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—— Abstract
We study the standard-form ILP problem

T
Cc T — max

Axr =0,

T € 13,

where A € Z**™ has full row rank. We obtain refined FPT algorithms parameterized by k and A, the
maximum absolute value of a k x k& minor of A. Our approach combines discrepancy-based dynamic
programming with matrix discrepancy bounds in Komlds’ setting. Let ki denote the maximum
discrepancy over all matrices with k£ columns whose columns have Euclidean norm at most 1. Up to
polynomial factors in the input size, the optimization problem can be solved in time O(Iik)2kA27
and the corresponding feasibility problem in time O(fik)kA. Using the best currently known bound
Kk = 5(10g1/4 k), this yields running times O(log k:)g(l'“’(l))A2 and O(log k)%(l*"’(l))A7 respectively.
Under the Komlds conjecture, the dependence on k in both running times reduces to 20
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1 Introduction

We consider the following ILP problem:

» Definition 1. Let A € Z"*", rank(A) = k, ¢ € Z", b € Z*. An ILP problem in standard
form of codimension k is the problem:

CTJ? — Imax

Ax =0

(ILP-SF)
r€Z%,.

We study the computational complexity of this problem with respect to k (codimension
of the system Az = b) and the absolute values of subdeterminants of A. These values are
captured by the following definition:

» Definition 2. For a matriz A € Z"*™ and j € {1, ..., k}, by
A;(4) = max {|det(Az )| : TC {1, ook}, T S {1, n} 1T =1T] = 5},

we denote the maximum absolute value of determinants of all the j X j submatrices of A,
with the convention that

A;(A)=0 for j > min{k,n}.

We also use the shorthand notation A(A) := Apanka)(A) for the maxvimum absolute value of
a full-rank minor of A. A matriz A with A(A) < D is called D-modular.

We will often use the shorthand notation A := A(A) and A := A;(A) =||A]] To
the best of our knowledge, the study of integer linear programming problems of bounded

max”

codimension began with the classical work of Papadimitriou [14], which shows that the
(ILP-SF) problem can be solved in

@) (n2k+2 - (k- HlaX{Al7||b||oo})(k+1)(2k+1)) N

arithmetic operations. Following the analysis in [15, Section 18.6], this complexity bound
can be rewritten in terms of subdeterminants of Aq = (A b):

PO . DOk (2)

Here, D denotes the maximum absolute value of subdeterminants of the extended matrix
Aext of all orders up to k.

Four decades later, Eisenbrand & Weismantel [9] improved this bound by showing that
(ILP-SF) and its feasibility variant can be solved in time

- O(kAL)? - [Ib]f7 (3)
n-O(kAD" b, , (4)
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respectively. Jansen & Rohwedder [12] later sharpened these bounds and removed dependence
on ||b]|, obtaining

O(k)k - ATF /290108 80) 4 Ty (5)
O(k)*/2 . Ak (log A)? + Tip, (6)

for (ILP-SF) and its feasibility variant, respectively. Here T1p denotes the computational
complexity of solving the relaxed LP problem. It was also shown that these complexity
bounds are conditionally optimal with respect to Aj.

It is natural to investigate the computational complexity of the (ILP-SF) problem
with respect to subdeterminants of orders other than 1 in more detail, thereby extending
Papadimitriou’s bound in (2). In this direction, Gribanov et al. [11, Corollary 9] showed
that the (ILP-SF) problem can be solved using

O(log k)2* o) L A2 . 10g2(A) + Tip (7)

operations. However, the complexity dependence on k appears overly pessimistic.
Computational complexity bounds with significantly better dependence on k were obtained
by Cherniavskii et al. [7] for the (ILP-SF) problem and its feasibility variant:

O(log k)?* - A2 /2%(Vlos &) 4 90(k) . 1oy (input size), (8)
O(logk)* - A - (log A)? + 290 . poly(input size). (9)

The computational complexity bounds (8) and (9) are also applicable to problems in canonical
form with (n + k) inequalities (see ILP-CF and Section 1.2).

» Remark 3 (Conditional Lower Bounds). Note that applying Hadamard’s inequality to these
complexity bounds yields a computational cost that almost matches (5) and (6). The latter
fact implies that these complexity bounds are conditionally optimal with respect to A (for
the discussion, see Section “Conditional Lower Bounds” of [7]).

Additionally, we note that, due to Bock et al. [4], there are no polynomial-time algorithms
for the ILP problems with A = Q(n®), for any ¢ > 0, unless the ETH (the Exponential Time
Hypothesis) is false.

The last fact is the reason why we need to use both parameters k and A. Indeed, due
to [4], the complexity bound poly(A, input size) is unlikely to exist, while the bounds of the
form 29(%) . poly(A, input size) are provided in our work.

1.1 Our Contribution

Our main result is an algorithm for A-modular instances with improved dependence on
k, at the cost of only a negligible deterioration in the dependence on A. More precisely,
the dependence on k is governed by an upper bound for the discrepancy of matrices in the
Komlos setting. We denote this upper bound by «,, and it can be formally defined in the
following way. For an arbitrary matrix A € kan, the discrepancy of A is

disc(A) = min | Az .
ze{—1,1}"
Let
X, = {A e R**"™: k> 1, all columns of A have 5-norm < 1} ,
then k, is defined by
fin = max disc(A). (10)

Now, we can state our main algorithmic result.

