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—— Abstract
The complexity of classical computational problems in graph classes defined by forbidding induced
subgraphs is one of the central topics of algorithmic graph theory. Recently, there has been a growing
interest in the complexity of such problems in ordered graphs, i.e., graphs with a fixed linear ordering
of vertices. Such an approach allows us to investigate the boundary of tractability more closely.
However, most results so far concern coloring problems.

In this paper, we focus on the complexity of the MAXIMUM WEIGHT INDEPENDENT SET (MWIS)
problem in classes of ordered graphs. For every ordered graph H, we classify the complexity of
MWIS in ordered graphs that exclude H as an induced subgraph into one of the following cases:
(1) solvable in polynomial time, (2) solvable in quasipolynomial time, (3) solvable in subexponential
time, and (4) NP-hard.

Notably, case (3) contains only one well-structured family of H obtained from two nested edges
by adding isolated vertices in a specific way. Thus, our results yield an almost complete complexity
dichotomy for MWIS in classes of ordered graphs defined by a single forbidden induced subgraph
into cases solvable in quasipolynomial time and those that are NP-hard.
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1 Introduction

In the MAX INDEPENDENT SET (MIS) problem, we are given a graph G and we ask for a
largest independent set in G, i.e., a largest set of pairwise nonadjacent vertices. The MAX
WEIGHT INDEPENDENT SET (MWIS) problem is a generalization of MIS, where we are given
a graph G together with a weight function w : V(G) — Qs0, and we ask for an independent
set of maximum total weight. Both problems are among the most fundamental and well-
studied problems in algorithmic graph theory. They are also known to be notoriously hard:
MIS is among Karp’s 21 NP-complete problems [33], cannot be solved in subexponential time
under the Exponential-Time Hypothesis (ETH) [32], is a canonical W[1]-hard problem [17],
and is hard to approximate [29], even in parameterized settings [12,35].
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A typical approach when dealing with such a hard problem is to consider restricted
instances in order to understand the boundary of tractability. Usually, one considers
instances from certain hereditary graph classes, i.e., classes of graphs closed under vertex
deletion. Every such class can be characterized by a family of forbidden induced subgraphs.
Thus, as a starting point, it is natural to ask for which graphs H the MWIS problem can be
solved efficiently on H -free graphs, i.e., graphs that do not contain H as an induced subgraph.

The complexity study of MWIS in H-free graphs is one of the central topics in algorithmic
graph theory. It turns out that the crucial role is played by the family of subcubic forests
whose every component is a path or a subdivided claw, i.e., a tree with at most one vertex of
degree 3. Let us denote by S the family of such forests.

It was already observed by Alekseev [3] that if H ¢ S, then MIS (and thus, MWIS)
is NP-hard in H-free graphs. Indeed, this observation follows from combining two known
results. First, MIS is NP-hard for subcubic graphs [21], and they in particular exclude any
graph H with a vertex of degree at least 4. The second ingredient is the so-called “Poljak’s
subdivision trick” [43]: if we subdivide one edge of a graph G twice, i.e., we replace it by a
four-vertex path, then the size of a largest independent set increases by exactly one. Thus, if
H has a cycle or two vertices of degree 3 in a single component, then subdividing each edge
of any instance of MIS sufficiently many times yields an equivalent instance that is H-free.

It turns out that polynomial-time algorithms for MWIS are only known for small graphs
H € 8, most notably, if H is a path on at most 6 vertices [27], a graph obtained from a
three-leaf star by subdividing one edge once [37], or a graph whose every component is a
three-leaf star [10]. On the other hand, we know no NP-hardness results for MWIS in H-free
graphs with H € § and the general belief is that the problem is polynomial-time solvable in
all such cases. This belief is supported by the fact that for every H € S, the MWIS problem
can be solved in quasipolynomial time when restricted to H-free graphs [22,23,42]. Note that
this is a strong indication that the problem is not NP-hard in any of these cases, as otherwise
every problem in NP would be solvable in quasipolynomial time, which is considered unlikely.

In this paper we follow the line of research described above, but we focus on hereditary
classes of ordered graphs, i.e., graphs with a fixed linear order of their vertex set. We aim
to understand for which ordered graphs H the MWIS problem can be solved efficiently in
H-free ordered graphs (an ordered induced subgraph is an induced subgraph that preserves
the relative order of its vertices). Note that the ordered setting can be seen as a refinement
of the unordered one. Indeed, forbidding a single unordered graph is equivalent to forbidding
all of its possible orderings as ordered induced subgraphs. Instead, we can forbid only some
of the orderings, which allows us to trace the boundary of tractability more precisely.

Let us remark that the idea of looking at classical graph-theoretic problems in an
ordered setting is not new. For example, there is a rich line of research concerning Turan-
type [9,34,39,45] and Ramsey-type [6,16,19] problems in ordered graphs. There are also some
results on the chromatic number [4,11] or structural properties [38,44] of certain classes of
ordered graphs. However, the algorithmic results seem to be much scarcer: we are only aware
of recent work on the complexity of (L1sT) k-COLORING in classes defined by excluding one
induced ordered subgraph [28,41]. In particular, to the best of our knowledge, the complexity
of MWIS in this setting was not studied before. In this paper, we fill this gap.!

