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Abstract
The shifting technique of Hochbaum and Maass [J.ACM’85] produces PTASes with the fastest
known running times nO(1/εd−1) for several d dimensional geometric problems. However, it is only
known, due to Marx [FOCS’07], that these algorithms are indeed optimal for dimension d = 2. We
show that these running times are optimal under Gap-ETH for every constant dimension. More
precisely, we develop a framework that enables us to prove the conditional optimality of the shifting
algorithms for several problems on unit ball graphs, such as maximum independent set, maximum
induced forest, and others, as well as for the problem of piercing unit balls. Our framework is built
using the cube wiring theorem of De Berg et al. [SICOMP’20] and the reduction steps of Marx and
Sidiropoulos [SoCG’14] to create a convenient maximization version of geometric CSP that can be
used as a basis for reductions.
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1 Introduction

One of the great successes in the area of geometric algorithms is the existence of polynomial-
time approximation schemes (PTASes) in low-dimensional settings. The resulting running
times are usually of the form 2f(1/ε)poly(n) or nf(1/ε). The former are called efficient
polynomial time approximation schemes, or EPTAS for short. Once a PTAS or EPTAS
running time is achieved for a problem, the research focuses on optimizing the dependence
on n and 1/ε until a matching (conditional) lower bound is proven.

The first technique for proving EPTAS and PTAS lower bounds was introduced by
Marx [25]. Under the Exponential Time Hypothesis (ETH) [18], Marx provided almost
matching lower bounds for several problems on planar graphs and on intersection graphs
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38:2 Shifting Is Optimal Under Gap-ETH

of unit disks: for maximum independent set, the running times 2O(1/ε)poly(n) in planar
graphs and nO(1/ε) in unit disk graphs are essentially optimal. Using the stronger Gap-ETH
hypothesis [14, 23], Marx’s techniques give tight lower bounds: they match up to constant
factors in the exponent. However, the technique does not extend to higher-dimensional
geometric problems.

In dimension 3 and above, a lower bound framework was devised by De Berg et al. [12] for
exact algorithms. These results can be extended by using their Cube Wiring Theorem (see
also [19]) and a careful analysis of gaps, to obtain lower bounds of the form 2Ω(1/εd−1)poly(n)
under Gap-ETH, in particular for the Euclidean traveling salesman problem [21]. The same
technique has been used recently for proving EPTAS lower bounds for clustering problems [8].

This higher-dimensional lower bound technique only produces lower bounds of the form
2Ω(1/εd−1)poly(n). Currently, there is no technique that yields lower bounds of the form
nΩ(1/εd−1). On the other hand, the shifting technique of Hochbaum and Maass [17] is a
common source of such running times. Shifting is a simple meta-algorithm that can be
sketched as follows. Consider a randomly shifted grid consisting of hypercube cells of side
length O(1/ε). Obtain a naive solution near the boundary of the cells. Due to the random
shift, any given constant size ball has a probability of at most Od(ε) of being intersected
by a cell boundary, thus in expectation the naive solution introduces an error of at most
Od(ε · opt). Additionally, the remaining instances in the interiors of the cells are pairwise
disjoint and do not interfere, thus they can be solved separately. Each such instance has a
volume of O(1/εd) and has geometric separators of size O(1/εd−1), so one can solve all cell
instances exactly in nO(1/εd−1) time using techniques from parameterized exact algorithms [9].
These algorithms can be derandomized with a polynomial overhead by simply checking all
shifts. Problems that have such PTASes include maximum independent set [7] and minimum
dominating set [10] in intersection graphs of unit balls. This raises a natural question.

▶ Question 1. Is the nO(1/εd−1)-time shifting algorithm for Maximum Independent Set
in unit ball graphs optimal for every fixed d ≥ 3?

We note that existing parameterized lower bounds rule out an EPTAS for Maximum
Independent Set. Under ETH, the problem has no f(k)no(k1−1/d)-time algorithm for any
computable f [24, 26] parameterized by the solution size k. As such, if an EPTAS exists,
setting ε = 1/(2k) derives an f(1/ε)poly(n) = f(k)poly(n)-time algorithm, contradicting
ETH. However, it is unclear how to use this result to obtain a tight lower bound.

There are two natural approaches to tackle Question 1. One is to attempt to generalize
Marx’s technique [25]. This technique [25], based on the so-called Matrix Tiling problem.
Matrix Tiling is defined as follows. An instance of Matrix Tiling consists of integers
k, D, and k2 nonempty sets Ci,j ⊆ [D] × [D] for 1 ≤ i, j ≤ k. The task is to select in each
cell (i, j) of a k × k matrix some element (a, b) ∈ Ci,j , such that the first coordinates of the
selected elements are equal in horizontally neighboring cells and the second coordinates are
equal in vertical neighbors. The objective is to maximize the number of such equalities.1
See Figure 1. Unfortunately, the natural extension of matrix tiling to 3 dimensions, where
we require neighboring cells to agree on the corresponding coordinate, seems to behave
differently: in order to find a (1 − ε)-approximate solution of a satisfiable instance, we can
follow a simple shifting strategy. We ignore cells that intersect a randomly shifted grid of side
length 1/ε (these will contribute to the error). The remaining cells inside each 1/ε×1/ε×1/ε

1 We note that the original definition of Matrix Tiling in [25] is slightly different, but equivalent to
ours in terms of approximability.
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Figure 1 An instance of Matrix Tiling: the cell assignments are shown in blue; the equality
and conflicting assignment on the corresponding coordinates of adjacent cells are shown in green
and red respectively.

portion can be solved exactly in only nO(1/ε) time: indeed, one can simply try all choices of
values on the O(1/ε) axis-aligned slabs of cells that share one coordinate. As a result, the
complexity of this problem in dimension d is likely different from nΘ(1/εd−1), and it is not
suitable for our purposes.

