
Shortest Path Map Equivalence Decompositions
and Applications
Haitao Wang #

Kahlert School of Computing, University of Utah, Salt Lake City, UT, USA

Abstract
Given a polygonal domain P in the plane, the shortest path map with respect to a point s, denoted
by SPM(s), is the decomposition of P into cells such that shortest paths from s to all points t in
the same cell have the same vertex sequence. The shortest path map equivalence decomposition of
P is the decomposition of P into cells so that SPM(s) is topologically equivalent for all points s

in the same cell. In this paper, we prove new upper bounds on the combinatorial complexities of
the SPM -equivalence decompositions under various settings, depending on whether s and/or t are
restricted to be the boundary of P. We also propose new algorithms to compute these decompositions.
Further, our results lead to new solutions to several other problems, including answering two-point
shortest path queries in P, and computing geodesic diameter and center of P.
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1 Introduction

Let P be a polygonal domain of h holes with a total of n vertices in the plane, i.e., P is a
closed and multiply-connected region bounded by n segments that form h + 1 cycles (holes
and the region outside P are also called obstacles). The shortest path map (or SPM for
short) with respect to a point s ∈ P, denoted by SPM(s), is the decomposition of P into
cells such that shortest paths from s to all points t in the same cell are combinatorially the
same (i.e., they have the same vertex sequence) [10, 23]; see Fig. 1. The SPM-equivalence
decomposition of P, denoted by Ψ, is the decomposition of P into cells so that SPM(s) is
topologically equivalent for all points s in the same cell. Chiang and Mitchell [10] first studied
the SPM-equivalence decomposition and used it to answer two-point shortest path queries in
P . They proved that the combinatorial complexity of Ψ is bounded by O(n10) and proposed
an O(n10 log n) time algorithm to compute it.

We consider several variants of the SPM-equivalence decompositions, depending on
whether s and/or t are required to be on the boundary of P . Specifically, let B denote
the boundary of P. We define the boundary-restricted shortest path map for a point s,
denoted by SPMB(s), as the decomposition of B into segments such that shortest paths
from s to all points t in the same segment are combinatorially the same. We define the
boundary-restricted SPM-equivalence decomposition with respect to P (resp., B), denoted
by ΨB(P) (resp., ΨB(B)), as the decomposition of B into segments so that SPM(s) (resp.,
SPMB(s)) are topologically equivalent for all points s in the same segment. Similarly, we
let ΨP(B) denote the decomposition of P into cells so that SPMB(s) is topologically the
same for all points s in the same cell. If we follow the same convention for notation, then
ΨP(P) is Ψ (we will use the two notations interchangeably). Another way to view these
four decompositions is to define them depending on whether s and/or t are restricted to be
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Figure 1 Illustrating a shortest path map SPM(s): The dotted blue segments are extension
segments and the dashed red curves are bisector curves. The point t is in a cell whose root is v.

on B. For example, ΨP(B) is for the case where s ∈ P while t ∈ B. Note that ΨP(P) is
a refinement of ΨP(B) (i.e., each cell of ΨP(P) is completely inside a cell of ΨP(B)), and
ΨB(P) is a refinement of ΨB(B).

While we are not aware of any previous work on ΨB(B) and ΨB(P), ΨP(B) was implicitly
discussed in [10]. Chiang and Mitchell’s approach [10] also gave an O(n10) upper bound for
|ΨP(B)|, the same as |ΨP(P)|. Their algorithm computes ΨP(B) in O(n10 log n) time.

We obtain new bounds/algorithms for these decompositions (see Table 1 for a summary).
For ΨB(B), we prove |ΨB(B)| = O(n4+ϵ) and give an algorithm to compute ΨB(B) in
O(n4+ϵ) time; throughout the paper, let ϵ represent an arbitrarily small positive constant.
For comparison, a traditional method [3, 30,38] can obtain |ΨB(B)| = O(n5).
For ΨB(P), we present an algorithm to compute it in O((n2 + |ΨB(P)|) · log n) time, and
prove that |ΨB(P)| = O(n5). Note that |ΨB(P)| denotes the combinatorial size of ΨB(P)
in the worst case among all input instances P (not the size in any specific input instance).
We follow the same convention for other similar notation, e.g., |ΨP(P)|, |ΨB(B)|, |ΨP(B)|.
Therefore, a time complexity like O((n2 + |ΨB(P)|) · log n) is a function of the worst-case
size of ΨB(P).
For the most general decomposition ΨP(P), we do not have a better bound than O(n10)
proved by Chiang and Mitchell [10]. However, we present an algorithm that can compute
ΨP(P) in O(n7.73 + |ΨP(P)| log n) time. As such, if |ΨP(P)| could be bounded by o(n10),
then our algorithm for constructing ΨP(P) would be faster than the O(n10 log n)-time
solution in [10]. Note that the time complexity of the algorithm of [10] does not depend
on |ΨP(P)|. The currently best-known lower bound for |ΨP(P)| is Ω(n4) [10]. Hence,
our result reduces the problem of designing efficient algorithms for computing ΨP(P) to
proving smaller upper bounds for its combinatorial complexity.
For ΨP(B), we prove |ΨP(B)| = O(n8) and present an algorithm that can compute it in
O(n5 log2 n + |ΨP(B)| · log n) time.

Applying our results on these decompositions, we obtain new results on answering
two-point shortest path queries, and computing geodesic diameter and center.

Two-point shortest path queries. The problem is to build a data structure so that a
(Euclidean) shortest path from s to t in P can be quickly found for any two query points s

and t. Chiang and Mitchell [10] built a data structure in O(n11) space and preprocessing
time, and each query can be answered in O(log n) time (this is the time for computing
shortest path length; reporting the path itself needs additional time linear in the number of
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Table 1 Summary of the results on the four decompositions.

Combinatorial Sizes Algorithm Complexities
Previous Ours Previous Ours

ΨB(B) O(n5) [3, 30,38] O(n4+ϵ) O(n5) [3, 30,38] O(n4+ϵ)
ΨB(P) O(n5) O((n2 + |ΨB(P)|) · log n)
ΨP(P) O(n10) [10] O(n10 log n) [10] O(n7.73 + |ΨP(P)| · log n)
ΨP(B) O(n10) [10] O(n8) O(n10 log n) [10] O(n5 log2 n + |ΨP(B)| · log n)

edges of the path; we follow this convention throughout the paper). For simplicity, we use
O(P (n), S(n), Q(n)) to denote the complexity of such a data structure, where P (n), S(n),
and Q(n) denote the preprocessing time, space, and query time, respectively. Chiang and
Mitchell [10] also gave a data structure of O(n10 log n, n10 log n, log2 n) complexity. In case
the number of obstacles h is much smaller than the number of vertices n, they also provided
data structures with complexities sensitive to h. For example, they gave a data structure of
complexity O(n5, n5, h+log n) and another data structure of O(n+h5) space with O(h log n)
query time. Refer to [10] for other tradeoffs between preprocessing and query time.

