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—— Abstract

We establish nearly optimal upper and lower bounds for approximating decision tree splits in data
streams. For regression with labels in the range {0,1,..., M}, we give a one-pass algorithm using
(5(M 2 / 5) space 2 that outputs a split within additive € error of the optimal split, improving upon
the two-pass algorithm of Pham et al. (ISIT 2025). Furthermore, we provide a matching one-pass
lower bound showing that Q(M?/e) space is indeed necessary.

For classification, we also obtain a one-pass algorithm using 5(1 /€) space for approximating the
optimal Gini split, improving upon the previous (5(1 / 62)—space algorithm. We complement these
results with matching space lower bounds: Q(1/¢) for Gini impurity and Q(1/¢) for misclassification
(which matches the upper bound obtained by sampling).

Our algorithms exploit the Lipschitz property of the loss functions and use reservoir sampling
along with Count—-Min sketches with range queries. Our lower bounds follow from careful reductions
from the INDEX problem.
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1 Introduction

Decision trees are ubiquitous in machine learning. They are used as base learners for powerful
ensemble methods such as random forests [19], gradient boosting [26, 15], AdaBoost [14],
XGBoost [8], Light GBM [24], and CatBoost [30]. These ensemble models achieve state-of-
the-art performance on many tasks, particularly on tabular data [17, 33]. At the algorithmic
level, a basic primitive in these methods is split selection: given a feature and a loss criterion,
choose the threshold that yields the best partition of the data [6, 31].

In large-scale settings, the training data may arrive continuously as a stream and cannot be
stored in memory in its entirety. This makes it natural to ask whether one can approximate
the best split using only one or a few passes and sublinear space. Beyond its practical
relevance, this question is also of independent theoretical interest since split selection is the
core operation repeated throughout tree learning and other data analysis tools.
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2 O(-) hides polylogarithmic factors.
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In this paper, we study this problem in the insertion-only streaming model and establish
nearly optimal bounds for several standard split objectives including mean squared error for
regression, misclassification rate, and Gini impurity for classification.

Related Work. Decision trees in data streams have been extensively studied. Domingos and
Hulten [11] introduced VFDT, the seminal decision tree learning algorithm for classification
for an infinite i.i.d. stream; regression is not addressed in their work. A large subsequent
literature has studied adaptive random forests [16], concept drift [36, 7], and other extensions
of tree learning in data streams [21, 23, 4, 32, 25]. Others have provided open-source
implementations [5, 27] of decision tree learning from data streams, notably the Python
packages SCIKIT-MULTIFLOW and RIVER.

Recently, Tatti [35] studied fast algorithms for finding decision tree splits in sparse data
streams, Silva et al. [34] considered split computation in federated streaming settings, and
Assis et al. [3] investigated split selection from the perspective of structural robustness in
evolving streams.

In contrast to the work of Domingos and Hulten [11], which focused only on classification,
we do not assume that the elements in the stream are independently and identically distributed.
Another challenge we must address is that, unlike misclassification, regression and Gini-type
objectives depend on aggregate statistics over ranges of feature values, and these quantities
must be estimated accurately in one pass using sublinear space. Our approach combines two
ingredients: reservoir sampling, which yields a small candidate set containing a near-optimal
split, and coupled dyadic Count—Min sketches, which maintain the range statistics needed to
evaluate the loss. For regression, this gives a truly one-pass improvement over the previous
two-pass result of [29]; for classification with Gini impurity, a simple label re-encoding reduces
the problem to the regression setting.

Since exact decision tree learning is NP-hard [22], greedy heuristics are commonly
employed. Top-down frameworks like CART [6] and ID3 [31] recursively optimize feature
thresholds to minimize splitting criteria (e.g., Gini impurity and MSE), which serve as the
core computational primitives of tree construction.

Problem formulation. We model the feature domain as {1,2,...,N}. For real-valued
features, this reflects discretization into bins [6, 9, 31, 20, 12, 13].

The following formulation of the optimal split problem follows the standard approach
of [6] and [31]. For a more recent overview, we refer to Chapter 9 of [18].

If k is a positive integer, we use [k] to denote the set {1,2,...,k}. We denote the indicator
variable for the event Z by 1[Z].

Regression. For regression, we are given a stream of pairs

(xhyl)v(x27y2)7"'7(xmvym)7 T; € [N]7 Yi € {071727"'7M}'

We assume y; € {0,1,2,..., M} for some M > 0, since labels can always be shifted and
discretized (as computers have finite precision). We further assume M = poly(m), so that
it can be represented using O(logm) bits, which is typical in the RAM model. For a split
j€{0,1,...,N}, let

221 1x; < jlyi

2211 1z > jlys
doimy U < g] 7

Li:=[l,5, Rj=[+1N], u@j)= S x> g

() =
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Figure 1 Tllustration of the optimal split j*.

