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—— Abstract

In this paper we study the fractional vertex cover problem on trees in two related models: online
and incremental. In the online model, the vertices of the tree are known a priori and the edges
arrive one at a time. The goal is to maintain a fractional vertex cover of the tree, i.e., an assignment
of fractional weights from [0, 1] to the vertices such that the weights of endpoints of every edge
sum up to at least one. After each edge arrival, we need to modify the fractional vertex cover to
cover the new edge as well. However, we can only increase the values assigned to vertices. The
problem was studied before (in the vertex arrival model) by Wang and Wong, who motivated it as a
generalization of the ski-rental problem, but also (more importantly) by its close connection to the
dual online matching problem. They presented a 1.901-competitive algorithm for general graphs

11

in the vertex arrival model. We present an % ~ 1.83-competitive algorithm for trees in the more

general edge arrival model.

In addition, we study the fractional vertex cover problem in an incremental model, where we
again seek a fractional vertex cover after every update, but all the updates to the tree are known to
the algorithm a priori. In this model, we give a 1.5-competitive algorithm and provide a matching
lower bound.
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Online and Incremental Fractional Vertex Cover on Trees

1 Introduction and Related Work

In this paper we consider the fractional vertex cover problem in the online and in the
incremental edge arrival model. In this model, edges of an underlying graph appear one by
one and we need to maintain a fractional vertex cover after each step. Here, a fractional
(resp. integral) vertex cover is an assignment of weights from [0, 1] (resp. from {0,1}) to the
vertices so that every edge in the graph is covered, i.e., such that the weights assigned to its
endpoints sum to at least 1. The objective is to minimize the total weight of the vertices,
and the challenge is that our decisions are irrevocable in the sense that we may only ever
increase the weights assigned to the vertices from one step to the next. We cannot hope to
maintain an optimal fractional vertex cover in each time step, instead we aim for solutions of
small competitive ratio, i.e., solutions that are never suboptimal by more than this ratio.

The online setting differs from the incremental setting in that it assumes no prior
knowledge of the edges of the graph, while the incremental setting assumes that we know the
graph a priori. Both settings have in common that we need to define increasing sequences of
vertex weights that simultaneously approximate a minimum fractional vertex cover across
all time steps. The incremental setting can be viewed as an online problem, where the only
unknown is the number of steps that we need to optimize for (much like in the ski rental
problem). We provide online algorithms for both the online and the incremental setting in
the edge arrival model for the case where the underlying graph is a tree.

The online fractional vertex cover problem was studied on general graphs by Wang and
Wong [30], but in the vertex arrival model, where vertices are revealed one at a time together
with the adjacent edges to the previously revealed vertices. This model is easier than the edge
arrival model in the sense that vertex addition can be simulated by adding adjacent edges
one by one. Wang and Wong motivated the problem as a generalization of the ski-rental
problem, and, more importantly, by its connection to the fractional online matching problem.
They present a 1.901-competitive online algorithm maintaining a fractional vertex cover,
with a proof based on primal-dual analysis. This means that the authors maintain an online
solution to the dual fractional matching problem. By weak duality, the maintained matching
is (1/1.901 ~ 0.526)-competitive. This lower bound was later matched by an algorithm by
Tang and Zhang [29], which was later shown to be optimal by Tang [28].

The existence of a (1/2 + ¢)-competitive algorithm for the fractional matching problem
on general graphs in vertex arrival model had been a long standing open question. Thus, as
a byproduct of their approach, Wang and Wong provide such an online algorithm. Building
on this result, Gamlath et al. [13] used a general rounding technique to transform an online
fractional matching algorithm to an online randomized (integral) matching algorithm. They
obtain a randomized (% + &)-competitive online matching algorithm for some small € > 0. On
the other hand, Gamlath et al. also show that, in the edge arrival model, no online algorithm
(even randomized) can beat a competitive ratio of 1/2. This is an important result, since
online matching is a very well-motivated and widely studied problem. A straightforward
greedy algorithm is 1/2-competitive for this problem, and a significant amount of research
has been devoted to providing better ratios in different regimes and for different graph
classes [19, 22, 26, 6, 3, 20, 4].