Guo, Maheshwari, and Sack [17] also studied the problem and presented a data structure
of complexity O(n2 log n, n2, h log n). Bae and Okamoto [5] considered a special case where
both query points are restricted on B, and they derived a data structure of complexity roughly
O(n5 log n log∗ n, n5 log∗ n, log n). Very recently in SoCG 2024, by introducing a novel idea
of using cuttings [8], de Berg, Miltzow, and Staals [6] revisited the problem and gave two
data structures of complexities O(n10+ϵ, n10+ϵ, log n) and O(n9+ϵ, n9+ϵ, log2 n), respectively;
their preprocessing algorithm involves randomization (due to using the algorithm in [26]) and
the preprocessing time is expected, while the space and query complexities are worst-case.
For the case where both s and t are restricted on B (called the B-B case), they gave a data
structure of O(n4+ϵ, n4+ϵ, log n) complexity [6]. If only one of the query points is restricted
on B (called the B-P case), they gave a randomized data structure of O(n6+ϵ, n6+ϵ, log2 n)
complexity, where the preprocessing time is expected. Note that the method of [6] does not
yield any new results on the SPM-equivalence decompositions (which were not used in [6]).

Building upon our new results on the SPM-equivalence decompositions, we achieve the
following results on two-point shortest path queries (see Table 2 for a summary).

For the B-B case, we obtain a data structure of complexity O(|ΨB(B)| log n, |ΨB(B)|, log n),
assuming that ΨB(B) is available. With our O(n4+ϵ) time algorithm for computing ΨB(B),
we obtain the complexity O(n4+ϵ, n4+ϵ, log n). This matches the result of [6].
For the B-P case, we obtain two data structures of complexities O(n2 log n + |ΨB(P)| ·
n, |ΨB(P)|·n, log n) and O((n2+|ΨB(P)|)·log n, |ΨB(P)|·log n, log2 n), respectively. Using
our bound |ΨB(P)| = O(n5), these are O(n6, n6, log n) and O(n5 log n, n5 log n, log2 n),
respectively. This improves the result of O(n6+ϵ, n6+ϵ, log2 n) from [6].
For the general case (i.e., the P-P case), we can have two data structures of complex-
ities O(n7.73 + |Ψ| log n, (n7 + |ΨP(P)|) log n, log2 n) and O(n8 + n · |ΨP(P)|, n8 + n ·
|ΨP(P)|, log n), respectively. Using the current best bound |ΨP(P)| = O(n10), these
match the results from [10] and are worse than the results from [6]. However, if the “true”
size of |ΨP(P)| is much smaller than O(n10) (e.g., |ΨP(P)| = O(n9)), then our result
could be better than all previous work.

Computing shortest paths in polygonal domains is a classical problem and has been
studied extensively in the past several decades, e.g., [9, 13–16,20,21,23,24, 27,29,30, 32,36].
For the one-point query problem where s is given in the input and t is the only query point,
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Table 2 Summary of the results on two-point shortest path queries.

Previous Ours
B-B case O(n4+ϵ, n4+ϵ, log n) [6] O(n4+ϵ, n4+ϵ, log n)
B-P case O(n6+ϵ, n6+ϵ, log2 n) [6] O(n5 log n, n5 log n, log2 n) or O(n6, n6, log n)
P-P case O(n10+ϵ, n10+ϵ, log n) [6] O(n8 + n · |ΨP(P)|, n8 + n · |ΨP(P)|, log n)

O(n9+ϵ, n9+ϵ, log2 n) [6] O(n7.73 + |ΨP(P)| log n, (n7 + |ΨP(P)|) log n, log2 n)

the problem becomes much easier and SPM(s), which is of space O(n), along with a point
location data structure [12,25,33], can be used to answer shortest path queries in O(log n)
time. Constructing SPM(s) can be done in O(n log n) time [23] or in O(n + h log h) time [39]
after P is triangulated. If P is a simple polygon (i.e., h = 0), then there exists a data
structure of O(n, n, log n) complexity for the two-point query problem [15].

Geodesic diameter. For two points in P, the length of their shortest path in P is also
called the geodesic distance. The pair of points of P whose geodesic distance is the largest is
called a diametral pair and their geodesic distance is called the geodesic diameter of P.

If P is a simple polygon, computing the geodesic diameter can be done in O(n) time [22],
improving the O(n log n) time results [15,37]. For the polygonal domain case, the problem
becomes much more challenging. One main difficulty lies in that a diametral pair of points
could both be in the interior of P. Bae, Korman, and Okamoto [3] thoroughly studied the
problem and discovered many interesting properties. Their effort led to an algorithm of
O(n7.73) time (or O(n7(h + log n)) for small h) for computing the diameter. Their algorithm
can be improved to O(n7.4+ϵ) time using the new shortest path query algorithm [6]. Other
restricted cases of the problem were also studied in [3]. For the B-B case, which aims to find
a restricted diametral pair (s, t) with s ∈ B and t ∈ B, the method of [3] solved the problem
in O(n5 log n log∗ n) time. For the B-P case, where one wishes to find a restricted diametral
pair (s, t) with s ∈ B and t ∈ P, an algorithm of roughly O(n5.91) time is presented in [3].

Based on our new results on the SPM-equivalence decompositions, we solve the B-B case
in O(n4+ϵ) time and the B-P case in O(n5 log n) time. These improve the O(n5 log n log∗ n)
time and O(n5.91) time results in [3], respectively (see Table 3 for a summary; note that the
P-B case is symmetric to the B-P case).

Table 3 Summary of the results on the geodesic diameter and geodesic center.

Geodesic Diameter Geodesic Center
Previous Ours Previous Ours

B-B case O(n5 log n log∗ n) [3] O(n4+ϵ) O(n8 log n) [38] O(n4+ϵ)
B-P case O(n5.91) [3] O(n5 log n) O(n8 log n) [38] O(n5 log n log∗ n)
P-B case O(n5.91) [3] O(n5 log n) O(n11 log n) [38] O(n10+ϵ)
P-P case O(n7.4+ϵ) [6] O(n11 log n) [38] O((n7 + |ΨP(P)|) · n2+ϵ)

Geodesic center. A closely related concept is the geodesic center of P , which is a point that
minimizes the maximum geodesic distance from it to any other point in P. The problem of
computing the geodesic center has attracted much attention [1, 2, 4, 31,38]. If P is a simple
polygon, a linear-time algorithm for computing a geodesic center is known [1,28]. For the
polygonal domain case, the problem again becomes significantly more challenging. One
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reason is that a farthest point of a point may be in the interior of P [3]; this is in contrast to
the simple polygon case in which a farthest point must be a vertex of P. Bae, Korman, and
Okamoto [4] gave the first-known algorithm that can compute a geodesic center in O(n12+ϵ)
time. Later Wang [38] derived an O(n11 log n) time algorithm.

We obtain improved results on several restricted versions (see Table 3 for a summary).
First, if the center is required to be on B and farthest points are also required to be on B,
i.e., finding a point on B to minimize the maximum geodesic distance from it to any other
point in B, then we solve this case in O(|ΨB(B)| log n log∗ n) time, which is O(n4+ϵ) with
our bound |ΨB(B)| = O(n4+ϵ). To compare, [38] solves this problem in O(n8 log n) time.
Second, if the center is required on B but farthest points can be anywhere in P, then
our algorithm runs in O(|ΨB(P)| log n log∗ n) time, which is O(n5 log n log∗ n) with our
bound |ΨB(P)| = O(n5). The algorithm of [38] solves this problem in O(n8 log n) time.
Third, if the center can be anywhere in P while the farthest points are required to be
on B, then we solve the problem in O((n5 + |ΨP(B)|) · n2+ϵ) time, which is O(n10+ϵ)
with our bound |ΨP(B)| = O(n8). The method of [38] solves this problem in O(n11 log n)
time.
Finally, for the most general problem, our algorithm runs in O((n7 + |ΨP(P)|) ·n2+ϵ) time.
As discussed above, the currently best known upper bound for |ΨP(P)| is O(n10) [10].