Note that 1(j) and v(j) are the label means on the left and right sides. They serve as the
optimal prediction for xz; < j and x; > j + 1 if we split the data at j. The mean squared loss
for regression is defined as follows

Lse(j) = (Z Ve < J1y — uG)? + > Les > )y - 7(]’))2> . (1)

i=1 i=1
Our goal is to output j such that Lysg(j) < OPT 4, where

OPT := oin Lvsg(4)-

Classification. For classification, the labels are in {—1,+1}. The misclassification loss at
split j is

. 1 . .
Luis(j) = E(mln{ffl,[l,j]af+1,[1,j]} +min{ f_y [j41,n57, f+1,[j+1,N]}) -

Here, for any interval R C [N], f41,r and f_1 g denote the numbers of data points in R
with labels +1 and —1, respectively. Intuitively, we classify each data point based on the
majority on the side of the split. Another popular loss function is the Gini impurity (to be
defined formally in Section 2.2):
o il IRy e
Gini(J) = m Gini({y; : @ <j}}) + m Gini({{y; : @ > j + 1}}).

Motivation. Our objective is to design optimal algorithms that use memory sublinear in m
and N and to prove matching lower bounds.

In many large-scale applications, the data does not fit in main memory and must be
processed as it arrives while using sublinear space. As more data arrive, m grows and one
will run out of main memory (RAM) if we choose to store all the data points.

High-cardinality or composite features (i.e., a feature that is a combination of several
features) may also yield a large feature range N, significantly impacting memory and time
complexity [13].

Note that even if O(N) space is acceptable, there might be many features and we want to
find the best split among all of them. Furthermore, in ensemble methods, we also often train
many trees in parallel. Hence, using o(N) space per feature and tree significantly improves
the overall memory footprint.
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Table 1 Comparison of upper and lower space bounds for numerical split objectives in the
streaming model. All guarantees are additive-e approximations.

Objective ‘ Passes ‘ Space ‘ Reference

Upper bounds

Regression 2 o (M2/5) [29]
Regression 1 (5(M2 /a) This Paper
Misclassification 1 o (1/e) [29]
Gini impurity 1 6(1/62) [29]
Gini impurity 1 6(1/5) This Paper

Lower bounds

Regression 1 Q(M?/e) | This Paper
Misclassification 1 Q(1/¢) This Paper
Gini impurity 1 Q(1/e) This Paper

Optimal split selection also arises outside tree learning, including in image segmentation
and change-point detection [28, 2].

Providing matching lower and upper bounds is also of independent theoretical interest,
as it characterizes the intrinsic difficulty of the problem and helps explain the memory
requirements of practical heuristics.

Our results. In this paper, we focus on the one-pass regime. Our main algorithmic
contribution is a one-pass additive approximation algorithm for regression using (5(M 2/ E)
space, which reduces to (5(1 /€) when M = O(1). This improves upon the two-pass algorithm
of [29].

We further show that the same framework yields a one-pass additive approximation
algorithm for Gini impurity using 5(1 /€) space, improving upon the previous (5(1 / 52) upper
bound in [29].

On the lower-bound side, we prove one-pass space lower bounds for regression, misclassi-
fication, and Gini impurity. In particular, our upper and lower bounds are essentially tight,
up to polylogarithmic factors, for regression, misclassification, and Gini impurity. Table 1
summarizes the relevant bounds for numerical split objectives.

Our algorithms succeed with high probability, for example, with probability at least
1—1/poly(N) or 1 —1/poly(m). Our lower bounds apply to any algorithm that succeeds with
probability at least 2/3. The deterministic complexity of the problem remains an interesting
open question.

All omitted proofs can be found in Appendix A.

2  Algorithms

2.1 One-pass additive approximation for regression

In this section we present a truly one-pass additive approximation algorithm for the regression
split problem. In contrast with the previous algorithm in [29], the algorithm does not require
the stream length m to be known in advance.
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At a high level, we obtain a set of candidate splits via reservoir sampling. We show that
the loss function satisfies a Lipschitz property which implies that one of the candidates is a
good approximation. To this end, the loss of each candidate split is estimated using a coupled
dyadic Count—Min sketch that tracks the three range moments required for regression.

The main goal of this section is to prove the following.

» Theorem 1. Fize € (0,1). There exists a randomized one-pass streaming algorithm for
the regression split problem that, on every insertion-only stream with labels in {0,1,..., M},

uses @(%2) space and post-processing time, has (5(1) update time, and with high probability
outputs a split 5 € {0,1,..., N} satisfying LMSEG) < OPT +e.

We first need to define several quantities to be used throughout this section. For every
range R C [1, N], let the count, 1st moment, and 2nd moment be defined as

m

ng ::ZI[xiGR], SR ::ZI[xiER]yi, qr ::ZI[xieR]yf.
i=1 i=1

i=1

For every nonempty range R, let yr := ;2. Observe that

nRr nRr R

— N2 _ 9 25?12 s% Sh
Z (yi*yR) ZQR*QyRSR+nRyR:qu7+7 =qr
i:x; ER
We define the sum squared error of a set as follows.