For forests, the online fractional matching problem was studied by Buchbinder et al. [4].
They show an online 5/9-competitive fractional matching algorithm which translates to a
randomized integral algorithm with the same expected competitive ratio. Their analysis relies
again on the primal-dual technique, where instead of maintaining a proper fractional vertex
cover throughout the runtime of the algorithm, a new one is constructed retrospectively after
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each edge introduction. The construction of those covers heavily depends on imposing a
parent-child relation edge endpoints imposed by rooting each tree in the forest arbitrarily at
each timestep. Sadly this does not yield a (9/5 = 1.8)-competitive online fractional vertex
cover, as merging two trees in the forest by introducing an edge between them and rooting
this tree can effectively reverse the relationship between some edge endpoints. This in turn
leads to a vertex weight decreasing in the cover at some steps, which is not allowed in an
online setting. They also show an upper bound of ~ 0.5914 on the competitive ratio of any
fractional matching algorithms in this model. Online fractional matchings on forests were also
studied by Jiang and Zhang [17] in the free disposal model, in which one each of the matched
edges can be later removed forever by the algorithm. They show a (5/8 = 0.625)-competitive
algorithm for online fractional matching in this setting, showing a clear separation between
competitive ratios of algorithms attainable for the two models. Importantly the free disposal
model allows them to maintain a single dual solution throughout the algorithm by taking
advantage of the model allowing non-incremental changes, which is not possible in our case.

To the best of our knowledge, the best known competitive ratio for fractional vertex
cover on trees in the edge arrival model is the trivial ratio of 2, as the bound of Wang and
Wong [30] does not apply to the edge arrival model. In this paper, we improve the state of
the art by presenting a (1—61 ~2 1.83)-competitive online fractional vertex cover algorithm for
trees.

We also present a 1.5-competitive incremental fractional vertex cover algorithm for
trees, as well as a matching lower bound for the problem. The fractional vertex cover

problem does not seem to have been previously considered from an incremental perspective.

Incremental minimization problems studied in the past include k-median [5, 25, 21], facility
location [27, 21], and k-center [15]. In all of these problems, solutions are only constrained
in their (growing) cardinality, otherwise every solution is feasible and the structure of the
problem is encoded in the objective. In contrast, in the incremental vertex cover problem,
we have a covering constraint in the sense that only solutions covering all the edges are
permitted. As noted by Lin et al. [21], the results for the minimum latency problem in [2, 14]
implicitly yield results for the incremental k-MST problem, which is another example of an
incremental minimization problem with a non-trivial feasibility constraint, namely that the
solution must form a tree.

There is a substantial body of work on incremental maximization problems, ranging from
problems under a growing cardinality constraint [1, 10, 11] to growing knapsack [24, 9, 8] and
matroid [12, 18] constraints. Hassin and Rubinstein [16] considered the incremental maximum
matching problem, which is related to our setting via the duality between matchings and
vertex covers. They show that the best possible competitive ratio for incremental matchings
is v/2, which was later complemented by Matuschke, Skutella, and Soto [23] with a tight bound
of In(4) ~ 1.38 for the randomized competitive ratio. The setting was further generalized

to matroid intersection [12] and independence systems with bounded exchangeability [18].

That being said, these results do not seem transferable to (fractional) vertex cover.

2  Online Fractional Vertex Cover Algorithm

In this section, we present our online fractional vertex cover algorithm for trees that we call
RGB algorithm. Before we proceed, we more formally introduce the necessary definitions.
A fractional vertex cover of a graph G = (V,E) is a function f : V — [0,1] such
that, for every edge (u,v) € E, we have f(u) + f(v) > 1. The online edge arrival model
assumes that the edges of G are revealed one at a time according to some presentation order
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€1 € ey € -+ < ep. We denote by Gy := (V,{e1,...,e:}) the graph after presenting all
edges e; with 7 < t. The task of an online algorithm is to produce a sequence f1,..., f, of
fractional vertex covers such that:

(1) Forallt € {1,...,m}, f: is a fractional vertex cover for Gi.

(2) Forallt € {2,...,m} and v € V, we have f;_1(v) < fi(v), i.e., the covers are increasing.