L The proofs of statements marked with (#) are omitted due to the space limit. They can be found in the
full version of the paper [8].
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» Theorem 1.1. Let H be an ordered graph with at least two vertices. The MWIS problem
in ordered H-free graphs can be solved in:
(1) () polynomial time, if H is an induced subgraph of a graph in Jy~o{ m~) , ;e ,
(KA 5 ()M T
(2) quasipolynomial time, if H is an induced subgraph of a graph in
Uisol ®romae ; sdodome },

(3) subexponential time, if H is an induced subgraph of a graph in Ukzo{ (k)m(k) }.
(®) In all other cases, even the MIS problem is NP-hard.

The notation used in Theorem 1.1 (and throughout the paper) should be self-explanatory.
For example, —~~ is the ordered graph on vertices 1,2,3 in natural order and edges 12 and
23. The only non-obvious feature is that by (k) we denote k consecutive isolated vertices,

so, e.g., (k)m(k) is the graph with vertices 1,...,4k + 4 in natural order, and edges
(k4 1)(3k+4) and (2k + 1)(2k + 2).
Let us make a few remarks concerning the statement of Theorem 1.1. First, notice that

the case that H = (k)m(k) for some k is the only one that we cannot classify either as
quasipolynomial-time solvable or NP-hard. Thus, our Theorem 1.1 gives an almost complete
complexity dichotomy into cases solvable in quasipolynomial time and those that are NP-hard.

Still, (k)m(k) -free and, in particular, /<~ -free graphs admit some strong structural
properties that allow us to solve MWIS in subexponential time.

Interestingly, <~ -free graphs remain one of few open cases concerning the complexity
of LisT 3-COLORING [28,41], which is another indication that graphs from this class might
be difficult to understand. Their structure does not seem restricted enough to allow for
(simple) efficient algorithms, nor rich enough to allow for (simple) hardness results.

Another indication that <~ -free graphs have complicated structure is the fact that
unordered graphs that admit an ordering that avoids <~ as a subgraph are precisely graphs
of queue number 1 [30]. Such graphs are NP-hard to recognize [31] and thus, there is little
hope for their simple structural characterization. On the other hand, unordered graphs that
admit an ordering that avoids +7s as a subgraph are known as graphs of stack number 1 [7]
and they are precisely outerplanar graphs — a rather simple class [13]. These two examples
already illustrate that graphs defined by forbidding even a very simple ordered substructure
might be quite complicated. Furthermore, the ordering of the vertices in a forbidden subgraph
can have a huge impact on the structure of the graphs in the corresponding hereditary class.

Technical overview. It is not hard to observe that if H' is obtained from H by adding some
isolated vertices at the beginning or at the end of the ordering, then the MWIS problem in
H'-free graphs can be reduced to solving the same problem in the more restrictive class of
H-free graphs. We note that the above observation does not apply to isolated vertices added
in the middle of the ordering, as illustrated by, e.g., cases of H = ~~ and H = ~=. Indeed,
MWIS is polynomial-time solvable in —~~ -free graphs, but NP-hard in ~= -free graphs.
Thus, from now on let us focus on the case that H has no isolated vertices at the beginning
or at the end of the ordering. In what follows, G is always the input graph on n vertices.

The cases listed in Theorem 1.1 (1) are actually quite simple. One can readily verify that
~~ -free graphs are comparability graphs and ~ -free and = -free graphs are chordal

— in both cases MWIS can be solved in polynomial time by classical algorithms [25, 26].

Interestingly, the above inclusions are in fact equivalences in the sense that every comparability
graph admits an ordering that avoids —~~ and every chordal graph admits an ordering that
avoids < (and the reverse ordering avoids <= ). The last case from Theorem 1.1 (1), i.e.,
H = ) for fixed k, can be handled by a simple dynamic programming.
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So, let us proceed to cases listed in Theorem 1.1 (2). Let us start with H = ~ ~. We
remark that later we will show an algorithm for the more general case H = ~ux)~ for any
fixed k, but the algorithm for H = ~ ~ is much simpler and has better running time.

Note that ~ ~ -free graphs contain all bipartite graphs: ordering vertices of any bipartite
graph so that all vertices from one part come before all vertices from the other part yields an
~ ~ -free ordered graph. MWIS in bipartite graphs can be solved in polynomial time by a
reduction to the maximum matching problem [36]. Therefore, when working with ~ ~ -free
graphs, we should be aware that we are in particular solving the (unordered) bipartite case
and thus, we should not hope for a simple dynamic programming or branching algorithm.

In fact, our approach is to start with an ~ ~ -free instance of MWIS and reduce it, in
quasipolynomial time, to a quasipolynomial number of bipartite instances, each of which
can be solved in polynomial time. A seagull is a triple of vertices x < y < z such that y
is adjacent to both x and z. We observe that graphs that do not contain any seagull are
bipartite. Thus, we employ a branching scheme in order to destroy all seagulls.