2
SR
- ) >07

SSE(R) :={ " gt M

O7 nrp = 0.
For every split j, define L; :={1,2,...,j} and R; :=={j + 1,7+ 2,..., N}. We have

Throughout this section, we will use the following quantities:

€ € log N
= = K = .
(R ToVEAN A 5T VR 8( T )

We rely on the classic Count—Min sketch with range queries due to Cormode and
Muthukrishnan [10].

» Theorem 2 (Count—Min sketch with range queries). Consider an insertion-only stream
of tuples (x1,y1), (x2,92),- - (Tm,Ym), where x; € [N] and y; € {0,1,...,M}. For any
interval R = [l,r] C [N], define

m

Ir= Z Yis and W= Zyz
i:T;ER i=1

Then there exists a data structure using O(k) bits of space and O(1) update time such that,

with high probability, for all intervals R = [l,v] C [N], it returns an estimate fr satisfying

~ w
fRSfRSfR-F?-

We outline our algorithm below.
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Algorithm for estimating regression split.

1. During the stream, maintain a reservoir sample of size K, and after the stream
define

S:={0,N}U{x, z —1: (z,y) appears in the reservoir and = > 1}.

2. Simultaneously, maintain three Count—Min range-query sketches with k =1/ for
the streams

{(@i, D}iepm,  {@ov)liemp  {@o 6)) Yiem)-

That is when (z;,y;) arrives, we insert (x;, 1) into the first sketch, (z;,y;) into the
second, and (z;,y?) into the third.
3. For any interval R C [N], querying the sketches returns estimates nig, Sg, ¢r. Set

=2
S
= qr — ————, ngr>0,
SSE(R) = { " g+ pm’ "%
0, fip =0.

4. For every candidate split j € S, define

Luise(j) = — (SSE([L, ) + SSE(i + 1, N]))-

1
S m

5. Output 3 (= argminjeg EMSE(j)'

» Lemma 3. With high probability, the following holds simultaneously for all intervals

R C [N]:

NR =MNRr + ag, SR = SR + br, qr = qr + CR,
where

0<ar < fpm, 0<br < pBMm, 0<cg < BM*m.

Proof. Apply Theorem 2 with k = ©(1/3) separately to the three insertion-only streams

(@ Y2, {@ow)¥it, (v

For the first stream, the total weight is m. For the second stream, the total weight is at most
mM. Finally, for the third stream, the total weight is at most mM?2. The claim follows. <

» Lemma 4. Condition on the event in Lemma 3. Then for every candidate split j € S,

[ Lnse (7) — Lvse ()] < 5
Proof. Fix j € S and let R be either L; or R;. Set D :=ng + fm = ng + ar + Bm, so
D >ngand D > pm.

If np =0, then sgp = qr = 0 and SSE(R) = 0. If ng = 0, then SSE(R) = 0 = SSE(R),
so the claim is immediate. Otherwise, if ng > 0, then since sg = qg = 0, Lemma 3 gives
dr = qr + cr = cr and Sg = s + b = bp; substituting into SSE(R) = ¢r — 5%/D and
using SSE(R) = 0 yields

bR

SSE(R) — SSE(R) = ¢ — s
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Since cg > 0 we get S/STE(R) —SSE(R) < cg < BM?m, and since D > 3m we get
2

(BMm)? _

o b
— > _ZR > —
SSE(R) — SSE(R) > > =

—BM?*m.

Hence [SSE(R) — SSE(R)| < 8M?m.
Henceforth assume nz > 1. Observe that

— (sr + br)? s% s%  (sr+0br)?
SSE(R) — SSE(R) = ( S ERIY (g B) = ept 2B
(R) (R) 4R T CR D qr - CR+nR D
We can upper bound the difference as follows:
o 2 b 2
SSE(R) — SSE(R) = cp + °& — SR+ PR)”
nr D
52 52
<cr+ ﬁ -5 (drop —2sgbgr/D — b%/D < 0)
2
_ sp(D — ng)
=CrT nRD
M2 2, 2
§5M2m+M (sR < Mng, and D —ng < 28m)
nRD
< 38M*m. (nr/D <1)
We now lower bound the difference:
. 2 2
SSE(R) — SSE(R) — cp + 2 _ 3R+ 0R)7
nRr D
2
> —QSZbR —% (drop cp > 0 and s%/ng > s%/D > 0)
. 2
2_QMTLIZlRﬂMm_ (5]\;7;”) (D > ng; and D > fm)

= —26M?m — BM*m = —38M*m.

Hence |S/S\E(R) — SSE(R)| < 38M?m. Applying this to both sides and using mLysg(j) =
SSE(L;) + SSE(R;),

6M?c 3¢ ¢
= == <2 <

C32M2 16 4

The next lemma is from Pham et al. [29]. We include the proof, simplified and with the
constant 4 removed, in the appendix for completeness. It bounds the difference between the
squared loss at splits j' and j based on the number of data points in (7, j'].

|Lnse(j) — Lyvse(d)] < = 63M>

68M3*m
m

> Lemma 5. Let 0 < j < j <N, and let b:= ’{z Jj <z Sj’}’. Then

. . bM?
|Lmse (i) — Luse(j)] < o

The next lemma is also adapted from [29]. Roughly speaking, if we sample ~ C'M? /e-log N
data points for some sufficiently large constant C, then the probability that an interval with
at least em/M? data points has no data point in the sample is upper bounded by

em  CM?2log N 1

< e M2z e _—
<e S

~

| CMlogN em/M*
me

Hence, taking a union bound over (%) intervals, we deduce that this could not happen with

high probability. This implies that one of the candidate splits must be a good approximation.
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» Lemma 6. With probability at least 1 — 1/N?, every interval (a,b] C [N] containing more
than Tm stream items contains at least one sampled item from the final reservoir of size
K = [Clog N/, for a sufficiently large constant C.