25:3

ESA 2026



25:4

Algorithms for Standard-Form ILP Problems via Komlés' Discrepancy Setting

» Theorem 4. The (ILP-SF) problem can be solved in
O(k1)?* - A% - log A + poly(input size)
arithmetic operations. Its feasibility variant can be solved in

O(kk)* - A - poly(input size)

bit operations>.

The proof is given in Section 4.
The well-known Komlés conjecture states that x,, is bounded by an absolute constant
independent of n. A classical bound for &, is due to Banaszczyk [2]:

o = O(/fog).

The latter was improved by Bansal & Jiang [3], who resolved the Beck-Fiala conjecture for a
very wide range of parameters:

kin < V/logn - (loglog n)o(l).

Consequently, we obtain the following corollaries of Theorem 4.
» Corollary 5. The (ILP-SF) problem can be solved in
O(log k)§(1+o(1)) - A? -log A + poly(input size)
arithmetic operations. Its feasibility variant can be solved in
O(log k)%(HO(l)) - A - poly(input size)
bit operations, respectively.

» Corollary 6. Assuming that the Komlds conjecture is true, the (ILP-SF) problem can be
solved in

200K L A2 log A + poly(input size)

arithmetic operations. Its feasibility variant can be solved in
20(k) L A poly(input size)

bit operations, respectively.

The first corollary (Corollary 5) improves the current dependence on k in complexity
bounds from O(log k)2 and O(log k)* to O(log k)= (1+e(1) and
O(log kﬁ(l*‘o(l)), respectively. The second corollary (Corollary 6) states that the validity of
the Komlés conjecture implies that both dependencies can be improved to 29).

» Remark 7 (Randomized vs. deterministic). Strictly speaking, the feasibility part of our
algorithm is randomized because of the Boolean convolution subroutine from Section 2.4.
More precisely, in Lemma 17 we use the randomized sparse polynomial multiplication
algorithm of Giorgi et al. [10]. All remaining ingredients of the feasibility algorithm are
deterministic.

This source of randomness is not essential. As explained in Remark 31 from Appendix,
one may replace that subroutine by the deterministic sparse nonnegative convolution al-
gorithm of Bringmann, Fischer, and Nakos [6, Theorem 1]. This yields a deterministic
implementation of the Boolean convolution routine and therefore a deterministic version of
the feasibility algorithm as well. The asymptotic form of the feasibility bounds in Theorem 4
and Corollaries 5 and 6 remains unchanged.

3 Note that for the feasibility problem we estimate the bit complexity, because it is easier to do so for
several reasons. The arithmetic complexity can be analyzed in further work.
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1.2 ILP Problems in Canonical Form

It is also natural to consider the ILP problem in canonical form with n variables and n + k
constraints.

» Definition 8. Let A € Z"HX" rank(A) =n, ¢ € Z", b € Z"**. The ILP problem in
canonical form with n 4+ k constraints is defined as follows:

CT.’E — max

Az <b (ILP-CF)
xeZ".
Despite the fact that the (ILP-SF) and (ILP-CF) problems are mutually transformable, all
known trivial transformations alter at least one of the key parameters k, A or the dimension
of the corresponding polyhedra. The existence of a parameter-preserving transformation is a
nontrivial question that was resolved positively by Gribanov et al. [11, Lemmas 4 and 5].
As already noted, the complexity bounds (8) and (9) are also applicable to the (ILP-CF)
problem and its feasibility version. This relies precisely on the mentioned transformation
between the canonical-form problem (ILP-CF) and the standard-form problem (ILP-SF).
The approach described in this manuscript can also be applied to the (ILP-CF) problem,
which yields a computational complexity bound with a better dependence on k and a
negligible deterioration in A.

» Theorem 9. The (ILP-CF) problem can be solved in
O(k1)?* - A% - log A + poly(input size) arithmetic operations.

We do not present an accelerated algorithm for the feasibility version of (ILP-CF), since
this would require a more complicated generalized Boolean convolution that is not needed for
(ILP-SF). Since (ILP-CF) plays only a secondary role in this paper, we also omit the proof
of Theorem 9. That proof can be obtained by a minor adaptation of the dynamic program
used in Theorem 4, together with the approach of [7] and the reduction of [11, Lemmas 4
and 5]. We plan to resolve these convolution issues and develop algorithms for the (ILP-CF)
problem and its feasibility variant in an extended version of our work.

1.3 Complexity Model Assumptions

Some of the algorithms considered in this paper are analyzed in the Word-RAM model.
In other words, we assume that additions, subtractions, multiplications, and divisions of
rational numbers of the prescribed size (the word size) can be performed in O(1) time. We
take the word size to be bounded by a fixed polynomial in [logn] + k + [log ], where « is
the maximum absolute value of elements of A, b, and ¢ in the problem formulations.

However, sometimes we will explicitly describe the computational complexity of algorithms
in terms of the number of bit operations. Depending on which complexity measure we use in
our work, we will state this explicitly. That is, we will use the terms “arithmetic operations”
(sometimes shortened to “operations”) and “bit operations”.
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2 Preliminaries

For A € R¥*" we denote by:
A, the (i,7)-th entry of A;
A, its i-th row vector;
A, j its j-th column vector;
Az 7 the submatrix consisting of rows and columns of A, indexed by Z and J, respectively;
Replacing Z or J with * selects all rows or columns, respectively;
When unambiguous, we abbreviate Az, as Az and A, 7 as Ay.

