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—— Abstract

We study («, 8)-spanners for weighted graphs. We propose a simple greedy completion procedure
which starts from a sparse initial graph, and repeatedly fixes pairs of vertices with a bad stretch,
generalizing Knudsen’s additive completion [SWAT 2014]. As an application, we construct (k, k —1)-

1+1/Ic)

spanners for weighted graphs of size 5(71 , which were previously unknown.
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1 Introduction

Let G be an n-vertex weighted graph. A spanner of G is a subgraph that approximately
preserves distances. Formally, a subgraph H is a t-spanner of G if dist g (u,v) < t-distg(u, v)
for all u,v € V (where distx denotes the shortest path distance in a graph X). Since their
introduction by Peleg and Ullman [26] and Peleg and Schéffer [24], spanners have been
found to be extremely useful for a wide variety of applications, including network tasks like
routing and synchronization [25, 29, 13, 14, 26], preconditioning linear systems [17], distance
estimation [30, 7], and many others.

The first tight construction, and one of the most influential spanner constructions, was
given by [5], which described a simple greedy algorithm that produces a (2k — 1)-spanner of
a graph G, of size O(nl*‘%) edges, which is best possible!.

To bypass this size-stretch tradeoff, much work has gone into finding better ways to
parameterize how shortest paths in G may stretch in H. The most well-studied such
generalization is (¢, f)-spanners which allow a multiplicative stretch « (which may be viewed
as the effective stretch for pairs that are sufficiently far apart in the graph), plus an additive
stretch 8 which is used to mask the local barrier of the stretch of the endpoints of an edge in
a high girth graph. Let W,,4.(G) denote the maximum weight of an edge in G.

» Definition 1 ((«, 3)-spanner). A subgraph H C G is an («, 8)-spanner of G if for every
u,v €V,

disty (u,v) < a - distg(u,v) + 8 - Wihax(G).

L The O(n1+%) upper bound is tight assuming the girth conjecture of Erdds. Nevertheless, the algorithm
of [5] is optimal unconditionally.
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Greedy Completion for Weighted («, 3)-Spanners

The quest to handle weights

Spanners are often used to compress metric spaces that correspond to weighted input graphs,
see e.g. [10, 15, 22, 28]. While standard multiplicative spanners can handle weights easily,
algorithms that construct (o, 8)-spanners for unweighted graphs typically take non-trivial
effort to be adapted to handle weights. A notable example is the +6 spanner [6, 20], where
extending the construction to weighted graphs required three separate works [4, 19, 21].
Initially, the work of Cohen [12] constructed weighted (1 + &, 3) spanners, which was then
improved by [16]. In recent years, there has been a renewed and growing interest in
understanding spanners for weighted graphs. The work of [18] achieved constructions of
weighted («, 8) spanners with local stretch, meaning that W, .. (G) is replaced by Wia. (P),
which stands for the smallest maximum edge weight along a shortest path P between nodes.
A sequence of recent works [4, 19, 2, 21] gave tight bounds for weighted additive spanners. A
key ingredient in these works is the work of Knudsen [20], which describes a simple algorithm
to obtain additive spanners greedily.

Handling weights: beyond additive stretch

The main downside of additive spanners is that they may be large. The seminal work of
Abboud and Bodwin [1] proved that such spanners may require Q(n%_E ) edges for any € > 0.
This motivates the study of weighted («a, §)-spanners for o > 1. Unfortunately, this case is
far less understood with only one prior work? providing such constructions, by Elkin, Gitlitz
and Neiman [18], constructing a weighted (O(1),k°(")- spanner with O(n'*+) edges, as
well as weighted (1 + ¢, 8) spanners with 8 = O (M)log(k).