First, we observe that every two seagulls in an ~ ~ -free graph share a vertex or are
joined by an edge. Thus, if x, ¥, z is a seagull, then the closed neighborhood of one of z,y, z
intersects at least one third of all seagulls in the graph. We branch on such a vertex v, i.e.,
we guess whether it is in the solution or not. In the former case we remove v and all its
neighbors from the graph (which destroys a constant fraction of all seagulls) and in the latter
one we remove just v (which destroys at least one seagull — the one formed by z,y, z). As the
number of all seagulls is O(n?), this branching scheme produces at most n@0087) ingtances,
each of which has no seagulls and thus, can be solved in polynomial time. Therefore, the
overall running time of the algorithm is n®{°g™),

Now let us discuss the more general case H = ~)~ for any fixed k. Here we also use a
branching scheme, but it is more involved than in the previous case. The algorithm maintains
a more structured instance, where the vertex set is partitioned into three consecutive parts
X,Y, Z, such that X and Z are independent, while Y is the “workspace” that still requires
handling. Initially, we take X = Z =0 and Y = V(G). If Y = (), then the graph is bipartite
and the problem can be solved in polynomial time, so the goal is to shrink Y until it is empty.

To this end, we split Y into two halves, Y7, and Yg, and exhaustively guess the first k
vertices of the optimum solution that lie in Yg. If X UYy, or Yr U Z, say the former one,
is independent, then we can move Y7, to X, thereby reducing the size of the workspace by
at least half. Thus, we may assume that both X UY; and Yz U Z contain an edge; call
such edges internal. Now the forbidden pattern ~k)~ yields a key structural property: the
closed neighborhood of every internal edge on one side of the split intersects every internal
edge on the opposite side. Consequently, if both sides still contain an internal edge, then the
neighborhood of one endpoint of any edge on the sparser side (i.e., one with fewer internal
edges) intersects a constant fraction of the internal edges on the denser side.

This leads to an internal branching procedure, analogous in spirit to the ~ ~ -case: we
guess whether such a vertex belongs to the solution or not. If we exclude it, we destroy at
least one internal edge; if we include it, we delete its closed neighborhood and thus, destroy
a constant fraction of all internal edges. We continue until one side of the split becomes
independent; the number of instances produced this way is n©1°8™) At that point, we
absorb the independent side into X or Z, thereby obtaining a new structured instance whose
workspace has size at most half of the previous one.

Repeating this halving procedure recursively yields quasipolynomially many subinstances,
each eventually reduced to a bipartite graph. Thus, the recursion has two levels: the outer
one halves the workspace, while the inner one destroys a constant fraction of internal edges.

Altogether, this gives running time n©(°g” 7).
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Now, let us consider the case H = (&){o:x) for any fixed k. For simplicity, let us discuss
the case k = 0, i.e., H = «7 — we just remark that the general case is slightly more
complicated. Here the general strategy is similar in spirit to the case of ~&)~ , but the
relevant structure of the considered instances is different (and the arguments are more
involved). We start by partitioning the vertex set into three consecutive blocks A, B, C of
roughly equal size and view them as a chain, that is, a sequence of consecutive sets (called
links) in which edges may appear only inside one set, between two consecutive sets, or
between the first and the last one. The algorithm repeatedly refines such a chain by splitting
one selected link into two consecutive sublinks.

The main subroutine is a refinement lemma: for any chosen link, in quasipolynomial
time we can branch into quasipolynomially many instances so that this link is replaced by
two smaller consecutive links. Again the crucial structural observation is that, since <7< is
forbidden, there is always a vertex whose closed neighborhood intersects a constant fraction
of the “unwanted” edges. This again shows that in quasipolynomial time we can produce
n®09gn) hranches, in each of which the chosen link can indeed be split into two parts.

Starting from the initial chain (A, B, C), we repeatedly refine the smallest link of type A
(i-e., one that originates from A), the smallest link of ¢type B, and the smallest link of type
C. In each refinement step the size of a smallest link of the given type is halved, so after
O(logn) refinements for each type, we arrive at a chain containing an empty link of each of
the three types. These three empty links separate the graph into three pairwise nonadjacent
subinstances, each missing one of sets A, B, C' and therefore having size at most roughly
2n/3. We solve these subinstances recursively and sum their optimum values.

Summarizing the above, the algorithm has three nested recursive layers. One application
of the refinement lemma costs n©(1°2™) branches. Repeating refinements until an empty link
of each type appears creates a tree of depth O(logn) and hence the number of instances
produced is nOllog”n) Finally, each leaf instance splits into three pairwise nonadjacent
subinstances of size at most roughly 2n/3 each, which contributes the third logarithmic
factor in the exponent. Thus, the overall running time is nOlog’n)

Now, let us move to Theorem 1.1 (3) and discuss H = (i~ for any fixed k. Again,
for simplicity, let us focus on the case k = 0, i.e., H = /~\. The first step is a standard
branching on high-degree vertices [5]. Setting a threshold 7 = n'/3, we exhaustively branch
on every vertex of degree at least 7. This costs only subexponential time and from now on
we may assume that every vertex has degree at most 7.

