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——— Abstract

We study the problem of reconfiguring a crossing-free embedding of a graph on a surface, with edges
represented as curves, into another crossing-free embedding of the same graph on the same surface
with the same fixed vertex positions. In this process, we reroute one edge at a time while maintaining
crossing-free intermediate embeddings. This problem was introduced by Ito et al. [TALG 2025],
who showed that even if the graph is a matching of two edges, reconfiguration is not always possible
in the plane, but is always possible on the torus. For matchings of two or more edges, they gave
a necessary and sufficient condition for reconfigurable embeddings in the plane, but not on the
torus. Our main result is that for matchings, trees and forests, reconfiguration is always possible
on the torus, and consequently, on any orientable surface of genus at least one. In addition, we
provide sufficient conditions for reconfiguration on orientable surfaces of genus at least one and in
the projective plane. For more general graphs, we show that reconfiguration is not always possible.
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Figure 1 (a) Two embeddings (red & blue) that cannot be reconfigured on the plane. (b) Recon-
figuration on the fundamental square. (c) Corresponding illustration on the torus.

o

1 Introduction

We study the problem of reconfiguring graph embeddings on a surface, where the vertices
are fixed and each reconfiguration step redraws one edge (represented as a curve). Consider
a set P of points on a surface X, and two embeddings B and R of the same simple graph
G that share the same mapping of vertices to P. Here, an embedding means that each
edge is drawn as a simple curve, which we call an edge curve, on the surface, and no two
edge curves intersect except at a common endpoint. The edge curves of B may cross the
edge curves of R and the correspondence between edge curves of B and R is implied by the
identical mapping of vertices. A reconfiguration step or mowve replaces one edge curve ~
of an embedded graph G by a new curve 7’ to obtain a new embedding of G; i.e., 7' may not
cross any of the other edge curves in the embedding, though we allow v and + to intersect.
We address the question whether B can be reconfigured to R via a sequence of moves.

Tto et al. [22] showed that reconfiguration in the plane is not always possible, even if
the graph is a matching of two edges; see Figure la. On the other hand, they proved that
reconfiguration of a matching of two edges is always possible on a surface ¥ of genus g > 1;
see Figures 1b and 1c for an example on the torus. In this paper, we investigate the natural
open problem of determining which classes of graphs can be reconfigured on surfaces of
higher genus. In particular, we investigate general forests (including larger matchings).

Related Work. Rerouting curves on surfaces was introduced by Ito et al. [22]. They studied
the case where the graph is a matching (a set of independent edges) and the surface is the
plane (equivalently the sphere), for which they gave an algebraic condition characterizing
the reconfigurable embeddings. This was a main step for studying the reconfigurability of
vertex-disjoint paths in planar graphs. When the graph is a matching of two edges on a torus,
they showed that reconfiguration is always possible, and left open the case of matchings of
three or more edges. The problem of reconfiguring graph embeddings on a surface using
elementary moves (studied in this paper) has obvious similarities to other problems in graph
drawing and computational topology. We highlight key differences that may explain why the
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Table 1 Our reconfiguration results and our open problems (numbered as in the list in Section 7).

GRAPH CLASS ORIENTABLE NON-ORIENTABLE

Forests — General Case
Open Problem 1
— Perfect Matchings (arbitrary) Theorem 1
— Perfect Matchings (inside disk) Theorem 8
Planar graphs — General Case Open Problems 2 & 3
— with Fixed Rotation System Theorem 6
Open Problem 3
— Series-parallel graphs Theorem 7
Negative examples — Same rotation system
— Different rotation systems, Theorem 11

all implementing embeddings

techniques developed for other problems do not seem to be helpful for our problem. The
problem of morphing graph drawings on a surface [1, 9, 19] is different in that the
vertices are allowed to move, and usually the edges must remain straight segments on the
surface. The problem of tightening or untangling curves on a surface [10, 11, 12, 15] is
also different in that they consider drawings with possible crossings (i.e., immersions rather
than embeddings), and deform the edge curves continuously via so-called homotopy moves
(local moves that modify the topology of the immersion). We also point the interested reader
to Colin de Verdiére’s survey [14] on graphs on surfaces. Finally, our problem is a type of
combinatorial reconfiguration problem; see [27, 30] for introductions to this field. Note
that a reconfiguration of circle arrangements on orientable surfaces with moves that replace
one circle with a transversely intersecting circle has been considered in [20, 23].

An overview of our results and open problems is presented in Table 1. Due to space
constraints, some proof details are omitted and can be found in the full version [8].

2 Preliminaries

We study the reconfiguration of graphs embedded on a surface ¥ where edges are represented
as arcs. A curve on a surface ¥ is a continuous function v : [0,1] — X. It is closed if
~v(0) = v(1) and simple if 7 is injective on [0,1). An arc on ¥ is the image of a simple curve
v :[0,1] = X such that v(0) # v(1). The points v(0) and (1) are called the endpoints of
the arc. We will always consider simple curves unless mentioned otherwise.