Importantly, the algorithm needs to output f; without any knowledge of Gyy1,..., G-
By OpTy, we denote the weight of a minimum vertex cover in G;. For a fixed algorithm ALG,
by ALG; := ), cy ft(v), we denote the total weight of the fractional vertex cover generated
by it at time ¢t. We say that the algorithm ALG is p-competitive if max{ é;,% [tem]} <p
for any input. As the algorithm has no knowledge of the future, we can equivalently say that

an algorithm is p-competitive if ALG,, < p- OPT,, for every instance on m edges. When ¢ is
clear from context we omit the subscript and also use y, as a shorthand of f;(v). If for an
edge (u,v) € F it holds that y, + y, > 1, we say that (u,v) is covered. If, on the other hand,
Yu + Yo < 1, we say that (u,v) is uncovered with a deficit of d =1 — y,, — ys.

A fractional matching for a graph G is an assignment of weights m,,, € [0,1] to each
edge (u,v) € FE such that for every v € V it holds that Z(%U)GE My, < 1, ie., the sum
of weights on edges incident to any vertex does not exceed 1. In the fractional matching
problem, the objective is to maximize the sum of the values m,,, assigned to the edges.

It is worth noting that on bipartite graphs (and in particular on trees) both the fractional
vertex cover problem and the fractional matching problem admit optimal integral solutions.
In particular, OpT; will always be integral for our purposes. We also note that it is very easy
to obtain a competitive ratio of 2 for online fractional vertex cover problem: we maintain a
maximal matching and pick the endpoints of the matching edges to the vertex cover (i.e.,
assign them the values 1). Clearly, the size of a minimum vertex cover is at least the size of
the matching, and hence 2-competitiveness follows.

We now move on to defining the RGB algorithm.

» Definition 1 (RGB algorithm). The RGB algorithm colors each arriving edge of the graph
by one of three available colors from the list [red = 1, green = 2, blue = 3]. On arrival of an
edge e, it is assigned color c., which is either the firs:t color from the list not present on its
incident edges, or blue if no such color exists (see Algorithm 1). Let C(v) be a set of colors
present on the edges adjacent to v. The weight of a vertex in the cover is assigned according
to the colors of adjacent edges in the following way

1 if C(v) = {red, green, blue}
5 if C(v) = {red, green}
% if C(v) = {red, blue}

f(v) =1 2 if C(v) = {green, blue}
34 C(v) = {red}
L if C(v) = {green}

0 if C(v) = {blue} or C(v) = 0.
We start the analysis by proving the correctness of RGB algorithm.
» Lemma 2. The RGB Algorithm maintains a fractional vertex cover after every edge arrival.

Proof. We need to prove that after introducing an online edge e = (u,v) it holds that
Yu + Yo = 1. We make case distinction for each possible color assigned to the new edge e:
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Algorithm 1 RGB Algorithm.

o =N, S N B VI

Input: Online graph G = (V, E) with offline vertices V'

Output: A fractional vertex cover of G

Initialize y, < 0 for each u € V'

for each online edge e = (u,v) do
ce < min{{i € {1,2} | u,v are not adjacent to any edge of color i} U {3}}
Yo < f(v)

end

return {x,} forallv e V

ce = red: Both u and v are incident to a red edge, implying that y,,y, > %7 SO
Yu+ Yy 2 L.
ce = green: Since e = (u,v) got assigned green, it means that at least one of u,v
must be adjacent to a red edge. Assume without loss of generality that it is w, then
{red, green} C C(u) giving y, > %, and green € C(v) giving y, > %, SO Yy + Yo = 1
ce = blue: This means that at least one of u, v is adjacent to a red edge and at least one
is adjacent to a green edge. There are two cases:
Case 1: At least one of u,v is adjacent to both a red and a green edge. Assume
without loss of generality that v is such a vertex. Then {red, green,blue} C C(u)
giving y, > 1, so y, + vy, > 1.
Case 2: Both u and v are adjacent to exactly one of red and green. Assume without
loss of generality that w is adjacent to red and v is adjacent to green. Then we
have {red,blue} C C(u), giving y, > 3 and {green,blue} C C(v) giving y, > 2, so
Yu+ Yo 21 |

Next, we prove that the RGB algorithm achieves the desired competitive ratio.