2.1 Hermite Normal Form

Let A € Q"*" be a rational matrix of rank n. It is well known (see, for example, [15, 17, 16])
that there exists a unimodular matrix U € Z™*", such that A = UH, where H € Q"*" is
upper triangular and satisfies 0 < H;; < Hy; for every i € {1, ..., n}and j € {1, ..., i —1}.
The matrix H is called the Hermite Normal Form (or, shortly, HNF) of the matrix A.
Near-optimal polynomial-time algorithms for constructing the HNF of A can be found
in [17, 16].

2.2 Preliminaries from Discrepancy Theory

As noted in the Introduction, we employ tools from discrepancy theory. Below we recall the
results and definitions we need.

» Definition 10. For a matriz A € R¥*™ its discrepancy and its hereditary discrepancy are

defined by
disc(4) = min || Az| .
ze{-1,1}"
herdisc(A4) = disc(Ax 7).
erdisc(A) ch?ﬁ.}.i,n} isc(Ax 7)

One of the most important settings in discrepancy theory is the Komlés setting, which
considers matrices A € R¥*™ whose columns have the Euclidean norm at most one. Recall
the corresponding definitions from Introduction:

K, = {AeRkX": k>1Aull, <1, ¥ie{l, ..., n}}7

K, = max disc(A).
AeX,

The long-standing Komlds conjecture states that x, = O(1). Considerable work has gone
into proving or disproving this conjecture, and the current best bound is due to Bansal &
Jiang [3]:

kn = /logn - (loglog n)o(l). (11)

We must also recall an important property concerning the discrepancy of matrices
A € RF" with k < n.

» Lemma 11 (Alon & Spencer [1, Corollary 13.3.3]). Suppose that disc(A. 7) < H, for every
subset J C {1, ..., n} with|J| < k. Then, disc(A) < 2H.
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Originally, this statement was proved only for hypergraph discrepancy. However, it is
straightforward to see from the original proof that it extends to matrices as well. Combining
Lemma 11 with (11), we obtain

herdisc(A) < 2k, = /logk - (loglog k)

The following key lemma, due to K. Jansen & L. Rohwedder [12], connects results from
discrepancy theory with ILP theory.

» Lemma 12 (K. Jansen & L. Rohwedder [12]). Let A € R**™ with rank(A) = k and x € Z2,.
Then, there exists a vector z € 22 with -
1. 2 <z; -

2. ||A(z - :c/2)||Oo < herdisc(A4).

Assuming additionally that||z||, > 1, there exists a vector z € Z2, with

1. z<x; -

2. Lol <zl < &-lolly;

3. [|A(z — x/2)||oo < 2 - herdisc(A).

o, (12)

2.3 Enumeration of Integer Points in Rational Parallelepipeds

The dynamic programming algorithm we will use requires enumerating integer points of a
parallelepiped as a subroutine.

» Lemma 13. For a given upper triangular matrizv H € Q™™ with strictly positive diagonal

elements and r € Q", denote P =r+ H - [0,1)". The following propositions hold:
1.

n

[l <Pz < [T

i=1

2. The elements of PNZ" can be enumerated using O(n)* - [1}_,[H;| operations.
Due to its length, the proof has been moved to Appendix A.1.

» Corollary 14. For a given upper triangular matriz H € Q™" and r € Q", denote
P=r+H-[0,1)" and A =|det H|. Assume additionally that H;; = Q(1) for each i. Then,
the following propositions hold:

1.

|PNZ"| =200 . A;

2. The elements of PNZ" can be enumerated using 2 - A operations.

2.4 Sparse Boolean Convolution via Sparse Polynomial Multiplication

In this subsection, we study the sparse generalized Boolean convolution problem, which will
be used to speed up our dynamic programming algorithm for solving feasibility problems.

» Definition 15. Let o and B be given functions from ZF to {0, 1} with finite support. We
assume that the functions are represented by lists of elements of their supports. The Boolean
convolution of the functions a and [ is the function ~y: 7k - {0,1}, defined by

Yz = \/ Qy A Bzfy-
y€supp(a)
z—y€supp(B)

Note that supp(y) = {a: ezk:3ye supp(«) such that (x —y) € supp(ﬂ)}.

25:7
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» Problem 1 (Sparse generalized Boolean convolution). Given two finite-support functions
o, B: ZF — {0, 1}, each represented by the list of points where it is equal to 1, compute their
Boolean convolution 7 from Definition 15 in the same sparse representation.

To construct a fast algorithm for Problem 1, we will use the recent result on sparse polynomial
multiplication by Giorgi et al. [10]. For a multivariate polynomial f € Z[z1,...,z,], let
|| ]l be the maximum coefficient of f, #f be the number of non-zero coefficients of f, and
deg,. f be the maximum degree of the variable z; in monomials of f.

» Theorem 16 (Giorgi et al. [10, Corollary 4.8]). There exists an algorithm that takes as
inputs f,g € Zlx1,...,x,] and 0 < € < 1, and computes fg with probability at least 1 — ¢
using

O(T - (nlogd +log C) - polylog(1/e))  bit operations,

where T = max {#(fg), #f,#g}, d = max; deg, (fg), and C = max{| f|| . ,llgll . }-

The following lemma provides a simple reduction of Problem 1 to sparse multivariate
polynomial multiplication. Due to its technical nature and space limitations, we have moved
the proof to Appendix A.3.

» Lemma 17. Problem 15 can be solved in

O (T - (klogL))

bit operations with high probability, where T = max {fsupp(a)| ,|Supp(ﬂ) 7|supp(7)‘} and L

is the mazimum L -norm of elements in supp(«) and supp(fB).