Let G = (V, E) be a simple graph with n vertices V' = {vy,...,v,} and with m edges
E C (‘2/) Let X be a surface and let P = {p1,...,pn} C X be a set of n distinct points
on ¥. A mapping € defined on V U E is a Z-embedding of G on P if 1. E(v;) = p; for
i€ {l,...,n}, 2. £(e) is a simple open arc on X with endpoints £(u) and £(v), called an
edge curve, fore=wv € E, 3. E(e)NE(f) CE(V) fore, f € E, e # f. For simplicity, we
use v; and p; interchangeably and denote by £ both the mapping and its image on . Let G’
be a proper subgraph of a graph G. A Y-embedding of G’ is called a partial Y-embedding of
G} that is, it describes an embedding of only a subset of the edges of G. Given a Y-embedding
€ of G, we denote by E[G’] the restriction £ to the subgraph G’, i.e., £[G'] contains exactly
the edge curves of £ corresponding to edges in G’. The rotation system of an embedding
& specifies the clockwise cyclic order of edges incident to each vertex.
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We investigate embeddings of a graph GG where the mapping of vertices to points is fixed,
that is, we consider X-embeddings € and F, where &(v;) = F(v;) = p;. Two such embeddings
are adjacent if there is exactly one edge e* € F such that £(e*) # F(e*). Embedding & is
reconfigurable to F if there is a reconfiguration sequence (g =&,&4,...,& = F) from
& to F where each &; is a ¥-embedding of G on P for i € {0,...,k}, and &; is adjacent to &1
for i € {0,...,k — 1}. We study the following ¥-Embedding Reconfiguration problem:

Y -Embedding Reconfiguration
Input. A graph G = (V| E) and two embeddings B and R of G on surface X.
Question. Is B reconfigurable to R?

Only edges are reconfigured and relevant for crossings; hence assume that G has no
isolated vertices. Ito et al. [22] solved the problem when G is a matching and ¥ is the plane
by giving necessary and sufficient conditions for reconfiguration. Their characterization yields
a polynomial-time algorithm in special cases. Their example of two disjoint edges (Figure 1)
is the smallest example where reconfiguration is not possible in the plane. However, they
show how to reconfigure embeddings of this 2-edge graph on any surface of higher genus.

We denote by ¥ a compact surface without boundary. Such a surface ¥ is an orientable
surface of genus 0 if it is homeomorphic to the sphere. An orientable surface of genus
g is obtained from a surface ¥’ of genus g — 1 by removing two disjoint open disks from
3, and identifying their boundaries with opposite orientations. The orientable surface of
genus 1 is the torus. Embeddings on the sphere and torus are called plane and toroidal,
respectively. There are also non-orientable surfaces. The non-orientable surface of
genus 1 is the projective plane RP2. It is obtained from a sphere S? by removing the interior
of a disk D and identifying antipodal points on the boundary dD; this operation is called
attaching a crosscap. We refer to the image of 9D in the quotient as the crosscap. We
say that an RP2-embedding of a graph G has a clean crosscap if the embedding of every
edge of G is disjoint from the crosscap. For g > 2, the non-orientable surface of genus
g is obtained from the non-orientable surface of genus g — 1 by attaching a crosscap.

A closed curve v on a surface ¥ is separating if ¥\ «y is disconnected; otherwise v is non-
separating. The curve v is contractible if it is homotopic to a point. A disk on a surface is
the region bounded by a contractible closed curve 7. On the sphere, each closed curve is
contractible and separating; on the torus, all separating closed curves are contractible [31].

The fundamental square ¥ is the following quotient-space representation of the torus
¥ =St x S!: it is the quotient of a unit square [0, 1]?, where 1. the left and right sides are
identified such that (0,y) is identified with (1,y) for all y € [0, 1], and 2. the top and bottom
sides are identified such that (z,0) is identified with (z, 1) for all = € [0,1]. We also call the
boundary (interior) of the unit square the boundary (interior) of the fundamental square,
and denote it 9% = 9[0,1]? (resp., int ¥ = int [0, 1]?). Note that the boundary (interior) of
the fundamental square is not the boundary (interior) in a topological sense; instead it is
associated with the particular representation of the torus as a fundamental square. If B is an
embedding on the torus ¥, then its image under this representation is called a 3-embedding.
More generally, if 3 is an orientable surface of genus g > 1, then ¥ is homeomorphic to the
quotient of a 4g-gon, called a fundamental polygon, whose sides are identified according to
the standard scheme alblal_lbl_l . agbgaglbgl. For g = 1, this is exactly the square model
of the torus. If no edge curve of B intersects 93, equivalently if B is contained in int 3, then
we call B an interior X-embedding. In this case, B is contained in a topological disk and
can be viewed as a planar embedding inside the chosen fundamental polygon.
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3 Reconfiguring Embeddings of a Forest on the Torus

We describe an algorithm that constructs a reconfiguration sequence from a given source

Y-embedding B of a forest F' = (V, E) to a given target 3-embedding R of F where ¥ is an

orientable surface of genus g > 1. For now, let 3 be a torus; later, we generalize to g > 1.
To formalize our result algorithmically and analyze the performance of our algorithm, we

consider a geometric setting with the following input specifications:

1. B and R are given as Y-embeddings of X,

2. no vertex is on the boundary 9%,

3. each edge curve is a polyline of straight-line segments, and

4. each segment crosses OX at most once.