» Theorem 3. The RGB Algorithm is %-competitive on forests.

Proof. For a fixed moment ¢ we will show how to transform the total weight of the cover
ALG; produced up to this moment into a fractional matching M of weight %ALGt. The
result will follow from weak duality, as the vertex cover LP is the dual of the matching LP
(see for instance [7]).

Let my, denote the weight discharged onto the edge (u,v). To create the matching we

first root each connected component at an arbitrary vertex. Then for each vertex v we

discharge the weight y, by doing the following.
1.

If vertex v has a red edge (u,,v), then increase m,,, by Areq and decrease y, by Ared,

where Apeq = min(y,, % — %[ur is a parent of v]).

. If vertex v has a green edge (ugy,v), then increase m.y,, by Agreen and decrease y, by

Agreen, Where Agreen = min(y,, % - %[ug is a parent of v]).

If vertex v has a blue edge (up, v), then increase my,, by Apiue and decrease y, by Apiye,

where Ayp1ye = min(y,, % - é[ub is a parent of v]).

To prove that this is enough to discharge the entirety of y,, it suffices to show that the

sum of discharged amounts is at least y, for all possible sets C(v) of colors incident to v. For
C(v) = {red, green,blue}, by summing the discharged amounts over all steps, we obtain
that the discharged amount is at least
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i 4+2+1 H e{ }i t of v] i 6
min | y,, = + = + = — =[some u € {u,, ugy,up} is a parent of v] | = min ( yu, = | = Yo,
Y 6 66 6 g5 Ub p Y 6 Y
as Yy, < 1 and each vertex v has at most one parent. For C(v) = {red, green} we get
. 4 2 1 . . 5
min | y,, = + = — =[some u € {u,,u,} is a parent of v] | = min | ¥y, = | = ys,
6 6 6 6
as y, < 2. For C(v) = {red, blue} we get
. 4 1 1 . ) 4
min | ¥y, = + = — = [some u € {u,,up} is a parent of v] | = min ( Yy, = | = Yo,
6 6 6 6
as y, < §. For C(v) = {green, blue} we get
. 2 1 1 . . 2
min { 4, & + 6 é[some u € {ug, up} is a parent of v] | = min | y,, G ) = Yo
as yy < 2. For C(v) = {red} we get
. 4 1[ . t of 1] : 3
min | yy, = — =[u, is a parent of v] | = min ( yy, = | = Yo,
Y 6 6 p Yo 6 Yo
as y, < 2. For C(v) = {green} we get
. 2 1[ . ¢ of v] : 1
min | ¥y, = — =[u, is a parent of v] | = min { y,, = | = Yo,
Y 6 6 p Y 6 Y

as yy < . For C(v) = {blue} we have y, = 0 so there is nothing to discharge. Let m,
denote the sum of weights of edges incident to vertex v. Clearly v can be adjacent to at most
one red and at most one green edge. Additionally, a vertex may be adjacent to multiple
blue edges, but only one of them can have a positive weight. To prove this, consider two
cases:
(1) v has a blue edge to its parent p: In this case both red and green edges of v point
to its children, so the entirety of g, will be discharged onto them. This means that the
only blue edge with positive charge can be the edge (v,p), as blue edges can only get
charge from their parent vertex.
(2) v has no blue edge to its parent: Since blue edges can only get charge from their
parent vertex, and v charges only one blue edge, there is only one edge with positive
charge incident to v.

Summing the contributions of edges around v we get

4 3 2 1 1 1N 7 3 1 11
nm<f+f+f+f+mw(f+m0+f>:7+7+f:—a

6 6 6 6 6 6 6 6 6 6
—— —— N———
red green blue (1) blue (2)

where under-braced parts show the contributions of each edge as a sum of contribution
of an edge of given color from its parent and child end in the tree. This gives us that
M = {%muuKu, v) € E} is a fractional matching.