The next step is to partition the ordered vertex set into consecutive segments Z1,...,Z;
so that each segment Z; comes with an edge z;y; spanning it, and edges between different
segments may appear only between consecutive ones. Such a partition can be obtained by
greedily picking, at each step, an edge leaving the current prefix whose right endpoint is
as far to the right as possible. Thus, after this partition, the graph behaves like a path of
segments. The forbidden pattern <~ implies that once the neighborhood of {z;,y;} is
removed, the rest of the segment Z; becomes independent.

Now we look for a place where the instance can be split. If some small segment (i.e., of
size at most n2/3) appears “in the middle” of the graph, then by branching on its intersection
with the optimum solution we separate the graph into two independent subinstances, each of
size at most roughly 2n/3, and recurse on both sides. Otherwise, every segment meeting the
middle part is large, so there can be only few of them. In this case we branch on a set of size
O(n?/3) containing the two “boundary” small segments together with the neighborhoods
of all z;,y; for the middle segments Z;. After removing this set, the middle part becomes
bipartite, while the remaining left and right parts are again multiplicatively smaller and can
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be solved recursively. Thus, every branch either is solved directly or reduces the problem to
instances of size at most about 2n/3, while paying only a subexponential branching cost per

. . . 2/3 3
level. The overall running time is n@("™""log"n)

Finally, let us say a few words about the hardness counterpart of Theorem 1.1. We show
several hardness reductions, each of which is tailored to a specific family of forbidden ordered
graphs H. Typically, we start with an unordered instance of MIS, then we use the “Poljak’s
subdivision trick” to subdivide certain edges (possibly many times), and then we order the
resulting graph in a way that ensures that H is not an induced subgraph. It is possibly worth
mentioning that in the vast majority of cases we can actually exclude certain graphs H as a
subgraph, which is a stronger condition than excluding them as an induced subgraph.

2 Preliminaries

Let G be a graph with a fixed linear ordering of its vertex set. We write v < wu if v is before
u in the ordering, and v < u if v < w or v = u. For a set of vertices X, we write X < v if
x < v for every x € X, and v < X if v < x for every x € X. We also write, e.g., <Y
for {x} <Y. Analogously we define operators > and =. A segment is a set of consecutive
vertices in the ordering. A prefiz is a segment that contains the first vertex in the ordering.

By N(v) we denote the neighborhood of v in G, and by N[v] we denote the closed
neighborhood of v in G, i.e., N[v] = N(v) U {v}. For a vertex-weighted graph (G, ), by
(G, w) we denote the maximum weight of an independent set in G.

» Lemma 2.1 (M). Let H be an ordered graph and let k > 1 be a fized integer. Let H* be
the graph obtained from H by adding k isolated vertices before all vertices of H, and another
k isolated vertices after all vertices of H. Then, MWIS in H-free graphs and MWIS in
H*-free graphs are polynomially equivalent.

3 Algorithms

In this section we present the algorithms for the positive cases of Theorem 1.1. By Lemma 2.1,
we can assume that the first and the last vertex of H have positive degree. We will present

the algorithms for the cases that H is ~ ~ , {odo®) , and m (for some fixed k),
which correspond to statements (2) — simplified variant and (3) of Theorem 1.1. The proofs
of the remaining cases can be found in the full version of the paper [8].

3.1 Excluding ~ ~

In this section we prove the following result.

O(logn) .

» Theorem 3.1. MWIS in n-vertex ~ ~ -free graphs can be solved in time n

Let G be an ordered graph. A seagull is a triple (x,y, z) of distinct vertices of G such
that ¢ < y < z and xy,yz € E(G). Thus, G[{x,y, z}] is either a triangle or —~~ .

» Lemma 3.2 (#). An ordered graph with no seagulls is bipartite.

» Lemma 3.3 (W). Let G be a ~ ~ -free ordered graph. Then, G has no two seagulls that
are disjoint and nonadjacent.

Combining Lemma 3.2 and Lemma 3.3 we obtain the following.
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» Corollary 3.4 (M). Let G be a ~ ~ -free ordered graph that is not bipartite. Then there is
v € V(G) that belongs to a seagull and such that N[v] intersects one third of all seagulls.

Now we are ready to present our algorithm.

Proof of Theorem 3.1. Let (G, w) be an instance of MWIS, where G has n vertices and
is ~ ~ -free. Our algorithm is a recursive procedure. The base case is that the instance
graph is bipartite. Then, we solve the problem in polynomial time using the Konig-Egervary
theorem and flow techniques [36]. Note that this in particular covers the case that n < 2.

Thus, assume that G is not bipartite. Let v be a vertex given by applying Corollary 3.4
on GG. We branch on v, i.e., we call the algorithm recursively for the instances G — v and
G — Nv]. We return the maximum of the value found in the first branch, and the value
found in the second branch plus t(v).