For an embedding &, let s(€) be its number of segments, and let k(€) be the number of these

segments that cross 9%. The length of the reconfiguration sequence and the runtime will

depend on the parameters s and k of B and R. Note that although B and R (blue and red

in all figures) are each crossing-free Y-embeddings on ¥, B and R may cross each other. Our

main result is:

» Theorem 1. Let F = (V, E) be a forest having ¢ = ¢(F') connected components. Let B
and R be two B-embeddings of F on the fundamental square X. Suppose that the edges of
F are represented by polylines in B and R and let s = s(B) + s(R) be the total number of
segments in B and R and let k = k(B) + k(R) be the total number of segments in B and R
that intersect the boundary 0% of X. Then there is a reconfiguration sequence from B to R
of length O(c3*s%). Each embedded graph in the sequence has O(c?3%Fs3) segments. There is
an algorithm to compute the reconfiguration sequence in time proportional to the output size,
where the output size is the total number of segments in an explicit list of all embeddings in
the sequence.

Our algorithm proving Theorem 1 consists of the following two phases.
Phase 1: Reconfiguring 5 and R to 3° and R*: Separately reconfigure B and R to
embeddings B* and R*, respectively, such that no edge curve in B* or R* crosses the
boundary 9%. (We completely ignore R when reconfiguring B, and vice-versa.)
Phase 2: Reconfiguring 5 to R*: Reconfigure B* to R* using the freedom to temporarily
reconfigure edges to wrap around the boundary of ¥.

We obtain the final sequence by first reconfiguring B to B* (Phase 1), then B* to R*
(Phase 2), and finally R* to R (Phase 1; reconfiguration sequences are reversible). For
Phase 1, it suffices to show how to reconfigure B to B*, ignoring R (R to R* is symmetric).

Phase 1. Reconfigure B to a X-embedding B* that does not intersect the boundary

» Lemma 2. Let B be a L-embedding of a forest F = (V,E) on X. Let s = s(B) and
k = k(B). Then there is a reconfiguration sequence of length O(3F) from B to a %-embedding
B* of F that does not cross 0%. Each embedded graph in the sequence has O(3Fs) segments.
There is an algorithm that computes the reconfiguration sequence in time O(3%Fs).

Proof. We first prove the existence of B* by induction and then prove the bounds and show
how the proof yields an algorithm with the claimed runtime. Inspired by the machinery of
weak embeddings by Chang, Erickson, and Xu [13], we use a sequence of embedded trees,
Fo, Fi,-..,Fk, that we call the frame trees. Each frame tree F; is a Steiner tree: its
vertices include some endpoints of segments of B and 2k additional points in ¥\ 9%, at a
fixed (small) distance § > 0 from 9%. Throughout the reconfiguration sequence, the rerouted
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a b a b
Oé Oe Oe Oz

a b
Oe OE

Figure 2 Phase 1: Top-Left: The smaller square W intersected by the segments crossing 9%
is shown dashed in gray, and frame trees F;_1 and F; in pink, with their e-neighborhoods in a
lighter color. The frame tree F;_1 is cut by deleting the segment f; = a;b; (eliminating one crossing
with 8%) and then reconnected by adding the candidate curve «; shown in gray. Top-Right: In the
embedding B;_1, edges may be routed in the e-neighborhood of the segment f; (see the cyan and
blue edge for two examples). Bottom-Left: After updating the frame tree to F}, the segments of
such edges in the e-neighborhood of f; (drawn dashed) must be reconfigured. Bottom-Right: The
two edges that originally crossed W in the embedding B;_1 (cyan and blue) are reconfigured, first
cyan, then blue, to obtain the embedding B;.
Note that the polylines representing the edges in the embeddings cannot cross themselves and
each other, but they can cross the frame tree; in the figure, insertion of the candidate curve «; to
the frame tree is responsible for the intersection of the frame tree with the cyan polyline near b;.
Moreover, observe that the parts of F not intersecting W are not in the neighborhood of F;_; as
they are not part of Bo.

edge curves of B stay in a small neighborhood of the edges of one of Fy,..., Fi. At the
end of the reconfiguration process, they lie in a small neighborhood of the edges of the last
frame tree Fj, which the construction below shows does not cross 9%. Consequently, the
rerouted edge curves in their final position also do not cross dX. An edge curve of B may
spiral around F; multiple times.

If kK(B) = 0, then the lemma holds with B* set to B. In the following, we assume
that k& > 0. We fix § > 0 small enough such that all vertices of B (including the isolated
vertices) lie at a distance larger than & from 0%. Thus, all vertices of B lie inside the



T. Brand et al.

square W = [6,1 — §]2. Let By C B be the embedded forest obtained from B by deleting all
connected components that do not cross OX. Observe that the region \ W is intersected
only by those k = k(B) = k(By) segments of By that cross d%. Let sq,..., s, denote these k
segments, in arbitrary order. Recall that we are in the geometric setting, where, in particular,

we assume that in the input embedding each segment crosses the boundary at most once.