» Lemma 7. With probability at least 1 — 1/N?, there exists a candidate j € S such that

. €

Lyse(j) < OPT +E.

Proof. Let j* be an optimal split, so Lysg(j*) = OPT. Condition on the event in Lemma 6.

If j* € S, then we are done. Otherwise, since N € S, the set {t € S : ¢t > j*} is nonempty.
Let

ji=min{t € S:t > j*}.

We claim that the interval (j*,j] contains no sampled feature value.

Indeed, if some sampled point had feature value x € (j*,5), then x € S, contradicting
the minimality of j. If some sampled point had feature value x = j, then z — 1 € S by
the definition of S, and since x — 1 > j*, this again contradicts the minimality of j unless
x — 1 = j*, in which case j* € S, contradiction.

Hence (j*, j] contains no sampled point. By the event in Lemma 6, this interval must
therefore contain at most 7m stream items. Applying Lemma 5,

IA
[
\]
=
[\
!

Luse(j) — Luse(5*)
Since Lyse(5*) = OPT, we conclude that
€
Lyse(j) < OPT +E' <

We now put it all together to prove Theorem 1.

Proof of Theorem 1. If M? < £/16 then we output /]\ = 0; the average squared loss is at
most M? < e/16 < . Henceforth assume M? > £/16.

The algorithm maintains a reservoir sample of size K and range-query Count—Min sketches
with parameter 8 = ©(¢/M?2). The reservoir has O(1) update time and the sketch has O(1)
update time.

By Lemma 7, with probability at least 1 — 1/N?2, there exists j € S such that

€
Luse(j) < OPT +E'

By Lemma 4, with probability at least 1 — 1/N2, every candidate satisfies |Lysg(j) —
Lyse(j)] < e/4. Hence both events hold simultaneously with high probability. Since j
minimizes Lysg over S,

o~ PN

NP . e €
Lyvse(j) < Luse(j) + <OPT+— + = < OPT +¢.«

~ e €
<L ] - <L ] —
< Lymse(j) + 15 mse(j) + 5 = T

2.2 One-pass additive approximation for classification with Gini impurity

In this section, we improve the 6(1/52)—space algorithm of [29] to O(1/¢) to match our lower
bound in the next section. For a split j, write

a= friuj, b= f_1j> = fy1,j+1,N]s d= f_1[j+1,N]-
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2
The Gini impurity of a multiset S of labels is 1 -3~ (lé”l‘) , where S, = {{s € S: s =y}}.

We adopt the convention Gini()) = 0. For example, if all labels are identical then the

impurity is 1 — 12 = 0 (a pure node), whereas if the labels are split evenly between +1 and
1

—1 the impurity is 1 — (%)2 - (5)2 = %, which is the maximum.

For binary labels this equals (pi_% where p = |Sy1] and ¢ = [S—1|. The Gini loss of split

7 is the weighted sum of impurities of the two children:

a+b 2ab n c+d 2cd  2ab n 2cd
m  (a+b)? m  (c+d)?2  ma+b)  mct+d)

Lgini (J) =

» Lemma 8. For any splits j < j' in [N], let £ = |{z rj<ax; < j’}| be the number of data
points in the interval (j,j']. Then
20

|Lamili) = Lomi)| < .

Proof sketch. We re-encode each label y; € {—1,+1} as z; = (y;+1)/2 € {0,1} and establish
the identity 2Lyvsg(j) = Laini(j). The Lipschitz bound then follows by applying Lemma 5
with M = 1. <

» Theorem 9. Fize € (0,1). There exists a randomized one-pass streaming algorithm for
the Gini split problem that uses O(1/€) space, has O(1) update time, and with high probability
outputs j € {0,..., N} satisfying Laini(7) < OPTgini +¢.

Proof. Re-encode each label y; € {—1,+1} as z; = (y; +1)/2 € {0,1}. As shown in the
proof of Lemma 8, for every split 7,

Laini(j) = 2 Lvse(4),

where Lysg is the standard mean squared loss on the re-encoded stream. In particular,
OPTgini = 2 OPTysg and both objectives share the same optimal split.

Apply the algorithm of Theorem 1 to the stream (z;, z;) with M = 1 and target error
g/2. It uses (5(M2/(5/2)) = (5(1/5) space and, with high probability, outputs 3\ satisfying

~.

. €
Lyse(j) < OPTwvse +§-

Multiplying through by 2:

.

