set of farthest vertices from v in T, denote it by .S,,.

5: For each w € S, let w; and wy denote the parent and the grandparent of w in T,
respectively.

6: if there exists w € S, such that T, = Hy(k) for some k > 2 (See Fig. 6) then

7: return (w @ M, (T \ Ty, )) UM, (T \ w)

8: end if

9: if there exists w € S, such that T, = H»(1,0) (See Fig. 6) then

10 return (w ® M, (T \ Ty,)) UM, (T \ w)

11: end if

12: return M, (T \ Ty,) & M(Ty,)

13: end if

14: if height(T) < 1 then
15: return M(T)
16: end if

» Lemma 18 (x). Let T be a rooted tree on n vertices with root v. The Algorithm 1 computes
a family of sets M, (T) of size O(1.58™) that contains all multipackings of T, and it has
running time O*(1.58™).

» Theorem 3. There exists an exact algorithm for computing a maximum multipacking in
an n-vertex graph with running time O*(1.58™).

Proof. Let G be a connected graph and T be its spanning tree. Let v be a vertex of
G. Consider T as a rooted tree with root v. Since dr(u,v) > dg(u,v) for any u,v €
V(G), M(G) C M(T). From Lemma 18, M,(T) can be computed in time O*(1.58™)
and |[M,(T)| = O(1.58"). Now M(G) C M,(T), since M(T) C M,(T). For any set
M € M,(T), we can check whether M is a multipacking of G in O(n?) time. Therefore, we
can search a maximum multipacking of G in the family of sets M, (T) in time O*(1.58™). If
G is not a connected graph, then a maximum multipacking can be computed independently
for each connected component using the same approach. |

The exact exponential-time algorithm computes a maximum multipacking in an n-vertex
graph in O*(1.58™) time using a naive approach. We emphasize that this algorithm is not
based on, and is not similar to, the known polynomial-time algorithm for trees [3]; here the
spanning tree is used only to generate a superset of the set of possible solutions, since every
multipacking of G is also a multipacking of any spanning tree of G. The algorithm can be
refined by exploiting structural properties of the rooted spanning tree. In particular, the
current version considers only subtrees of height at most 2; extending it to handle subtrees of
greater height so that the possible multipackings within them can be computed using their
structure could further improve the running time for finding a maximum multipacking of the

whole graph. Note that in our algorithm the root of the spanning tree is fixed at each step.

Another possible improvement is to update the root of the spanning tree at each step.

» Lemma 19. If P, is a path on n vertices, then the number of multipackings of P, is
O(1.47).
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Proof. Let P, = {v1,v2,...,v,} and P; be the induced subgraph of P, with vertex set
{v1,v2,...,v;}, where i < n. Suppose M is a multipacking of P,. If v, € M, then
Up—1,Un—2 & M since |Nj[v,—1] N M| < 1. From this observation, we can say that the
number of multipackings of P, that include v,, is |[M(P,,_3)| and the number of multipackings
of P, that do not include v, is |M(P,—_1)|. Therefore, we have the recursive relation
IM(Pp)| = IM(Py—1)| + |M(Ppn—3)| with initial conditions |[M(Py)| = 2, IM(P,)| = 3, and
|M(P3)| = 4. Solving this recurrence yields |[M(P,)| < 2 (1.46557...)" L. <

Lemma 19 yields the following.

» Theorem 20. Let G be an n-vertex graph, and suppose that a Hamiltonian path® P of G
s given as part of the input. Then a maximum multipacking of G can be computed in time
O*(1.47™).

» Proposition 21. If P, is a path on n vertices, then the number of maximal multipackings
of P, is O(1.33").

Proof. Let P, = {v1,v2,...,v,} and P; be the induced subgraph of P, with vertex set
{v1,v2,...,v;}, where i < n. Let M'(P;) denote the set of all maximal multipackings in P;.
Suppose M € M'(P,,). Then only one among vy, Vp—1,Vn—2 is in M, since | Ny[v,_1]NM| < 1.
The number of maximal multipackings of P, that include v, is |[M’(P,—_3)|, since these
multipackings cannot contain v,_; or v,_s. The number of maximal multipackings of P,
that include v, is |M'(P,_4)|, since these multipackings cannot contain v,,, v,—2 or v,_3.
Similarly, the number of maximal multipackings of P, that include v,_o is |[M'(P,_5)|,
since these multipackings cannot contain v,,,v,—1,vp—3 or v,_4. Therefore, we have the
recursive relation |[M'(P,)| = |M/(P,—3)| + | M’ (Py—4)| + |M'(P,_5)| with initial conditions
IM'(P)] =1, IM/'(P2)] =2, and |[M’'(Ps)| = 3. Solving this recurrence yields |M'(P,)| <
(1.3247...)". <