Our goal is to reroute the segments s, ..., s to new polylines (one per segment), called
their polyline representations, which will all lie in the union of small e-neighborhoods® of
the other segments of By and of OW. Each s; intersects OW in two points, a; and b;. We
set A :={a1,...,ar,b1,...,br}. The 2k points of A partition OW into 2k polylines (each

consisting of at most three axis-parallel segments), which we further call candidate curves.

We obtain the initial (embedded) frame tree Fy from the forest By by subdividing each
segment s; by the two vertices a; and b; into three segments, and then adding a suitable
set of candidate curves to ensure that Fq is connected. This set of candidate curves can
be chosen, for example, greedily by considering them one by one and inserting each if and
only if its insertion does not create a cycle. We further inductively construct an auxiliary
sequence Fi,...,Fi of k frame trees having a gradually decreasing number of crossings with
9%, until the last of them Fj does not cross Y at all. Later, we will show how to use these
trees to inductively redraw the segments s; so that their final polyline representations lie
in the union of the small neighborhoods of the edges of Fj, and thus not cross d¥. For
j€{1,...,k}, we obtain F; from F;_; by deleting the segment f; := a;b; and adding any
candidate curve -y; connecting the two different components of F;_; — f;. Such a candidate
curve must exist since the candidate curves form a cycle which intersects each of the two
components of F;_; — f; (for example, in a; and in b;, respectively). The last frame tree,
Fi, indeed does not cross 9%, as it contains none of the segments fj = a;b;.

It remains to describe how the frame trees Fy, ..., Fi are used to change the polyline
representations for the segments s; in k steps so that after the last step none of them crosses
d%. We remark that the other polyline representations are not changed during the process,
thus none of them crosses 9% either. During the process, we keep the invariant that after
the j-th step (j € {1,...,k}), the polyline representation of every segment s;, i € {1,...,k},
lies in the union of the small neighborhoods of the edges of the frame tree F;.

We now describe the j-th step. For every i € {1,...,k}, the polyline representation of s;
lies in the union of small neighborhoods of the edges of F;_;. Let p; be the boundary of a
sufficiently small neighborhood of the frame tree F;. Since F; is a tree, p; is a contractible
closed curve. We define §; to be the set of all connected components of the intersections
of the current polyline representations of the segments s; (after the first j — 1 steps) with
the exterior of p;. In other words, each element of S; is a maximal portion of some current

polyline representation that lies outside p; (see dashed blue and cyan segments in Figure 2).

These curve portions cross 0% near f; (the edge of F;_; \ F;), and connect points (their
“raw ends”) on p; near a; with points (their “raw ends”) on p; near b;. If f; crosses a vertical
part of X, then these raw ends appear in the same bottom-to-top order near a; and near
bj. Otherwise, they appear in the same left-to-right order near a; and near b;. We choose
arbitrarily one of the two possible directions along p; from the vicinity of a; to the vicinity
of b;. We reroute the curve portions in S; so that they are newly drawn as polylines next
to each other along this direction in an e-neighborhood of p;, and each of them connects

!'Ina slight abuse of notation, we will denote by ¢ a suitably small distance without explicitly specifying
its value. Observe that € is not constant: Most occurrences of € could be numbered consecutively
€1,€2, ... so that for each i, we have ;41 > €;, and the last (biggest) one of them is still very small.
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the corresponding pair of raw ends (one near a; and the other near b;); see Figure 2. Due
to the above-mentioned consistency in the bottom-to-top or left-to-right order, and since
p; is a simple closed curve on an orientable surface, a sufficiently small neighborhood of p;
is homeomorphic to an annulus. Hence, the rerouted curve portions can be drawn there as
pairwise disjoint parallel polylines, without crossing each other or any polyline representation
in the current drawing. Thus, we obtain B; from B;_; by the rerouting of the segments Sj;
see Figure 2. This completes the inductive description of how to reconfigure B to B, = B*.
We discuss the number of moves and the runtime in the full version [8, Appendix A]. <

Phase 2. Use the boundary of the fundamental square to solve the problem

After Phase 1, no edge of B* or R* crosses the boundary of ¥. In Phase 2 we reconfigure B*
to R*. We first consider the case where F' is a tree and then generalize to forests.

» Lemma 3. Let B* be a partial X-embedding of subforest F of a tree T = (V, E) and
R* be a B-embeddings of T such that no edge curve of B* or R* crosses the boundary of
the fundamental square ¥. Let x be the number of crossings between B* and R* and s* =
s(B*)+s(R*). There is a reconfiguration sequence from B* to the restriction R*[F| of R* to F'
of length O(x+s*). Each embedded graph in the sequence has at most O(s*(x +s*)) segments.
There is an algorithm to compute the reconfiguration sequence in time O(s*(x + s*)?).

Proof. For the reconfiguration algorithm of Phase 2, we iterate over the edges e of T in
leaf-to-root order after choosing an arbitrary root for T (i.e., each edge is processed only
after all edges in the subtree below have been processed, for example, by processing the tree
in a post-order traversal). In each stage, we fix e, meaning that we reconfigure the edge
curve b = B*(e) to match r = R*(e), or — if b does not exist (which may happen if B* is
a partial embedding which we make use of in Lemma 4) — just ensure that no edge curve
of B* crosses r. After each stage, we ensure that no edge curve of B* crosses the top/bottom
boundary of ¥, but allow right/left crossings. Embedding R* will not change.