The second approach requires taking a step back. Matrix Tiling is the optimization
variant of the Grid Tiling problem from the exact parameterized algorithms literature,
which is convenient for proving lower bounds of the form nΩ(

√
k) for geometric problems in

the plane [9]. A higher-dimensional generalization of this exact parameterized lower bound
framework was proposed by Marx and Sidiropoulos [26]; the optimization variants of these
problems could serve as the starting point for the PTAS lower bound framework. Marx and
Sidiropoulos defined the following variants of constraint satisfaction (CSP) problems.

Constraint Satisfaction Problems. An instance I of a binary constraint satisfaction problem
(CSP) is a triple (V,D,C), where:

V is a finite set of variables,
D is a domain of values, and
C is a set of constraints, where it contains a unary constraint Cv ⊆ D for each v ∈ V and
some binary constraints Cu,v ⊆ D ×D for distinct u, v ∈ V .

An assignment of I is a function f : V → D. A unary constraint Ca is satisfied by f if
f(a) ∈ Ca, and a binary constraint Ca,b is satisfied if (f(a), f(b)) ∈ Ca,b. An assignment is a
solution (or satisfying assignment) if it satisfies every constraint in C. The primal graph of a
binary CSP instance I = (V,D,C) is the undirected simple graph G = (V,E) where distinct
vertices u, v ∈ V satisfy {u, v} ∈ E if and only if there exists a binary constraint Cu,v ∈ C.
We call a pair of distinct variables u, v ∈ V adjacent if there is a binary constraint Cv,u ∈ C.

ESA 2026



38:4 Shifting Is Optimal Under Gap-ETH

A d-dimensional geometric CSP (Geometric CSP) instance I = (V,D,C) is a binary
CSP instance whose primal graph is isomorphic to an induced subgraph of the d-dimensional
grid hypercube Gd

k for some positive integer length k, via a subgraph isomorphism loc : V →
V (Gd

k). Note that the constraint set C includes a unary constraint Cv ⊆ D for each v ∈ V

and a binary constraint Cu,v ⊆ D ×D for each edge {u, v} in the primal graph.
A d-dimensional tiling CSP (Tiling CSP) is a Geometric CSP instance where the

domain is D = [Λ]d for some positive integer Λ. Similarly to Geometric CSP, the constraint
set C includes a unary constraint Cv ⊆ D for each v ∈ V . However, the binary constraints
are defined implicitly: for every pair of adjacent variables a, b ∈ V with loc(b) = loc(a) + e⃗i

(e⃗i is the standard basis vector), the constraint Ca,b ⊆ D × D contains exactly the pairs
((x1, . . . , xd), (y1, . . . , yd)) ∈ [Λ]d × [Λ]d satisfying xi = yi. A d-dimensional ≤-CSP (≤-CSP)
is identical to Tiling CSP, except the binary constraints are of the form xi ≤ yi instead of
xi = yi. A key difference from Matrix Tiling is that the primal graph in Tiling CSP (or
Geometric CSP) can be any induced subgraph of the grid.

In the optimization versions of all these CSPs (denoted with the prefix “Max-”), the goal
is to find an assignment that maximizes the number of satisfied constraints, or equivalently,
minimizes the number of violated constraints. Marx and Sidiropoulos [26] show that Tiling
CSP, ≤-CSP and Independent Set in ball graphs has no f(k)nO(k1−1/d)-time algorithm
for any computable f under ETH. It is therefore natural to ask if the maximization variants
of these problems (maximizing the number of satisfied constraints) is a good basis for PTAS
lower bounds.

1.1 Our contribution
We provide a framework that derives tight conditional lower bounds for geometric problems
solved with the shifting technique in any constant dimension d ≥ 3. More precisely, we prove
that the maximization variants of Tiling CSP and ≤-CSP have the desired lower bounds.

▶ Theorem 1 (Main theorem). Assuming Gap-ETH, for every integer d ≥ 2 there exists a
constant γ > 0 such that there is no algorithm with running time Nγ/εd−1 that, given any
ε > 0 and instance I = (V,D, C) of d-dimensional Tiling CSP or ≤-CSP of input size
N = poly(|C|, |D|), can distinguish between the following two cases:

(i) there exists an assignment satisfying all constraints, and
(ii) every assignment violates at least an ε-fraction of the constraints.