Laini(7) = 2 Luse(§) < 2 OPTysp +¢ = OPTa 4¢. <

3 Lower bounds

In this section, we establish one-pass space lower bounds for approximating regression and
classification optimal splits. The lower bounds for numerical observations all follow the same
high-level template: we reduce from INDEX by constructing a stream with two competing
adjacent candidate splits whose identity reveals the hidden bit.

» Lemma 10 (INDEX one-way lower bound [1]). In the one-way randomized communication
problem INDEX, Alice holds z € {0,1}" and Bob holds i € [n]; Bob must output z;. Any
one-way randomized protocol that succeeds with probability at least 2/3 requires Q(n) bits of
communication.

The main difference between the proofs lies in the loss-specific gap calculation: quadratic
for regression, direct majority /minority counting for misclassification.
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3.1 Lower bound for regression

Fix ¢ € (0,1073). Consider the problem of finding the optimal regression split with labels
y; € [0,1] (i.e., M = 1) and feature values x; € [N]. Our goal is to show that any one-pass
randomized streaming algorithm that, with probability at least 2/3, outputs a split j € [N]
satisfying Lysg(j) < OPT +¢ must use (1/¢) bits of memory, even for instances with
N =0(1/¢).

The following lemma is well-known. It shows that given a multiset S of numbers, then
> seg(® — d)? is minimized when d is the average of elements in S.

» Lemma 11. Let y1,...,yx € R and let iy := %Zle yt. Then for any a € R,

k k
S i) =3 —9) + kla—1p)>

t=1 t=1

In particular, Zle(yt -7)* < Zle(yt —a)? for all a.

The next lemma quantifies how much the squared error objective changes when we append
a uniform block of labels to an existing set.

» Lemma 12. Let D be a size-a multiset of reals with mean p, and define SSE(D) =
ZyeD(y — )%, Let G be a multiset of size B whose elements are all equal to the same value
v (so SSE(G) =0). Then

2

SSE(DUG) = SSE(D) + (1 — v)2.

a+ B

» Theorem 13. For all sufficiently small € > 0, the following holds. Consider the optimal
regression split problem with labels y; € [0, M] and feature values x; € [N]. Any one-pass
randomized streaming algorithm that, with probability at least 2/3, outputs a split j € [N]
satisfying

Luse(j) < OPT +¢
must use QU(M? /) bits of memory.

Proof. We first remove M by scaling. Given labels y; € [0, M], define §; := y;/M € [0, 1].
For every split j,

Luse(j; y) = M? Lyse(Jj; §).

Therefore, an e-additive algorithm for labels in [0, M] would give an (¢/M?)-additive algorithm
for labels in [0,1]. So it suffices to prove the theorem for M =1 with target additive error:

e i=¢e/M?.

We may assume ¢/ < 1073,

We reduce from INDEX. Alice encodes her input as a data stream and runs the algorithm
on it, then sends the algorithm’s memory state to Bob. Bob appends his part of the stream
and uses the algorithm’s output to determine whether the queried bit is 0 or 1. Let

1
= — B:= T := 100n> N:=2n+1.
" LoooyJ ’ " " e

Alice and Bob will build a stream over labels in {0,1}.
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Alice’s prefix. Given z € {0,1}", for each k € [n], Alice inserts B copies of

(z,y) = (2k, zi).

Thus Alice contributes m4 = nB = n? points.

Bob’s suffix. Given i € [n], Bob appends

T copies of (2¢ —1,0) and T copies of (2i +1,1).
The total stream length is

m =ma + 2T = n® + 200n* = 201n°.

i gt
0 : i 1 0
Alice
T s 5 1 5 6 1 s 9
Bob
0 1

Figure 2 Construction for n = 4, z = (0,1, 1,0), and ¢ = 2. Blue (above): Alice’s B copies of each
of (2k, zx). Red (below): Bob’s T copies of (3,0) and (5,1). Dashed lines mark the two candidate
splits 7~ =3 and j© = 4.

Consider the following two splits:
ji=2i—1, Gt = 2i.

These are the two adjacent splits around the block at x = 21.
We first claim that any split that is not 5~ or j* has high squared error.

> Claim 14. For every j ¢ {j,47}, we have
50
L ) > —.
wse(d) 2 557

Proof. Fix j ¢ {j—,j"}. If j < 2i — 2, then both anchor blocks, namely the T' copies of
(2 —1,0) and the T copies of (2i+1,1), lie on the right side of the split. Let ¢ be the optimal
constant on the right side, i.e., the average label on that side. Then the contribution of the
anchor blocks alone is

T —c)* +T(1 —c)2
This is minimized at ¢ = %, SO

T - )2 +T(1 - c)? > T(O— %)2 +T(1 - %)2 = %

If 5 > 2i + 1, then both anchor blocks lie on the left side of the split, and the same
argument shows that the anchor contribution on the left is at least 7'/2.

Thus, for every j ¢ {j~,7}, the total squared error is at least T/2. Since m = 201n?
and T = 100n?, we obtain
T/2 100n%/2 50

Laisn(i) > -
mse(j) 2 20102 201
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We now show that both = and j* have much lower squared error. Hence, the optimal
split must be among them.