Let |M*| be the weight of a maximum fractional matching. From weak duality we get

6
ﬁALG = |M| < |M*| = OpT

11
ALG < FOPT |



J. Baligacs et al.

3 Incremental Vertex Cover

In this section, we study a variant of the online vertex cover problem in which the algorithm
has full knowledge of the future, and the objective is to maintain a good solution at all
times. The motivation for this model is the following. Consider the process of building a
road network. During construction, the site must be monitored by security cameras. Given
the full construction plan, we must decide where and when to install cameras. Once installed,
they cannot be moved, and at every point in time we aim to minimize the total number of
cameras in use.

We formalize this setting as the incremental vertex cover problem. Similar to the online
setting, we are given as input a graph G = (V, E) together with an ordering of its edges
€1 K -+ K €p,. The goal is to compute an increasing sequence f1, ..., f, of fractional vertex
covers such that:

(1) For allt € {1,...,m}, f: is a fractional vertex cover for Gy = (V, {ey,...,et}).

(2) Forallt € {2,...,m} and v € V, we have f;_1(v) < fi(v), i.e., the covers are increasing.

We denote fi(v) as yf,t). The key difference to the online setting is that the algorithm
has full knowledge of G and the ordering of the edges e; < -+ < e,,. The challenge here is
to compute a good solution for all times. As in the online setting, we are seeking algorithms
with a small competitive ratio, which is defined by max;c/, éi—;’:

In this section, we focus on the fractional incremental vertex cover problem on forests. We
show that the optimal competitive ratio is exactly 3/2. Specifically, we present an algorithm
achieving this ratio and a matching lower bound. The algorithm is half-integral and follows
a simple local rule. We conjecture that the same ratio of 3/2 is achievable in the integral
setting. However, we construct an example showing that no purely local rule can achieve a
competitive ratio of 3/2, illustrating that the integral case is substantially more challenging.

Our lower bound construction is based on a simple instance — a binary tree revealed
layer by layer. Despite its simplicity, the analysis is technically involved, as it must capture
the behavior of an arbitrary fractional algorithm. The key idea is to derive constraints on
the average weight assigned to each layer over time and to use LP duality to show that no
algorithm satisfying these constraints can achieve a competitive ratio better than 3/2.

3.1 A 1.5-competitive half-integral algorithm

In this subsection, we introduce a half-integral algorithm for incremental vertex cover, called
TwoOCHILDRULE, and prove that it achieves a competitive ratio of 3/2.

Before describing the algorithm, let us first establish a useful property. Observe that
larger instances are more difficult to solve in the following sense: For a forest F', let p(F)
denote the best achievable competitive ratio over all instances defined on F. If F is a
subgraph of F’, then p(F) < p(F’): Indeed, any instance on F can be embedded into F’ by
revealing all edges in E(F) first and postponing all edges in E(F’) \ E(F) to the end. As a
consequence, we can assume wlog. that F is a tree (instead of only a forest), for which we can

pick a root, and we can assume that every vertex has either at least two children or is a leaf.

The algorithm TwOCHILDRULE is formally described in Algorithm 2. Throughout the

description, we use the convention that whenever yf,t) is not explicitly specified, it remains

unchanged, i.e., ngt) = yq(f*l). The algorithm exploits the parent—child structure of the tree

and follows a simple local rule. Vertices with two children are eventually assigned weight 1.
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When an edge e = (p, ¢) arrives, where c is the first child of p, the algorithm looks ahead to
the next time step at which either p or ¢ receives an additional child. If p receives another
child before ¢ does, then p is assigned weight 1. Otherwise, both p and ¢ are assigned
weight 1/2.

Algorithm 2 TwOCHILDRULE.

1 root the final tree arbitrarily;

2 initialize yq(jo) =0 (@weV)

3 at timet=1,...,m do

4 let e; = (p, c) where p is the parent of ¢;
5 if yr(,t_l) + ygt_l) < 1 then

6 if p has two children or (p gets another child before ¢ and y((;tfl) =0) then
7 \ w1

8 end

9 else

o | | ] e

11 end
12 end
13 end

» Observation 4. TWOCHILDRULE is correct, that is, (yl(,t))vev’te[m} satisfies conditions (1)
and (2).

