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Abstract
Given a fleet of drones with different speeds and a set of package delivery requests, the collaborative
delivery problem asks for a schedule for the drones to collaboratively carry out all package deliveries,
with the objective of minimizing the total travel time of all drones. We show that the best non-
preemptive schedule (where a package that is picked up at its source is immediately delivered to its
destination by one drone) is within a factor of three of the best preemptive schedule (where several
drones can participate in the delivery of a single package). Then, we present a constant-factor
approximation algorithm for the problem of computing the best non-preemptive schedule. The
algorithm reduces the problem to a tree combination problem and uses a primal-dual approach to
solve the latter. We have implemented a version of the algorithm optimized for practical efficiency
and report the results of experiments on large-scale instances with synthetic and real-world data,
demonstrating that our algorithm is scalable and delivers schedules of excellent quality.
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1 Introduction

The rise of autonomous vehicle technology has profoundly transformed the logistics and
delivery industry, enabling faster and more efficient package delivery. Given the varying
serving speeds, consumption costs, and service areas of different vehicles or drones, one of the
key challenges in this domain is optimizing the delivery process, particularly when multiple
vehicles are available to complete pickup and delivery tasks [15]. This class of problems,
known as Collaborative Delivery Problems (CD Problems), focuses on finding an optimal
schedule to transport packages from one location to another through the collective effort
of multiple vehicles. There are two modes in which vehicles can collaborate on completing
the pickup and delivery tasks: In coarse-grained collaboration, the vehicles collaborate by
partitioning the package delivery requests among themselves: Each package delivery request
is assigned to one vehicle, and each of the vehicles independently follows a route based on
its assigned requests. In fine-grained collaboration, multiple vehicles can participate in the
fulfillment of a single request by handing over packages between them.
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17:2 Minimizing Total Travel Time for Collaborative Package Delivery

In this paper, we study the multi-package delivery problem in a collaborative setting.
We extend the classical problem of multiple vehicle pickup to a setting where the available
vehicles have different efficiencies, particularly in terms of speed. We formulate this problem
as a Heterogeneous Collaborative Delivery Problem and investigate how delivery planning
can be optimized to minimize the objective of total travel time. The objective of minimizing
the total travel time directly reflects overall operational efficiency and cost. In contrast,
minimizing the overall delivery completion time is a different optimization objective with a
stronger emphasis on balancing workloads across drones, which we do not consider in this
paper. We use the terms “drone” and “vehicle” interchangeably in the remainder of the
paper.

Our contributions are: (1) We analyze the effectiveness of fine-grained collaboration among
vehicles and show that the gap between serving packages with fine-grained collaboration and
serving them with coarse-grained collaboration is bounded by a factor of 3. (2) Our main
contribution is a constant-factor approximation algorithm for the Heterogeneous CD problem
with coarse-grained collaboration. We reduce the problem to a Tree Combination Problem
and adapt a primal-dual algorithm presented for the multiple-vehicle TSP to address it.
Our model accounts for the heterogeneous capabilities of vehicles and achieves a constant
approximation ratio for minimizing total travel time (or total cost). Furthermore, our
reduction shifts the problem complexity to depend primarily on the number of vehicles rather
than the number of requests, which is typically much larger than the number of vehicles.
This advancement offers a practical framework for optimizing real-world routing problems,
where variations in vehicle capabilities play a critical role. (3) We describe an optimized
implementation of our algorithm and report experimental results regarding running time and
solution quality for a range of synthetic and real-world instances. Compared to a baseline
heuristic without approximation guarantee, our algorithm produces solutions of comparable
and sometimes substantially better quality with a significantly reduced running time.

The remainder of the paper is structured as follows. Section 1.1 discusses related work.
Section 2 introduces relevant notation and definitions and proves that the gap between the
best fine-grained and coarse-grained schedules is bounded. In Section 3, we present our
constant-factor approximation algorithm for the heterogeneous CD problem with coarse-
grained collaboration. In Section 4, we describe the optimizations we have applied for the
implementation of the algorithm. Then, Section 5 presents the experimental results. Missing
proofs and other details omitted due to space restrictions can be found in the full version [10].

1.1 Related Work
The problem of delivering a single package using has been well studied [1, 2, 3]. Here, k agents
with different velocities and energy consumption rates must collaboratively deliver a package
from its source to its target in a given edge-weighted graph. It has been shown that one can
in polynomial time compute a schedule that minimizes the total energy consumption [1] or
the delivery time [2, 3]. If two packages must be delivered, minimizing the delivery time is
NP-hard [3]. Collaborative delivery of a single package has also been studied in scenarios
where each agent’s travel distance is limited [4, 5], an agent’s movement region is restricted [8],
or where the package must travel along a given path [6].