The general subproblem is as follows. We have an edge e = xy directed toward the root
of T, with corresponding edge curves r = R*(e) and b = B*(e) (if it exists). Every edge f in
the subtree rooted at x is a fized edge (that is, no edge of B* crosses R*(f) and, if B*(f)
exists, then B*(f) = R*(f)). No edge curve of R* crosses 9%.. No edge curve of B* crosses
the top/bottom of 3. The goal is to fix edge e while reconfiguring only non-fixed edges of B*.

In order to fix e, we must eliminate the crossings of r with edge curves of B*. The basic
idea is to reroute the edge curves at crossings to detour around R}, the R* embedding of the
subtree rooted at x. This is not immediately possible if b exists, since such a detour would
cross b where it is incident to z. For example, in the first pane of Figure 3, B*(yz) crosses
r, but rerouting it around R}, as shown in the last pane of the figure, would introduce a
crossing with b. Furthermore, we know that we must make use of the torus. We therefore
begin by rerouting b (if it exists) around the torus. There are three steps (see Figure 3).

1. Reconfigure b to a desire path, an edge curve d from x to y that initially goes alongside r,
never crosses 7, and crosses the boundary of ¥ once along the top/bottom boundary.

2. Eliminate any crossing between r and an edge curve of 5* by reconfiguring the B* piece
of the crossing to walk around R}.

3. Reconfigure d to r. (This step is trivial and not further discussed.)
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Figure 3 Phase 2 applied to edge r = R*(xy) after fixing the subtree rooted at z. Top: input;
Step 1la, choosing desire path d (green); Step 1b, eliminating the two crossings along d,. Bottom:
Step lc, rerouting b to d; Step 2, eliminating the crossing along r; Step 3, reconfiguring d to r.

Step 1: Reconfigure b to a desire path d. d must not cross any blue edge curve, but in
planning d, we initially allow it to cross non-fixed blue edge curves and then reroute those to
eliminate the crossings. Although not strictly necessary, we impose the stronger condition
that the desire path d does not cross any edge curve of R*. We use three substeps.

la. Construct d, allowing it to cross edge curves of B* but not R*.

1b. Eliminate any crossing between d and an edge curve of B* by reconfiguring the B* piece
of the crossing to a curve that crosses the left/right boundary of X.

1c. Reconfigure b to d.

Step la: Construct d. Let pg be the boundary of an e-neighborhood of R*, where € > 0
is chosen small enough that pg is simple (i.e., non-crossing). Near the root vertex z of the
tree R*, remove a tiny arc of py between two points z; and z3 (in clockwise order around
po) located just before and just after the closest approach of pg to z; by construction of
po as the boundary of a neighborhood, this arc does not cross R*. Augment the resulting
path po \ z122 to a closed curve p by finding a path starting at z;, traveling in the interior
of ¥\ R* to a point on the top boundary of 3, crossing to the bottom boundary, and then
traveling in the interior of ¥\ R* to 2. See Figure 4 (left). Note that p is a non-separating
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Figure 4 Step la: constructing d for tree R* rooted at z. (left) The neighborhood of R* (shaded
yellow) and the curve p (yellow). (right) For edge xy, the two parts d and dy of the desire path d.

curve (w.r.t. ¥) and has O(s(R*)) segments — we will use this in our analysis at the end of
the proof. In fact, we can choose p so that all but O(1) of its segments travel alongside edge
curves of R*, with each segment of R* traversed O(1) times.

Desire path d follows p in the direction that keeps R* on the right (from zs to z; along
po, then across the top/bottom of ¥), from z to y. Since p visits a neighborhood of each
vertex v deg(v) times, we must specify this more precisely. If we follow pg in this direction
from z5 to z1, the first visit to any vertex follows the first (downward) traversal of its parent
edge, and the last visit to any vertex precedes the second (upward) traversal of its parent
edge. To construct d, we join = to pg at the last visit of the edge {z,y} (counterclockwise of
r), then follow p past z;, across the top/bottom of ¥, and past 2o, joining to y at the last
visit of the edge {x,y}; see Figure 4 (right). Observe that d starts along r, does not cross
R*, and crosses the boundary of ¥ once on the top/bottom; i.e., d is valid.

Step 1b. Eliminate crossings between d and B*. First, we resolve crossings on the directed
portion d, from z to the top of ¥ in order, starting with the last one. Suppose d, crosses an
edge curve B*(f) at point p; see Figure 5. Add new vertices py, and pg to B*(f) just to the
left and right of d,.. Replace the part of B*(f) from py, to pr by a curve traveling forward
left of d, to just before the top of ¥, then going left to the left boundary of ¥, crossing to
the other side, and continuing to just before d,, then traveling backward left of d, until
reaching pr. This curve does not cross d or any curve of B* and each successively rerouted
curve will “nest inside” the previous ones, i.e., lie closer to d and closer to the top boundary
of ¥. After eliminating all crossings along d, eliminate crossings on the portion of d, from y
to the bottom of ¥ by rerouting them to cross the left /right boundary of ¥ near the bottom.