> Claim 15. For j € {j7,57}, we have Lyse(j) < ﬁ.

Proof. Recall that j~ splits the feature values into intervals [1,2¢ — 1] and [24, N]; on the
other hand, j* splits the feature values into intervals [1,2i] and [2i + 1, N].

In both cases, all T zeros at © = 2¢ — 1 lie on the left of j and all T" ones at x = 2i + 1 lie
on the right. Using constant 0 on the left and constant 1 on the right, both anchor blocks
incur zero error. Only Alice’s points contribute, and each contributes at most 1, so

A n? 1

Lysp(i) < oA ™ -~
wse(7) < “°% = 501 = g0 =

Since == < 2% we must have

201 201
OPT = min{LMSE(jf), LMSE(j+)}'

The better split between j~ and jT reveals z;. Let v:=z € {0,1}. Write
Dy :={t:x < 2i}, Dpr = {t:z, > 2i},

and let
a:=|Dg|, p:=mean label on Dy, b:=|Dpg|, -~ :=mean label on Dg.

Let G be the block of B copies of label v at = 2i. Under j¥, the block G is placed on
the left, and under j~, it is placed on the right.
Because Dj, contains exactly T' = 100n2 zeros from Bob and at most n? ones from Alice,

R 11
H=To00n2 +n2 =~ 101 ~ 100
Similarly, D contains exactly 100n? ones from Bob and at most n? zeros from Alice, so

10002 _ 100 99
7= 70002 +n2 101~ 1007
We note that the function
and B = n, we have
a_ o T 10012
a+B~T+B 100n2+n
Similarly,
b S 1
b+B = 2
Under the split 51, the block G is appended to the left side Dy; under the split j—, it is
appended to the right side Dgr. Applying Lemma 12 to each case,

a-i—LB is increasing with respect to a. Since a,b > T = 100n?

>1
2a

L) = - [$58(D2) + 22— o+ SSE(Dr)

Lnise(i) = 1 |SSE(DL) + SSB(Da) + 55 0y~ 0]

This gives

3w

Lase(it) — Luse(f7) =
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Case 1. If v =1, then

(- 1) > (99/100, (v~ 1)* < (1/100)*

Hence,
B [1/99\2 1\2 B 1
+ _ o— - - Y _ - S p— .+
Lyse(37) = Luse(57) 2 0 {2(100) (100) } > Gm ~ 0an — Dusel) < Lase(T).
Case 2. If v =0, then
p? < (1/100)2,  ~%>(99/100)2.
Hence,
. L B 1 \2 1/799\2 B 1 . -
LI\/ISE(]+) —LMSE(] ) < E [(m) - 5(@) } < —% = —m - LI\ISE(]+) < LMSE(] )
In both cases,
1
L it~ L )| > .
[ Lnse (7)) = Lvse(G )] > g5
Since
1 1
n = \‘]_OOOEIJ s hence E > 10005/,
we get

|Lmse(G1) — Luse(57)] > €
Therefore any algorithm that outputs 3 with
LMSE(]\) S OPT +€/

must return the correct minimizer in {j7, 5%}, and hence reveals z;.

So Alice can run the streaming algorithm on her prefix, send its memory state to Bob,
and Bob can recover z; with probability at least 2/3. This gives a one-way protocol for
INDEX with communication equal to the memory used. By Lemma 10, that memory must be
Q(n) bits. Finally,

n=0(1/¢) = 0(M?*/e),

so the space lower bound is Q(M?/e). <

3.2 Lower bound for classification

For classification with numerical observations, we will show the following. Fix ¢ € (0,1073).

Any one-pass randomized streaming algorithm that, with probability at least 2/3, outputs a
split j € [N] satisfying Lmis(j) < OPT +& must use Q(1/¢) bits of memory, even for instances
with N = ©(1/e).

For an interval R C [N], let

frir=H{i:2z; € R, y; = +1}|, fair=H{i:2; €R, y; = -1}

denote the number of +1 and —1 labels falling in R, respectively.
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j=2i—1 jt=2i
T copies G: B copies T copies
(y=-1) (y = si) (y =+1)
E E v
21—1 24 2i+1

Figure 3 Bob contributes two large anchor blocks at z = 2i — 1 (label —1) and « = 2¢ + 1 (label
+1), while Alice contributes the middle block G at « = 2¢ with label s; € {—1,+1}. The competitive
splits are the two adjacent candidates j~ and jT; knowing the better split reveals the hidden bit z;.

» Theorem 16. Fiz e € (0,1073). Any one-pass randomized streaming algorithm that, with
probability at least 2/3, outputs a split j € [N] satisfying

Lunis(7) < OPT +¢

must use Q2(1/¢) bits of memory, even for instances with N = ©(1/¢).

Proof. We again reduce from INDEX (Lemma 10).

1
n=|——|\, N=2n+1, B=n, T = 4n?.
100e

We will construct a stream over = € [N] with labels in {—1,+1}.