The Dial-a-Ride Problem (DARP)–preemptive or non-preemptive–involves a set of objects
(each specified by a source-destination node pair) and a fleet of vehicles. The objective is to
compute the shortest possible tour such that all objects are picked up from their sources and
delivered to their destinations, without exceeding the vehicle’s capacity at any point in time.
This problem is typically studied under capacity constraints, commonly for homogeneous
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vehicles. Our problem can be viewed as a heterogeneous, unit-capacity, non-preemptive
DARP. While a 1.8-approximation is known for the unit-capacity case on general graphs [11],
the heterogeneous setting, to the best of our knowledge, remains unexplored.

A special case of our problem where the pickup location equals the drop-off location can
be viewed as a Multiple Depot Heterogeneous Traveling Salesman Problem (MDHTSP),
with only the minor difference that vehicles need to return to their depots in the MDHTSP.
Rathinam et al. [14] present a 2-approximation algorithm for MDHTSP based on the primal-
dual method [12]. Our algorithm also leverages the primal-dual method, extending their
approach.

2 Preliminaries

We are given a metric space (X, d), where d : X × X → R≥0 is a distance function satisfying
the triangle inequality. A set of vehicles (or drones) K with k = |K| is specified, where each
drone j ∈ K has a depot (or initial location) rj ∈ X and a speed pj . To traverse from node
u ∈ X to node w ∈ X, drone j takes time d(u,w)

pj
. We assume that for any two drones i and j

with i < j, the speed satisfies pi ≥ pj . We are also given a set of m packages to be delivered,
each specified by a pickup location si ∈ X and a drop-off location ti ∈ X. We use the terms
package and s-t pair interchangeably. Each drone can carry at most one package at a time.

As objective function we consider the total completion time, also known as the sum of
completion times. For a given solution, the completion time is computed for every drone,
and the objective function value is the sum of all these values.

We define a schedule πj for drone j as an ordered (by pickup time τ) set of triples
{(ui, wi, τ)}, where the drone picks up package Pi at location ui at time τ and delivers it to
location wi. For any two consecutive triples (ui, wi, τ) and (ui′ , wi′ , τ ′) in the schedule, the
pickup time of the second must be at least the previous pickup time plus the travel time
from ui to wi and from wi to ui′ . The time τ of the first triple (ui, wi, τ) in πj must be at
least the time it takes the drone to travel from its depot rj to ui.

The schedule for each package Pi can be obtained by collecting all triples involving
package i, i.e., π̄i = {(ui, wi, τ), ...}, from the union of all drone schedules

⋃
j πj , and sorting

them by the associated time τ . Note that for each package Pi, the first triple should have
ui = si, and the final triple should have wi = ti; these may be the same triple. A package
can only be picked up at a location ui if it is the source si, or after it has been dropped off
at ui by another drone (or the same drone) at an earlier time.

▶ Definition 1 (Min-Sum Collaborative Delivery Problem (Min-Sum CD Problem)). Given
a metric space (X, d), a set of m packages P = {si, ti}m

i=1 where si is the pick-up location
and ti is the drop-off location, and k drones with a depot rj and speed pj for each drone j,
the goal is to find schedules (or routes) {πj}j∈[k] such that the schedule for each drone j

originates at its initial location rj, and each package i is transported from its source si to
its destination ti. The objective is to minimize the total cost, defined as the sum of travel
times across all drone routes

∑k
j=1

(
τfj

+ d(ufj
,wfj

)
pj

)
, where (ufj

, wfj
, τfj

) is the final triple

in the schedule πj of drone j. Note that drone j finishes its schedule at time τfj
+ d(ufj

,wfj
)

pj

because τfj is the time at which it makes its final pick-up (at location ufj ), and then its final
move is to take the package Pfj

from ufj
to wfj

with speed pj.

We consider Min-Sum CD with both fine-grained and course-grained collaboration. In
the remainder of the paper, we refer to these variants of the problem as the preemptive and
the non-preemptive variant, respectively. In the Preemptive Min-Sum CD problem, after
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17:4 Minimizing Total Travel Time for Collaborative Package Delivery

picking up a package from its source, it may (repeatedly) be left at an intermediate location
before being picked up by another (or the same) drone and transported further on its route
to the destination. In this case, the schedule for each package may include multiple triples.
In the Non-preemptive Min-Sum CD problem, a package, once picked up from its source, is
carried by the drone until it is dropped off at its destination. In this case, the schedule for
each package includes only a single triple (si, ti, τ).

We first show that the impact of preemption on the Min-Sum CD problem is limited:

▶ Theorem 2. An optimal schedule for the Preemptive Min-Sum CD problem with total cost
OPT can be transformed into a non-preemptive schedule with cost at most 3 · OPT.