1.1 An overview of our approach
To bound |ΨB(B)|, we reduce the problem to analyzing the combinatorial complexities of lower
envelopes of certain functions. For each vertex u of P , we define a set of functions fu(s, t) as
follows. Let Vis(u) denote the visibility polygon of u in P. For each edge et ∈ SPMB(u), et

lies in a single cell of SPM(u), and let vt be the root of the cell. For each edge es of Vis(u)∩B,
define a function fu(s, t) = |su| + d(u, vt) + |vtt|, for s ∈ es and t ∈ et, where d(u, vt) is the
geodesic distance between u and vt. Since both Vis(u) ∩ B and SPMB(u) have O(n) edges,
the above defines O(n2) bivariate functions (of constant degree) for u, each of which defines a
constant-sized two-dimensional surface patch in R3. As P has O(n) vertices, we have O(n3)
functions in total; let F denote the set of all of these functions. Our first observation is that
a vertex of ΨB(B) corresponds to a vertex of the lower envelope L(F ) of (the surface patches
defined by) the functions of F . Hence, it suffices to analyze the complexity of L(F ).

To find a bound for |L(F )|, one could apply the result of Sharir [34], who proved an
O(nd+ϵ) upper bound for the size of the lower envelope of a collection of n constant-sized
(partially defined) d-variate algebraic functions of constant degree, for any d ≥ 2 (the d = 2
case was first proved in [18]; see also [35, Chapter 7]). Since |F | = O(n3) and d = 2 in
our problem, applying the above result directly could obtain an upper bound O(n6+ϵ) for
|L(F )|. We instead take a closer look at the problem. Our main idea is that we find a way
to decompose the lower envelope L(F ) into O(n2) regions so that for each region it suffices
to consider O(n) functions of F . Consequently, by applying the algorithm of [18,34,35] for
each region, we can prove an upper bound of O(n4+ϵ) for |L(F )| and thus for |ΨB(B)|, and
also compute the vertices of L(F ) and thus compute ΨB(B) in O(n4+ϵ) time.

For ΨB(P), a simple brute-force approach can provide a good upper bound for its size
(similar techniques were used before for related problems [3, 10, 38]). To compute ΨB(P),
since it is a decomposition of B, which is one-dimensional, we use a sweeping point algorithm,
i.e., moving a point s on B and find those event points when SPM(s) changes combinatorially.

For ΨP(P), unfortunately, our approach does not yield a better result than the O(n10)
bound from [10]. One reason is that the decomposition is on P, which is two-dimensional,
and a vertex of it might not correspond to a vertex of the lower envelope of the corresponding
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functions. Hence, analyzing the complexity of the lower envelope does not immediately lead
to an upper bound for ΨP(P). The same issue happens to ΨP(B) as well. In contrast, both
ΨB(B) and ΨB(P) are decompositions of B, which is essentially one-dimensional, and a vertex
of them corresponds to a vertex of the corresponding lower envelope.

To construct ΨP(P) and ΨP(B), we first present efficient algorithms to compute the edges
of the lower envelopes of the corresponding functions. We then compute these decompositions
by using the edges of the lower envelopes.

To answer two-point shortest path queries, using a SPM-equivalent decomposition, a data
structure can be built by constructing a “parameterized” shortest path map for points in
each cell of the decomposition, which is the approach first proposed in [10] (a linear factor in
the preprocessing can be saved by using persistent data structures [11], but the query time
grows to O(log2 n)). This approach works for all SPM-equivalent decompostions, e.g., for
the B-B case, ΨB(B) is used (in this case, we actually show that O(log n) query time can
still be achieved even when a persistent data structure is utilized).

For computing the geodesic diameter, using the results of Bae, Korman, and Okamoto [3],
we show that a diametral pair corresponds to a vertex of the lower envelope of the corre-
sponding functions. Consequently, once we construct the lower envelope, the diametral pairs
can be easily found. This approach works for all cases.

To compute geodesic centers, an observation is that for any point s ∈ P, its farthest
point in P must be a vertex of SPM(s) [4]. Based on this property, for each cell σ of the
SPM-equivalent decomposition, for each vertex v of SPM(s), we parameterize the geodesic
distance d(s, v) using the coordinate of s ∈ σ. Then, a geodesic center s restricted to s ∈ σ

corresponds to a lowest vertex in the upper envelope of the functions d(s, v) for all vertices v

of SPM(s). This approach was used previously for the general case [4]. However, to make
the algorithm efficient, one needs good upper bounds on SPM-equivalent decompositions
and efficient algorithms to compute them. As we have new upper bounds and algorithms for
the decompostions, we obtain new geodesic center algorithms.

Outline. The rest of the paper is organized as follows. Section 2 defines some notation and
concepts that will be used throughout the paper. The decompositions ΨB(B) and ΨB(P)
are discussed in Sections 3 and 4, respectively. Some of their applications are given in
Appendix 5. Due to the space limit, our results for ΨP(P) and ΨP(B) are omitted but can
be found in the full paper. A complete discussion of the applications of our results on the
SPM-decompositions are described in the full paper.

2 Preliminaries

We define some notation and concepts that will be used throughout the paper, in addition to
those already introduced in Section 1.

For any two points p and q in the plane, denote by pq the line segment with p and q as
endpoints; denote by |pq| the length of the segment. We say that p is visible to q if pq ⊆ P.

For any two points s and t in P , we use π(s, t) to denote a shortest path from s to t in P .
Denote by d(s, t) the length of π(s, t); we call d(s, t) the geodesic distance between s and t.
The vertex of π(s, t) adjacent to s (resp., t) is called the anchor of s (resp., t).

Define du,v(s, t) = |su| + d(u, v) + |vt| for two vertices u, v of P and two points s, t ∈ R2;
note that when using this notation, we do not always guarantee that s is visible to u and t is
visible to v, and s or/and t may not even be inside P.
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For any compact region R in the plane, let ∂R denote its boundary. Recall that B is the
boundary of P. For differentiation, we often refer to the vertices of P as obstacle vertices
and the edges of P as obstacle edges.

For any point p in P , let Vis(p) denote the visibility polygon of p, i.e., Vis(p) consists of all
points q ∈ P such that pq ⊆ P. The size of Vis(p) is O(n) [19]. Define VisB(p) = Vis(p) ∩ B,
i.e., the portions of B that are visible to p, which consists of O(n) segments on B.

Shortest path maps. The shortest path map SPM(s) of a point s ∈ P is a decomposition
of P into cells such that all points t in the cell σ have the same anchor in any shortest s-t
path [23, 29]; the anchor is called the root of σ. Each edge of SPM(s) is an obstacle edge
fragment, an extension segment (i.e., extended from an obstacle vertex u in the direction
away from v, where v is the anchor of u in a shortest s-u path), or a bisector curve which is
the locus of points p with d(s, u) + |pu| = d(s, v) + |pv| for two obstacle vertices u and v. See
Fig. 1. Although an extension segment can be viewed as a degenerated bisector curve, we use
bisector curve to refer to the general case only. As such, any point on a bisector curve has
two topologically different paths from s. As in [13], we call the intersection of two bisector
curves a triple point, which has at least three topologically different shortest paths from s.

It is known that SPM(s) is of size O(n) [23, 30] and can be computed in O(n log n)
time [23] or in O(n + h log h) time after P is triangulated [39] (note that triangulating P can
be done in O(n + h log h) time by a recent algorithm of Chan [7]).