6 Conclusion

We conclude with some remarks and open problems concerning the MULTIPACKING problem.
It is known that planar graphs are SEG graphs” [6]. In 1998, Kratochvil and Kubéna [23]
posed the question of whether the complement of any planar graph (i.e., a co-planar graph)
is also a SEG graph. As far as we know, this is still an open question. A positive answer to
this question would imply that the MULTIPACKING problem is NP-complete for SEG graphs,
since in that case the induced subgraph G’[u}, 3, ... ul] in the proof of Lemma 14 would
be a SEG graph, which in turn would imply that G’ itself is a SEG graph. However, the
complexity of the problem on planar graphs still remains unresolved.
Our results in this paper naturally lead to several open questions that merit further
investigation:
1. What is the complexity status of the problem on planar graphs? Does an FPT algorithm
for planar graphs exist when parameterized by solution size?

2. Does there exist an FPT algorithm for general graphs when parameterized by treewidth?

5 A path P in a graph G is called a Hamiltonian path if it contains every vertex of (@ exactly once.

7 A graph G is a SEG graph (or Segment Graph) if and only if there exists a family of straight-line
segments in a plane such that the graph has a vertex for each straight-line segment and an edge for
each intersecting pair of straight-line segments.
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3. Can one design a subexponential-time algorithm (that is, an algorithm running in time

2°(M)) for general graphs?

4. While a (2 + o(1))-factor approximation algorithm is known [2], can the approximation

factor be improved? Moreover, does the problem admit a PTAS?

Addressing these questions would provide a more complete understanding of the compu-

tational landscape of the MULTIPACKING problem and could lead to important algorithmic

developments.
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A  Appendix
A.1 Proof of Lemma 9

Proof. We reduce the HITTING SET problem to the MULTIPACKING problem to show that
the MULTIPACKING problem is NP-complete for bipartite graphs.

Let U = {uy,uz2,...,un}t and F = {S1,S59,...,S,} where S; C U for each i. We
construct a graph G in the following way: (i) Include each element of F in the vertex set of
G. (ii) Include a vertex C in G where all the vertices of F are adjacent to the vertex C. (iii)
Include k — 2 length path u; = ulu? ... uF~?
S; by an edge iff u; ¢ S;. Fig. 7 gives an illustration.

Note that G is a bipartite graph where the partite sets are By = F U {ui 1 <1 <L
n and j is even} and By = {C} U {u! : 1 <i <n and j is odd}.

in G, for each element u; € U. (iv) Join u} and

Claim 9.1.  F has a hitting set of size at most k iff G has a multipacking of size at least k,
for k > 2.

Proof. (If part) Suppose F has a hitting set H = {uy,us,...,ur}. We want to show that
M = {uf1 ub™ o uf ) is a multipacking in G. If r < k — 1, then [N, [v]n M| <1<,
Vv € V(G), since d(uf ™", uf™h) > 2k—2, Vi # j. If r > k—1, then [N, [v]NM| < M| =k <r,
Yv € V(G). Suppose r = k — 1. If M is not a multipacking, there exists some v € V(G)
such that |[Ny_1[v] N M| = k. Therefore, M C Nj_1[v]. Suppose v = u] for some p and
g. In this case, d(ug,uf_l) > k, Vi # p. Therefore, v ¢ {uf :1<i<nl1<j<k-1}
Moreover, v # C, since d(C,ur~') > k, V1 < i < n. This implies that v € {S1,Sa, ..., S }.
Let v = S; for some ¢. If there exist i € {1,2,...,k} such that S; is not adjacent to u}, then
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Figure 7 An illustration of the construction of the graph G used in the proof of Lemma 9,
demonstrating the hardness of the MULTIPACKING problem for bipartite graphs.

d(Sy, uf_l) > k. Therefore, M C Ny_1[S:] implies that S; is adjacent to each vertex of the
set {ul,ud,...,ul}. Then uy,ug,...,ux ¢ Si. Therefore, H is not a hitting set of F. This is
a contradiction. Hence, M is a multipacking of size k.