Proof Sketch. Consider an optimal schedule Π∗ for the Preemptive Min-Sum CD problem,
with π∗

i for i ∈ [k] denoting the schedule of drone i in the optimal schedule. We construct a
feasible schedule for the Non-preemptive Min-Sum CD problem with cost at most 3 · OPT.
For this, we process the routes π∗

i in order of increasing i. When processing π∗
i , consider

all packages Pj that are carried at least once by π∗
i but were not carried by any previously

processed route. If π∗
i transports Pj from uj to wj , we change the route and let drone i first

move from uj to sj to pick up Pj at its source, then carry the package to tj to delivery it,
and finally return to wj and continue the original route π∗

i . Note that the increase in the
length of the route π∗

i due to this change for package Pj is at most twice the length lenj

of the path along which Pj is transported from sj to tj by Π∗. The total increase in the
travel time of all routes is therefore bounded by

∑
j∈[m]

2lenj

pi(j)
, where i(j) is the fastest drone

involved in transporting Pj in Π∗. This increase is at most 2OPT, and as the schedule Π∗

has cost OPT, the final cost of the resulting non-preemptive schedule is at most 3OPT. ◀

▶ Corollary 3. An α-approximation algorithm for the Non-preemptive Min-Sum CD problem
implies a 3α-approximation algorithm for the Preemptive Min-Sum CD problem.

3 Non-preemptive Min-Sum CD

In this section we present a constant-factor approximation algorithm for the Non-preemptive
Min-Sum CD problem. By Theorem 2, the same algorithm is also a constant-factor approx-
imation algorithm for the Preemptive Min-Sum CD problem.

We translate the Min-Sum CD problem into a Tree Combination Problem where trees
from a set of original trees can be combined into large trees by adding edges between them:

▶ Definition 4 (Tree Combination Problem). Given a metric space (V, d) and a set of trees
T = {T1, T2, . . . , Tk}, where V (Ti) ⊆ V and each tree Ti is rooted at a drone location ri ∈ V

with a corresponding drone speed pi, the objective is to combine trees so as to minimize the
sum, over all the resulting large trees, of the total edge length of the large tree divided by the
highest speed among the drones associated with the original trees included in the large tree.

▶ Lemma 5 (Reducing Min-Sum CD to a Tree Combination Problem). Every given instance
of the Min-Sum CD problem can be reduced in polynomial time to an instance of the Tree
Combination Problem such that an α-approximation algorithm for the Tree Combination
Problem implies a 6α-approximation algorithm for the Min-Sum CD problem.

Proof Sketch. Given an instance of the Min-Sum CD problem, we construct an instance of
the Tree Combination Problem with the following algorithm (Algorithm 1):

A solution to the constructed instance of the Tree Combination Problem with objective
value x can be used to construct a solution to the Non-preemptive Min-Sum CD problem
with sum of completion times at most 2x as follows: For each large tree T ′ with highest
drone speed pi, let the drone with speed pi traverse an Euler tour of T ′.
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Algorithm 1 Constructing Trees ((V, d), {si, ti}i∈[m], {ri}i∈[k]).

1: Create a new graph G′ from the metric ({si}i∈[m] ∪ {ri}i∈[k]), d) by contracting the set
of depots R = {r1, r2, . . . , rk} into a single node r.

2: Compute the minimum spanning tree (MST) T of the graph G′.
3: Obtain the forest {Ti}i∈[k] from T by un-contracting the node r back into the original

depots in R, such that each tree Ti in the forest is rooted at a distinct depot ri.
4: For each package source vertex si, connect vertex ti to si in its respective tree.

In the full paper [10], we show that a solution with cost OPT for the Non-preemptive
Min-Sum CD problem can be used to construct a solution with cost at most 3OPT for
the Tree Combination Problem. An α-approximation algorithm for the Tree Combination
Problem therefore produces a solution of cost at most 3αOPT, which then gives a solution of
cost at most 6αOPT for the Non-preemptive Min-Sum CD problem. ◀

Our problem can thus be reduced to solving the Tree Combination Problem, where the
input trees are the outputs of Algorithm 1. Without loss of generality, the input consists
of k trees, denoted as T1, T2, . . . , Tk, where w(Ti) represents the total length of the tree Ti.
Each tree Ti is rooted at a drone location ri with an associated drone speed pi.

We now present a 2-approximation algorithm for the Tree Combination Problem. Inspired
by the study on the Heterogeneous Traveling Salesman Problem [14], we employ a multi-level
primal-dual algorithm. If vehicles travel at different speeds and the travel cost is defined as
the ratio of the traveled distance to the vehicle’s speed, then the travel cost adheres to the
principle of monotone costs, which is a prerequisite for the approach to apply. We model the
solution to include penalties for trees not visited by the highest-speed vehicle.

3.1 LP Relaxation and Its Dual
Consider the Tree Combination Problem involving k trees represented as vertices. We
categorize these vertices into h ≤ k distinct levels based on speed, organized from fastest to
slowest, with level 1 being the fastest. Level l ∈ [h] contains hl vertices. Let vl,i represent the
i-th vertex at speed level l. The set of vertices at level l is denoted as Vl = {vl,i}i∈[hl]. For
each vertex vl,i, where l ∈ [h] and i ∈ [hl], the weight is defined as w(vl,i), the set of vertices
in the original tree it represents is V (vl,i), and its speed is denoted as pl. Note that here we
reuse the notation p1, . . . , ph to denote the distinct speed values (i.e., the speed-equivalence
levels), rather than individual drone speeds as introduced in Section 2.