Alice’s prefix. Given z € {0,1}", for each k € [n] Alice inserts exactly B copies of

+1 ifz =1,

z,y) = (2k, sg), where sy, 1=
(r.9) = (2%, s5) . {—1ﬁ%_0

Thus the number of Alice points is m4 = nB = n?. Alice runs the one-pass algorithm .4 on
this prefix and sends its memory state (s bits) to Bob.

Bob's suffix. Given index i € [n], Bob appends
T copies of (z,y) = (2i — 1, —1) and T copies of (z,y) = (2i + 1, +1).
Let the full stream be S = S4(z) o Sg(i), whose total length is
m=ma+ 2T =n?+ 8n? = 9n>.
Define two adjacent split positions
jT =20 — 1, gt =2
Note that j~ places the x = 2i block on the right, while j+ places it on the left.

> Claim 17. For every j & {j~, 77}, we have Lys(j) > 4/9.

Proof. Consider any j < 2i — 2. Then both anchor blocks (2 — 1, —1) and (2¢ + 1, +1) lie on
the right side [j + 1, N]. Hence

farn 2T, J v 2 T,
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so min{ f_1 [j11,n], f+1,[j+1,81} = T and therefore

T 4n? 4

Lmis j Z - = T 5, = I-

() m 9In? 9
A symmetric argument applies to any j > 2i 4 1: then both anchors lie on the left side [1, j],
giving min{ f_y 1 j1, f+1,;1,5} = T and again Lyis(j) > 4/9. <

> Claim 18. For each j € {j 7, 1}, we have Lyis(j) < 1/9. Moreover, the left majority
label is —1 and the right majority label is +1. Consequently,

OPT = min{Lmis (j_)7 Linis (]+)}

Proof. Fix j € {7,j7}. Then all T copies of (2i — 1, —1) lie on the left side, and all T' copies
of (2i + 1,41) lie on the right side.

Since T = 4n? > n? = m 4, the left side contains more —1 labels from Bob than the total
number of Alice points, so the left majority label is —1. Similarly, the right majority label is
+1.

Thus, under the optimal majority vote on each side, all Bob points are classified correctly.

Only Alice’s points can be misclassified, and there are exactly m 4 = n? such points. Therefore

2
. ma n 1

Lmi < — = — = -
s(7) < m  9n2 9

By Claim 17, every j ¢ {j,j"} satisfies

Lmis (j) 2 >

o

1
97
so the optimum is attained at one of 7, j%. <
> Claim 19, |Lunis(57) — Lmis(577)] > ¢, and arg min{ Liis(57), Lmis(477)} reveals z;.

Proof. Let G be the block at x = 2i, consisting of B = n copies of label s; € {—1,+1} (where
s; =+41iff z; =1, and s; = —1 iff 2; = 0). All points other than G lie on the same side
under both 5~ and 57, and Claim 18 shows the side-majorities remain —1 on the left and +1
on the right. Thus the only change in misclassification count comes from moving G from
right (under j7) to left (under j7).

Case 1: z; = 1. (sos; =-+1). Under j7, G lies on the right (majority +1), contributing 0
to f_1,(j—,n]- Under jT, G lies on the left (majority —1), contributing B to fi1 1 ;+]. Hence
Lmis(j+) = LmiS(j_) + B/m'

Case 2: z; = 0. (sos; =—1). Under j~, G lies on the right (majority +1), contributing B
to f_1,j-,n]- Under j©, G lies on the left (majority —1), contributing 0 to fi 1 ;+). Hence
Limis(§7) = Lmis(j7) + B/m.

In both cases |Lmis(j7) — Lmis(47)| = B/m = 1/(9n) > 10e > ¢, and the minimizer
reveals z;. <

Since OPT = min{Lyis(j7 ), Lmis(41)} and |Limis(57) — Lmis(j7)| > €, any algorithm
outputting j with Luis(j) < OPT +& must output the correct minimizer in {77,777} with
probability at least 2/3, enabling Bob to recover z;. Thus, the memory state (s bits) yields a
one-way protocol for INDEX with communication s, so by Lemma 10, s = Q(n) = Q(1/¢). <«
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3.3 Lower bound for classification under Gini impurity

Using the re-encoding trick, we can easily prove a space lower bound for the loss based on
the Gini impurity.

» Theorem 20. Fize € (0,1073). Any one-pass randomized streaming algorithm that, with
probability at least 2/3, outputs a split j € [N] satisfying

~.