2.5 The Lowner ellipsoid for a set of points

Let A C R* be a set of n points in general position. For simplicity, we assume that A is
O-symmetric. It is a known fact that there exists a unique minimum-volume ellipsoid &,
called the Lowner-John or Lowner ellipsoid, that contains A. Since A is in general position
and 0-symmetric, £ is k-dimensional and 0-symmetric.

The Lowner ellipsoid £ can be represented by the following pair of primal and dual convex
optimization problems (see, for example, Nikolov [13, Section 2.3]). The primal program is

—Indet W — min

a'Wa<1, acA,

(Primal-LJ-Ell)
W >=0.

The dual program is
n
In det Z ci - aiaiT — max
=1

1Te=k

(Dual-LJ-El})
c e RY,.

The primal problem (Primal-LJ-Ell) is a convex minimization problem over the open domain
{W: W > 0} with affine constraints. Hence, due to Slater’s condition [5, Section 5.2.3],
there is no duality gap between (Primal-LJ-Ell) and (Dual-LJ-Ell).
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The following lemma shows that the volume of £ can be bounded in terms of the maximum
volume of a parallelepiped spanned by vectors in 4. This fact explains the main reason for
the existence of LD-preconditioners described in Section 3.

» Lemma 18. Let A be the matriz whose columns are formed by elements of A. Let
£ = {x eRF: zTWz < 1} be the Léwner ellipsoid, i.e., the minimum-volume ellipsoid

-y 1 k/2
containing A. Then, T S € 2. A(A).

For the proof of Lemma 18, we will use the following technical lemma, whose proof is deferred
to Appendix A.2.

» Lemma 19. For a > 0 and integers n > k > 0, consider the following optimization
problem:

E I I cj%max
{1,.
k

ge(pmyied

Cl+"'+cn:a
ceRY,.

a
n

Then, the point ¢ = 1 is an optimal solution of this problem.

Proof Of Lemma 18. Consider the dual program (Dual-LJ-Ell). Denoting C = diag(c), we
have

1/det W = det Z ci-aa] | = det(ACAT) =
=1
Z det((A\@)* j)2 = Z det(A*j)Q -detCy <
Je((l,.l.c.,n}) JG({I,.I,C.,n})
A(A)z . Z H ¢ by Ler%ma 19

Je({l,.].c.,n})jej

The following technical lemma provides an algorithm for finding an approximate Léwner
ellipsoid in a format convenient for our purposes. We have omitted the proof here owing to
the page limit; the full proof is available in the arXiv version of the paper.

» Lemma 20. Let A C Q" be a given finite O-symmetric set of points in general position,
and € € Q- be a given rational number. Let W € R*** be the symmetric positive-definite
matrix such that

E={zeR":2"Wz <1}

is the Lowner ellipsoid of A. Then, there exists a polynomial-time algorithm that computes a
matriz C' € Q" such that

1. C is upper triangular with positive diagonal,

2. foreacha€ A, a'CTCa <1,

3. detC > e~2¢ . det W1/2.

25:9
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3 Computation of the Preconditioning Matrix with a Small
Determinant

The main idea of our approach, which is similar in spirit to the techniques used in the
discrepancy minimization paper by Dadush et al. [8], is to precondition a given matrix
A € R¥*™ by choosing a matrix B € R¥** with small determinant such that every column
of B7!'A has Euclidean norm bounded by an absolute constant. After rescaling, the matrix
B~!A belongs to Komlés’ setting, which yields herdisc(B’lA) = O(kg). A natural way
to construct such a matrix B is via the Lowner ellipsoid. We refer to such matrices as
LD-preconditioners, where the letters LD abbreviate Lowner and discrepancy.

» Definition 21 (LD-preconditioner). Let A = (ay,...,an) € R¥*™ be a matriz of rank k.
A nondegenerate matrix B € RF** s called an LD-preconditioner of A if the following
conditions are satisfied:

1. |det B| < 2°(0) . A(A);

2. ||B7tail|, = O(1) for everyi e {1, ..., n}.

» Proposition 22. Let A € R¥*™ be a matriz of rank k. If B is an LD-preconditioner of A,
then herdisc(B™*A) = O(ky).

Proof. By the definition, there exists an absolute constant ¢ > 0 such that every column of
B~ A has Euclidean norm at most c. Hence, the matrix ¢=!(B~!A) belongs to the Komlds
setting. Applying Equation (12), we obtain herdisc(B'A) < 2¢ - ki = O(ky). <

The next proposition proves the existence of LD-preconditioners.

» Proposition 23. Let A € R¥*"™ be a matriz of rank k. Then there exists an LD-
preconditioner B of A such that B is upper triangular with positive diagonal. Moreover, for
a given rational matriz A, such a matriz B can be computed in polynomial time.

Proof. Denote the columns of A by (ai,as,...a,). Let W € RF** be the symmetric
positive-definite matrix such that

E={zeR:2"Wz <1}

is the Lowner ellipsoid of the set {#a;}. Let B be the Cholesky factor of W~1, so that
BTB =W~ Note that B is upper triangular with positive diagonal. By Lemma 18,

|det B| = det W~1/2 < M2 A(A). (13)
Additionally, if y is the i-th column of B~!A, then
Iyl =al B~TB  a; < 1. (14)

Hence, B is an LD-preconditioner of A.

Note that B can be chosen as any upper triangular matrix with positive diagonal that
satisfies (13) and (14). Thus, for rational A, rather than taking B to be the exact Cholesky
factor, we choose C using Lemma 20 with € = 1, and set B = C'~!; the same verification
applies. |

For our purposes, we need a stronger version of LD-preconditioner.
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» Definition 24 (Normalized LD-preconditioner). An LD-preconditioner B of A is called
normalized if there exists a unimodular matriz U € ZF% such that UB is upper triangular
with diagonal elements bounded below by Q(1).