Proof. By construction, the weights (yf,t)) cover the edge e; at every time step t. Therefore,
it only remains to check that no weight is ever decreased. Since no weight is set to 0, it
suffices to ensure that no weight is changed from 1 to % However, once a vertex has weight 1,
all future edges incident to it are already covered, and hence no further updates involving
this vertex are performed. |

We now proceed with proving that TWOCHILDRULE achieves a competitive ratio of 3/2.
As a first step, we establish the following simple properties.

» Observation 5. Fix a time step t and consider the graph Gy = (V,{e1,...,e:}) with the

vertex weights (yq(f))vev defined by TwOCHILDRULE.

(a) If u has no children and yq(f/) %0, then yz(f) = %, u has no siblings and yl(f) = % as well
for the parent p of u.

(b) If a vertex u has exactly one child ¢ and yq(f) =1, then yét) =0.

Proof. For part (a), note that the only way a leaf u can receive a non-zero weight is upon
arrival of edge (u,p) and the second case of the algorithm is triggered. Thus, at the time ¢’
when (u,p) is revealed, we set y&t/) = y,(,t/) = . Moreover, it holds at time ¢’ that u is the
only child of p and u gets a child before p gets another child. Since u is a leaf at time ¢, it
follows that, between times ¢’ + 1 and ¢, neither u nor p receives a new child. Therefore,
neither y,, nor y, is updated to 1 before time ¢, and hence yz(f) = I(,t) = % Moreover, it still
holds at time ¢ that u is the only child of p.

For part (b), if yq(f) = 1, then this weight must have been assigned through execution
of the first case upon arrival of edge (u,c) at time #'. Since w has only one child at time
t’ < t, the fact that the if-condition in line 6 was triggered implies that u receives another
child before ¢ and ygt/) = ygt/_l) = 0. Since u still has only one child at time ¢, no new edge

incident to ¢ appears between times ¢’ + 1 and ¢t. Therefore, ygt) =0. <
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Now, we have all the prerequisites at hand to prove an upper bound on the competitive
ratio of TWOCHILDRULE.

» Theorem 6. TWOCHILDRULE is 3/2-competitive.

Proof. Fix a time step t and let G; be the forest consisting of the edges that appeared up
to time t. Let C* be a minimum vertex cover of Gy, so that |C*| = OPT,. Recall that
ALG; = Z'UGV ngt) and we have to prove that ALG; < % OPT,.

Our strategy for this is as follows. We equip every v € C* with a budget of 3/2 and
redistribute this budget among v and its neighbors. We then show that every u € V' receives
at least a budget of yg) from this redistribution. Note that this implies the theorem.

We now describe the redistribution. For each v € C*, the process is independent of the
other vertices. In the following description, any budget that is not explicitly distributed is
kept by v.

1. If yl(,t) =1, then v gives % to its parent.
1

2. If yq()t) = %, then v gives 5 to its parent and % to its first child.

3. If yf,t) = 0, then v gives 1 to its parent and % to its first child.

It remains to show that every u € V receives at least a budget of yq(f). First, if u € C*,

then u keeps at least a budget of yff) to itself in all three cases. Therefore, assume from
now on that u ¢ C*. In particular, all neighbors of u belong to C*. We distinguish three
cases: (1) where u has at least two children, (2) where u has no children, and (3) where u
has precisely one child.

For case (1), note that, in all three redistribution rules, every vertex gives at least % to
its parent. Since u has at least two children and all of them belong to C*, u receives in total
at least a budget of 1 from the redistribution.

Next, we consider case (2), i.e., where u has no children. If yff) = ()), there is nothing to

prove. Otherwise, Observation 5a implies that « has no siblings and yut = y;(,t) = %

is the parent of u. Since p € C*, it gives % to u, so u is covered.

2
Last, we consider case (3), i.e., where u has precisely one child ¢. If yff) = 1, then by

Observation 5b, we have ygt) = 0. Since ¢ € C*, it gives 1 to its parent u, and thus w is

covered. If yq(f) = %, then ¢ € C* gives at least % to its parent in all cases, so again u is
covered.