Recall that SPMB(s) refers to the portion of SPM(s) restricted to B, the boundary of P .
Hence, SPMB(s) consists of a set of segments each of which belongs to a cell of SPM(s).

Shortest path trees (SPT) and SPT-equivalence decompositions. For a point s ∈ P , the
shortest path tree, denoted by SPT (s), is a spanning tree of s and the vertices of P such that
the path in the tree from s to any vertex is a shortest path in P.

The SPT-equivalence decomposition of P, denoted by Ψspt, is the subdivision of P into
cells such that SPT (s) is combinatorially the same for all points s in the same cell. The
decomposition Ψspt can be obtained by overlaying SPM(u) for all obstacle vertices u of
P [10]. Since each SPM(u) is of size O(n), the worst-case complexity of Ψspt is Θ(n4) [10].

Define Ψspt
B as the subdivision of B into segments so that SPT (s) is combinatorially the

same for all points s in the same segment. It is not difficult to see that Ψspt
B can be obtained

by overlapping the segments of SPMB(u) for all obstacle vertices u. As each SPMB(u) has
O(n) segments, Ψspt

B has O(n2) segments. This bound is also tight in the worst case [10]. As
such, Ψspt

B can be computed in O(n2 log n) time.

SPM-equivalence decompositions. We follow the definitions of ΨB(B), ΨB(P), ΨP(B),
and ΨP(P) (which is Ψ) in Sect. 1. As all obstacle vertices are on B, both ΨB(B) and ΨB(P)
are refinements of Ψspt

B and thus their sizes are Ω(n2) in the worst case. Similarly, both
ΨP(B) and ΨP(P) are refinements of Ψspt and thus their sizes are Ω(n4) in the worst case.

General position assumption. For ease of exposition, we make the following general position
assumption for P: (1) For any obstacle vertex s, SPM(s) does not have a vertex of degree
larger than three; (2) for any point s ∈ B, SPM(s) does not have a vertex of degree larger
than four; (3) for any point s ∈ P \ B, SPM(s) does not have a vertex of degree larger than
five; (4) every pair of obstacle vertices have a unique shortest path; (5) no three obstacle
vertices are collinear. These assumptions, which are consistent with those used in previous
work, make our discussions less tedious but can be lifted without affecting our results. For
example, the first assumption implies that if s is an obstacle vertex, then there are at most
three shortest paths from s to t for any point t ∈ P.
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Figure 2 Illustrating the combinatorial change of SPMB(s).

3 The decomposition ΨB(B)

To compute ΨB(B), we first compute Ψspt
B in O(n2 log n) time as discussed in Section 2.

Events. Recall that ΨB(B) is a refinement of Ψspt
B . Consider a segment es of Ψspt

B . Suppose
we move a point s on es from one endpoint to the other. SPMB(s) will change topologically
in the following two situations; we call s an event point when either situation happens.
1. At the event point, two bisector curves of SPM(s) have their endpoints on B meet at

an interior point of an obstacle edge e. Right before s reaches the event point, the two
bisector curves have their endpoints both on e (i.e., as s moves towards the event point,
the two bisector endpoints move closer on e). See Fig. 2, where (a), (b), and (c) illustrate
the scenarios when s is before, at, and after the event point, respectively.

2. This case can be considered the inverse of the first case. At the event point, two bisector
curves of SPM(s) have their endpoints on B meet at an interior point of an obstacle edge
e. Right before s reaches the event point, the two bisector curves intersect at a triple
point q in the interior of P (i.e., there is a third bisector curve γ whose endpoint is q

and whose other endpoint is at a point p ∈ e, and as s moves towards the event point, q

moves on γ towards p). See Fig. 2, where (c), (b), and (a) illustrate the scenarios when s

is before, at, and after the event point, respectively.

When s moves between two adjacent event points on es, SPMB(s) does not change
combinatorially. Hence, to construct ΨB(B), it suffices to compute all event points on all
segments es of Ψspt

B . In the following, we present an algorithm to compute all event points in
O(n4+ϵ) time. Our approach also establishes an upper bound O(n4+ϵ) for |ΨB(B)|.

3.1 Defining functions
For each obstacle vertex u, we define a function fu as follows. Recall that VisB(u) is the
portion of the visibility polygon Vis(u) of u on B.

▶ Definition 1. For any obstacle vertex u, for any point s ∈ VisB(u) and any point t ∈ B,
define fu(s, t) = du,vt

(s, t), where vt is the root of the cell of SPM(u) that contains t.

For simplicity, we assume fu(s, t) = ∞ if s is not visible to u. If we use the positions of s

and t on B as variables, then fu(s, t) is a bivariate piecewise algebraic function of constant
degree (but not necessarily of constant complexity). Also, fu(s, t) defines a graph that is a
surface patch in R3 in which the first two coordinates correspond to the positions of s and t

on B and the third coordinate is fu(s, t). A convenient way to think about this is to place all
edges of B on a line, in which s and t change. More specifically, obstacles can be arbitrarily
ordered, but edges of the same obstacle of P should be placed consecutively following their
order along the obstacle boundary (refer to [5] for a detailed treatment about this). We refer
to the copy of the line for s (resp., t) as the s-axis (resp., t-axis); they together form the
st-plane. We also use fu(s, t) to refer to the graph or the surface patch defined by it.
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For the function fu(s, t), while the domain of t is the entire B, the domain of s comprises
the O(n) segments of VisB(u). We call the endpoints of the segments of VisB(u) the breakpoints
induced by u on the s-axis. Also, for each segment of SPMB(u), the vertex vt (as in Definition 1)
is the same for all points t on the segment. We call the endpoints of the segments of SPMB(u)
the breakpoints induced by u on the t-axis. For each segment σs ∈ VisB(u) and each segment
σt ∈ SPMB(u), fu(s, t) = du,v(s, t) for any s ∈ σs and t ∈ σt, where v is the root of the cell
of SPM(u) containing σt, and thus fu(s, t) is of constant complexity on s ∈ σs and t ∈ σt;
we refer to it as an elementary function. As such, since both VisB(u) and SPMB(u) have
O(n) segments, fu(s, t) can be decomposed into O(n2) elementary functions each of which
is defined on s ∈ σs and t ∈ σt for a segment σs of VisB(u) and a segment σt of SPMB(u).
For differentiation, we refer to the original function fu(s, t) for s ∈ VisB(u) and t ∈ B as a
compound function.

Let F denote the set of compound functions fu(s, t) for all obstacle vertices u. For
convenience, we also consider F the set of elementary functions of all these compound
functions. As such, F has O(n3) elementary functions.

Lower envelope. Define L(F ) to be the lower envelope of all functions of F . By definition,
for two points s, t ∈ B, there is a unique point p ∈ L(F ) whose projection onto the st-plane
is (s, t). Further, if s is not visible to t, then the third coordinate of p must be equal to
d(s, t), because a shortest s-t path must contain an obstacle vertex.

Due to our general position assumption, the common intersection of three elementary
functions of F is a vertex of L(F ). The following observation (with proof in Appendix A)
follows from our general position assumption.

▶ Observation 2. Every 3 elementary functions of F have O(1) common intersection points.

Observation 3 (with proof in Appendix B) reduces the problem of bounding |ΨB(B)| to
bounding |L(F )|, by showing every event point of ΨB(B) corresponds to a vertex of L(F ).

▶ Observation 3. Every event point of ΨB(B) corresponds to a distinct vertex of L(F ), and
|ΨB(B)| = O(n2 + |L(F )|).