The correctness of the algorithm is obvious. Let us argue about the running time. We
will measure the potential of the instance by the number p of seagulls. If g = 0, the graph is
bipartite and thus the instance can be solved in polynomial time. The number of instances
created by branching is given by the recursive inequality F'(u) < F(p — 1) + F'(2p/3), which
solves to @181 Since u < n?, overall running time of the algorithm is n©(ogm), |

3.2 Excluding e

In this section we show the following result.

» Theorem 3.5. For every fized k, MWIS in n-vertex (ey{oMr): -free graphs can be solved
in time nOog’ 1)

We will work with instances with some additional structure. Let (G, w) be an instance of
MWIS, where G = (V, E) is an ordered {m«m») -free graph. A chain (over (G, 1)) is a
sequence X = (X1,...,X,) of r > 3 pairwise disjoint subsets of V, called links, such that
X7 < X2 <... < X, and edges might appear only inside one set of between two cyclically
consecutive sets. We often identify chains with the unions of all links, i.e., we write G[X] for
G[U X] and, for a set Y C V(G), we write X =Y for (X;\Y,..., X, \Y). Furthermore, we
define a(X) = a(G[X],w). Note that if X is a chain, then every edge of G[X] is either local
(i.e., contained in one link), or joins two cyclically consecutive links. We say that a chain
X' = (X1,..., X)) is a refinement of a chain X = (X1,...,X,) at j € [r] if

for all ¢ < j, we have X/ C X,

X}, X1 € Xy, and

for all i > j, we have X| ;| C X.

In other words, X’ was obtained by splitting X; into two sets, and possibly removing some
vertices. We emphasize that we never insist that links of a chain are non-empty. Actually,
our approach is to start with a partition of V' into three segments (note that this is a chain),
and keep refining it until we obtain some empty links and thus, we disconnect the graph.

The following lemma encapsulates the main technical step of the algorithm that in
quasipolynomial time, one can obtain a refinement of a given chain at any given link.

» Lemma 3.6. Let k > 1 be an integer and let (G, 1) be an instance of MWIS such that G
is an n-vertex (ry{oMr: -free ordered graph. Let X = (X1,...,X,) be a chain over (G, )

and let j € [r]. In time n®0°8™) we can construct a family 2 of n®1°8™) pairs (Z,¢), where

Z is a refinement of X at j and £ € Qxo, such that a(X) = maxz rez @(Z) + L.

30:7

ESA 2026



30:8 Maximum Weight Independent Set in Hereditary Classes of Ordered Graphs

X/ 0000 . 0000 C Xi
a i C
Xj
Il IQ

Figure 1 Sets Xf,h Xﬁ Xfﬂ, and independent sets I1, I (each of size k) in Claim 3.7. The

orange subgraph cannot be induced, as otherwise, together with I; and Iz, it creates {k){k)Mk) -

In the proof of Lemma 3.6 we distinguish two cases: (1) 1 < j <, (2) j € {1,r}. The
general outline of the argument in both cases is the same, but the details differ. We present
the proof for case (1), and the proof for case (2) can be found in the full version of the

pape [8].

Proof of Lemma 3.6 for 1 < j < r. The proof has two main steps.

Construction of Y. Let us first construct an auxiliary family Y, which corresponds to
guessing k first and £ last vertices of the solution in X;. More precisely, for each independent
set I C X of size at most 2k, we construct a chain X! as follows. Let I; be the set of the
first k vertices of I, or Iy = I if |I| < k. Let Iy = I\ I;. Let v} be the last vertex of I (if it
exists) and let v} be the first vertex of I (if it exists). Then, X! is obtained from X by
(i)  removing the vertices of N[I], and
(if)  if |I| = 2k, then removing {x € X; | < v] V& > v}, and otherwise removing all Xj.
That completes the construction of X7. We emphasize that the links of X! are in one-to-one
correspondence with the links of X.

We add to Y the pair (X7, 10(I)). Note that |Y| = O(n?*). Furthermore, as each pair in
Y corresponds to exhaustively guessing (at most) k first and (at most) k last vertices of the
solution that are in Xj, it clearly holds that a(X') = max(y ¢yey @(d) + £. Now let us show
the crucial structural property of elements in Y, see Figure 1.

> Claim 3.7 (#). Let (X1, ¢5), where X = (X{,..., X]), be a pair in Y constructed for an
independent set I. There is no induced copy of /(e with edges ac, bd such that a € X ]-171

and b, c € XJI, and d € XJIH.
Construction of Zy. Fix some (¥,¢) € Y. Now in time n@00gn) we will construct a family
Zy of pairs (Z,¢'), where Z is a refinement of ) (and thus of X) at j and ¢’ € Q>¢, such that
a(Y) = max(z p)ez, a(Z) + . Let us point out that proving this would conclude the proof
of the lemma. Indeed, the family Z := U(J/,f)e‘d U(Z,E/)ezy (Z,0+ 0" satisfies all required
properties, and the overall running time and the size of Z are both bounded by n®{°g")

Thus, let us show how to construct Zy for (), £) € Y. The process can be again described
as a recursion tree T. We start with the root node which is labeled with the pair (,0).
Next, we proceed exhaustively as follows. Let d be a node of T that was not processed yet,
and let it be labeled with (), ¢'), where }' = (Y{,...,Y]!). If there are no edges from Y] _;
to Y/ or from Y] to Y/, ;, then we stop the recursion, i.e., d will be a leaf of T.