The input to the Tree Combination Problem is a graph with vertex set V =
⋃

l Vl, edge
set E =

{
(u, v) | u, v ∈

⋃
l∈[h] Vl

}
, where the length of an edge between two nodes vl,i, vl′,i′

is given by ℓ(vl,i, vl′,i′) = mina∈V (vl′,i′ ), b∈V (vl,i) d(a, b). A resulting tree rooted at vl,i (the
vertex with highest speed in the tree) is defined by T̃ (l, i) = (Ṽl,i, Ẽl,i) with Ṽl,i ⊆ V and
Ẽl,i ⊆ E. The total cost of this tree is equal to the sum of edge costs

∑
(u,v)∈Ẽl,i

ℓ(u, v)/pl

plus the sum of vertex costs
∑

v∈Ṽl,i
w(v)/pl if |Ṽl,i| ≥ 1, and is equal to 0 otherwise. (We

set Ṽl,i = Ẽl,i = ∅ if none of the resulting trees is rooted at vl,i.) The objective is to identify
a set of trees such that each vertex is included in exactly one of the resulting trees, while
minimizing the total cost, i.e.,

∑
l∈[h],i∈[hl]

 ∑
(u,v)∈Ẽl,i

ℓ(u, v)/pl +
∑

v∈Ṽl,i

w(v)/pl

 .

Figure 1 illustrates a Tree Combination Problem involving nine trees across three levels.

ESA 2026



17:6 Minimizing Total Travel Time for Collaborative Package Delivery

v1,1 : T1,1, p1

v1,2 : T1,2, p1

v2,1 : T2,1, p2

v2,2 : T2,2, p2

v2,3 : T2,3, p2

v3,1 : T3,1, p3

v3,2 : T3,2, p3

level 1

level 2

level 3

h1 = 2

h2 = 3

h3 = 4

h0 = 0

v1,1

v1,2

v2,2

v3,2

v2,3

v3,3

v3,1

v3,3 : T3,3, p3

v2,1

v3,4 : T3,4, p3

v3,4
U1 U2

Ẽ1,1 = {(v1,1, v3,4)}

Ẽ2,2 = {(v2,3, v3,3)}
Ẽ1,2 = {(v1,2, v2,1), (v1,2, v2,2), (v2,1, v3,2)}

Ẽ3,1 = ∅

Ṽ1,1 = {v1,1, v3,4}

Ṽ2,2 = {v2,3, v3,3}
Ṽ1,2 = {v1,2, v2,1, v2,2, v3,2}

Ṽ3,1 = {v3,1}

Figure 1 Instance of the Tree Combination Problem with nine vertices, each associated with one
of three different speeds p1 > p2 > p3. Illustration of a feasible solution with four large trees.

We design an approximation algorithm using the primal-dual method. The vertex set V̄l =⋃
l′>l Vl′ consists of vertices that may appear in the resulting trees rooted at a vertex in level l,

but are initially in a level larger than l. The edge set Ēl = {e ∈ E | both endpoints of e have
level ≥ l} consists of edges that may appear in a resulting tree rooted at a vertex in level l.
We formulate an (integer) LP using the following variables:

Variables xl
e indicate whether an edge e ∈ Ēl is included in the resulting tree rooted at a

vertex in Vl, where l ∈ {1, . . . , h − 1}.
Variables zl

U are defined for l = 1, . . . , h − 1 and for any subset U ⊆ V̄l, with zl
U = 1 if U

represents the set of all vertices with speed pl+1, pl+2, ..., ph that do not get connected to
a vertex with speed pl or faster.

Denote the cost of traversing an edge e ∈ Ēl by its root vertex (drone) with speed pl

by costl(e) = ℓ(e)/pl, and the cost of serving a vertex v by its root vertex (drone) with
speed pl as wl(v) = w(v)/pl. Let πl(U) =

∑
v∈U (wl+1(v) − wl(v)) be the level-l penalty

if all vertices in U ⊆ V̄l are served by a root vertex with speed less than or equal to
pl+1. Notice that if a vertex v is served by a root vertex with speed pl, then it will be
included in the sets U1, U2, . . . , Ul−1, and the total penalty incurred for this vertex will be
π({v}) =

∑l−1
i=1 πi({v}) = wl(v) − w1(v). The ILP is then:

Min
∑

l∈[h−1]

∑
e∈Ēl

costl(e)xl
e +

∑
l∈[h−1]

∑
U⊆V̄l

πl(U)zl
U (1)

st.
∑

e∈δl(S)

xl
e ≥

∑
U :S⊆U⊆V̄l−1

zl−1
U −

∑
U :S⊆U⊆V̄l

zl
U ∀S ⊆ V̄l, l ∈ [h − 1], (2)

z0
V = 1; z0

U = 0 ∀U ̸= V, (3)
xl

e ∈ {0, 1} ∀e ∈ Ēl, l ∈ [h − 1], (4)
zl

U ∈ {0, 1} ∀U ⊆ V̄l, l ∈ [h − 1]. (5)