In what follows, we focus on computing the vertices of L(F ). As F has O(n3) elementary
bivariate functions, applying the result of [18, 34, 35] directly can give |L(F )| = O(n6+ϵ)
and compute all vertices in O(n6+ϵ). In the following, we present an improved algorithm of
O(n4+ϵ) time and prove the bound |L(F )| = O(n4+ϵ).

3.2 Computing the vertices of L(F )

For convenience, when considering functions fu(s, t) of F , we use Bs (resp., Bt) to refer to
the copy of B for s (resp., t), i.e., s changes on Bs while t changes on Bt.

For a line segment es on an obstacle edge of Bs and a line segment et on an obstacle edge
of Bt, let L(F )[es, et] denote the portion of L(F ) of the functions fu(s, t) ∈ F with s ∈ es and
t ∈ et. We will partition Bt into O(n) line segments et and present an algorithm to compute
all vertices of L(F )[Bs, et] in O(n3+ϵ) time. Doing this for all O(n) such segments et of Bt

will compute all vertices of L(F ) in O(n4+ϵ) time. To compute the vertices of L(F )[Bs, et],
we partition Bs into O(n) line segments es and present an algorithm to compute all vertices
of L(F )[es, et] in O(n2+ϵ) time. Doing this for all O(n) such segments es will compute all
vertices of L(F )[Bs, et] in O(n3+ϵ) time.
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The partition of Bt. Recall that there are O(n2) breakpoints on Bt, which partition Bt

into O(n2) line segments, and we call them elementary intervals. For each obstacle edge
e ⊆ Bt, starting from an endpoint of e, we group every n adjacent elementary intervals on e

into a super interval, except that the last super interval may contain less than n elementary
intervals. As Bt has O(n2) elementary intervals and O(n) obstacle edges, Bt is partitioned
into O(n) super intervals each of which consists of at most n elementary intervals. This is
our partition for Bt. Note that all super intervals can be computed in O(n2) time, assuming
that the shortest path maps of all obstacle vertices are available. Since the shortest path
map of each obstacle vertex can be computed in O(n log n) time [23], we conclude that all
super intervals of Bt can be obtained in O(n2 log n) time.

Let et be a super interval of Bt. We next show that computing L(F )[Bs, et] can be done
in O(n3+ϵ) time. To this end, we first introduce our partition for Bs with respect to et.

The partition of Bs. Recall that et contains at most n elementary intervals. For notational
convenience, we assume that et contains exactly n elementary intervals. Then, et has n − 1
breakpoints in its interior (these breakpoints partition et into n elementary intervals). For
each obstacle vertex u, let ku denote the number of breakpoints of et induced by u. As such,
we have

∑
u∈V ku = n − 1 (recall that V is the set of all obstacle vertices of P).

Recall that Bs has O(n2) breakpoints, which partition Bs into O(n2) line segments, and
we also call them elementary intervals for s. For each breakpoint p, we define kp = ku, where
u is the obstacle vertex that induces p. Consider an obstacle edge e ⊆ Bs. Let a and b be the
two endpoints of e. Starting from the elementary interval containing a, we group adjacent
elementary intervals on e as many as possible into a super interval ξ until one of the following
two cases to happen (the last elementary interval that causes one of these cases happens is
included in ξ): (1) the sum of kp of all breakpoints in the interior of ξ is larger than 2n; (2)
ξ contains b. If ξ does not contain b, then starting from the next elementary interval on e

after ξ, we create another super interval. We continue this until b is included in last super
interval. We create super intervals on other obstacle edges of Bs in the same way. Since
kp ≤ n − 1 for each breakpoint p, we obtain Lemma 4 (with proof in Appendix C).

▶ Lemma 4. For each super interval of Bs, the sum of kp of all breakpoints p in its interior
is no more than 3n.

Since
∑

u∈V ku = n − 1, we have the following lemma (with proof in Appendix D).

▶ Lemma 5. The number of super intervals of Bs is O(n).

It is not difficult to see that the super intervals of Bs can be easily computed in O(n2)
time, assuming that all breakpoints and their induced vertices are already available. The
breakpoints can be obtained by computing the visibility polygons Vis(u) of all obstacle
vertices u ∈ V . As computing Vis(u) for each u can be done in O(n log n) time [19], we
conclude that all super intervals of Bs can be computed in O(n2 log n) time.

The following crucial lemma (whose proof is in Appendix E) leads to our result.

▶ Lemma 6. For any super interval es of Bs, L(F )[es, et] has O(n2+ϵ) vertices and all
vertices can be computed in O(n2+ϵ) time.

With the above lemma, since Bs has O(n) super intervals, it follows that L(F )[Bs, et] has
O(n3+ϵ) vertices and they can be computed in O(n3+ϵ) time. Furthermore, as Bt has O(n)
super intervals et, we conclude that L(F )[Bs, Bt], which is L(F ), has O(n4+ϵ) vertices and
they can be computed in O(n4+ϵ) time. We thus have the following theorem.
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Figure 3 The solid curves are bisector curves, which are defined by obstacle vertices vi, 1 ≤ i ≤ 4.
(a) Before s crosses an event point. (b) s is at the event point: there are four shortest paths from s

to t, where a bisector contracts. (c) After s passes the event point: the red curve is a new bisector
curve.

▶ Theorem 7. The lower envelope L(F ) has O(n4+ϵ) vertices and all these vertices can be
computed in O(n4+ϵ) time.

Following our earlier discussion and Observation 3, we have the following result.

▶ Corollary 8. The size of ΨB(B) is O(n4+ϵ) and ΨB(B) can be computed in O(n4+ϵ) time.

4 The decomposition ΨB(P)

We first present an algorithm to compute ΨB(P) in O(|ΨB(P)| · log n) time and then prove
an O(n5) upper bound for its combinatorial complexity |ΨB(P)|.

4.1 Algorithm for computing ΨB(P)

Recall that ΨB(P) is a refinement of ΨB(B), which is a refinement of Ψspt
B . We start with

computing Ψspt
B , which takes O(n2 log n) time. Consider an edge es of Ψspt

B .

4.1.1 Event points
Suppose that we move s on es. Since es is a segment of Ψspt

B , as s moves on es, there are
two cases where combinatorial changes on SPM(s) will happen (the location of s where
a combinatorial change of SPM(s) happens is referred to as an event point for s). First
(called the boundary case), a combinatorial change of SPM(s) may happen on B; in this
case, the event point is also an event point for ΨB(B), which is the same as discussed in
Section 3. Second (called the interior case), a combinatorial change of SPM(s) may happen
in the interior of P . In this case, as discussed in [10], a bisector connecting two triple points
contracts into a single point t that has four shortest paths from s (see Fig. 3). After the
contraction, a new bisector is generated.

4.1.2 Algorithm
We can compute all event points on es as follows. Suppose initially we have SPM(s) available
when s is at one endpoint of es. As s moves on es, we maintain certain information.
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e
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u

p′
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γ1

Figure 4 u, v, u′, and v′ are obstacle vertices. p′ is a triple point defined by u, v, and u′.

The boundary case. To compute the boundary case event points, for each bisector curve
γ of SPM(s) that has an endpoint p on an obstacle edge e, we maintain the following
information. Let u and v be the two obstacle vertices that define γ, i.e., u and v are the
roots of the two cells of SPM(s) bounded by γ; see Fig. 4.