Or equivalently*®, an LD-preconditioner B of A is called normalized if each diagonal
element of the HNF of B is bounded by Q(1) from below.

» Proposition 25. Let A € R¥*™ be a matriz of rank k, and let B € Q*** be a normalized
LD-preconditioner of A. Then, for everyr € QF, the points of

(r+B-0,1)*)nz"
can be enumerated using 2°F) . A(A) operations.

Proof. By definition of a normalized LD-preconditioner, there exists a unimodular matrix
U € ZF** such that H = UB is upper triangular with diagonal elements bounded by (1)
from below. Denoting ' = Ur, the map « — Uz is a bijective map from (r+ B-[0,1)*) N yAd
to (r'+H-[0,1)¥) NZ". By Corollary 14, the points of (r'+H-[0,1)F) NZ* can be enumerated
using 20(%) .|det H| operations. Since U is unimodular and B is an LD-preconditioner of A,
we have |det H| < 29%) . A(A), which finishes the proof. <

» Remark 26. We will use Proposition 25 later to enumerate the state space of the dynamic
program from Section 4.1.

The next lemma shows that every matrix containing the columns of the k x k identity
matrix admits a normalized LD-preconditioner.

» Lemma 27. Let A € R¥*™ be a matriz of rank k which contains a k X k identity submatriz.
Then there exists a normalized LD-preconditioner B of A. Moreover, for rational A, such a
matriz B can be computed in polynomial time.

Proof. Let B be an LD-preconditioner of A constructed using Proposition 23. It is upper
triangular with positive diagonal. Thus B is normalized by taking U = I}, in Definition 24.
Since A contains the identity matrix, we have

0<

- (57, e, ot

Bi;
which completes the proof. |

The next theorem constructs, in polynomial time, a rational normalized LD-preconditioner
for an arbitrary integer matrix of rank k.

» Theorem 28. Let A € ZF*" be a matriz of rank k. Then there exists a normalized
LD-preconditioner B of A. Moreover, such a matriz B can be computed in polynomial time.

Proof. Denote the columns of A by (aq,...,a,) and let B be an arbitrary columns base of
A. Denote 6 =|det Ag| and A = A(A). Then
A(Az'A) = %,

and AglA contains an identity submatrix.

4 The second version of this definition is equivalent to the first one for rational matrices. However, since
the HNF is not defined for reals, the first generalizes the second.

5 The equivalence follows from the fact that every upper triangular matrix with strictly positive diagonal
can be reduced to an HNF with the same diagonal using only unimodular row operations.
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Applying Lemma 27 to AglA, we obtain in polynomial time a rational normalized
LD-preconditioner B of AglA. Hence

|det B] <290 . A(Az'A) = 2000%, and

Vie(l,..., n}, HB_l(Aglai)

< O(1).
<o)
Let B’ = AgB. Then, for every i € {1, ..., n},

i

g

‘2 <0(1), and
|det B'| =|det Ag|-|det B| < 29 A,

Thus B’ is an LD-preconditioner of A. Since B is normalized, we can put
B=UH,

where U € Z*** is unimodular, H € Q"** is upper triangular, and the diagonal elements of
H are bounded by Q(1) from below. Then

B = AgB = AgUH - U'H, H.
AgU=U"H;
HNF decomposition

The matrix Hy H is upper triangular. Since the diagonal of H; consists of positive integers
and the diagonal of H is bounded by Q(1) from below, the diagonal of H1H is also bounded
by Q(1) from below. Therefore, B’ is the required normalized LD-preconditioner of A. <«

4 Proof of Theorem 4

Recall the statement of Theorem 4:

» Theorem 4. The (ILP-SF) problem can be solved in
O(k1)?* - A% - log A + poly(input size)

arithmetic operations. Its feasibility variant can be solved in
O(k1)* - A - poly(input size)

bit operationsS.

To prove Theorem 4, we first construct the dynamic programming algorithm described in
Section 4.1, and then in Section 4.2 we instantiate its parameters using the construction of
rational normalized LD-preconditioners from Section 3.

4.1 Dynamic program

In the seminal work [12], K. Jansen & L. Rohwedder introduced a new class of dynamic
programming algorithms for ILP problems, which utilizes results from discrepancy theory and
fast algorithms for tropical and Boolean convolutions on sequences. Our dynamic program-
ming algorithm follows the same pattern but exhibits significant differences, as it employs

6 Note that for the feasibility problem we estimate the bit complexity, because it is easier to do so for
several reasons. The arithmetic complexity can be analyzed in further work.
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matrix preconditioning (see Section 3), enumeration of integer points in parallelepipeds (see

Section 2.3), and handles a more general Boolean convolution problem (see Section 2.4).

Unfortunately, we do not know any accelerated algorithm for solving the tropical variant of
the generalized convolution arising in the optimization problem.

» Theorem 29. Consider the (ILP-SF) problem. Let p € Z~q be such that||z*||; < (6/5)°,
for some optimal integer solution z* of the problem.

Assume in addition that the following hold for a given nondegenerate matriz B € QF**:

1. denoting 6 =|det B|, assume that for every v € Z>1 and r € QF, all integer points inside
(r+~vB-[0,1)*) can be enumerated with O(v)* - & operations 7 ;

2. denoting M = B~! - A, we assume that n € Z>1 is a given upper bound on herdisc(M).