€

The “local” recipe for («, 3) spanners, and how it fails to handle weights

We now explain why existing constructions of («, §)-spanners fail to handle weighted graphs,
e.g. those of [6, 9, 11, 27]. When the graph G is unweighted, obtaining an (a, §) spanner can
be done “locally” by guaranteeing good stretch for paths of fixed length. For example, to
obtain a (k,k — 1)-spanner for an unweighted graph G, one can take a standard spanner H;
that guarantees a stretch of 2k — 1 for a single edge, and a subgraph Hs which guarantees
a stretch of k for vertices of distance 2. H; U Hs is the desired spanner - indeed given x,y
with a shortest path P := P, , with ¢ edges in G, break P into |¢/2] paths of length 2
with an extra edge remaining if ¢ is odd, and use Hs to replace the length 2 paths, and
H; to replace the remaining single edge. As it turns out, such a “recipe” cannot yield a
(k, k — 1)-spanner for weighted graphs. In a recent work, Popova and Tzalik [27] proved that
in any weighted graph G the best approximation one can provide for a path P of length 2 is
Wnin(P) 4 (2k — 1)Wyaz(P)?, assuming the desired size bound on the spanner is O(n+/*),
hence in particular, such an approach may incur an additive 4+(2k — 2)W,,4.(G) error on
every second edge along the path, whereas a (k,k — 1)-spanner allows a (k — 1)W,,4.(G)
additive error only once along the path.

Putting it all together, recent works have investigated how to construct weighted (a, 3)-
spanners, and while the important case of additive spanners (« = 1) has been resolved
in [4, 19, 2, 21], the general case of « > 1 has resisted progress, with only a single known

2 Putting aside the case of 8 = 0 for which the classical multiplicative spanners of [5] handle weights.
3 Winaz(P) denotes the maximum edge weight along P, Wiy,in the minimum one.
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construction by [18]. Due to the lack of a desired “canonical” construction of («, 3)-spanners,
in a survey on graph spanners from 2020, the following question (open question 4.7.2 [3])
was asked:

» Question 2. Is there a greedy algorithm to produce additive spanners, («, 8)-spanners,
subsetwise spanners, or more generally pairwise spanners?

In this paper we answer this question in the affirmative for («, §)-spanners by introducing a
greedy completion algorithm that extends Knudsen’s approach to (o, §)-spanners.

Using the new completion method, we obtain as an application a (k, k — 1)-spanner for
any graph G, with essentially tight size O(n'+t/*¥)%. To our knowledge, such spanners were
not previously known.

» Theorem 3. For k > 2 and any weighted graph G, there exists a (k,k — 1) spanner H of
G of size O(n'*TY/*). Moreover, H can be computed in polynomial time.

The (k, k — 1)-spanners we construct can be viewed as a spanner whose multiplicative
stretch is roughly half the multiplicative stretch of the classical greedy spanner, while still
allowing for a single bottleneck, reflected in the additive (k — 1) term. To our knowledge,
prior to this work there was no known construction of an («, 8) spanner that improves upon

the stretch of the greedy algorithm for weighted graphs, and with similar size.®

Conceptual contribution

Beyond the (k, k — 1) construction, the main contribution of this work is a new global greedy
completion paradigm for constructing weighted («, §)-spanners. The algorithm extends
Knudsen’s additive completion by introducing a notion of minimal segmentations of shortest
paths, and repairing only the bottlenecks that violate the target stretch. This avoids the
over-correction inherent in naive greedy approaches, and crucially enables handling weighted
graphs, where local path-based constructions fail. Interestingly, the analysis gives insight
towards the actual structure of the replacement shortest paths, beyond just the (¢, 8) stretch
guarantee, and leads to interesting new direction, described in Section 5.

Comparison to [27]

The two works study different aspects of greedy spanner constructions. The focus of [27] is
on greedy constructions of d — r spanners in unweighted graphs, namely subgraphs in which
every pair of vertices at distance exactly d in G has distance at most 7 in the spanner. Such
constructions naturally serve as local ingredients in the design of unweighted («, 8)-spanners,
and their analysis relies on clustering, ball-growth, and path-buying arguments around
short paths. In contrast, the present work studies weighted («, 8)-spanners directly. As
explained previously, the more challenging weighted setting, is inherently global and requires
new methods. Consequently, both the algorithm and the analysis in the present paper are
completely different.

4 The size bounds are tight assuming the girth conjecture, as a graph with girth > 2k has only itself as a
(k,k — 1) spanner, even in the unweighted setup.

® The work of [27] does provide spanners which improve upon the multiplicative (2k — 1)-spanner of [5]
for non-adjacent pairs of vertices. The key distinction is that in this work, the stretch is roughly L,;l,
aka twice better then a multiplicative spanner, yet their methods cannot give such effective bounds.
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2  Technical Overview

Throughout the technical overview we assume for simplicity the graph G is unweighted. The
fact that the proposed algorithm is global, in the sense that it is independent of the actual
number of edges along a path, makes it possible to handle weighted graphs.