Here in constraint (2), we let δl(S) denote the set of edges in Ēl with exactly one endpoint
in S, i.e., δl(S) = δ(S) ∩ Ēl. If we consider solutions where, for each l, zl

U = 1 for exactly
one U and zl

U = 0 for all other U , then both terms
∑

U :S⊆U⊆V̄l−1
zl−1

U and
∑

U :S⊆U⊆V̄l
zl

U in
constraint (2) only take binary values, either 0 or 1. Then this constraint is trivially satisfied
except for the case when

∑
U :S⊆U⊆V̄l−1

zl−1
U = 1 and

∑
U :S⊆U⊆V̄l

zl
U = 0. But this case can

occur only if there is at least one vertex in S that must be connected to a tree rooted at
level l. The constraint reduces to

∑
e∈δl(S) xl

e ≥ 1 in that case and it is ensured that each
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such vertex is indeed connected to a tree rooted at level l. The IP formulation also allows
solutions in which, for some l, zl

U = 1 for more than one set U , but this cannot increase the
objective value of an optimal solution. The objective is to minimize the total cost, including
both connection (edge) costs and vertex service costs. If a vertex v is connected to a tree
rooted at level l, then its cost (penalty) is accounted for in every preceding level from 1 to
l − 1. These costs are included in the penalties associated with the sets U1, U2, . . . , Ul−1.

If we replace the integrality conditions xl
e ∈ {0, 1} and zl

U ∈ {0, 1} with xl
e ≥ 0 and

zl
U ≥ 0 and take the dual of the linear program, we obtain the following:

Max
∑

S⊆V̄1

Y1(S) (6)

st.
∑

S⊆V̄l:e∈δl(S)

Yl(S) ≤ costl(e), e ∈ Ēl, ∀l ∈ [h − 1], (7)

∑
S:S⊆U

Yl(S) −
∑

S:S⊆U−Vl+1

Yl+1(S) ≤ πl(U) ∀U ⊆ V̄l, ∀l ∈ [h − 1], (8)

Yl(S) ≥ 0 ∀S ⊆ V̄l, l ∈ [h − 1]. (9)

The constraints (7) pertain to edges, whereas the constraints (8) are related to sets of vertices.

3.2 Primal-Dual Algorithm
The algorithm maintains a separate forest for each level: The forest of a level consists of
trees rooted at vertices within that level to which vertices from higher levels are connected,
and possibly some trees that consist only of vertices from higher levels. This organization
is achieved through the application of the primal-dual moat-growing procedure, which is
implemented independently and simultaneously across each level’s graphs. We define Fl(t)
to be the resulting forest at level l ∈ [h] in the graph (Vl ∪ V̄l, Ēl) by the end of iteration t of
the main loop. For any two levels l and l′, where l < l′, and at any iteration t, consider a
component Ci in forest Fl(t) and Cj in forest Fl′(t). Then Ci is considered an ancestor of
Cj , and Cj a descendant of Ci, if Ci ⊇ Cj .

▶ Definition 6 (Remaining Potential). For a given set of vertices U ⊆ V̄l and a dual feasible
solution Yl(U), we say that P (Yl(U), π) = πl(U) − (

∑
S:S⊆U Yl(S) −

∑
S:S⊆U−Yl+1

Yl+1(S))
is the remaining potential of the set U in the l-th level.

A component is considered active at the start of an iteration if it consists of higher-level
vertices and its dual variable is allowed to increase during the iteration without violating any
constraints in the dual problem. A component is deemed inactive if it contains a vertex at
the corresponding level or if it is a descendant of an inactive component. A component is
frozen if it has ceased growing due to constraint (8), at which point its remaining potential
becomes 0. If a component is inactive or frozen at the start of an iteration, its dual value will
not change during that iteration. When a component becomes frozen, meaning its remaining
potential is reduced to zero, it implies that each of its descendants at the next higher level
has either already become frozen or has become inactive.

While the dual LP has only variables Yl(S) for S ⊆ V̄l, l ∈ [h − 1], in our description
of the primal-dual algorithm we consider variables Yl(S) for S ⊆ Vl ∪ V̄l, l ∈ [h] for ease of
presentation. The values of the additionally introduced variables are zero at all times.

ESA 2026



17:8 Minimizing Total Travel Time for Collaborative Package Delivery

Initially, each forest Fl(0) for level 1 ≤ l ≤ h−1 at time 0 consists of singleton components,
each of which is a vertex of Vl ∪ V̄l. The singleton components containing only vertices from
higher levels V̄l are considered active, while any component containing a vertex with speed pl

is deemed inactive. The dual variables corresponding to all active and inactive components
are initialized to zero: For every l ∈ [h] and v ∈ Vl, we have Yl′({v}) = 0 for all l′ ∈ [l].