Under these assumptions on B, the problem can be solved in
p-O0(n)* - 52 + poly(input size)
arithmetic operations. The feasibility variant of the problem can be solved in
p-O(n)* -6 - poly(input size, logn)  bit operations.
Proof. Set
M=B1A and v=B"'b.
Then Az = b is equivalent to
Mz =, r€Z,.
Moreover, any feasible right-hand side u of a system Mz = u belongs to B~ - Zk, because

u=Mzr=B ‘Az e B~ . Z".

Subproblems. For i€ {0,...,p} and u € B~' - ZF let P(i,u) be the problem

CTLE — max

Mx = u,
]l < (6/5)",

r€Z.

Denote its optimum value by OPT(i,u), and set OPT(i,u) = —oo if P(i,u) is infeasible.

Since some optimal solution of Mz = v has £;-norm at most (6/5)°, the optimum of P(p,v)
is equal to the optimum of the original problem.

The idea is a divide-and-conquer dynamic program: a solution of P (4, ) will be split into
two smaller solutions corresponding to level i — 1 with v/, u” =~ u/2.

7 To be absolutely precise formally, we will also note that the bit complexity of the enumeration must
also depend polynomially on the lengths of v and B.
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Single splitting step. Fix ¢ > 1 and let = be a feasible solution of P (7, u).
If |||, > 1, then by Lemma 12 there exists z € Z%, such that

0<z<ua, ||M(z—m/2)”oog2n7 and
1 5
Slially <zl < Zlell
Hence
5 5 i i—1
121l < Gllelly < 5 (6/5)" = (6/5)",  and also
5 i
lz =2l =llzlly = Izl < glllly, < (6/5)".
If|z||, <1, then the first part of Lemma 12 gives a vector z € Z%, with
0<z<x, ||M(z—x/2)||oo§n§277.
In this case,
2l <llell, <1< (6/5)7% o — 2l <llall, < 1< (6/5).
Thus, in both cases, we obtain z such that
0<:<a,  [MG-a2) <2 el ezl < 6/5)
Now, we set
u =Mz, =Mz —-z)=u—1
Then «/,u” € B~ -7ZF, and

o = /2l =3t - a2l = - a2 < 2n
[ = u/2| =M@ = 2) —u/2| = [[M/2 = 2)|, =[[Mz /2] <2
Thus o', u” € u/2 + 2n[—1,1]%.

Since z and x — z satisfy the required norm bound, they are feasible for P(i — 1,%') and
P(i — 1,u"), respectively. Therefore, if x is optimal for P(i,u), then

OPT(i,u)=c' z=c'z+c' (xz—2) <OPT(i —1,u') + OPT(i — 1,u").
Conversely, if 2’ and 2"’ satisfy

Mz =/, Mz" =",

then M(z' +2") = w;
Moreover, if

¢z’ > OPT(i — 1,u) and  ¢'z” > OPT(i — 1,u"),
then c¢' (2’ +2”) > OPT(i,u).
Hence, to obtain a value at least OPT (%, u), it is enough to know solutions whose objective

values are at least OPT(i — 1,u) and OPT(i — 1,u”); the corresponding witnesses do not
need to satisfy the norm bound.
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Relevant state space. For j € {0,...,p}, define

U = (2”] +4n[—1,1]k> NnB~t.7F.

If u € U;, then every child state v’ produced by the splitting step belongs to U1, because

v

1
! 24+ 2[—1,11FC = | =
u' € u/2+ 2| ,]2<2j

+ 4n[—1, 1]’“) + 2n[—1,1)*

v

= o1 T 2001, 17 + 21, 1)*
v

= 21 + 4n[—1, 1)~

Thus, if u € U;, then v’ € Ujy1.
We will store a state u € U; by its integer representative b’ € Zk, given by B~V = u.
Accordingly, define

B; = {b’ eZF: B~ eu, } =7Fn (;j +4nB[-1, 1]’“) :
By the assumption on B, each set B; can be enumerated in O(n)" - § operations. In particular,
|Bj| = 0(n)" - 4.
Dynamic programming tables. For i€ {0,...,p} and b’ € B,_;, let
u=B"Y.
In the feasibility and optimization variant we store
DPfeas|i, b'] € {0,1} and DP[i,b'] € ZU{—o00}, respectively.

In both the optimization and feasibility variants, the DP entry corresponds to a solution

of Mz = u. This solution need not be feasible for P(i,u); it may violate the norm bound.

However, in the optimization variant we maintain the invariant that its objective value is at
least OPT(i,u). Precisely, for every state (i,0’), we maintain the following invariants:
If P(i,u) is feasible, then

DPfeas[iz bl] =1,
DPJi, '] > OPT(i, u). (INVARIANT-1)

If a table entry certifies feasibility, then a corresponding solution exists:

DPfeas[iab/] =1 = dxe Zgo st. Mz = U,
DP[i,b] > —00 = 3z € Z%; st. Mz =wand ¢’ =DP[i,t]. (INVARIANT-2)

Initialization. For ¢ = 0, the bound ||z||; < 1 leaves only the possibilities = € {0,e1,...,e,}.