(Only-if part). Suppose G has a multipacking M of size k. Let H = {u; : u} € M,1 <i <
n,1 <j <k—1}. Then |H| <|M|= k. Without loss of generality, let H = {u1,ua,...,ux }
where k' < k. Now we show that H is a hitting set of . Suppose H is not a hitting set.
Then there exists ¢ such that S; N H = (). Therefore, S; is adjacent to each vertex of the
set {ul,ud,...,ut,}. Then M C Nj_1[S;]. This implies that |Ny_1[S;] N M| = k. This is a
contradiction. Therefore, H is a hitting set of size at most k. <

Since the above reduction is a polynomial-time, the MULTIPACKING problem is NP-complete
for bipartite graphs. Moreover, the reduction is also an FPT reduction. Hence, the MUL-
TIPACKING problem is W{[2]-hard for bipartite graphs when parameterized by the solution
size. |

A.2 Proof of Lemma 10

Proof. We reduce the HITTING SET problem to the MULTIPACKING problem to show that
the MULTIPACKING problem is NP-complete for claw-free graphs.

Let U = {uy,ug,...,u,} and F = {S1,53,...,5n} where S; C U for each i. We
construct a graph G in the following way: (i) Include each element of F in the vertex set of
G and F forms a clique in G. (i) Include k — 3 length path u; = u}u?...u*~% in G, for cach
element w; € U. (iii) Include the set of vertices W = {w;; : u; ¢ S;,1 <i<n,1<j<m}
in G. Join S; and u; by a 2-length path S;w; u}. (iv) Join w,,; and w,, by an edge iff
either j = q or i = p. Fig. 8 gives an illustration.

Claim 10.1. G is a claw-free graph.
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Figure 8 An illustration of the construction of the graph G used in the proof of Lemma 10,
demonstrating the hardness of the MULTIPACKING problem for claw-free graphs.

Proof. Suppose G contains an induced claw C whose vertex set is V(C) = {¢, z,y, z} and
the claw-center is ¢. Note that ¢ ¢ {uZ :1<i<n,2<j<k-—2} since each element of this
set has degree at most 2.

Suppose ¢ € {u} : 1 <i < n}. Let ¢ = u} for some t. Therefore, {z,y,2} C N(c) =
{uZ}U{wj up & Sj,1 <j < m}. Then at least 2 vertices of the set {z,y, z} belong to the
set {w; s ur ¢ S;,1 < j <m}. Note that {w;, :us ¢ S;,1 <j < m} forms a clique in G.
This implies that at least 2 vertices of the set {x,y, 2z} are adjacent. This is a contradiction,
since C' is an induced claw in G. Therefore, ¢ ¢ {u} : 1 <i <n}.

Suppose ¢ € F. Let ¢ = S, for some t. Therefore, {z,y,2} C N(c) ={S;:j #t,1<
Jj<m}U{w; :u; ¢ S, 1 < i <n}. Note that both sets {S; : j #¢,1 < j < m} and
{wy,; u; ¢ Si,1 < < n} form cliques in G. This implies that at least 2 vertices of the set
{z,y, 2} are adjacent. This is a contradiction, since C' is an induced claw in G. Therefore,
c¢ F.

Suppose ¢ € W. Let ¢ = wy,, for some g and p. Let A; = {S,;} U{wg,; : u; ¢ 94,7 #
p1<i<n}and B, = {u,} U{wjyp : up ¢ Sj,7 # ¢, 1 < j < m}. Note that both sets
A, and B, form cliques in G and {z,y,z} C N(c¢) = A, U B,. This implies that at least 2
vertices of the set {x,y, z} are adjacent. This is a contradiction, since C' is an induced claw
in G. Therefore, c ¢ W.

Therefore, G is a claw-free graph. <

Claim 10.2. F has a hitting set of size at most k iff G has a multipacking of size at least k,
for k > 2.