This exhausts all possibilities and therefore completes the proof of the theorem. <

, where p

It remains open what the competitive ratio of the integral version of the problem is. For
this, we formulate the following conjecture, which we verified for all instances on at most 10
vertices via exhaustive search with a computer program.

» Conjecture 7. There exists an integral 3/2-competitive algorithm for incremental vertex
cover on forests.

In the following, we give an example showing that a simple local rule similar to the one
used for the half-integral algorithm cannot achieve the claimed competitive ratio of 3/2. This
suggests that solving the integral version of the problem is substantially more difficult.

» Proposition 8. Consider an integral algorithm for incremental vertex cover on trees.
Assume that the tree is rooted and, upon arrival of edge e = (u,v), the decision of the
algorithm depends only on the subtree consisting of ancestors and descendants of u and v
(and the ordering of its edges). Then the competitive ratio of the algorithm is at least %
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Figure 1 Example of a symmetric instance of incremental vertex cover where no symmetric
integral solution achieves a competitive ratio of 3/2. The left subfigure illustrates the instance and
the other two subfigures illustrate the two possible symmetric solutions. The filled vertices are the
ones chosen by the online algorithm and the square vertices denote the offline optimum at time 6,
respectively 10.

Figure 2 An asymmetric integral 3/2-competitive solution to the instance presented in Proposi-
tion 8. The vertex cover for time ¢ consists of the vertices with a label < ¢.

Proof. Consider the example depicted on the left in Figure 1, where the root vertex r is the
vertex depicted at the top. Observe that the two subtrees rooted at the two children of r are
equivalent in the sense that they result in the same tree and their edges appear in the same
order. However, we argue that any integral algorithm that follows the same strategy in both
subtrees has competitive ratio at least g

At time t = 2, the only integral solution with competitive ratio less than 2 is to select the
root vertex, so we can assume that the algorithm does so. At times 3 and 4, the algorithm
needs to decide whether it selects the parent vertex or child vertex. We assume that the
algorithm decides for the same in the two subtrees. If it selects in both the parent vertex
(see second subfigure), at times 5 and 6, it needs to select an additional vertex each (in the
figure, we have decided wlog. for the child vertex). Then, at time 6, we have ALGg = 5, while
OpTg¢ = 3. Therefore, assume that, at times 3 and 4, the algorithm selects in both subtrees
the child vertex (see third subfigure). At times 7 and 8, and at times 9 and 10, an additional
vertex must be selected each. Then, at time 10, we have ALG19 = 7, while OpPT19 = 4. To
summarize, in either case, the competitive ratio of the algorithm is at least g |

However, it is not difficult to see that an “asymmetric” 3/2-competitive integral solution
of the example presented in Proposition 8 exists (see Figure 2).
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3.2 A lower bound of 1.5 for fractional incremental vertex cover on trees

In this subsection, we prove that the algorithm TwOCHILDRULE is optimal by establishing
a matching lower bound.

» Theorem 9. Every algorithm for fractional incremental vertex cover on trees has a
competitive ratio of at least 3/2.

Proof. The instance that we consider is a rooted binary tree of some depth d, which is
revealed layer-by-layer. More precisely, layer i denotes the set of vertices at distance i from
the root and, in phase i, we reveal all edges between layer i — 1 and i. When we refer to
phase 0, we mean the time prior to arrival of any edge.

Let ALG be an algorithm for the incremental fractional vertex cover problem. For the
analysis, we only consider the time steps at the end of a phase. For i =1,...,d, let OpPT;
denote the weight of an optimal offline vertex cover after phase 7 and let ALG; denote the
cost of the algorithm after phase 1.

We begin by estimating OpT;. For this, note that equipping the vertices of layers
i—1,i—3,7—>5,... with weight 1 and all other vertices with weight 0 yields a valid fractional
vertex cover. For ¢ odd, its total weight is at most

(i-1)/2 ;L AH+D)/2 1 gitl

OpPT; <2714 ...4+1= <
tookl= ) 11 3
j=0
For ¢ even, its total weight is at most
(i—2)/2 . )
) ) 41/2 -1 21+1
opPr; <27 4. 42=2" Y=2— <
ot ;) -1 573

In any case, we have

2i+1
- (1)

Next, we analyze the behavior of ALG. For this, let a; be the average weight of vertices
in layer i after phase ¢ (i € {0,...,d}), and let ; be the average weight of vertices in layer i
after phase i + 1 (i € {0,...,d — 1}). Note that, after phase ¢ + 1, the weights of the vertices
in layer ¢ are not further increased as no new adjacent edges are revealed.