We inspect all these vectors and initialize exactly the non-default entries of DP[0, ] and
DPteas|0, -]; every remaining state keeps the default value —oo or 0, respectively. This takes
only poly(input size) operations.
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Transitions. Fori>1and b € B define

p—1is

DP[i,t] =  max (DP[i—l,b”]+DP[i—l,b’—b”]), (Opt-Trans)
b”EBp_i_H
b b E€Bp_it1

with the convention that the maximum over the empty set is —oco, and

DPressi, V] = \/ (DPfeas [i —1,5"] A DPpeas]i — 1,0/ — b"]). (Feasibility-Trans)

b”6697i+1
blbeGBp_H.l

Correctness and Running Time. The algorithm’s correctness is equivalent to validity of
(INVARIANT-1) and (INVARIANT-2), and it follows from the definitions of subproblems
and DP[i,’]. The running time depends on how we evaluate formulas (Opt-Trans) and
(Feasibility-Trans). We evaluate formula (Opt-Trans) using a trivial algorithm. For the
formula (Feasibility-Trans), we use the fast sparse Boolean convolution algorithm from
Lemma 17. Due to space constraints, a detailed proof of correctness and a running-time
analysis are deferred to Appendix A.5. <

4.2 Adjusting the Parameters

To prove Theorem 4, we will use Theorem 29 with appropriately chosen parameters p, n, B,
and 0. The parameter p can be chosen using a standard argument based on the proximity of
the LP and ILP solutions. The details are encapsulated in the following lemma, whose proof
is deferred to Appendix A.4.

» Lemma 30. Any instance of the (ILP-SF) problem can be transformed to an equivalent
instance with the following property: if the problem is feasible and bounded, then there exists
an optimal solution z* such that|z*||, = (k- A)°WD).

Due to this lemma, we can assume that p = O(log(k . A)) Applying Theorem 28 to A,
we obtain a rational normalized LD-preconditioner B of A. By Proposition 25, the matrix B
satisfies the first condition of Theorem 29. By the definition of an LD-preconditioner,

§ =|det B| < 29 . A,

Now the proof follows from Theorem 29.
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A Omitted Proofs

A.1 Proof of Lemma 13

Recall the statement of Lemma 13.

» Lemma 13. For a given upper triangular matric H € Q

"X with strictly positive diagonal

elements and r € Q", denote P =r + H - [0,1)". The following propositions hold:

1.

n

HLH'LZJ <|PNZ™| < ﬁﬁ_]n],

i=1

2. The elements of PNZ" can be enumerated using O(n)? - [1\_,[H;;| operations.
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Proof. We enumerate the points of PNZ" from the last coordinate to the first. Take y € P,
SO

y=r+ Ht, te0,1)".

For k =n,n—1,...,1, assume that yx11,...,y, have already been fixed (for k = n this
means that nothing is fixed yet). The corresponding values tj1,...,t, (such that equalities
yi = Ht for ygaq, ..., y, are satisfied) are known as well. We know that

n n
Yk =Tk + Zijtj =T+ Z Hyjt; + Hyptr, tr €10,1)
j=k j=k+1

Set
n
T =Tk + Z ijtj
Jj=k+1

Hence, the admissible values of y, are exactly the integers in the interval
Tk + Hyg, - [0,1) = [7h, T + Hig).

This interval has length Hygy, hence it contains at least | Hgx | and at most [Hyy]| integers.
These integers can be listed simply by scanning this interval, so this step takes O(fH k:k-|)
time. After choosing ¥y, we recover

Y — Tk

tr =
Hyp,

Thus, this procedure defines a search tree: at step k, every node has between | Hgy| and
[Hyp | children, and the leaves are exactly the points of P NZ". Therefore,

n

[T §|PHZ"|§H(H“»].

i=1

For each such node on level k, we spend O(n) - [Hyi| operations. Hence the total work
at level k is O(n) - []/_,[H;i]. Since there are n levels, the overall number of operations
coincides with the stated complexity bound. <

A.2 Proof of Lemma 19

Recall the statement of Lemma 19.

» Lemma 19. For a > 0 and integers n > k > 0, consider the following optimization
problem:

Z ch—>max

Je({l' .iv.,n})jej

cit+--+cep =«
c € RY,.
o

Then, the point ¢ = = - 1 is an optimal solution of this problem.
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Proof. Let ¢ be an optimal solution, chosen so that y ., ¢? is minimal among all optimal
solutions. Suppose ¢; # ¢, for some [ and s. Define ¢’ to be the vector obtained from c by
replacing both ¢; and ¢, with CH'T“S Then,

>, M- > Ile=

Je ({1 )Jej Je ({1 )JEJ

E o Hc —clcSch =

JG(U"”}JL}Q\U’S}) JjeT JjeT

((CZJQFCSf—ch)- > IIe >0

Je({l’ .,.,kyi)Q\{l,s}) jeTJ

Hence the objective value at ¢’ is no smaller than at c¢. Since ¢ is optimal, it follows that ¢’ is
optimal as well. On the other hand,

which contradicts the choice of c. <

A.3 Proof of Lemma 17

Recall the statement of Lemma 17.

» Lemma 17. Problem 15 can be solved in
O (T (klogL))

bit operations with high probability, where T = max {|supp )| |bupp )| ,|supp('y)f} and L

is the maximum o -norm of elements in supp(a) and supp(f).