We obtain the above theorem using a chain of reductions from the Max 3-SAT problem.
The first step of the reduction chain in [26] involves a complicated embedding of the primal
graph of the 3-SAT formula into a grid, where maintaining the gap for partially satisfied
formulas is difficult. Instead, we use a much simpler embedding via the Cube Wiring Theorem
of De Berg et al. [12]. We map variables and clauses of a formula ϕ to the d-dimensional grid
graph and use a strong form of the Cube Wiring Theorem to find internally vertex-disjoint
paths (wires) mimicking the incidence graph of ϕ. Intuitively, these wires will “carry” the
corresponding boolean value of an assignment of ϕ. To ensure this behavior, we partition
the grid graph into small cubes and assign to each cube a CSP variable whose value encodes
the boolean values of the wires passing through that cube. We then use unary constraints to
enforce consistency of literals and satisfaction of clauses, and binary constraints to enforce
consistency of wire values across adjacent cubes. This reduction has the desired locality
structure to ensure that a constant fraction of error in ϕ will propagate as a proportional
fraction of error in the corresponding CSP instance.
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For the rest of the steps in the reduction chain, we proceed analogously to [26], but we
need to create stronger gap-preserving reduction steps. This needs some work, but can be
completed after observing important locality properties of the constructions at each step.

To prove the usefulness of our main theorem, we show that the shifting-based algorithms
for a wide range of problems are Gap-ETH-tight. In particular, we consider several problems
in intersection graphs of unit balls. Given a set of balls in d-dimensional space, we are
looking for the maximum independent set (a maximum set of pairwise disjoint balls), a
minimum dominating set (a minimum subset of balls where the union of their closed graph
neighborhoods is all balls), a maximum induced matching (a maximum set of balls whose
induced subgraph is a matching), or a maximum induced forest (a maximum set of balls
whose induced subgraph has no cycle). We also consider the piercing set problem: given a set
of balls, find the minimum set of points such that each ball contains a point. The following
theorem demonstrates several applications of our framework, and gives an affirmative answer
to Question 1 assuming Gap-ETH.

▶ Theorem 2 (Applications). For any constant d ≥ 2, Maximum Independent Set,
Minimum Dominating Set, Maximum Induced Forest, Maximum Induced Matching,
Minimum Piercing Set have PTASes with running time nO(1/εd−1) on unit ball graphs in
Rd. Under Gap-ETH, for any constant d ≥ 2 there exists some γ > 0 such that none of
these problems have an nγ/εd−1-time PTAS.

The upper bounds of this theorem are either known or follow the standard shifting
technique [17], paired with divide-and-conquer algorithms in the hypercubes of side length
O(1/ε). For the lower bounds, we use our framework: we reduce either from Max-Tiling
CSP or Max-≤-CSP. In case of Maximum Independent Set and Minimum Dominating
Set we are able to use existing gadgetry [24, 26] without changes. For Minimum Piercing
Set we rely on an intricate gadgetry introduced recently for the k-center problem by
Blank et al. [4]. For Maximum Induced Forest and Maximum Induced Matching we
introduce new gadgetry that may be of independent interest.

1.2 Further related work
The connection of approximation lower bounds and parameterized complexity has been
studied before [16, 22]. More recently, Gap-ETH-based lower bounds have been an important
tool in parameterized approximation algorithms, see [5, 3, 6] and the survey [15].

Shifting as an algorithmic paradigm has several variants. In the setting of planar graphs,
it was first introduced by Baker [2]. A similar source of approximation schemes is the
bidimensionality theory of Demaine and Hajiaghayi [13]. In the Euclidean setting, sometimes
it is important to perform shifting on a hierarchical decomposition rather than a fixed
grid, leading to approximation schemes that tackle objects/distances at different scales
simultaneously. Typically one shifts a so-called quadtree [1, 7]. Our lower bound framework
does provide lower bounds for some quadtree-based shifting algorithms, in particular we
obtain a matching lower bound for Chan’s algorithm [7] for independent set in intersection
graphs of balls (of arbitrary radius) in Euclidean space.

2 Preliminaries

For a positive integer n, we write [n] = {1, 2, . . . , n} and [n]◦ = {0, 1, . . . , n − 1}. For a
point x ∈ Rd, we denote its i-th coordinate by x(i). The standard basis vectors of Rd are
e⃗1, e⃗2, . . . , e⃗d. We write ∥x∥1 =

∑d
i=1 |x(i)| for the ℓ1-norm and ∥x∥ =

√∑d
i=1 x(i)2 for the

Euclidean norm.

ESA 2026
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≤-CSP

Tiling CSP

Geometric CSP Projection CSP(3, 3)-SAT
Max- Max- Max-

Max-
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Maximum Induced Forest
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Minimum Dominating Set

Minimum Piercing Set
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Figure 2 Reduction chain used in the proof of Theorem 1 (yellow boxes). The green boxes
contain the problems for which we prove hardness in Theorem 2.

For integers k, d > 0, the d-dimensional grid graph of side length k, denoted Gd
k, is the

graph with vertex set [k]d in which two vertices a, b ∈ V (Gd
k) are adjacent if and only if

∥a− b∥1 = 1. A unit ball in Rd is an open ball of diameter 1. Two unit balls intersect if their
interiors overlap; equivalently, if their centers are at Euclidean distance strictly less than 1.
A unit box in Rd is an open axis-aligned hypercube of side length 1. The intersection graph
of a collection B of geometric objects has one vertex per object, with two vertices adjacent
whenever the corresponding objects intersect.

An induced forest of a graph G is a subset S ⊆ V (G) such that the subgraph of G induced
by S is acyclic. The Maximum Induced Forest problem asks for the largest induced forest
in a given graph. In the geometric setting, the input is a collection B of geometric objects
(such as unit balls or unit boxes in Rd), and the goal is to find the Maximum Induced
Forest of the intersection graph of B.