LGini(j) § OPT +e

must use 2(1/€) bits of memory, even for instances with N = ©(1/¢).
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A Omitted Proofs

Proof of Lemma 5. Let
A= {i:xz; <j}, B:={i:j<uz <j'}, C:={i:x;>j}.
Then |B| = b. Thus split j corresponds to the partition
(A, BUQO),

while split j’ corresponds to
(AuB, C).
Let o and 8 be values (one can show that o = u(j) and 8 = 7(j)) such that

=L )2 Y

Lusn(j) = — (;(yz @)® + iEBZUC(yz ) ) :

Since Lysg(j’) is the minimum possible loss for split 5/, we may upper bound it by using
the same constants o and 3:

Lusk (i) < % ( D i)+ (vi— 5)2> :

i€AUB ieC
Subtracting the two expressions gives
. . 1
Luse(j') — Luse(f) < oo Z ((yi —a)® = (yi — 5)2)-
i€EB
Because y;, a, 3 € [0, M], each term lies in [—~M?2, M?], so each summand is at most M?.
Hence

. . bM?
Luse(j') — Luse(j) < o

Now reverse the roles of j and j'. Let (¢/,5’) be an optimal pair for split j'. Using
(o, B") as a feasible choice for split j, the same argument gives

. . bM?2
Luse(j) — Luse(j') < -

Combining the two bounds,

. . bM?2
|Lvse (') — Luse(5)] < — <

Proof of Lemma 6. If K > m, then the reservoir contains all stream items, so the claim is
trivial.


https://doi.org/10.1137/1.9781611978520.69
https://doi.org/10.1145/956750.956778
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Assume K < m. Fix an interval (a,b] C [N], and let ¢ be the number of stream items
whose feature value lies in (a,b]. The final reservoir is a uniformly random K-subset of the
m stream items. Hence

(") gy motoi
Prlthe reservoir misses all data points in (a,b]] = ~— =~ = H -
(%) —o Tt
=0
K-1 K
t t
< - )=(1-=
I()-(0)
=0
where each factor uses mﬂ;ﬁ:l =1- mf;i <1- % since m —i < m. If £t > 7m, then
Pr[the reservoir misses all data points in (a,b]] < (1 —7)% < e K7,

Since K = [C'log N/7], this is at most N~¢.
There are at most N2 intervals of the form (a,b] C [N]. By a union bound, the probability
that some interval containing more than 7m points is missed by the reservoir is at most

N?. N7
Choosing C' > 4 makes this at most 1/N2. <
Proof of Lemma 11. Write (y; —a) = (y: — ¥) + (§ — a) and expand:
k k k
Y—a)=> (9> +2—a)d (v — ) + k(i —a)*.
t=1 t=1 =1

The cross term vanishes since Zle(yt —y) =0, giving the identity. The inequality follows
from k(a — )2 > 0. <

Proof of Lemma 8. For a fixed split j, let L :=[1,j] and R := [j + 1, N]. Re-encode each
label y; € {~1,+1} as 2; = (y; +1)/2 € {0,1}, and define

. 1 - _
Luse(j) = — Y-+ > (zi—zr) |,
iy <j iy >]

where Z;, and Zg are the means of the z;’s on the left and right sides, respectively.
Let

nr = fri,L + f-1,1, nRr = f+1,rR + f-1,R-

If ny, > O, then z;, = f_|_17L/’I’LL7 and

> (zi—2) = frao(l—2)* + f1.0(0 — 2)°

1w <j
JETAY IRRAY
= frr ( - + o [
nr nr

f+1,Lf31,L + ffl,Lf.%_LL

ni
_frnfai(ne+ fan) - fonfoar
n? ng

If ny, = 0, then the left side is empty and this contribution is 0. Likewise, the right-side
contribution equals f11,rf-1,r/nr when ng > 0, and 0 when ng = 0.
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Hence

2 _ _ )
ovsnly) = 2 (Lobae funbuny

where empty-side terms are interpreted as 0. Since z; € [0,1] (i.e. M = 1), Lemma 5 gives
|Lmse(3) — Lvske(§)| < €/m, and therefore

20
|Laini(5") = Lami(7)| = 2[Lmse (i) — Inse(i)] < —. <

Proof of Lemma 12. Let 4/ := %4£Z% be the mean of DU G. Apply Lemma 11 to D,

> (y—u')® =SSE(D) + a(u— p')*.
yeD

Since every element of G equals v, we have Y - (y — p')* = B(v — p/)?. Summing,

SSE(DUG) = Y (y—u')* =SSE(D)+a(u—p')* + B(v— ')

yeDUG
It remains to show a(u — p')? + B(v — p/)? = aiBB (1 — v)2. Substituting u — p’ = BC(L‘J:;)
and v — p' = “{(11:;)7
B*(u—v)*  Ba*(p—v)? _aBla+ B)(p—v)°
24+ Blo— )2 =2 _

alp = W)+ Blo = 1) = = gy (a+B)? (a+ B)?

aB 9
a+B (=) b

Proof of Theorem 20. Re-encode each label y; € {—1,+1} as z; = (y; +1)/2 € {0,1}. By
the identity established in the proof of Lemma 8, we have

Lcini(j) = 2 Luse(9)

for every split j, where Lysg is the squared loss on the re-encoded stream with M =
1. Hence any one-pass algorithm that outputs 3 with LGini(}) < OPT +¢ also satisfies
Lyse (/j\) < OPTwysk +¢/2, giving a one-pass (g/2)-additive algorithm for regression with
M = 1. By Theorem 13 with M = 1, such an algorithm requires Q(M?/(/2)) = Q(1/e) bits

of memory. <
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