As s moves on es, p will move on e. Note that unless u and v are the two endpoints of
e, during the moving, p cannot become collinear with u and v, since otherwise the shortest
path tree SPT (s) would change combinatorially, contradicting that es is an edge of Ψspt

B . For
a similar reason, p will not cross either endpoint of e during the moving of s. The position
of p on e can be parameterized by that of s on es. Let p1 be a neighboring bisector curve
endpoint of p on e (if any), and let γ1 be the bisector curve containing p1 (one of the two
defining obstacle vertices of γ1 is in {u, v}); see Fig. 4. As s moves on es, we calculate the
position of s (if any) where p1 will meet p. To this end, one needs to solve an equation of
algebraic functions of constant degree to obtain O(1) positions for s. We take the smallest
value larger than the current position of s, i.e., this is the next position for s when p meets p1;
let s1

p denote this position. If p has another neighboring bisector curve endpoint p2 ∈ e, then
we calculate the corresponding position s2

p for s. In addition, let p′ be the other endpoint
of γ. If p′ is a triple point of SPM(s) (see Fig. 4), then p′ also moves as s moves, but its
position can also be represented a function of s. We calculate the next position of s (if any)
so that p′ meets p ∈ e (i.e., the bisector curve connecting p and p′ contracts; see the red curve
γ in Fig. 4); let s0

p denote the position. Among all three positions s0
p, s1

p, and s2
p, we only

maintain the closer one to the current position of s, denoted by sp and called a candidate
event of s for p. We add sp to an event heap Hs (with the position of sp as the key).

The interior case. To compute the interior case event points, we main the following
information. For each bisector curve of SPM(s) whose both endpoints are triple points, we
calculate the next position of s on es (if any) where it will contract to a single point as a
candidate event point and add it to Hs.

Main loop. The main loop of the algorithm works as follows. In each iteration, we extract
the first candidate event sp from the event heap Hs and process it as follows. First, we report
sp as a “true” event point. Then, depending on whether the event belongs to the boundary
case or the interior case, we update the events in Hs related to p as follows.

In the boundary case, sp is defined by a bisector curve endpoint on B. We do the following.
Depending on whether sp is s0

p, there are two cases. If sp is s0
p, then after s moves across sp, p

will be replaced by two new bisector endpoints on e (see Fig. 5). Specifically, let v, u, w be the
three obstacle vertices defining p such that u is in the middle when s is at sp. Then, after s

crosses sp, the bisector curve defined by w (resp., v) and u has a new endpoint at e. For each
such endpoint p′, we compute its candidate event and add it to Hs. Further, we update the
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Figure 5 (a) s is at sp; (b) after s crosses sp.

ep

w
v

u

e

w
v

u

(a) (b)

p

Figure 6 (a) s is at sp; (b) after s crosses sp.

candidate event for the neighboring bisector event of p′, i.e, if p′ has a neighboring bisector
curve endpoint p1 on e, then we delete p1’s candidate event from Hs, and recompute a new
candidate event and insert it to Hs. If sp is either s1

p or s2
p, we do the following. Without

loss of generality, we assume that sp = s1
p. Hence, when s is at sp, p has three anchors v, u, w

(see Fig. 6). After s moves across sp, a new bisector curve arises that is defined by two of
{v, u, w}, say, v and w, and the bisector curve has p as one of its endpoint. Using v and w,
we recompute the candidate event of s for this new endpoint p and insert it to Hs. Further,
for each of p’s neighboring bisector curve endpoint on e, we delete its candidate from Hs and
recompute a new candidate event and insert it to Hs.

In the interior case, sp is defined by a bisector curve of SPM(s) connecting two triple
points (see Fig. 3). We update SPM(s) by removing the bisector curve and adding the new
generated bisector. This is only a local change to SPM(s) and costs O(1) time since the
degree of each vertex of SPM(s) is at most 4 by our general position assumption. After the
update of SPM(s), for each bisector curve that has one of its incident triple points updated
(including the new generated bisector), we update its candidate event in Hs. Again, only
O(1) bisector curves are affected.

The algorithm stops once s reaches the other endpoint of es, at which time all event
points on es are computed. The proof of Theorem 9 in Appendix F gives the time analysis.

▶ Theorem 9. The decomposition ΨB(P) can be computed in O((n2 + |ΨB(P)|) · log n) time.

Theorem 10 proves |ΨB(P)| = O(n5) (see Appendix G for the proof), by a simple
brute-force argument. Similar ideas have been used previously [3, 30,38].

▶ Theorem 10. The combinatorial complexity of ΨB(P) is O(n5).

Combining Theorems 9 and 10 leads to the following result.

▶ Corollary 11. The decomposition ΨB(P) can be computed in O(n5 log n) time.
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5 Applications

In this section, we discuss a few “representative” applications of our results on ΨB(B) and
ΨP(B). See the full paper for other applications.

5.1 Two-point shortest path queries

For the two-point shortest path query problem, we refer to it as the B-B case if both query
points s and t are required to be on B, the B-P case if only one of the query point is required
to be on B, and the general case otherwise. We discuss how to use our result for ΨP(B) to
solve the B-P case problem; other cases can be treated similarly.

In the preprocessing, we construct the SPM-equivalent decomposition ΨB(P). For each
segment σ of ΨB(P), following the method of Chiang and Mitchell [10], we construct a
parameterized shortest path map SPM(σ) for points s ∈ σ, which can answer each B-P case
two-point shortest path query in O(log n) time for two query points s ∈ σ and t ∈ P (note
that we also need to build a parameterized point location data structure on SPM(σ) as
discussed in [10]). As such, after building a parameterized shortest path map for each segment
of ΨB(P), each B-P case two-point shortest path query can be answered in O(log n) time.
Constructing a parameterized shortest path map can be done in O(n log n) time and O(n)
space [10]. Hence, the total preprocessing time and space are bounded by O(|ΨB(P)| · n log n)
and O(|ΨB(P)| · n) space, respectively. The O(log n) factor can be reduced by observing
that there are only O(1) changes between two shortest path maps of adjacent cells (hence, if
we have the map for one cell, obtaining the map for an adjacent cell can be easily done in
O(n) time). As in [10], using persistent data structures, the preprocessing can be further
improved by roughly a linear factor, but the query time grows to O(log2 n). Using our
bound |ΨB(P)| = O(n5) and our O(n5 log n) time algorithm for computing ΨB(P), we can
obtain two data structures for the B-P case two-point shortest path query problem with the
following complexities respectively: O(n6, n6, log n) and O(n5 log n, n5 log n, log2 n). This
improves the result of O(n6+ϵ, n6+ϵ, log2 n) from [6].

5.2 Geodesic diameter

We demonstrate an application of ΨB(B) on computing the B-B case geodesic diameter,
i.e., computing a diametral pair (s, t) with both s, t ∈ B. In this case, Bae, Korman, and
Okamoto [3] proved that any diametral pair (s, t) has three different shortest s-t paths. This
observation implies that (s, t) must correspond to an event point in the SPM-decomposition
ΨB(B), i.e., s is the event point while t is the point on B where SPMB(s) changes. As such,
once ΨB(B) is computed, all B-B case diametral pairs are available. More specifically, if s is
an event point ΨB(B), then s is created due to a combinatorial change at a point t on B; we
keep (s, t) as a candidate diametral pair (and also keep their geodesic distance d(s, t)). We
can slightly modify our algorithm for constructing ΨB(B) to compute all these candidate
diametral pairs and their geodesic distances. The total time of the algorithm is still O(n4+ϵ).
After having all these candidate diametral pairs, we return all pairs whose geodesic distances
are the largest. As such, all B-B case diametral pairs can be computed in O(n4+ϵ) time. For
comparison, the method of [3] solves the problem in O(n5 log n log∗ n) time.