2.1 Knudsen’s algorithm

Knudsen’s algorithm takes as input a graph G, and an integer 3, and produces a +3 spanner
of GG. It consists of 2 main phases:
(Initialize) Compute an initial graph Hy, obtained by going over all v € V and adding n”
arbitrary neighboring edges to v. Set H < Hj.
(Additive Completion) While there exist z, y such that dist g (z,y) > distg(z,y) +5: Find
an x-to-y shortest path P, ,. Add to H all edges of P, , missing from H.

We now give a high-level overview of the analysis. The analysis hinges on showing that
in each completion step, if in the i** step t; new edges along P, , are added, then Q(t;n'=7)
pairs® of vertices have their distance substantially improved by the completion step, meaning
that if H is the graph before the completion step, and H' is the graph after the completion
step, then for Q(t;n!=7) pairs (u,v) we have dist g (u,v) — dist g/ (u,v) > 1. Moreover, in the
first H for which (u,v) improves, we have dist g/ (u,v) < distg(u,v) + O(1). Combining the
fact that a pair (u,v) is within O(1) of its distance in G, after the first improvement, there
can be O(1) additional steps for which distg (u,v) — distg/(u,v) > 1. Therefore one gets
that >, Q(t;n' =) = O(n?), hence >, t; = O(n'™). In conclusion the final size bound of
the output spanner H is:

[E(H)| = 0(m**) + 3 = 0(n'™).

2.2 Defining the («, 3)-completion

As usual with greedy algorithms, correctness is straightforward; the main challenge is to
show that the final output is sparse. We now describe the main conceptual contribution
of the paper, which lies in finding the right way to define the (o, 8)-completion in a way
that preserves correctness and, crucially, allows one to prove a good bound on the size of the
output graph. To do so, we incorporate two delicate adaptations to Knudsen’s algorithm.
We describe the algorithm progressively, through a sequence of increasingly refined attempts.
Assume we are given a graph G, parameters («, ), and some initial graph Hy to be completed
to an (o, 8)-spanner of G. A natural first attempt is to apply Knudsen’s original idea directly.

Attempt 1 (unsuccessful): naive (a, 3)-completion
While there exist z,y such that:
distg (z,y) > o - distg(z,y) + B.

Find an z-to-y shortest path P, ,. Add to H all edges of P, , missing from H.

5§ This doesn’t hold for all y > 0, but for 8 = 2,6 one may set v = 1/2,1/3 respectively, and get this way
a spanner of optimal size.
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The naive («, 3)-completion successfully fixes pairs x,y with bad stretch — but at what
cost? The key problem with the naive completion is its over-correction. If initially x,y
satisfied disty (x,y) = « - distg(x,y) + 5 + 1, it seems plausible that a small fix could have
done the job. On the other hand, by adding all missing edges along P, , we make the distance
between z,y in the new graph equal to their actual distance in G - this indeed fixes the bad
stretch of z,y, but it seems to take it too far.

Attempt 2 (unsuccessful): («, 3)-completion by fixing the bottlenecks

The key observation is that we can find a mild fix to the distance of z,y by only fixing the
bottlenecks along a shortest path. Let P, , be an x-to-y shortest path, and let e be an edge
on P, ,. Say e = {u,v} has a-distant endpoints in H if disty (u,v) > « - distg(u,v). The
key observation is that if all a-distant edges are added along the path, then in the new
graph H' disty (x,y) < « - distg(x, y), hence this still fixes the pair x,y, but now only the
“bottlenecks” along the path are added to H, which helps ensure that only a few edges are
added.
Formally the new («, 3)-completion is:
While there exist x,y such that:

distg(z,y) > a - distg(z, y) + 5.

Find an z-to-y shortest path P, ,. Add to H all the a-distant edges of P, , missing from H.

This idea is close to the final algorithm, but one additional ingredient is needed to control
the total number of added edges.
Attempt 3 (successful): incorporating shortcuts

The last optimization is to allow bypassing bottlenecks along P, , if possible. The key
observation is that it may be the case that for example e; = (u,v),es = (v,w),e3 = (w, x)

are three consecutive edges along P, , which are all a-distant, yet distg (u, z) < a-distg(u, z).

Hence if we can find in H a path of stretch a between endpoints of a-distant edges which we
can use to “jump over” the bottlenecks - we do so.