Step 1lc. Reconfigure b to d. As d is not crossed anymore, we can now reconfigure b to d.

Step 2. Eliminate any crossing between r and an edge curve of B*. Direct r from z to
y and eliminate crossings in order, starting with the first one. Suppose that r crosses an edge
curve B*(f) at point p. See Figure 5. If b does not exist, then let p;, and pr be points on
B*(f) just to the left and right of p. Otherwise (if b exists), we chose d in Step la to start at
x and hug the edge curve r, so we know that B*(f) used to cross d, and was rerouted in Step
1b to eliminate that crossing. Let py, be the point on B*(f) where we diverted it to eliminate
the crossing with d. Let pr be a point on B*(f) just to the right of . Having specified py,
and pg, we replace the part of B*(f) from py to pr (which may detour along d and loop
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_J Y Y
bL Pr pbL Pr
x x
FJ Y
d, ex d, ex
Step 1b Step 2

Figure 5 Steps 1b and 2: Eliminating crossings between B* and d, and r, respectively; shown
schematically. Step 1: (left) d. is crossed by two segments of B*. (right) The crossings are rerouted
to go around the left /right boundary of ¥ near the top. Step 2: (left) r is crossed by a segment of
B*. (right) The crossed segment is rerouted to go around the fixed subtree rooted at x.

around the left /right boundary of ¥ near the top) by a curve that goes counterclockwise
around R, the fixed subtree rooted at x. This curve does not cross any curve of the current

B* and each successive rerouted curve will nest inside the previous ones, i.e., lie closer to R}.

This completes the description of the reconfiguration algorithm. We describe how to
reuse the same p in each step and discuss the resulting complexity in the full version [8,
Appendix A]. <

» Lemma 4. Let B* and R* be two L-embeddings of a forest F = (V, E) such that no edge
curve of B* or R* crosses the boundary of the fundamental square X. Let ¢ be the number
of connected components of F, let x be the number of crossings between B* and R*, and
let s* = s(B*) + s(R*). Then there is a reconfiguration sequence from B* to R* of length
O(c(x + s*)). Each embedded graph in the sequence has at most O(c?s*(x + s*)) segments.
There is an algorithm to compute the reconfiguration sequence in time O(c3s*(x + s%)?).

Proof Sketch. We recursively augment F' to a tree T and simultaneously augment R* to
an embedding R4 of T. In each step, we reduce the number of connected components
by adding an augmenting edge e, that closely follows previously existing edge curves and
one of the noncrossing triangulating edges chosen to connect the components of the planar
straight-line graph induced by R*. Then, we apply Lemma 3. In the process, we ignore the
reconfiguration of augmenting edges, which have no corresponding curve in B*; i.e., B* is a
partial -embedding of T'. See the full version [8, Appendix A] for details. <

Proof of Theorem 1. From Phase 1 (Lemma 2) B* has O (35(®)s(B)) segments and similarly
for R*. In the worst case, every segment of B* crosses every segment of R*, so y is in O(3%s2),
where k = k(B)+k(R) and s = s(B) +s(R). Also s* is in O(3*s). In Phase 2 (Lemma 4) the
number of steps is O(c(x + s*)) which is O(c3¥s?). Each embedded graph in the sequence
has O(c?s*(x + s*)) = O(c?3%s3) segments. If we output an explicit list of each embedding
in the sequence, the output size is O(c*3%#s°). If we only output the reconfigured portion of
each edge curve after each step, the bound is O(c?3?*s%). The exponential dependence on k
arises only in Phase 1. In positive terms, our algorithm is fixed parameter tractable in k. <

We discuss the following generalization to orientable surfaces of higher genus in the full
version [8, Appendix A].

» Corollary 5. Let F = (V,E) be a forest and let B and R be two Y-embeddings of F,
where ¥ is a fundamental polygon of genus g > 1. Let ¢ be the number of connected
components of F, s = s(B) + s(R) denote the total number of segments in B and R and
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let k = k(B) + k(R) denote the total number of segments in B and R that intersect 0.
Then there is a reconfiguration sequence from B to R of length O(c3*g?s?). Each embedded
graph in the sequence has O(c?3*#g3s3) segments. There is an algorithm to compute the
reconfiguration sequence in time proportional to the output size O(c333kg5s5).

4 Reconfiguration of Planar Graphs on Orientable Surfaces

We study generalizations to planar graphs embedded on an orientable surface of genus g > 1.

4.1 Reconfiguration with Fixed Rotation System

» Theorem 6. Let B and R be two Y-embeddings of a planar graph G on an orientable
surface ¥ of genus g > 1. Moreover, let B and R have the same rotation system and suppose
that there is a planar embedding £ of G with the same rotation system as B and R. Then B
can be reconfigured to R. Furthermore, the rotation system of the ¥-embedding of G remains
the same throughout the reconfiguration sequence.

Proof Sketch. We give a brief overview of the proof of Theorem 6; the details and the
supporting lemmas for hugging a spanning tree, fixing vertex neighborhoods, and augmenting
disconnected graphs can be found in the full version [8, Appendix B|. Assume first that G
is connected. We choose a spanning tree of G and reroute the edge curves of B and R to
hug the spanning tree. If G itself is a tree, we can reduce the problem to Corollary 5 by
first reconfiguring B to be identical to R in some small neighborhoods of the vertices, and
then applying the algorithm in Section 3, which does not change these neighborhoods. The
rotation system remains unchanged (it is determined by the neighborhoods of the vertices).