A polynomial-time approximation scheme (PTAS) for a maximization (resp. minimization)
problem is a family of algorithms parameterized by ε > 0 that, for every ε > 0, runs in time
polynomial in the input size and returns a solution of value at least (1 − ε)opt (resp. at
most (1 + ε)opt).

Our hardness results rely on the following hypothesis.

▶ Gap Exponential Time Hypothesis (Gap-ETH) (Dinur [14], Manurangsi and Raghav-
endra [23]). There exist constants δ, γ > 0 such that there is no 2γm-time algorithm which,
given a 3-CNF formula ϕ on m clauses, can distinguish between the cases where

(i) ϕ is satisfiable, or
(ii) all assignments violate at least δm clauses.

A Boolean formula ϕ in CNF is a (a, b)-CNF formula if each variable occurs at most a times
and each clause has at most b literals. We consider the Max-(3, 3)-SAT problem, in which
the objective is to maximize the number of satisfied clauses in a (3, 3)-CNF formula. Note
that for (3, 3)-CNF formulas, the numbers of variables and clauses are within constant factors
of each other. Papadimitriou [27] gives an L-reduction from Max-3-SAT to Max-(3, 3)-SAT,
which implies the following:

▶ Lemma 3 (Corollary of [27]). There exist constants δ, γ > 0 such that, unless Gap-ETH
fails, there is no algorithm with running time 2γn that, given a (3, 3)-CNF formula ϕ with n
variables and m clauses, can distinguish between the following two cases:

(i) ϕ is satisfiable; and
(ii) for every assignment at least δm clauses of ϕ are violated.
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3 From (3,3)-SAT to Geometric CSP

In this section, we prove a hardness result for Max-Geometric CSP on d-dimensional
grids (d ≥ 2) via an approximation-preserving reduction from Max-(3, 3)-SAT. To bridge
the gap between the combinatorial structure of a (3, 3)-CNF formula ϕ and the geometry
of a d-dimensional grid in Geometric CSP, we utilize a strong form of the Cube Wiring
Theorem [19] to embed the incidence graph of ϕ on a d-dimensional grid for d ≥ 3.

▶ Theorem 4 (Strong Cube Wiring Theorem [19]). Let d ≥ 3 and let G = (A ∪ B,E) be a
bipartite graph on n vertices of maximum degree at most 2d. Let n1 = Θ

(
n1/(d−1)) be an

integer. Then there exists a constant c > 0 and injective mappings

EmbA : A → [cn1] d−1 × {1} ⊆ V (Gd
cn1

), EmbB : B → [cn1] d−1 × {cn1} ⊆ V (Gd
cn1

),

such that the following holds. There exists a collection of |E| internally vertex-disjoint paths
W = {We}e∈E in the d-dimensional grid graph Gd

cn1
with the property that for every edge

e = {a, b} ∈ E with a ∈ A and b ∈ B, the path We connects EmbA(a) to EmbB(b). We
refer to these paths as wires. Moreover, given G and d the embedding can be constructed in
polynomial time.

For d = 2, we replace vertex-disjoint wires in Theorem 4 with an edge-disjoint wiring in a
2-dimensional grid (allowing crossings, but no shared edges) as in [19]. See the proof of the
following lemma in the full version.

▶ Lemma 5 (2-dimensional Grid Wiring). Let G = (A∪B,E) be a bipartite graph on n vertices
with maximum degree at most 3 and |E| = m. Then there exists an integer n1 = Θ(n+m),
a constant c > 0, injective mappings

EmbA : A → [cn1] × {1} ⊆ V (G2
cn1

), EmbB : B → [cn1] × {cn1} ⊆ V (G2
cn1

),

and a collection W = {We}e∈E of edge-disjoint grid paths in G2
cn1

such that each We connects
EmbA(a) to EmbB(b) for any edge e = {a, b} ∈ E and every grid vertex belongs to at most
three wires; if two wires meet at a grid vertex then they do not share any grid edge (they only
cross). Moreover, given G, the embedding can be constructed in polynomial time.

The main result of this section is the following hardness theorem where we present an
approximation-preserving reduction from Max-(3, 3)-SAT to Max-Geometric CSP on
d-dimensional grids, for every d ≥ 2.

▶ Theorem 6. Assuming Gap-ETH, for every fixed integer d ≥ 2 there exists a constant
γ > 0 such that there is no algorithm with running time Nγ/εd−1 that, given any ε > 0 and
instance I = (V,D, C) of d-dimensional Geometric CSP of input size N = poly(|C|, |D|),
can distinguish between the following two cases:

(i) there exists an assignment satisfying all constraints in I, and
(ii) every assignment violates at least ε|C| constraints.

Proof. Fix a positive integer d ≥ 2. Let ϕ be a (3, 3)-CNF formula. We construct an instance
of Geometric CSP whose variables correspond to blocks of a d-dimensional grid, and whose
domain encodes Boolean values propagated along vertex-disjoint paths (edge-disjoint paths
for the case d = 2). The key ingredients of the reduction are as follows.

We consider the incidence graph of ϕ, viewed as a bipartite graph between variables
and clauses. Using the Strong Cube Wiring Theorem (Theorem 4) for d ≥ 3 and 2-
dimensional Edge-Disjoint Wiring (Lemma 5) for d = 2, we embed this bipartite graph
into a d-dimensional grid so that each variable and clause incidence is represented by a
disjoint path (a wire).