Proof. (If part) Suppose F has a hitting set H = {uy,us,...,ur}. We want to show that
M = {uf~2 ub™2 ... uf7?} is a multipacking in G. If r < k — 1, then [N, [v]n M| <1<,
Yv € V(Q), since d(uf_Q,u;?_Q) >2k—3,Vi#j. Ilfr > k—1, then |N.[v]"M| < |M| =k <,
Vv € V(G). Suppose r = k — 1. If M is not a multipacking, there exists some v € V(&) such
that |Ni_1[v] N M| = k. Therefore, M C Nj_1[v].
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Case 1: UE{uZ:lSiSn,lSjSk—Z}. Let v = u] for some p and ¢. In this

case, d(ug,uf_z) >k, Vi # p. Therefore, v ¢ {uf 1<i<n 1<y <k-—2}

Case 2: v € W. Letv = wy, for some p and ¢q. Therefore, uq ¢ Sp. Since M C Ny_1[wp 4],
we have d(wp,q,uf_Q) < k—1,V1 <1i<k. This implies that d(wpyq,u}) <2,Vli<i<k.
Note that d(wpq,ul) # 1, Vi # ¢q,1 < i < k. Therefore, d(w, q,u;) =2, Vi # ¢,1 < i < k.
Suppose t # g and 1 <t < k. Then d(w, 4,u;) = 2. Therefore, wy, , is adjacent to wy, ¢, for
some h. This is only possible when h = p, since t # ¢. Therefore, uj and S, are joined
by a 2-length path uj — w,; — Sp. This implies that u; ¢ S,. Hence, ui,ua,...,u; ¢ Sp.
Therefore, H is not a hitting set of F. This is a contradiction. Therefore, v ¢ W.

Case 3: v € F. Letwv =S, for some t. If there exist ¢ € {1,2,...,k} such that u; € S, then
d(S¢,u}) > 3. Therefore, d(S;,urf~2) > k. This implies that u*~2 ¢ N,_,[S;]. Therefore,
M ¢ Ni_1[S;]. Hence, M C Ny_1[S;] implies that ui,us,...,uy ¢ S;. Then H is not a
hitting set of F. This is a contradiction. Therefore, v ¢ F.

Hence, M is a multipacking of size k.

(Only-if part). Suppose G has a multipacking M of size k. Let H = {u; : uf eEM1<i<
n,1 <j <k—1}. Then |H| < |M| = k. Without loss of generality, let H = {uy,ua,...,us }
where k' < k. We want to show that H is a hitting set of F. Suppose H is not a hitting
set. Then there exists ¢ such that S; N H = (). Therefore, S; and u} are joined by a 2-length
path S; — w,; — u}, for each i € {1,2,...,k'}. So, M C Nj_1[S;]. This implies that
|Nt—1[S:] N M| = k. This is a contradiction. Therefore, H is a hitting set of size at most k.

<

Since the above reduction is a polynomial-time, the MULTIPACKING problem is NP-complete
for claw-free graphs. Moreover, the reduction is also an FPT reduction. Hence, the MUL-
TIPACKING problem is W{[2]-hard for claw-free graphs when parameterized by the solution
size. <

A.3 Proof of Lemma 14

Proof. It is known that the TOTAL DOMINATING SET problem is NP-complete on planar
graphs [17]. We reduce the TOTAL DOMINATING SET problem on planar graphs to the
MULTIPACKING problem on CONV graphs to show that the MULTIPACKING problem is
NP-complete on CONV graphs.

Let (G, k) be an instance of the TOTAL DOMINATING SET problem, where G is a planar
graph with the vertex set V = {v1,v2,...,v,}. We construct a graph G’ in the following
way (Fig. 9 gives an illustration).

(i) For every vertex v; € V(G), we introduce a path u; = ulu?...ur~! of length k — 2
in G.

(i) If v; and v; are different and not adjacent in G, we make u; and u} adjacent in G’ for
every 1 <i,j <mn,i#j.

Claim 14.1. G’ is a CONV graph.

Proof. Note that the induced subgraph G'[u},ul, ..., ul] is isomorphic to G¢. Since G is

N

a planar graph, G’[uf,u3, ..., ul] is a CONV graph by Lemma 13. Hence, G’ is a CONV

) n

graph. <
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Figure 9 An illustration of the construction of the graph G’ used in the proof of Lemma, 14,
demonstrating the hardness of the MULTIPACKING problem for CONV graphs. The induced subgraph
G'[ul,u3, ..., ug] (the colored region) is isomorphic to G©.

Claim 14.2. G has a total dominating set of size at most k iff G’ has a multipacking of
size at least k, for k > 2.