G is not necessarily connected. We can augment its spanning forest to a spanning tree
if the components each lie in small neighborhoods of their spanning trees, and they have a
consistent “outer face”. Finally, if G is connected and B and R lie in the neighborhood of
the embedding of a spanning tree T', we can follow the steps of the reconfiguration algorithm
in Section 3 for T: Each time the algorithm reroutes an edge e of T', we reroute a “bundle”
of edges in the neighborhood of the edge curve of e. <

4.2 Reconfiguration of Series-Parallel Graphs

The family of series-parallel graphs [17] can be defined recursively as follows.

1. The graph consisting of a single edge st is a series-parallel graph with poles s and t.

2. Given two series-parallel graphs G; with poles s; and ¢; and G5 with poles so and to,
the following are series-parallel: (i) The series composition obtained by identifying ¢,
and so (with poles s and t2). (ii) The parallel composition obtained by identifying s,
and so as well as identifying ¢; and to (with poles s; = so and t; = t2).

Series-parallel graphs were studied as early as 1892 [24] as they naturally occur in electrical
networks [17, 24, 29]. Recently, series-parallel graphs have received attention both in graph
algorithms [5, 7, 25, 28] and in graph drawing [2, 3, 16, 18]. The families of edge-maximal
series-parallel graphs and 2-trees coincide [21] and the family of series-parallel graphs includes
all 2-connected graphs without 3-connected minors [6]. Results on series-parallel graphs
often cover all graphs of treewidth two and can be intermediate steps towards results on all
2-connected graphs — embeddings of 2-connected graphs can be enumerated using SPQR-trees
that describe their construction using three operations (parallel, series and rigid) [4].
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Figure 6 Reordering of two parallel components (red & blue) based on an interior Y-embedding.

Notably, all plane embeddings of series-parallel graphs differ only in the order in which
parallel subgraphs are sorted at their common poles; see e.g. [6]. We will assume without
loss of generality that the final step in the recursive construction is a parallel composition
(otherwise, we add a parallel composition with an edge connecting both poles at the end).

» Theorem 7. Let G be a series-parallel graph and B and R two interior Y-embeddings of
G on a fundamental polygon ¥ with g > 1. Then B can be reconfigured to R.

Proof Sketch. For a pair of poles s and ¢, we describe a procedure to exchange two parallel
components Cq and Cy occurring consecutively in clockwise orientation around s (and hence
in counterclockwise orientation around ¢). We first make the face between Cy and Cs the
outer face of the embedding using Theorem 6, yielding the starting configuration shown in
Figure 6. Then, we first reconfigure the edges of C; incident to s so that they intersect the
vertical part of 9%, then we let the edges of Cy incident to t intersect the horizontal part of
9% so that C; and C5 have successfully exchanged their positions; see the second and third
subfigures in Figure 6. Then, we transform back to an embedding contained within the torus
boundary while maintaining the rotation system. See the full version [8, Appendix C] for
more details. <

5 Reconfiguration in the Projective Plane

» Theorem 8. Let G be a perfect matching on 2n vertices, and let B and R be two RP?-
embeddings of G such that there is a single region homeomorphic to a disk that contains both
embeddings. Then, B and R are reconfigurable.

Proof. By applying a homeomorphism, we may assume that 5 and R are given in the above
described representation of RP?, with a sphere and a crosscap 9D, in which the antipodal
points of the circle 9D are identified. The homeomorphism should map the region containing
both embeddings to a disk disjoint from the crosscap. Let G = (V, E) be a perfect matching
on 2n vertices V = {s1,...,8n,t1,...,tn} and n edges F = {e; = s;t; : 1 <i < n}. Let B
and R be two RP2-embeddings of G such that B(e;) = P; and R(e;) = Q; for all i, 1 <i < n.

We construct a canonical embedding M, where every curve passes through the crosscap
exactly once, and then show how to transform B (resp., R) to M. We construct the canonical
matching M as follows: Choose 2n equally spaced points along the circle 0D, denoted
(a1,...an,b1,...,b,) in counterclockwise order. Note that a; and b; are antipodal points
in D, hence they are identified in RP2. Since both embeddings lie in a disk disjoint from
the crosscap, we may first choose pairwise disjoint arcs from the points a1, ...,a,,b1,...,b,
to the boundary of that disk in the annulus between the two boundaries. We then extend
these arcs inside the disk one by one to the vertices si,..., Sy, t1,...,t, While avoiding the
previously constructed arcs. Thus, for i = 1,...,n, we obtain pairwise disjoint paths a;s;
and b;t; that cross the curves P; and @4, 1 < j < n, only finitely many times; moreover, each
path a;s; avoids all paths a;s;, j < i, and each path b;t; avoids all paths a;s;, 1 < j < n,
and bjt;, j < i. The canonical matching is now M = {M; = s;a; Ub;t;: i € {1...,n}}.
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Figure 7 Replacing curve P; (blue) with M; (red). The thickening N; of 8D U M; U (UKZ. MJ—>
is highlighted in pink. Initially, 71 and 72 cross N;. Top row: Stage 2. Bottom row: Stage 4.