Otherwise, let u* be the first vertex of Yj' that is adjacent to some vertex in Yj' 1, and
let v* be the last vertex of Y/ that is adjacent to some vertex in Y, ;. If v* < u*, then we
again stop the recursion and d becomes a leaf.
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So now assume that u* < v*, we emphasize that it is possible that u* = v*. Let S be the
set of vertices y € Yj’ such that u* <y < v*, and let F; (resp., E3) be the set of edges with
one endpoint in Y/ ; (resp., Y/, ), and the other in S.

> Claim 3.8 (#). There exists a vertex w which is an endpoint of some edge in E; U E5 and

such that the set N[w]| intersects at least ﬁ—fraction of the edges of E; U Es.

Let us remark that the vertex w from Claim 3.8 can be found in polynomial time.

Now we are ready to define child nodes for d; the nodes will correspond to taking w to

the solution or not, i.e., we add two child nodes of d that are labeled respectively with:
(V' = N[w], ¢ + w(w)) and (Y’ — {w}, ). Clearly, the introduced pairs satisfy the following:

a(Y) = max(a(Y — N[w]) + w(w), (Y’ — {w})). This concludes the construction of T.
Now let us bound the number of leaves. Let u = |E1|+|E2|. We point out that the vertices
u* and v* might change, but always the sets S, F1, E5 are subsets of the corresponding sets for
the parent node. By Claim 3.8, in the branch corresponding to taking w to the solution, the
number of edges in F1 U E5 decreases at least by T/fuu and in the branch corresponding to not

taking w to the solution, we remove w which is an endpoint of at least one edge of £y U Es.
Therefore, the bound on the number of leaves in T is given by the recursive inequality:
F(p) < F (% ,u) + F(u — 1), which solves to p®1°8#) (recall that k is a constant).

O(logn O(logn)

Applying ;1 < n?, the number of leaves in T is bounded by (n?) ) =n
Now we are ready to define the family Zy. Consider a leaf node of T, let it be labeled

with (', ¢), and let V' = (Y{,...,Y.). Then one of the following holds:

(i)  there are no edges between Y;_; and Y},

(i)  there are no edges between Y} and Y},

(iii)  for the first vertex u* € Y that is adjacent to some vertex in Y/, ;, and for the last

vertex v* € Y] that is adjacent to some vertex in Y;_,, it holds that v* < u*.
In each of these cases, we add to Zy the pair (Z,¢'), where Z is defined as follows, depending

on the case:

() ZZ(Yf7-~-anl_1,@7Yj/7Yj/+17-~-ale)7

(i) Z2=(,....Y] ,Y],0,Y/,,....Y]),

(i) zZ=(Y],.. -a}/;'lflv}/jl,evyvj{,aay;‘;la ..., Y}), where Y;'/,e ={z € ij/ | < v} and
Yio=Yi\Yj_.

We repeat this for every leaf node of T. It is straightforward to verify that Zj satisfies all

required properties. This completes the proof of the lemma in the case if 1 < j < 7. |

Equipped with Lemma 3.6, we are ready to prove Theorem 3.5.

Proof of Theorem 3.5. Without loss of generality assume that k& > 1. Let (G, ) be an
n-vertex instance of MWIS such that G = (V, E) is a x40 -free ordered graph. The
algorithm is recursive, with the trivial base case that n < 2. So assume that n > 3 and let
V ={v1,...,v,} where v; < vy < ... < v,. Define:

A:{’Ul,...,’l}"%“} B:{’Ur%“+1,...,’l}|'2.?n"} C:{U"Z?n"+1,...7’l)n}.

Note that @ = (4, B, C) is a chain over (G,w) and each of its links is of size at most [%].
We will keep refining Q, obtaining new chains. Note that each link of such a chain
originates from one of A, B, or C. We will call such links, respectively, of type A, B, or C.
We recursively construct a labeled rooted tree T as follows. We start with a root labeled
with (Q,0). Now, consider a node d of T that was not processed yet. Let d be labeled with
(Q,7), where @' = (Q},..., Q) is a chain and £ € Q>o.
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Figure 2 Chain Q' = (Q},...,Q,) in the proof of Theorem 3.5. Dashed blocks denote empty
sets. Blocks in orange, blue, and green denote, respectively, the sets that belong to Vi, Va, and V.

For A € {A, B,C1}, let iy be an index of a smallest link of type A, where ties are resolved
arbitrarily. If |Q} | = |Q},| = |Q].| = 0, we stop the recursion and d becomes a leaf of T.
So suppose there is some A € {A, B, C'} such that Q; # 0. We call Lemma 3.6 for Q" and
j =iy, obtaining the family Z. For each member (Z,¢) of this family, we create a child node
for d and label it with (Z,¢). This concludes the construction of T.