Proof. Construct the polynomials fo, fg € Z[z1,...,zx] in the following way. For each
a € supp(a), we include the monomial x* in f,. We do the same for each b € supp(f) to
construct fg. To make the exponents in both polynomials non-negative, we additionally
multiply them by xZ'1. Denoting g = f, - f3, we have

g[xa+2L-1] — Z ap - ﬁa—b~
besupp(a)
(a—b)€supp(p)

Since v, = 1 iff g[x2T21)

By construction, max {”faHoo ,Hfg”oo} = 1 and max;deg, (9) < 4L. Therefore, by

Theorem 16, the function v can be computed in

# 0, the computation of v reduces to multiplying f, and fs.

O (T - (klog L) - polylog(1/¢))

bit operations with probability 1 — e. Taking ¢ = 1/k°") we can guarantee the correctness
with high probability. |
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» Remark 31. There is also a deterministic analogue of Lemma 17. Let ¢ = 4L + 1 and
encode each vector a = (ay,...,a) € [-L, L]* N Z* by

k

o(a) = 3 (a; + L)g .

i=1

Then for any a,b € [~ L, L]* N Z", the base-q expansion of ¢(a) + ¢(b) is exactly a+b+2L-1,
because every digit belongs to {0,...,4L} and hence no carries occur. Therefore, Problem 1
reduces to sparse nonnegative convolution of two one-dimensional 0/1 vectors of length ¢*.

Applying the algorithm of Bringmann, Fischer, and Nakos [6, Theorem 1], we obtain a
running time

O(T . polylog(qk . L)) = O(T - poly(k, log L))

in the Word-RAM model from Section 1.3. Hence Lemma 17 admits a deterministic version
with complexity O(T - poly(k,log L)).
A similar construction for Boolean convolution is used by Jansen and Rohwedder [12].

A.4 Proof of Lemma 30

Recall the statement of Lemma 30.

» Lemma 30. Any instance of the (ILP-SF) problem can be transformed to an equivalent
instance with the following property: if the problem is feasible and bounded, then there exists
an optimal solution z* such that|z*||, = (k- A)°W.

Proof. Let v be an optimal vertex solution of the relaxation; such a solution can be computed
in polynomial time. By [11, Corollary 2], there exists an optimal solution £ to the original
problem such that

lo = 2[l < x, x=0(k2-A-<€/K)-

Following [12], we apply the change of variables 2’ = x — y, where
y; = max{0, [v;] — x}.

Then Z > y. Moreover, since v has at most k nonzero components, it follows that
12 = ylli = O(kx).

Under this substitution, the original problem becomes an equivalent instance of (ILP-SF)
with optimal solution z* = Z — y. Therefore,

I2*]ls = O(kx) = (kA)°M. <

A.5 Proof of the DP-algorithm’s Correctness and Running Time
Analysis (Theorem 29)

Correctness. We prove the invariants by induction on i. For ¢ = 0, they hold by the exact
initialization. Assume that they hold on level i — 1, and consider a state b’ € B,_; with
u=B~.
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Suppose first that P(i,u) is feasible, and let & be an optimal solution. By the splitting
step, there exist u/,u” € u/2 + 2n[—1,1]F with u = «’ + «”, such that P(i — 1,u’) and
P(i — 1,u") are feasible and

OPT(i,u) < OPT(i — 1,u') + OPT(i — 1,u").
Since u € U,_;, as shown above v/, u” € U,_; ;1. Let
b = Bu' = Az.
Then b”, b — " € B,_;11, and by the induction hypothesis,
DP[i — 1,b"] > OPT(i — 1,u/),  DP[i — 1§/ — "] > OPT(i — 1,u"),
as well as
DPfeas[i — 1,0"] = DPfeas[i — 1,0" — 0] = 1.
Therefore, (Opt-Trans) and (Feasibility-Trans) imply
DP[i,b'] > OPT(i,u),  DPgeasli, b'] = 1.

So (INVARIANT-1) is preserved.
To show that (INVARIANT-2) is also preserved, assume first that

DPfeasi, '] = 1.
By (Feasibility-Trans), there exists b” € B,—;+1 with b’ — 0" € B,_;;1 such that
DPfeas[i — 1,b"] = DPyeas[i — 1,0 — "] = 1.
By the induction hypothesis, there exist vectors 2/, 2" € Z% satisfying
Mz’ = B~ Mz" = B71(b =),
Hence
Mz’ +2")y =B +B Y -V') =B =u.

Thus DPgeas[i, b'] = 1 certifies the existence of a feasible solution of Mz = u. The same
argument applies to DP[¢,d] > —oo. So (INVARIANT-2) is preserved.

Conclusion of correctness. Now consider the root state b, corresponding to u = v.
For the optimization problem, (INVARIANT-1) gives

DP[p,b] > OPT(p,v).

On the other hand, if DP[p,b] > —oo, then by (INVARIANT-2) there exists x € ZY, such
that

Mz =vw and c'z = DP[p,b].

Hence DP[p, b] cannot exceed the true optimum of Mz = v. Since some optimal solution has
¢1-norm at most (6/5)”, the true optimum is exactly OPT(p,v). Therefore,

DP[p, b] = OPT(p,v),

and the optimization algorithm is correct.
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For the feasibility problem, if the instance is feasible, then the assumed optimal solution
is feasible for P(p,v), and (INVARIANT-1) yields

DPfeas[p, b] = 1.

Conversely, if
DPfeas[p, b] = 1,

then (INVARIANT-2) gives a vector = € Z%, with Mz = v. Thus
DPfeas[p, 0] =1 <= Mz = v is feasible,

and the feasibility algorithm is correct as well.

Running time. As noted above, every set B; has size
|Bj| = O(n)* - 6.

For the optimization table, a single level is computed by the trivial quadratic scan in
(Opt-Trans), so it costs

O(n)*" - o2
arithmetic operations. Summed over all p levels, and including the initialization, this gives
p - O(n)* - 6 + poly(input size)

arithmetic operations.
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