Computing the B-P case geodesic diameter can be done in a similar way in O(n5 log n)
time by slightly modifying our algorithm for ΨB(P). The algorithm in [3] runs in O(n5.91)
time for this case.
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5.3 Geodesic center
We discuss the geodesic center problem. For two subsets A, B ⊆ P, we use the A-B case to
refer to the problem in which one wishes to find a point s ∈ A that minimizes the largest
geodesic distance from s to any point t ∈ B; we call s an A-restricted center with respect
to B and the geodesic distance between s and its farthest point in B is the corresponding
geodesic radius. For example, the B-P case refers to the problem of computing a point s ∈ B
that minimizes the largest geodesic distance from s to any point t ∈ P. In particular, the
general case refers to the P-P case.

In the following, we mainly discuss the B-P case (the algorithm for the B-B case is very
similar, but simpler). A useful observation that was proved by Bae, Korman, and Okamoto [4]
is the following: For any point s ∈ P, any of its farthest points must be a vertex of SPM(s).

We first construct the SPM-equivalent decomposition ΨB(P). For each segment σ of
ΨB(P), by definition, when s moves on σ, SPM(s) does not change combinarially, and
in particular, SPM(s) has the same set of vertices. As s moves on σ, for each vertex
t ∈ SPM(s), the geodesic distance d(s, t) is a constant-degree univariate function of the
position of s ∈ σ. Let U(σ) denote the upper envelope of the functions of all vertices t of
SPM(s). We consider the problem of finding a σ-restricted center s ∈ σ with respect to
P and its corresponding geodesic radius. Observe that such a center must correspond to
a lowest vertex in U(σ) and its geodesic radius is the height of the vertex. As such, an
σ-restricted center and its radius can be easily found once U(σ) is constructed. The latter
task can be done in O(λO(1)(n) log n) time [35] since there are O(n) constant-degree algebraic
functions of constant size, where λO(1)(n) is the maximum length of a DS(n, O(1))-sequence
and is bounded by O(n log∗ n) (for notational simplicity, we will use the bound O(n log∗ n)
instead in the following). Constructing U(σ) for all segments σ ∈ ΨB(P) will compute all
σ-restricted centers and their corresponding geodesic radii. Among them, we return those
whose radii are the smallest. The total time is thus O(|ΨB(P)| · n log n log∗ n), which is
bounded by O(n6 log n log∗ n) using our bound |ΨB(P)| = O(n5).

We next improve the runtime by a linear factor. For each segment σ ∈ ΨB(B), let F (σ)
denote the set of functions d(s, t) for all vertices t of SPM(σ), where SPM(σ) denote the
shortest path map SPM(s) for points s ∈ σ. Our main idea is based on the observation that
for two adjacent segments σ1 and σ2 of ΨB(P), their shortest path maps differs by at most
O(1) vertices. Hence, the set difference between F (σ1) and F (σ2) is O(1). The details are
given below.

Consider an obstacle edge e. We consider the problem of finding an e-restricted center
s ∈ e with respect to P and its corresponding geodesic radius. We consider the segments
of ΨB(P) on e in order. Let σ1 and σ2 be the first two segments. Suppose we already have
the functions F (σ1), defined on σ1. For each function in F (σ1) ∩ F (σ2), instead of creating
a new function for F (σ2), we simply extend the domain of the function from s ∈ σ1 to
s ∈ σ1 ∪ σ2. In this way, since F (σ1) and F (σ2) differs by O(1), we only need to create
O(1) new functions for F (σ2). As such, the total number of functions of all segments of
ΨB(P) on e is O(n + κ(e)), where κ(e) is the number of segments of ΨB(P) on e. Each
e-restricted geodesic center corresponds to a lowest vertex of the upper envelope U(e) of all
these functions (again the height of the vertex is the corresponding geodesic radius). Since
these are O(n + κ(e)) constant-degree functions of constant size, the upper envelope U(e)
can be computed in O((n + κ(e)) log n log∗ n) time. Doing this for all obstacle edges e will
compute all B-P case geodesic centers (i.e., among all edge restricted centers, we return
those with smallest geodesic radii). Since

∑
e∈B κ(e) = |ΨB(P)|, the total time is bounded

by O((n2 + |ΨB(P)|) log n log∗ n). As |ΨB(P)| = Ω(n2) in the worst case, we obtain that
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all B-P case geodesic centers can be computed in O(|ΨB(P)| log n log∗ n) time, which is
O(n5 log n log∗ n) with our O(n5) bound for |ΨB(P)|. For comparison, the algorithm of [38]
solves this problem in O(n8 log n) time.

The B-B case. For the B-B case geodesic centers, we follow the similar approach. The
difference is the we use the decomposition ΨB(B) instead. As such, all B-B case geodesic
centers can be computed in O(n4+ϵ) time. The algorithm of [38] for this case runs in
O(n8 log n) time.
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A Proof of Observation 2

Proof. Consider three elementary functions fui
(s, t) = dui,vi

(s, t) = |sui|+d(ui, vi)+|vit|, for
i = 1, 2, 3. A common intersection point of these three functions corresponds to a pair of points
(s, t) that is a solution of the equation du1,v1(s, t) = du2,v2(s, t) = du3,v3(s, t). Since these are
three different elementary functions, for any i, j ∈ {1, 2, 3} with i ̸= j, either ui ̸= uj or vi ≠ vj .
Due to our general position assumption, the equation du1,v1(s, t) = du2,v2(s, t) = du3,v3(s, t)
has O(1) solutions. The observation thus follows. ◀

B Proof of Observation 3

Proof. Recall that ΨB(B) consists of vertices of Ψspt
B plus event points in the interior of

segments of Ψspt
B . Since Ψspt

B has O(n2) vertices, to prove |ΨB(B)| = O(n2 + |L(F )|), it
suffices to show that the number of event points is at most |L(F )|. To this end, we show
that every event point of ΨB(B) corresponds to a distinct vertex of L(F ).

Consider such an event point s ∈ ΨB(B). By definition, there is a point t ∈ B such that
there are three topologically different shortest s-t paths sui ∪ π(ui, vi) ∪ vit with i = 1, 2, 3.
Hence, (s, t, d(s, t)) must be a point in R3 on the lower envelope L(F ) and is also a common
intersection of three elementary functions of F : dui,vi

(s, t), 1 ≤ i ≤ 3. As such, (s, t, d(s, t))
must be a vertex of L(F ).

Note that no other event point corresponds to the same vertex (s, t, d(s, t)). Indeed, to
have another event point s′ also correspond to (s, t, d(s, t)), s = s′ must hold.

We also remark that it is possible that there is another point t′ ∈ B such that t′ ̸= t and
there are three topologically different shortest s-t′ paths. In that case, s corresponding to
another vertex (s, t′, d(s, t′)) of L(F ). Hence, this observation also holds if an event point s

is caused by multiple topological changes of SPMB(s), in which case s is considered multiple
event points that are co-located. ◀

C Proof of Lemma 4

Proof. Consider a super interval ξ. If ξ consists of only one elementary interval, then the
observation trivially follows as there is no breakpoint in the interior of ξ. Otherwise, let
ξ′ ⊆ ξ be the sub-interval of ξ excluding the last elementary interval, denoted by ξ′′. Then,
ξ′ and ξ′′ are separated by a breakpoint p′. By definition, the sum of kp of all breakpoints p

in the interior of ξ′ must be no more than 2n. Since kp′ ≤ n − 1 and the sum of kp of all
breakpoints p in the interior of ξ is equal to kp′ plus the sum of kp of all breakpoints p in
the interior of ξ′, we obtain that the sum of kp of all breakpoints p in the interior of ξ is at
most 3n. ◀

https://doi.org/10.1145/185675.185795
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D Proof of Lemma 5

Proof. By definition, there are two cases for a super interval to be created. For the second
case, observe that each obstacle edge can have at most one super interval under the second
case. Hence, the number of second case super intervals is O(n).