Let us bound the number of leaves in the tree. First note that each node of T has at
most n®1°8™) children. Furthermore, note that if d’ is a child node of d, obtained by refining
the chain at iy for some A\ € {4, B,C}, then the smallest link of type A in the instance
corresponding to d’ has size at most half of the size of the smallest link of type A in the
instance corresponding to d. This means that on each root-to-leaf path in T, the same value
of A is chosen at most logn times, and thus, the depth of T is at most 31logn. Consequently,
the number of leaves of T is at most n®008" ™),

Finally, by Lemma 3.6, we can compute a(G,w) = «(Q) by solving the instances
corresponding to leaves of T.

So let us focus on analyzing the structure of such an instance @' = (Q},...,Q..). Recall
that since we are at a leaf of T, for each A € {A, B,C} there is iy such that Q;, is of type A
and Q;, = . Clearly i4 <ip < ic. Let us partition |J Q' into three sets (see Figure 2):

VI=Q1U...UQ;, 1UQi 1 ...-UQ.
%:Q;A-‘rlU'UQ’/LB—l
Vs=Qi, 1 U...UQj, ;.

Note that since Q' is a chain, these three sets are pairwise nonadjacent. Thus, we obtain
a(Ql) = a(G[V1]7 YU) + a(G[VQL TU) + OZ(G[V3], m)7

and each of the summands can be computed independently by calling the algorithm recursively
the corresponding induced subgraph of G. Furthermore, note that V; is disjoint with B, V5
is disjoint with C, and V3 is disjoint with A. Consequently, each of these sets is of size at
most 2[n/3]. This means that the depth of the recursion is bounded by O(logn). Summing

O(log®n)

up, the overall running time is upper-bounded by n This completes the proof. =

3.3 Excluding {~o)

In this section we prove Theorem 1.1 (3): for every fixed k, there is a subexponential-time

algorithm for MWIS in m -free graphs. More precisely, we show the following result.
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» Theorem 3.9. For cvery fized k, MWIS in n-vertex m -free graphs can be solved in
time no("2/3'1°g3 n),

Proof. Let k be a fixed integer and let (G,tv) be an instance of MWIS, where G is m
-free and has n vertices. Note that we do not update the value of n throughout the run of
the algorithm. Let 7 = n!/3.

Step 1. Branching on high-degree vertices. First, we perform a standard branching on
high-degree vertices. If there is a vertex v of degree at least 7, we branch on including v into
the solution or not. The number of instances created in this phase is given by the recursion
F(n) < F(n — 1) + F(n — 1), which is solved by n®"/7) = 20(n*/*logn) " Fach instance
(G', 1) created in this step has maximum degree at most 7.

Step 2. Partitioning V(G’) into segments. Consider one instance (G’,w) created in

Step 1 and let n' = |V(G’)|. If n’ = 1, the problem is obvious, so let us assume that n’ > 2.

We can also assume that G’ is connected, as otherwise we can solve each component of G’
separately.

In the next claim we will define some sequence Z1, ..., Z; of subsets of V/(G'). For i € [t],
we introduce a notation Z<; := J; ; Z. In analogous way we define Z.; and Z,.

> Claim 3.10 (#). There is a sequence (z;,y;, Z;)!_;, for some ¢t > 1, such that each
zi,y; € V(G') and Z; C V(G'), that satisfies the following properties.

(P1) for each i € [t], the set Z<; is a prefix of V(G');

(P2) for each i € [¢t], we have z;y; € E(G'),

(P3) for each i € [t], it holds that x; < Z; < y; and y; € Z;,

(P4) for each i € [t], the only vertices of J; .; Zi that have edges to V(G’) \ Z<; are in Z;,
(P5) sets Zi, Zs, ..., Z; form a partition ofi/(G’).

Let (z;,vi, Zi)!_; be as in Claim 3.10. Note that property (P4) implies that edges between
sets Z;, Z;, for i < j, might exist only if j =7+ 1. We also denote Roof = U;le{aci7 Yi b

Step 3. Picking independent sets inside Z;. For each i € [t], we proceed as follows. We
greedily construct a set First;: processing vertices from left to right, we add to First; the first
vertex in Z; \ N[Roof U First;]. We finish once |First;| = k or when there are no more vertices
in Z; \ N[Roof U First;]. Next, we construct a set Last;: processing vertices from right to left,
we add to Last; the first vertex in Z; \ N[Roof U First; U Last;]. Again, we stop once we pick
k vertices or there are no more possible vertices to choose. Summing up, First; U Last; is an
independent set of size at most 2k, and there are no edges between this set and {x;,y;}.

> Claim 3.11 (#). For each ¢ € [t], the set Z; \ N[{z;,y;} U First; U Last;] is independent.

Step 4. Some more branching to split the instance. For i € [t], we say that Z; is large if
it has at least n’/7 < n?/3 vertices; otherwise Z; is small. Let Left (resp., Right) consist of
the first (resp., last) |n’/3] vertices of G', and let Middle = V(G’) \ (Left U Right).