The main loop of the primal-dual algorithm consists of iterations in which the dual
variables of all active components in all forests are simultaneously increased by the same
amount as much as possible until at least one of the constraints in the dual problem becomes
tight. If constraints in (7) become tight, then a tight constraint corresponding to the vertex
with the lowest level (denoted as l) is chosen first. The edge corresponding to the chosen
constraint is added to the forest, merging two components C1 and C2. If both C1 and C2
do not contain a vertex with speed pl, then the merged component remains active. If one
of the components contains a vertex with speed pl (say, vertex vl,j ∈ C2), then the merged
component and all its active descendants become inactive. If a constraint (8) becomes tight
for some component, i.e., P (Yl(U), π) = 0, then the corresponding component U in level l

is deactivated and becomes frozen. The main loop of the algorithm terminates when every
component in all forests is either inactive or frozen. See Figure 2 for an illustration.

▶ Lemma 7. The main loop terminates in
∑

l∈[h−1] |Vl| · (2l − 1) iterations.

Note that the number of iterations of the main loop depends only on k and h, but not on n.
When the main loop of the primal-dual procedure has terminated, a pruning procedure is
carried out that selects a sub-forest F̃l of each level l forest Fl such that each tree of F̃l is
rooted at one of the vertices in Vl and each vertex is connected in exactly one of the resulting
sub-forests. We refer to the full version [10] for details of the pruning procedure and a proof
that the algorithm produces a feasible solution to the Tree Combination Problem.

Approximation Guarantee

We can prove that the cost of the ILP solution produced by the primal-dual algorithm is at
most twice the optimal cost. For this, we show that the dual value of the LP relaxation can
be equivalently written as the sum of the dual values and penalty costs corresponding to
vertices at each level. This then allows us to bound the cost of the edges in the forest of
each level with respect to the dual value. For details, we refer to the full version [10].

The cost of the constructed solution to the Tree Combination Problem equals the cost of
the solution to the ILP obtained via the primal-dual algorithm plus the non-negative fixed
cost

∑
v∈V w(v)/p1. Therefore, we get a 2-approximation algorithm for the Tree Combination

Problem with multiple different speeds. Combining this result with Lemma 5, we get a
12-approximation algorithm for the Non-preemptive Min-Sum CD problem.

▶ Theorem 8 (Min-Sum CD). There exists an O(1)-approximation algorithm for the Non-
preemptive Min-Sum CD problem.

4 Algorithmic Adjustments for Implementation

Before presenting the experimental results, we discuss two implementation refinements that
improve both running time and solution quality. First, we refine the algorithm for tree
construction (Algorithm 1). A straightforward implementation of step 2 of Algorithm 1 would
involve constructing the graph G′ of size O(n2) and computing an MST in O(n2) time. As we
only consider instances where all input points lie in the Euclidean plane in our experiments,
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Figure 2 Illustration of the primal-dual algorithm.
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to speed up the computation we first compute a Delaunay triangulation of the sources and
depots in O(n log n) time [7] before contracting the depots into a single depot r (referred to
as super-depot). Furthermore, as vehicles move from the target of one request to the source
of another, we found that target-to-source distances are better suited than source-to-source
distances for the generation of a good spanning tree. We use the location of a target in the
Delaunay triangulation to determine for each target a set of nearby candidate sources (see
the full version [10] for details). Using a Prim-like procedure to generate the spanning tree,
whenever we add an s-t pair to the tree, we update the priorities of the nearby candidate
sources of the target t as well as the neighbors of s in the Delaunay triangulation. We can
then build the tree by always adding the request whose source has the minimum priority
with respect to target-to-source distance. Alternatively, we add the request with minimum
target-to-source distance dts only if dts is at most k times the minimum source-to-source
distance dss between the tree and a request not in the tree, where k is a small constant. This
latter variant ensures that the cost of the spanning tree computed is within a constant factor
of the MST of sources (with targets attached). We add “MST k” in brackets after the name
of an algorithm to indicate that this variant is used.

Second, we consider three alternatives for converting the large trees into tours. Our first
implementation performs a DFS of each large tree and lets the vehicle serve the requests in
the order in which their sources are first visited by the DFS. The length of a tour constructed
in this way is within a constant factor of the total length of the large tree (as needed in the
theoretical approximation analysis). We refer to the algorithm with this tour construction
method as Primal–Dual algorithm with Depth-First Search Routing (PD-DFS). It runs in
O(n) time.

As an alternative, we implemented the following cheapest-insertion heuristic: Build the
tour for a large tree incrementally. Initially, it consists only of the depot of the fastest vehicle.
Then process the requests in arbitrary order and insert each request at the position where it
leads to the smallest increase in length (either right after the depot or right after the target
of a request already in the tour). We refer to this method as PD-Greedy. It runs in O(

∑
N2

i )
time, where Ni is the number of requests in the i-th large tree.

As a final alternative, we implemented a two-stage version of the cheapest-insertion
heuristic: First, use the cheapest-insertion heuristic to build a tour for each of the original
trees included in the large tree. Then, use the cheapest insertion heuristic again to produce
an order of the tours produced for the original trees (discarding their depots). We refer to
this “double greedy” method as (PD-DGreedy).