We derive some inequalities that ALG must fulfill. First, incrementality ensures that

OrT; <

a; < f; foralli € {0,...,d — 1}. (2)
Next, after phase i + 1, the edges between layer ¢ and i 4+ 1 need to be covered. This implies
Bi+ae1 =1foralied{0,...,d—1}. (3)

To see this, note that, after phase i + 1, the total weight of vertices in layer i is 2/3; and the
total weight of vertices in layer i + 1 is 2°71a; ;. Each of the vertices in layer i contributes
its weight to two edges between layer 7 and ¢ + 1 and each of the vertices in layer ¢ + 1
contributes its weight to one such edge. Therefore, the edges between layer ¢ and i + 1 get a

total weight of 2 - 23; 4+ 27+, 1. Since there are 2°*! such edges, we obtain 3; + a1 > 1.

Next, we have

i—1
ALG; =2'a; + Y 278, forall i € {1,...,d}. (4)
7=0
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Let p denote the competitive ratio of ALG. We obtain

2’ai + Z 2jﬁj
7=0

i—1

Arg; )#) 3 3 .
p = OPT, > W = 5ai+j20 2“‘71_]6] forallie {1,...,d}. (5)

Putting inequalities (2), (3), (5) together, we obtain that the competitive ratio of ALG is
at least the optimal objective value of the following linear program
(LP) min p
s.t. Bi — Q4 2 0
Qi1+ B8 21

3 ~ 3 :
P*§a¢+1*2mﬂj20 (i€{0,...,d—1})
j=0

p7a07"'7ada/607~'~7ﬂd—1 20

Next, we show a lower bound on the objective value for (LP) (and, hence, a lower bound
for the competitive ratio of ALG) by giving a solution for its dual, i.e., using weak duality. For
this, we first formulate the dual of (LP). We denote the dual variables for the first constraint

by ag,...,aq_1, for the second constraint by bg,...,bq_1, and for the last constraint by
Co,...,¢4d—1. Then the dual is given by
d—1
(D) max Zbi
i=0
st. —ap <0
3 .
—a; +b;_1 — 502;1 <0 (Z € {1,,d})
-1 4
J=1

d—1
> o<1
Jj=0

ai,bi,c; >0 (i €40,...,d—1}).

Set ag = -+ = ag-1 = 0,bp = -+ = bg—1 = ﬁvco = =Ci-2 = gy G-l = g
We now show that this is a feasible solution. For the third inequality, we have for ¢ €
{0,...,d—2}

d-1 d—2
3 3 3 1 3 2
i +bi — G = - —— - ,
a; + jz:; 2ji+2—i Cj 2(d+ 1) Jz:; 2+2—i d 4+ 1 9d+1—i d+1
d—2

3 1 2
2(d+ 1) Z 2j+1—i 2d—i
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For ¢ = d — 1, we have in the third inequality

d—1

3 3 3 2
i +b; — 5 G = ~ 53 =0.
ai +bi =) a1 ZPd+l "

j=i

Hence, the third inequality is fulfilled. For all other inequalities, it is immediate that they
are fulfilled.
Therefore, the described solution is feasible and its objective value is

T
)

po— 5%
Y2d+ 1)’

Il
o

i

Therefore, we obtain that the competitive ratio of ALG on a binary tree of depth d is at
least 2(37_7_1). Letting d — oo yields the statement of the Theorem. |

» Remark 10. It is worth noting that our lower bound construction also applies to the vertex
arrival model, where an ordering of the vertices V' = {vy,...,v,} is given and, in time step ¢,
all edges between v; and v1,...,v;_1 are revealed. Furthermore, our construction also applies
to trees (not only forests), meaning that, at every time step, the graph induced by the
revealed edges is connected.
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