In other words, we partition P, , into segments that are either a single a-distant edge, or
pairs of vertices with stretch < « in H, and choose one whose segments cannot be merged
further; we call such segmentations minimal. Finally the («, 8)-completion is:

While there exist x,y such that:

distg (z,y) > a - distg(z, y) + 5.

Find an z-to-y shortest path P, ,. Compute a minimal segmentation of P, , w.r.t H. Add
to H all the a-distant edges in the chosen segmentation.

2.3 The Baswana-Sen algorithm, and its properties

The Baswana-Sen algorithm [8] is a useful tool for computing multiplicative spanners, by
clustering vertices to centers. The set of centers is defined inductively by Sy = V, and
S; = Sample(S;_1,p) where p = 0) (ﬁ) For each vertex u € V and level i, we denote
by si, € S; the center of u at level i. We do not review the algorithm here, and refer the
reader to [8]; for a local description see [23]. We now record a key invariant preserved by the
Baswana-Sen algorithm.

46:5
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» Theorem 4 ([8]). For any graph G, there exists a subgraph H' C G, with O(n'*/*) edges
such that for every i € {1,...,k}, and every {u,v} = e € E(G) one of the following holds:
1. distg(u,v) < (2i — 1)w(e); or

2. 3si, st €S, such that dist(u, s) <i-w(e) and dist(v,s!) <i-w(e).

ur v

We also record the following observation which follows from standard concentration
bounds and a union bound over k:

» Observation 5. With high probability for alli € {0,...k — 1}, we have |S;| = O(n'="/*).

2.4 The (k,k — 1)-spanner algorithm, and its analysis

To construct the (k, k — 1)-spanner we take the (k, k — 1)-completion of the initial graph Hy
defined as follows: Run the Baswana-Sen algorithm [8] that produces a (2k — 1)-spanner
H, and set Hy + H as the initial graph for the greedy completion. Using clustering as an
initialization step is natural, and common in spanner constructions, see e.g. [20, 4, 19].
The analysis follows the high-level structure of Knudsen’s original analysis, but requires
several new adaptations. For simplicity we assume k is odd, and set R := % Let t; be
the number of edges added in the i*” completion step. The analysis tracks distances only
for pairs of centers, denoted by (s,s’), with s,s’ € Sg. We now specify how we track the
progress of the pair (s, s’):
(Set-off) The first iteration for which s, s’ are centers of vertices along P, , where x,y
are the vertices chosen in the completion step. In Claim 16, we show that in subsequent
iterations after set-off disty (s,s’) < kdistg(s,s’) + O(k?)Winaz (G).
(Distance improvement) These are iterations after the set-off iteration, and for which
distg(s,s") — distg(s,8") = Q(Wia2(G))7. To complement this definition, in Lemma 20
and Lemma 24 we show that if #; edges were added in the i*" steps, then Q(t;) distinct
pairs of centers have their distance improved by Q(W,,.q.(G)).
(Finalized pair) A pair (s, s') is finalized in the i iteration, if distz (s, s') < kdistg(s, s')—
k2W a2 (G), where H is the state of the spanner in that iteration. The key property we
use is Lemma 23, which says that once a pair is finalized, it can’t be part of the Q(¢;)
improved pairs of Lemma 20.

We now explain the interplay between the above analysis and the designed completion.
The bound we get on distg (s, s’) after the set-off iteration follows since in each greedy step
the bottlenecks are added, hence every contiguous union of segments has stretch < k. Since
s, s’ are not on P, , but are still somewhat close, they inherit the small stretch from the
attaching points, up to the additive slack mentioned.

The distance improvement of many pairs (s, s’) is quite natural, and follows since the
pair z,y chosen does not satisfy the stretch guarantee. A tricky part of the proof is to show
Q(t;) of the pairs are distinct, as it may be the case that the number of centers that attach to
P, ,, is significantly smaller than ¢;. We show that this cannot happen as otherwise we could
have found a shortcut (in other words, the chosen segmentation is not minimal, violating the
definition of the completion step). This part is based on adapting a lemma of [4] from the
additive case to the («, 8) set-up.

Finally, showing that finalized pairs are not part of the Q(¢;) improving pairs again follows
from the minimal segmentation property. Lemma 23 shows that whenever a finalized pair is
one of the improving pairs considered in that iteration, one can make the segmentation smaller,

7 As before, H' is the state of H after the completion step.
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contradicting minimality. We also highlight that here lies a technical difference between
the additive spanners and (a, §) spanners. When a = 1 knowing dist g (u, v) < adiste(u, v)
implies distg (u,v) = distg(u, v) hence the distance in H of (u,v) cannot be improved due to
a tautology. On the other hand, when a > 1, pairs (u, v) satisfying dist g (u,v) < adistg(u,v)
for H corresponding in some iteration can still be improved.