Proof. (If part) Suppose G has a total dominating set D = {vy,ve,...,v5}. We want
to show that M = {uf~* w5~' ... wF'1 is a multipacking in G'. If r < k — 1, then
IN;ujn M| <1<7r, VYveV(G), since d(uf_l,uf_l) >2k—3,Vi#£j. If r >k—1, then
IN; o] N M| < |M| =k <r, Vv e V(G). Suppose r = k — 1. If M is not a multipacking,
there exists some v € V(G') such that |Ny_1[v] N M| = k. Therefore, M C Nj_1[v]. Suppose
v = uf for some p and ¢ where 1 < p <n,2 < ¢ < k—1. In this case, d(ug,uf_l) >k, Vi # p.
Therefore, v ¢ {u? : 1 <i<n,2 < j<k—1}. This implies that v € {u} : 1 <i <n}. Let
v =u; for some t. If there exist i € {1,2,...,k} such that neither u; = u} nor u} is adjacent
to u}, then d(u},ur"') > k. Therefore, M C Nj,_;[u}] implies that either u} is adjacent to
each vertex of the set {u},ud,..., ul} when ui ¢ {ul,ud,... ui} or u} is adjacent to each
vertex of the set {u},ud,...,ul}\ {ut} when u} € {ui,ul,... ,uj}. Therefore, in the graph
G, either v; is not adjacent to any vertex of D when v; ¢ D or v, is not adjacent to any
vertex of D\ {v;} when v; € D. In both cases, D is not a total dominating set of G. This is
a contradiction. Hence, M is a multipacking of size &k in G’.

(Only-if part). Suppose G’ has a multipacking M of size k. Let D = {v; : uf eM,1<i<
n,1 <j<k—1}. Then |D| < |M| = k. Without loss of generality, let D = {v1,va,..., v}
where k' < k. Now we show that D is a total dominating set of G. Suppose D is not a
total dominating set. Then there exists ¢ such that either v; ¢ D and no vertex in D is
adjacent to vy or v; € D and no vertex in D \ {v;} is adjacent to v;. Therefore, in G’, either

uy is adjacent to each vertex of the set {uf,ud,...,u}} when uj ¢ {u},ud,... ui} or uj is
adjacent to each vertex of the set {uf,ul,...,up}\ {us} when uf € {uf,ud,...,uj}. Then
M C Nj_1[uj]. This implies that |Nj_1[uj] N M| = k. This is a contradiction. Therefore, D
is a total dominating set of size at most k in G. <
Hence, the MULTIPACKING problem is NP-complete for CONV graphs. <

A.4 Proof of Lemma 18

Proof. In Algorithm 1, S, denotes the set of vertices farthest from v in T, and for each
w € Sy, wy and ws denote the parent and the grandparent of w in T, respectively. Let f(n)
be the maximum number of multipackings in a tree on n vertices. We first consider the case
height(T") > 2.
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Suppose there exists w € S, such that T,,, = H;(k) for some k > 2. If any M € M(T)
contains w, then M € (w @® M,(T'\ Ty,)). If M does not contain w, then M € M, (T \ w).
Therefore, M(T) C (w & My,(T \ T, )) UM, (T \ w). So, the recursive relation yields that
f(n) < f(n=3)+ f(n—1), since |V(T\ Tw,)| <n—3and |V(T\ w)| =n — 1. Solving this
recurrence yields f(n) = O(1.47™).

Suppose there exists w € S, such that Ty, = Hy(1,0). If any M € M(T) contains
w, then M € (w & My(T \ Tw,)). If M does not contain w, then M € M,(T \ w).
Therefore, M(T) C (w & My (T \ Tw,)) UM, (T \ w). So, the recursive relation yields that
f(n) < f(n=3)+ f(n—1), since |V(T\ Tw,)| <n—3and |V(T \ w)| =n — 1. Solving this
recurrence yields f(n) = O(1.47™).

Suppose there does not exist any w € S, such that Ty, = H;(k) for any k > 2 or
Tw, = H3(1,0). Then Ty, = Hy(ki, ko) for some (k1,k2) € N x (NU{0}) \ {(1,0)}.
In this case, M(T) C M,(T \ Tw,) ® M(Tw,). Let |V(T,,)| = m. Note that m > 4.
Therefore, |M(Ty,)| < 1.58™ and the family M(T,) can be computed in time O(1.58™),
by Corollary 17. Thus, we obtain the recurrence f(n) < f(n —m) - 1.58™. The solution of
this recursion is f(n) = O(1.58™).

If height(T") < 1, then T = H; (k) for some k. In this case, M(T) can be computed in
O(|vV(T)]) time, by Lemma 16.

Hence, the Algorithm 1 computes a set M, (T) of size O(1.58™) that contains all mul-
tipackings of T, and it has running time O*(1.58"). <
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