ESA 2026
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We partition the grid into small cubes and assign to each cube a variable whose value
encodes the Boolean values of the wires passing through that cube. Unary constraints
enforce consistency of literals belonging to the same variable and satisfaction of clauses,
while binary constraints enforce consistency of wire values across adjacent cubes.

We show that a satisfiable formula ϕ yields fully satisfiable Geometric CSP instances,
whereas assignments violating a constant fraction of clauses in ϕ correspond to assignments
violating a proportional fraction of constraints in the Geometric CSP instance.

Embedding the incidence graph of ϕ

Assume that the (3, 3)-CNF formula ϕ has variable set Varϕ and clause set Claϕ. We associate
with ϕ its incidence graph G = (A ∪B,E), where A = Varϕ, B = Claϕ, and {va, cl} ∈ E if
and only if the variable va ∈ Varϕ appears in the clause cl ∈ Claϕ. Since ϕ is a (3, 3)-CNF
formula, each variable appears in at most three clauses and each clause contains at most
three literals. Consequently, the maximum degree of G is at most 3.

For any fixed d ≥ 3, we apply the Strong Cube Wiring Theorem (Theorem 4) and for
d = 2, we apply the 2-dimensional Edge-Disjoint Wiring (Lemma 5) to embed G into a
d-dimensional grid. See Figure 3. Let n1 = Θ

(
n1/(d−1)) be the grid side length parameter

guaranteed by Theorem 4 (or Lemma 5). Moreover, it provides injective mappings

EmbA : A → [cn1] d−1 × {1} and EmbB : B → [cn1] d−1 × {cn1},

for a constant c > 0, together with a collection of vertex-disjoint paths (edge-disjoint for
d = 2) W = {We}e∈E in the grid graph Gd

cn1
.

Note that the size of the grid is Θ
(
nd/(d−1)). Each path We ∈ W connects EmbA(va) to

EmbB(cl) for the corresponding incidence e = {va, cl} ∈ E. Recall that we refer to these paths
as wires. Intuitively, each wire is responsible for transmitting the Boolean value assigned to
a literal from its variable vertex to the corresponding clause vertex.

Constructing an instance of Geometric CSP
We first define the variables and domain of the Geometric CSP instance. Let s be a positive
integer parameter. We define an s-partition of Gd

cn1
by grouping vertices into axis-aligned

d-dimensional cubes of side length s. Formally, define a mapping ψ : V (Gd
cn1

) → V (Gd
n2

), by

ψ(x1, . . . , xd) =
(
⌈x1/s⌉, . . . , ⌈xd/s⌉

)
,

where n2 =
⌈

cn1
s

⌉
. For each v ∈ V (Gd

n2
), the preimage ψ−1(v) induces a connected subgraph

of Gd
cn1

isomorphic to a d-dimensional grid of side length at most s. We refer to such a
subgraph as a small cube and we denote the set of all small cubes by Σ. The variables V of
the Geometric CSP instance correspond to the small cubes in Σ, i.e., V = {vσ : σ ∈ Σ}.
Naturally, we define the subgraph isomorphism loc : V → V (Gd

n2
) by loc(vσ) := ψ(z) for an

arbitrary vertex z of σ. We say two small cubes σ and σ′ are adjacent if loc(vσ) and loc(vσ′)
are adjacent in Gd

n2
. See Figure 3.

Recall that the collection W of wires consists of internally vertex-disjoint paths in Gd
cn1

(edge-disjoint paths for d = 2). For a small cube σ ∈ Σ, let Wσ ⊆ W denote the set of wires
that intersect σ. We bound the number of such wires as follows. Each wire enters or exits a
small cube through one of its 2d facets, each facet containing at most sd−1 vertices. Since
the wires are internally vertex-disjoint, at most three wires can occupy each boundary vertex
(for d > 2, only when it is an extreme vertex of a wire otherwise it is at most two, and for
d = 2, Lemma 5 ensures this property also holds for the edge-disjoint paths). Consequently,
|Wσ| ≤ 6d · sd−1.
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EmbB(cl1) EmbB(cl2)

EmbA(x1) EmbA(x2) EmbA(x3) EmbA(x4)

Figure 3 An s-partition of a 2-dimensional embedding of the incidence graph of the formula
ϕ = (x̄2 ∨ x3 ∨ x4) ∧ (x̄1 ∨ x2 ∨ x̄4) for s = 6. The wires corresponding to the same variable share
the same color.

As a shorthand, we define κ := 6d · sd−1. The domain of the Geometric CSP instance
is defined as D := {0, 1}κ. Intuitively, each coordinate of a domain element corresponds to
the Boolean value carried by one of the wires passing through the corresponding small cube.
For each small cube σ, we fix an arbitrary injective mapping fσ : Wσ → [κ], which assigns to
each wire intersecting σ a unique coordinate of the domain vector.

Finally, we define the set of constraints C of the Geometric CSP instance. The
constraints are of three types:

(i) Variable consistency constraints. Let σ be a small cube that contains the embedded
vertex EmbA(va) corresponding to a variable va ∈ Varϕ. Let L(va) denote the set of literals of
ϕ in which va participates. For the variable vσ ∈ V , we introduce a unary constraint requiring
that all wires corresponding to occurrences of va encode a consistent Boolean assignment.

Formally, the allowed domain values at vσ ∈ V are those vectors x ∈ {0, 1}κ such that
for all literals l, l′ ∈ L(va) with corresponding wires W and W ′,

x(fσ(W )) =

x(fσ(W ′)) if l and l′ have the same sign,

1 − x(fσ(W ′)) otherwise.