We note that PD-DFS (MST k) is guaranteed to produce a solution that is a constant-
factor approximation of the optimal solution, while the other algorithm variants do not
guarantee this property for all inputs. For the MST k modification, we found in our
experiments that the choice k = 7 worked best. The algorithm variants using this modification
are referred to as PD-DFS (MST 7), PD-Greedy (MST 7), and PD-DGreedy (MST 7).

5 Computational Experiments

5.1 Synthetic Datasets
We consider three synthetic datasets in our experimental evaluation. The first dataset is
constructed based on a worst-case instance (see the full version [10]) for the baseline algorithm
with which we compare the performance of our algorithms. It is used to demonstrate the
guaranteed performance of our algorithms relative to the baseline. The second dataset,
denoted by SY-U, consists of instances in which all locations–including request pickup



T. Erlebach, K. Luo, and W. Zhang 17:11

locations, drop-off locations, and depot locations–are independently generated from a uniform
distribution over a [0, 100]×[0, 100] grid. The third dataset, denoted by SY-GMM, is generated
using a Gaussian mixture model with a number of clusters. The results for SY-GMM are
generally similar to those for SY-U and can be found in the full version [10].

Table 1 Parameter settings for the synthetic datasets. Bold values indicate fixed parameters
used in the sensitivity analyses. n is the number of requests, k the number of depots, and h the
number of speeds/levels. The speed at level 1 is 50 and decreases by 5 at each subsequent level.

Parameter Worst-case SY-U
n 5, 10, 15, 20 (×103) 5, 10, 15, 20 (×103)
k 2 1, 3, 5, 7, 9, 10, 15, 20, 30, 40 (×3)
h 2 1, 2, 3, 4, 5

5.2 Real-World Datasets
We also conduct experiments using a real-world dataset collected from Meituan [13]. The
dataset contains orders, couriers (we treat the initial locations of the couriers as depots), and
delivery records from an anonymized midsize city in China. To capture both regular and
peak demand patterns, we select one representative weekday (October 18, 2022) and one
representative weekend day (October 22, 2022) for evaluation. To study scalability under
varying system sizes, we consider multiple depot-scale settings. For each setting, depots
are randomly sampled from the full pool of available depots. For each depot configuration
and selected day, all orders recorded on that day are used as requests. Each location is
represented by its latitude and longitude. The distance between two locations is computed
using Euclidean distance. A summary of key statistics for all experimental settings is reported
in Table 2.

Table 2 Parameter settings for the real-world datasets.

Parameter Weekday Weekend
n (number of requests) 69,103 77,638
k (number of depots) 1, 3, 5, 7, 9, 10, 15, 20, 30, 40 (×3)
h (number of speed levels) 3

5.3 Baseline Algorithm
We are not aware of any previously proposed methods for the heterogeneous collaborative
delivery problem. Therefore, we consider the following cheapest-insertion heuristic algorithm
as the baseline in our experiments: The algorithm begins with an arbitrary order of requests
and processes them sequentially. For each request, it evaluates all vehicles and all insertion
positions within their current routes (a request can be inserted at the beginning, i.e., as the
first request to be served after the vehicle leaves the the depot, or after the completion of
the delivery of a package that is already contained in the route), computing the additional
travel time incurred. The request is then assigned to the vehicle and insertion position that
yields the minimum increase in cost. This process is repeated until all requests are placed,
producing a feasible set of routes that serves as a baseline for comparison in our experiments.
The running time of the baseline algorithm is O(n(k + n)).
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We emphasize that this greedy cheapest-insertion heuristic is not a constant-factor
approximation, even in the special case where each request is of the form si = ti. In the full
version [10] we show how to construct arbitrarily large instances where the algorithm incurs
a cost Θ(α) times the optimal solution, where α = vmax/vmin is the ratio of the maximum to
minimum vehicle speed.

5.4 Experimental Evaluation
All experiments were conducted on a laptop with Apple M2 Pro processor and 16 GB main
memory running macOS 15.2. Our implementations, which allow all experimental results
to be fully reproduced, are publicly available at https://github.com/WenZhang-Vivien/
Tree_construction_Primal_Dual_Routing.

5.4.1 Computational Results in Synthetic Data Sets
In this section, we present the results on the worst-case and SY-U datasets. For the total
travel time objective, we find that the baseline algorithm performs well in synthetic data
sets, but is slowest, and in some instances can perform significantly worse due to the lack
of a performance guarantee. All three PD-based algorithms run faster than the baseline
algorithm. Among them, PD-Greedy consistently achieves performance close to that of
the baseline algorithm. PD-DFS is the fastest algorithm, but its solution quality in the
experiments is worse than that of the other two. PD-DGreedy offers a good trade-off: it is
faster than PD-Greedy while achieving better performance than PD-DFS.