Case 1: There is a small set Z; intersecting Middle. Recall that there are no edges
between Z.; and Z;. Furthermore |Z;| < %n’ and |Zs,] < %n’.

We exhaustively guess the intersection of a fixed optimum solution with Z;; in each
branch we remove Z; and all neighbors of vertices that are chosen to be in the solution.
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This breaks the instance into two independent subinstances, one contained in Z.; and
another contained in Z~;, each of size at most %n' . Thus, on each of these subinstances, we
can call the algorithm recursively.

The running time bound in this case is given by recursive inequality

T(n') < 20("//7)71(271'/3)7 which is solved by T'(n’) < 90(n' logn//7) _ 9O(n*/*logn)

Case 2: All small sets (if any) are contained in Left U Right. Let ¢ be the largest value
of i such that Z; is small and Z; C Left, if such a value exists. Similarly, r be the smallest
value of 7 such that Z; is small and Z; C Right, if such a value exists. In what follows, let us
assume that both ¢ and r as defined; the other cases are analogous (and slightly simpler).

Note that removing Z, and Z, splits the graph into three parts: Z.y, U;;21+1 Z;, and
Z~r. Again, there are no edges between distinct parts.

The first and the last part are multiplicatively smaller than the original instance — each
has at most n’/3 vertices. On the other hand, the middle part can be arbitrarily large. In
fact, it might contain almost all vertices of G’. However, by the choice of £ and r, all sets Z;
that end up in the middle part are large. Let ¢/ = (r —1) — (€4 1) + 1, i.e., the number of sets
Z; that belong to the middle part. Since n’ > ZZ:;H |Z;| > t'n' /7, we conclude that t' < 7.

Let S=Z,UZ.UNg UZ:_;H ({x,y:} UFirst; U Lasti)] Note that |S| <2-n/74+ (2 +

2k)7 -7 = O(n?/3). Again, we exhaustively guess the intersection of a fixed optimum solution
with S. This results in at most 25! = 20(**) branches, in each of which we remove S and
the neighbors of vertices chosen to be included in the solution.

Now, we obtain three instances that can be solved independently: two of them — one
contained in Left and the other contained in Right — are small, i.e., have at most 2n'/3
vertices. Let G” be the middle instance. By Claim 3.11 and (P4), G” consists of independent
sets, where only possible edges between distinct sets might appear if sets are consecutive.
This means that G” is bipartite, and thus MWIS on G” can be solved in polynomial time.

Summing up, the running time bound in this case is given by recursive inequality

2/3

T(n) < 200" (2 T(2n/3) + n’O“)) < 200 (2/3 . ),

which is solved by T'(n’) < 20(n*/Plogn’) — 9O/ logn) Thjg completes the proof. <

4  Conclusion

Let us conclude the paper by pointing out some directions for future research. Note that the
hardness part of Theorem 1.1 is close to a dichotomy into cases solvable in quasipolynomial
time and those that are NP-hard. Indeed, the (quasi)polynomial-time algorithms given by
Theorem 1.1 (1) and (2) are a strong indication that the corresponding cases of MWIS in
H-free ordered graphs are not NP-hard, since otherwise every problem in NP would admit
a (quasi)polynomial-time algorithm. By contrast, the subexponential-time algorithm for

H= (k)m(m (for k > 0) from Theorem 1.1 (3) does not provide comparable evidence
against NP-hardness. Thus, it would be very interesting to decide whether MWIS can be

solved in (quasi)polynomial time in m -free ordered graphs, or whether the problem is
NP-hard in this case. We conjecture that the algorithmic side holds.

Another natural direction is to strengthen the hardness side to ETH-lower bounds that
exclude subexponential-time algorithms. At present, the reductions for H € {/7\, 78\,
/7NN, /77=\} introduce a super-linear blow-up in the size of the constructed instance. It
would be interesting either to replace them with tighter reductions or to design subexponential-
time algorithms for those cases. We conjecture that the former is possible.
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Finally, we believe that the ordered setting is promising also for problems beyond
independent set and coloring. To the best of our knowledge, apart from the current paper
and recent work on (L1ST) k-COLORING [28,41] such algorithmic questions in hereditary
classes of ordered graphs have not been considered so far. In particular, it would be interesting
to investigate FEEDBACK VERTEX SET and ODD CYCLE TRANSVERSAL in hereditary classes
of ordered graphs. Both problems can be seen as generalizations of MWIS. FEEDBACK
VERTEX SET can be equivalently stated as finding a maximum size (or weight) induced forest,
i.e., an induced subgraph of treewidth at most 1 (while an independent set is an induced
subgraph of treewidth 0). ODD CYCLE TRANSVERSAL is equivalent to finding a maximum size
(or weight) induced bipartite subgraph, i.e., an induced subgraph of chromatic number at most
2 (while an independent set is an induced subgraph of chromatic number 1). Both problems
are among the best studied in hereditary classes of unordered graphs [1,2,14,15,18,20,24,40],
so they seem like natural next targets in the ordered setting.
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