(ii) Clause satisfaction constraints. Let σ be a small cube that contains the embedded
vertex EmbB(cl) corresponding to a clause cl ∈ Claϕ. Let L(cl) = {l1, l2, l3} be the (at most
three) literals appearing in the clause cl. For the variable vσ, we introduce a unary constraint
requiring that at least one of these literals evaluates to true.

Formally, the allowed domain values at vσ ∈ V are those vectors x ∈ {0, 1}κ such that if
W1, W2, and W3 are the corresponding wires of the literals l1, l2, and l3 respectively, then(

x(fσ(W1)), x(fσ(W2)), x(fσ(W3))
)

̸= (0, 0, 0).
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(iii) Wire consistency constraints. Finally, consider two adjacent small cubes σ, σ′ ∈ Σ.
For every wire W ∈ Wσ ∩ Wσ′ , the Boolean value carried by W must be consistent across
both cubes. We introduce a binary constraint between vσ and vσ′ requiring equality on all
shared wire coordinates.

Formally, the allowed pairs (x, y) ∈ {0, 1}κ × {0, 1}κ at the binary constraint between vσ

and vσ′ satisfy

x(fσ(W )) = y(fσ′(W )) for all W ∈ Wσ ∩ Wσ′ .

This completes the definition of the constraint set C.

Exact Equivalence and Error analysis
We show that if the Boolean formula ϕ is satisfiable, then the constructed Geometric CSP
instance admits an assignment that satisfies all constraints. Let α : Varϕ → {0, 1} be a
solution of ϕ. We define an assignment µ : V → {0, 1}κ to the Geometric CSP variables as
follows. Each literal l of ϕ corresponds to a unique wire Wl ∈ W in the grid embedding. For
each small cube σ and each wire Wl ∈ Wσ, where l is a literal over variable va, we set

µ(vσ)
(
fσ(Wl)

)
=

{
α(va) if l is a positive occurrence of the variable va,
1 − α(va) if l is a negated occurrence of the variable va.

All remaining coordinates of µ(vσ) (corresponding to wires not intersecting σ) may be assigned
arbitrarily. By construction, µ satisfies all constraints of the Geometric CSP instance.

Now consider an arbitrary assignment λ : V → {0, 1}κ to the Geometric CSP instance.
We define a Boolean assignment α : Varϕ → {0, 1} for the formula ϕ as follows. For each
variable va ∈ Varϕ, let σ(va) be the unique small cube containing the embedded vertex
EmbA(va). If the variable-consistency constraint at σ(va) is satisfied by λ, then all wires
corresponding to occurrences of va encode a consistent value; we set α(va) to that value.
Otherwise, we assign α(va) arbitrarily. Again by construction, if λ is a solution of the
Geometric CSP instance, then α is a solution of ϕ.

▷ Claim 7. Each violated constraint in the assignment λ of the Geometric CSP can cause
at most 6κ violated clauses in the corresponding assignment α for the formula ϕ.

Proof. Any violated constraint (unary or binary) involves at most two small cubes (a pair
of adjacent small cubes in case of binary constraint) whose value assignment may corrupt
the Boolean values carried by all wires intersecting the cube(s). Each such cube intersects
at most κ wires, and each wire corresponds to a literal occurrence that appears in at most
three clauses. Therefore, each violated constraint can affect at most 6κ clauses of ϕ. ◁

The number of variables, hence the number of constraints up to a constant factor, is

|C| = Θ(nd
2) = Θ

((n1

s

)d
)
.

Moreover, for (3, 3)-formulas we have m = Θ(n) and |E| = Θ(n). Suppose that at most ε|C|
constraints are violated by the arbitrary Geometric CSP assignment λ. Then by Claim 7
the number of clauses violated in the induced Boolean assignment α is at most

6κ · ε|C| = Θ(sd−1) · ε · Θ
((n1

s

)d
)

= ε · Θ
(
nd

1
s

)
= ε · Θ

(
nd/(d−1)

s

)
.
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Assume that Gap-ETH holds and γ, δ be the two constants from Lemma 3. By Claim 7,
setting ε := δ s cd/n

1/(d−1) for an appropriate constant cd > 0 yields that if every assignment
of ϕ violates at least δm clauses, every assignment to the Geometric CSP instance violates
at least ε|C| constraints.

The constructed Geometric CSP instance has |C| = Θ
(
nd/(d−1)/sd

)
and domain size

|D| = 2κ = 2Θ(sd−1) and it is obtained from ϕ in polynomial time in the instance size
N = poly(|C|, |D|). Suppose there exists an algorithm that, for every γ0 > 0, distinguishes
satisfiable Geometric CSP instances from those in which every assignment violates at least
ε|C| constraints in time Nγ0/εd−1 . Applying this algorithm to the instance produced by the
reduction for values of s = Ω(log1/(d−1) n) yields an algorithm that distinguishes satisfiable
(3, 3)-CNF formulas from those in which every assignment violates at least δm clauses in time

poly
(
|C|, |D|

)Θ(γ0n/sd−1) ≤
(

2Θ(sd−1) · n
d/(d−1)

sd

)Θ(γ0n/sd−1)

= 2Θ(sd−1)·Θ(γ0n/sd−1) ·
(
nd/(d−1)

sd

)Θ(γ0n/sd−1)

= 2γ0Θ(n) · 2Θ
(

γ0n log(n/s)
sd−1

)
= 2γ0c′

dn,

for some constant c′
d > 0. Choosing γ0 > 0 sufficiently small contradicts Lemma 3. ◀

Following the reduction chain described in Figure 2, we obtain the proof of Theorem 1 by
showing that the reductions in Proposition 2.18 and Proposition 2.19 of [26, Section 2.3] are
approximation preserving. See the full version for the details.