5.4.1.1 Computational Results in Worst-Case Data Sets

We construct a worst-case instance (for the baseline algorithm) on a line metric with two speed
levels, as described in [10]. Specifically, we set ε (an extra parameter of the construction [10]),
vmax, and vmin as fixed parameters and increase the number of source–target pairs n. We
let α = vmax/vmin = 1, 000. Figure 3 shows the solution cost and running-time versus the
number n of requests. As n increases, the total cost of the baseline algorithm grows with n2

whereas the costs of all PD-based algorithms are about 1, 000 times smaller, demonstrating
the superior performance of our proposed methods. The MST 7 variants of the PD algorithms
produce the same solutions as the variants not using the MST 7 modification and are not
shown. Compared to the other algorithms, the running time of PD-DFS grows much more
slowly as the number of requests increases.

5.4.1.2 Computational Results in SY-U Data Set

Figures 4, 5, and 7 illustrate the impact of the number of source–target pairs n, the number
of depots k, and the number of speeds/levels h on algorithm performance for data generated
from a uniform distribution.

For a fixed number of depots (k = 90) and a fixed number of speed levels (h = 3), as the
number of source-target pairs n increases from 5 × 103 to 20 × 103 as shown in Figure 4, the
ratio between the total travel time objective of our PD-Greedy (and PD-DGreedy) algorithm
and that of the baseline algorithm decreases and approaches 1. Meanwhile, the ratio of the
running times remains below 1 and continues to decrease, indicating a growing computational
advantage of our approach at larger scales. The MST 7 variants of the PD algorithms tend
to produce slightly better solutions at the expense of a slightly increased running time.

https://github.com/WenZhang-Vivien/Tree_construction_Primal_Dual_Routing
https://github.com/WenZhang-Vivien/Tree_construction_Primal_Dual_Routing
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Figure 3 Results on the worst-case instance for the baseline algorithm with varying n, where
α = vmax/vmin and ϵ is a small constant parameter.

Figure 6a illustrates the breakdown of the running time of the individual components of
each PD-based algorithm as the number of request pairs increases. When n is small (e.g.,
n = 5,000), the primal–dual component dominates the running time. As n increases, the
routing phases account for a larger portion of the total running time.

For a fixed number of source-target pairs (n = 10 × 103) and a fixed number of speed
levels (h = 3), when the number of depots k is small (less than 30), as shown in Figure 5,
our PD-Greedy (and PD-DGreedy) algorithm outperforms the baseline in terms of solution
quality; with an increasing number of depots, the baseline algorithm attains slightly better
performance. In terms of running time, the PD-based algorithms are always faster than the
baseline. Interestingly, the running time of all PD-based algorithms decreases as the number
of depots increases when the number of depots is relatively small (less than 60), and then
increases thereafter. This behavior can be explained by the changing dominance of different
algorithmic components, see the breakdown shown in Figure 6b. These observations suggest
that, for a fixed number of source-target pairs, there may exist an appropriate number of
depots that simultaneously yields best solution quality and fast running time.

For a fixed number of source-target pairs (n = 10 × 103) and a fixed number of depots
(k = 90), as the number of speed levels h increases, as shown in Figure 7, the performance
of our PD-Greedy algorithm is slightly worse than that of the baseline algorithm when the
number of speed levels is small (less than 3), but becomes superior as the number of speed
levels increases. The running time of the baseline algorithm remains largely unchanged
as the number of speed levels increases, but the running time of our PD-based algorithms
increases with the number of speed levels (due to an increase of the number of iterations of
the Primal-Dual component), but they consistently remain faster than the baseline algorithm.

5.4.2 Computational Results in Realworld Data
As observed in the synthetic datasets, a relatively small number of depots (vehicles) is
sufficient to achieve good performance with low running time. Accordingly, we focus on
representative settings with different numbers of depots k, selected at random, and compare
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Figure 4 Results on the Uniform synthetic dataset (SY-U) with varying n.

the performance of the three PD-based algorithms against the baseline algorithm on both
weekday and weekend real-world data, considering both the full set of depots (only for the
baseline algorithm) and randomly selected depot subsets.

From Figure 8 (weekend data), we observe trends consistent with the synthetic experiments.
(The results for weekday data are similar and can be found in the full version [10].) PD-
Greedy achieves the best solution quality, while PD-DFS is the fastest. As the number of
depots increases, the total route cost of the PD-based algorithms – particularly PD-Greedy
and PD-DGreedy – slightly increases but remains within a factor of 1.1 of the baseline.
Meanwhile, their running time decreases due to fewer requests per depot. This trend becomes
more pronounced for large-scale real-world source–target request pairs.

We remark that, for both the synthetic datasets and the real-world datasets, the effects
of varying n, k, and h exhibit similar trends. As the number of request pairs increases, our
algorithm continues to achieve favorable performance, particularly when fewer depots are
used, while maintaining relatively low running times.
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Figure 5 Results on the Uniform synthetic dataset (SY-U) with varying k.
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Figure 6 Breakdown of running time for the three PD based algorithms on the Uniform synthetic
dataset (SY-U) with varying n or k.
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Figure 7 Results on the Uniform synthetic dataset (SY-U) with varying h.
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Figure 8 Results on the weekend dataset with varying numbers of depots k. For reference, when
the baseline algorithm uses all depots (k = 4901), the total route cost is 36.12 seconds and the
running time is 2731.58 seconds.
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