Next, construct a reconfiguration sequence from B to M. For i = 1,... n, replace the
curve P; with M; (in several moves) as follows. Suppose all curves P;, j < ¢, have already
been replaced by M; (curves P;, ..., P, may have been modified in the process). We seek to
replace P; with M; without modifying any curve M;, j < i. To do so, successively modify
the curves P;, ..., P, and eliminate all their crossings with M;. Then, replace P; with M;.
We implement this strategy in two phases: First, eliminate all crossings of P, ..., P, with
a;s; (without introducing new crossings with b;t;); then eliminate all crossings with b;t;.

Consider a thickening N; of 0D U M; U (Uj<i Mj), that is, a d-neighborhood for a
small § > 0; see Figure 7 (upper left). Assume ¢ > 0 is sufficiently small so that for all £ > i,
every connected component of N; N P, intersects M;. Denote these connected components
(arcs) by 71,...,7 in the order in which they cross a;s; (from a; to s;). Let P(v;) be the
curve that contains the arc v; for j =1,...,t. We modify F;,..., P, in four stages.

Stage 1: A simplification step (described below) that modifies P, ..., P, such that (i) P;

does not cross M;, and (ii) for every j, i < j < n, the curve P; crosses M; at most once.

Stage 2: For £ =1,2,...,t, replace -y, with an arc 7, between the same endpoints that

closely follows M; (without crossing it) to dD, then crosses the crosscap, and finally

closely follows M; U (U;; M;) U (U; <, P(7;)); see Figure 7 (top row).

Stage 3: Replace P; with M;.

Stage 4: For each ¢ =t,t—1,...,1, replace 7, with an arc -y that closely follows the

boundary of the neighborhood N;, and goes around s;; see Figure 7 (bottom row).

It remains to describe Stage 1 (the simplification stage) in detail. In Stage 1, we apply
the following claim while there is a curve in {F;, ..., P,} that intersects a;s; more than once.

> Claim 9. While some curve in P = {P;,..., P,} intersects M; \ {s;} at least twice, one
can modify P to reduce the number of intersections between M; \ {s;} and curves in P.

We prove Claim 9 in the full version [8, Appendix D]. Consequently, 5 and R can each
be reconfigured to M and combining the two reconfiguration sequences shows that B is
reconfigurable to R. <

» Remark 10. In Theorem 8, none of the edges pass through the crosscap; and we constructed
an intermediate embedding in which every edge passes through the crosscap precisely once.
It is not difficult to generalize Theorem 8 to input embeddings in which one edge may pass
through the crosscap arbitrarily many times, and all other edges pass through the crosscap at
most once each (in this case, we can create a clean crosscap). However, it is unclear how to
reconfigure RP?-embeddings where multiple edges pass through the crosscap multiple times.
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6 Non-Reconfigurable Graph Embeddings on Surfaces

» Theorem 11. Let ¥ be a surface.

1. There exists a graph Hy and two X-embeddings By and R1 of Hy that are not reconfigurable
into each other. This holds even if we require that By and R, have the same rotation
system.

2. There exist a graph Hy and two rotation systems By and Ry such that Hy admits -
embeddings implementing Bo and Ro, but any pair of X-embeddings Bs and Ro imple-
menting Bo and Rs that have the vertices of Hy embedded on the same points in 3 are
not reconfigurable into each other.

Proof Sketch. For the plane (and the sphere), Ito et al. [22] showed that a perfect matching
on four vertices Gy has two embeddings, By and R, that are not reconfigurable; see also
Figure la. On any surface X, we can embed G within a triangle A(abc) as shown in Figure 8
(ignoring the dashed edges), yielding the gadget graph G;. For statement 1, we use a uniquely
embeddable triangulation H = H(X) in which every 3-cycle is facial in every embedding;
its construction is given in the full version [8, Appendix E] using a theorem of Negami [26,
Theorem 3.3]. We identify one of its faces with A(abc) and insert the two embeddings of G;
shown in Figure 8, respectively.

C

Figure 8 Illustration for the proof of Theorem 11.

As a result, reconfiguration is not possible due to the result by Ito et al. [22]. For statement 2,
we augment the embeddings of G; with the two dashed edges in Figure 8, obtaining graph
G4 (part of the augmented graph Hs). We then argue that in any embedding with one of the
two fixed rotation systems, we must have the same topology for Go. This again contradicts
reconfigurability. <

7 Open Problems

1. We do not know if our main result for forests extends to non-orientable surfaces. We
conjecture that a forest can always be reconfigured on any non-orientable surface. Phase
1 of our algorithm from Section 3 (see Lemma 2) likely extends to non-orientable surfaces,
since its shortcuts are constructed within the chosen flat representation. In contrast,
this extension does not seem readily available for Phase 2 (see Lemma 3), where the
rerouting argument uses that crossing an identified side of the flat representation preserves
the left-to-right order of parallel arcs. For orientation-reversing side identifications on
non-orientable surfaces, this order is reversed, so the same detour argument breaks down.
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