4 Hardness of Approximation via Tiling CSP and ≤-CSP

As applications of Theorem 1, we derive running-time lower bounds for approximation schemes
for Maximum Independent Set, Maximum Induced Forest, Maximum Induced
Matching, Minimum Dominating Set, and Minimum Piercing Set on unit balls (and
on unit cubes) in Rd. Our framework is based on reductions from either Max-Tiling CSP
or Max-≤-CSP. For Maximum Independent Set and Minimum Dominating Set, we
can directly employ existing gadget constructions [24, 26], whereas Minimum Piercing
Set requires the more involved gadgetry recently developed for the k-center problem by
Blank et al. [4]. Here, we give a sketch of the reduction for Maximum Induced Forest in
Theorem 8, and refer to the full version for complete proofs of all results. As a matching
upper bound, in the full version, we discuss shifting based algorithms for these problems as
well.

▶ Theorem 8. Let d ≥ 2 be an integer. There is a real γ > 0 such that if the Maximum
Induced Forest of n unit balls in Rd admits a PTAS with running time nγ/εd−1 then
Gap-ETH fails.

Proof sketch. We adapt the gadget construction of Marx [25] given for Maximum Inde-
pendent Set on unit disks in the plane to the Maximum Induced Forest problem on
unit balls in Rd, and reduce from Tiling CSP (Theorem 1). We first recall the gadgetry of
Marx’s construction, then describe our construction for the Maximum Induced Forest
instance for d = 2, and finally explain how the cross-polytope structure of the box boundary
allows an extension of our instance to any dimension d ≥ 3.
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CuCv

Figure 4 Marx’s gadget [25] for Maximum Independent Set of unit disks via Matrix Tiling.
The blue and red disks represent clique positions along the variable gadget and the connector cliques,
respectively.

Marx’s construction for Maximum Independent Set on unit disks. In [25], Marx reduces
Matrix Tiling to Maximum Independent Set on unit disks in the plane. Each unary
constraint Cv of the Matrix Tiling instance is implemented by a variable gadget consisting
of 16 cliques (the blue disks in Figure 4) of unit disks arranged around the boundary of an
axis-aligned square. For each value (x, y) ∈ Ci,j (encoded as a single index r = ι(x, y) via a
fixed bijection ι), the gadget places one unit disk at each of the 16 clique positions, with
small perturbations along the boundary depending on r. The perturbations are chosen so
that, for two consecutive clique positions pj and pj+1, the disks placed for values r and r′

intersect if and only if r > r′. Selecting independent disks from each of the 16 positions
therefore forces a cyclic chain r1 ≤ r2 ≤ · · · ≤ r16 ≤ r1, which collapses to a common value r:
the value represented by the gadget.

The gadgets are placed on a grid, and gadgets corresponding to adjacent variables are
tied together by two short sequences of connection disks (the red disks in Figure 4). The
connection disks are positioned so that they create two cliques between the adjacent variable
gadgets. A connection admits independent disks only when the two incident gadgets agree
on the relevant coordinate: one connection clique enforces the ≤-relation, while the other
enforces the ≥-relation. Together, they ensure equality: horizontal connections enforce
agreement on the first coordinate, and vertical connections on the second coordinate. An
independent set of size 16|V | + 2|E|, induces a consistent assignment of values to variables,
and thus a solution of the Matrix Tiling instance. Conversely, every Matrix Tiling
solution yields an independent set of size 16|V | + 2|E| by selecting, in each gadget, the 16
disks indexed by its assigned value together with two compatible disks from each connection.
Cliques prevent picking two disks at the same clique position, and pairwise disjointness across
the gadget cycle and across connections enforce consistency and coordinate-matching.

Our construction for Maximum Induced Forest on unit balls, case d = 2. Our construction
is inspired by [25] and [11]. It reduces from Tiling CSP. Let I = (V,D, C) be the input
Tiling CSP instance with the primal graph G. Fix a spanning tree T of G.2 We obtain a
collection B of unit balls from I. We follow a similar global structure as seen for Maximum

2 We assume that the primal graph G is connected. Otherwise, the same construction can be applied to
each connected component separately.
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Gu

Gv

Figure 5 The vertices corresponding to clique balls (gray regions), forest ball (depicted in green),
private balls (depicted in pink) are represented in the intersection graph of the instance at the
neighborhood of two vertically adjacent variables gadgets Gu and Gv. The dashed edge in this figure
represents a potential edge of spanning tree T in order to obtain the global forest.

Independent Set above, by replacing the 16 clique positions with τ = 44 positions around
an axis-aligned square Qv of side length 11 and replacing the connector cliques with a chain
of two adjacent cliques. See Figure 6. Our goal is to preserve the two structural properties
in Marx’s reduction: The independent selection along the cycle of the variable gadget and
the coordinate consistency across connectors .