We now discuss the first case. For each obstacle vertex u, let Pu denote the set of
breakpoints induced by u. Note that |Pu| = O(n). Recall that

∑
u∈V ku = n − 1. Hence,

the sum of kp of all breakpoints p on Bs is
∑

u∈V

∑
p∈Pu

kp =
∑

u∈V

∑
p∈Pu

ku = O(n) ·∑
u∈V ku = O(n2). For each super interval ξ in the first case, by definition, the total sum of

kp of all breakpoints p in the interior of ξ is larger than 2n. Therefore, the total number of
first case super intervals on Bs is O(n). The lemma thus follows. ◀

E Proof of Lemma 6

Proof. Recall that es lies on a single obstacle edge, so does et. To prove the lemma, we will
show that the number of elementary functions fu(s, t) defined on s ∈ es and t ∈ et is O(n).
Recall that each elementary function is a bivariate algebraic function of constant degree and
constant size. Applying the result of [18, 34, 35] on these O(n) elementary functions can give
|L(F )[es, et]| = O(n2+ϵ) and compute all vertices of L(F )[es, et] in O(n2+ϵ) time.

We now argue that the number of elementary functions fu(s, t) defined on s ∈ es and
et is O(n). For any subsets e′

s ⊆ es and e′
t ⊆ et, let F [e′

s, e′
t] denote the set of elementary

functions fu(s, t) defined on s ∈ e′
s and t ∈ e′

t. Our goal is to prove |F [es, et]| = O(n).
We order the elementary intervals of es from one end to the other. We do the same for et.

Consider the first elementary interval Is of es and the first elementary interval It of et. Since
Is is an elementary interval of Bs and It is an elementary interval of Bt, |F [Is, It]| ≤ n holds
since there are n obstacle vertices. Let m = |F [Is, It]|. Let I ′

t be the elementary interval of
et adjacent to It. By definition, It and I ′

t are two line segments on the same obstacle edge
separated by a breakpoint of Bt. Hence, comparing F [Is, I ′

t] to F [Is, It], at most one function
of F [Is, It] is changed to a new function in F [Is, I ′

t] while all other functions of F [Is, It] are
still in F [Is, I ′

t] (i.e., each of these functions is originally defined on t ∈ It but we can extend
its domain to t ∈ It ∪ I ′

t). As such, F [Is, It ∪ I ′
t] has m + 1 elementary functions. If we

continue this analysis for the remaining elementary intervals of et, we obtain that F [Is, et]
has at most m + n ≤ 2n elementary functions since et has at most n elementary intervals.

Now consider the elementary interval I ′
s of es adjacent to Is. Let p be the breakpoint

that separates Is and I ′
s. We can follow a similar analysis to the above. When we move

from Is to I ′
s, at most kp functions are changed from F [Is, et] to F [I ′

s, et] while the other
functions of F [Is, et] are still in F [I ′

s, et] (each of them is originally defined on s ∈ Is but
we can extend their domain to s ∈ Is ∪ I ′

s). Hence, the number of functions in F [Is ∪ I ′
s, et]

is at most kp + |F [Is, et]| ≤ kp + 2n. If we continue the same analysis for the rest of the
elementary intervals of es, then since the sum of kp for all breakpoints p in the interior of es

is at most 3n by Lemma 4, we can obtain that |F [es, et]| = O(n).
Note that following the above analysis, we can easily find all functions of F [es, et] in

O(n) time, after which we can apply the algorithm of [18,34,35] to compute all vertices of
L(F )[es, et] in O(n2+ϵ) time. The lemma thus follows. ◀

F Proof of Theorem 9

Proof. We analyze the time complexity of our algorithm. First notice that |Hs| is always
bounded by O(n) since the size of SPM(s) is O(n). Handling each event takes O(log n) time
as each event only involves local changes on O(1) bisector curves. As such, each iteration
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can be performed in O(log n) time. Hence, the runtime for computing all event points on es

is O(κ(es) · log n), where κ(es) is the number of event points on es. If we construct SPM(s)
initially when s is at an endpoint of es, which takes O(n log n) time, then the total time for
computing the event points on es is O(n log n + κ(es) · log n). Applying the algorithm to all
segments es ∈ Ψspt

B will construct ΨB(P) in total O(n3 log n + |ΨB(P)| log n) time since Ψspt
B

has O(n2) segments.
We can further reduce the factor O(n3 log n) to O(n2 log n) as follows. Notice that the

factor is dominated by the time for computing SPM(s) initially for each es ∈ Ψspt
B . Instead

of doing this for each segment of Ψspt
B , we process all segments of Ψspt

B on the same obstacle
edge e all together. Specifically, initially, we compute SPM(s) when s is at an endpoint of e.
Then, we process the first segment es of Ψspt

B on e. After es is processed, we already have
SPM(s) available for the current position s, which is at the common endpoint of es and the
next segment e′

s. As such, before we process e′
s, we do not have to recompute the SPM(s)

again. In this way, we only need to compute SPM(s) from scratch once for each obstacle
edge, which takes O(n2 log n) time in total. Therefore, the overall runtime of the algorithm
can be bounded by O(n2 log n + |ΨB(P)| log n). ◀

G Proof of Theorem 10

Proof. According to our previous discussion, when s moves on a segment es of Ψspt
B , there

are two type of events: (1) The event is caused by a combinatorial change of SPM(s) on B;
(2) the event is caused by a combinatorial change of SPM(s) in the interior of P.

The first type of events is actually included in ΨB(B), whose complexity is O(n4+ϵ) by
Corollary 8. Below, we show that the number of the second type events is O(n5).

For every four (not necessarily distinct) obstacle vertices vi, 1 ≤ i ≤ 4, we do the
following. Recall that SPMB(vi) has O(n) segments on B. We overlay SPMB(vi), for all
1 ≤ i ≤ 4, resulting in O(n) segments on B. For each such segment e, for each 1 ≤ i ≤ 4, e is
contained in a single cell of SPM(vi) and let ui be the root of the cell. Consider the equation
du1,v1(s, t) = du2,v2(s, t) = du3,v3(s, t) = du4,v4(s, t), for s ∈ e and t ∈ R2. Observe that each
second type event with s ∈ e corresponds to a pair (s, t) with t in the interior of P such that
there are four shortest s-t paths (see Fig. 3(b)). If the anchors of t in the four shortest paths
are vi, 1 ≤ i ≤ 4, respectively, then we say that s is defined by vi, 1 ≤ i ≤ 4, and (s, t) must
be a solution to the above equation. Since the equation has O(1) solutions, e contains O(1)
second type events for s defined by vi, 1 ≤ i ≤ 4. As the above overlay has O(n) segments,
there are O(n) second type events defined by vi, 1 ≤ i ≤ 4. Enumerating all combinations
of four obstacle vertices gives the O(n5) upper bound for the total number of second type
events. ◀
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