In the induced forest setting, neither property is enforced automatically: a forest can
contain two balls from the same clique (as long as no triangle is created). We therefore need
additional gadgetry that (i) limits each clique position to at most one selected ball, and
(ii) penalizes intersections between selected balls at consecutive positions by turning them
into cycles. We enforce both properties using two auxiliary ball types per clique position,
as follows. For each clique position pj along the boundary of a variable gadget, we place a
private ball hj(v) slightly exterior to Qv, intersecting exactly the clique balls and nothing
else; and a forest ball tj(v) slightly interior to Qv, also intersecting exactly the clique balls
at pj . A similar pair of private and forest balls is considered for each clique position along the
connectors. The forest balls form a global forest structure that helps to enforce independent
selections in the cliques. See Figure 5.

The private ball (or the forest ball) at pj implements property (i): any forest containing
hj(v) and two clique balls at pj would contain a triangle which contradicts the forest property,
so at most one clique ball at pj can be selected together with hj(v). Note that for a given
clique position pj , selecting a forest ball tj(v), a private ball hj(v), and one ball from the
clique at position pj contributes 3 balls to an induced forest. In contrast, excluding tj(v)
and hj(v) allows for the selection of at most 2 balls from the clique at position pj .

▷ Claim 9. Let F be an induced forest of B that contains a private ball hj(v) or a forest
ball tj(v) at position pj . Then F can contain at most one clique ball at position pj .

To implement property (ii), we connect the forest balls across the whole instance into
a single global forest F . Once all forest balls are included in the forest F , two intersecting
selected balls at adjacent clique positions would close a cycle through the forest ball path
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Gv Gu

Figure 6 An instance of unit disks obtained from two adjacent variables of a 2-dimensional
Tiling CSP where their corresponding edge appears in the spanning tree T . The green, violet and
orange colors represent the forest balls, private balls, port positions, respectively. The violet colored
disk with parallel stripes represents the private ball in Gu that ensures the connectivity of the global
forest.

connecting their positions in F . Hence selection at consecutive clique positions must be
disjoint, and this yields exactly the cyclic-ordering and coordinate-agreement conditions
needed to recover an assignment as in the reduction to Maximum Independent Set.

▷ Claim 10. Let F be an induced forest of B containing all forest balls of F . Then clique
balls in distinct clique positions are disjoint. Moreover, if F is maximal, all private balls are
in F .

We obtain this global forest F as follows: within each gadget, the forest balls are linked
into a tree Tv using O(1) additional balls routed through the interior of Qv. Across connectors,
the forest balls of the two intermediate cliques form a short path and globally, the trees of
gadgets are stitched together using the fixed spanning tree T of the primal graph G. For
each edge {a, b} ∈ E(T ), one of the two connector chains is designated as a bridge whose
forest ball path connects Ta and Tb through neighboring private balls, while the other chain
is attached as a pendant subtree to Ta only. For edges of the primal graph not in T , both
chains are attached as pendant subtrees to Ta.

Figure 6 illustrates the placement of the different types of balls for two neighboring
variable gadgets and their connectors. The clique positions are placed at unit spacing along
the boundary of Qv, with 12 positions per side and corners shared between adjacent sides.
Among these, 8 are designated as ports (two per side) that serve as endpoints of the two
connector chains to each neighboring gadget. Unlike the other positions, which sit exactly
on the boundary of Qv, each port position is shifted slightly inward along the inward normal.
This inward shift creates just enough room to place the private ball of a port position inside
Qv without having it intersect any clique ball of an adjacent position. At each clique position,
for every s ∈ Cv, we place a clique ball Bj(v, s) whose center is perturbed along the boundary
direction by an amount depending on s; at port positions, an additional normal-direction
perturbation encodes the coordinate of s relevant to the incident connector. Forest balls at
corner positions are placed slightly outside Qv (rather than inside, as in non-corner positions)
due to space constraints, and are reconnected to the global forest F through the private ball
of the adjacent non-corner position.
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Extension to d ≥ 3. For fixed a dimension at least 3, the variable gadget is built around
an axis-aligned box Qv of side length 30 with 2d facets. The clique positions are arranged
along a directed Hamiltonian cycle Hv near the boundary of Qv that visits the facets in
the order given by a Hamiltonian cycle of the cross-polytope dual to Qv, similarly to [20]:
consecutive facets in the cycle have orthogonal outward normals. On each facet Fi, the cycle
enters, traces a rectilinear path of unit-spaced adjacent points that includes a designated
port (branching) positions for two connector chains. The clique, private, and forest balls are
defined with the same intersection pattern as before.

Let g denote the number of forest balls per gadget and recall that τ is the total number
clique position in Hv. Set Γ = (g + 2τ)|V | + 12|E|. Using Claims 9 and 10, one shows that
I admits a satisfying assignment if and only if B has an induced forest of size Γ. Moreover,
whenever every assignment to I violates a δ-fraction of constraints, a standard accounting
of variables whose gadget or incident connectors are not consistent (i.e., the forest is not
locally maximal), yields mif(B) ≤ (1 − c′

d δ) Γ, for a constant c′
d > 0 depending only on d.

Therefore, a PTAS for Maximum Induced Forest on unit balls in Rd with running time
nγ0/εd−1 , invoked on B with ε = c′

d δ/2, would distinguish the satisfiable case from the case
where every assignment violates δ-fraction of the constraints. Thus, for γ0 small enough, this
contradicts Theorem 1. ◀
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