Finally, combining all the above we have that there are O(|Sg|?) = O(n'+/¥) pairs of
centers, and each pair improves O(k?) times. Since one may assume k = O(log(n)) as larger
stretch does not improve sparsity, we have that O(k?n'+t1/¥) = O(n'*+'/*) pairs of centers of
Sk improve in total. Concluding, we get that the number of edges added in the completion
step is 3. t; = O(n'T'/¥), as needed.

» Remark 6. We highlight that one may replace the clustering of [8] with the recent
greedy clustering of [27], and obtain a deterministic algorithm, as well as a polylogarithmic
improvement in the spanner size, though we do not take this route as it complicates notations.
By optimizing the methods of this paper, it seems that one can obtain a (k, k — 1)-spanner
of size O(kn'T1/*), but it is unclear how to get an optimal O(n'*1/#).

3 The Algorithm

Throughout, let G = (V, E) be a weighted graph, and let H C G be a subgraph. We assume
that every edge of G is itself a shortest path between its endpoints; otherwise, such an edge
may be safely removed without affecting the result.

3.1 Shortest paths and segmentations

For vertices x,y € V, let P, , = (v = 29, 21,...,2; = y) denote a shortest z—y path in G.

» Definition 7 (a-segmentation). An a-segmentation of the path P, , is a sequence
S = ([fo, 1], [t1, 2], - - -, [Es—1,1s)), 0=1ig<ip <- - <ig=t,

such that for every segment satisfying iy — ix—1 > 2,
disty (z4,_,,7;,) < a-distg(zg,_,,xi,).

» Definition 8 (minimal segmentation). An a-segmentation S is minimal if no block of one
or more consecutive segments of S can be merged into a single segment so as to produce
another a-segmentation of the same path.

Given a segmentation S of P, ,, let E(S) denote the set of all edges corresponding to
length 1 segments in S.

» Definition 9 (Distant edges of a segmentation). Given an a-segmentation S of P, denote
by Eo(S,H) = {{u,v} =e € E(S) | disty(u,v) > aw(e)}.

3.2 The (a, B)-completion

We now formally describe the («, 8)-completion algorithm. Initially, H < Hy:
1. While H is not an («, §)-spanner of G:

2. Pick any z,y such that disty(z,y) > adistg(z,y) + FWnax(G).

3. Find a minimal segmentation S of P, , (w.r.t. the current H,G).

4. Update H + HU E,(S,H).

ESA 2026
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» Lemma 10. Fiz an iteration in the (o, ) completion for which (z,y) is the chosen
pair violating the desired stretch. Let & = ([ig,11],...,[ts—1,1s]) be the chosen minimal
segmentation.

Then in the updated subgraph H = H U E,(S,H), for any 0 < £ < r < s we have
distg (24,,2;,.) < a-distg(z;,, z;,).

Proof. We first prove that for any single segment [ij,i;11] we have disty (x;;,2;;,,) <

a - distg(xi;, xi;,, ). This implies that

r—1 r—1
distg (24,,2;,) < Z dist g (w4, 74,,,) < Z a-distg (@i, x,,,) = o - distg(z4,, 5, ),
j=¢ j=t

where we use the equality Z;;; distg (24, z4,,,) = dista(2s,, ;) which follows since the
vertices (x;,, T4, ,...,Z;, ) appear in order along the shortest x-y path in G.

To prove that disty: (s, q,,,) < «-distg(z;,xi;,,) for all j, it suffices to consider
segments [ij,7;11] for which disty(z;,,2:,,,) > adistg(z,,z:,,). By definition of a-
segmentation, such segments must correspond to single edges on P, ,, which by definition are
included in E, (S, H). Hence if dist g (z,, 24,,,) > adistg(z;, 24, ) then dist g (x4, 24, ,) <
distg(xi;, z;,,, ), and the claim follows as o > 1. <

» Corollary 11. The («, 8)-completion algorithm terminates.

Proof. By the above lemma with £ = 0,7 = s, we have disty (z,y) < adistg(x,y), meaning
that in all subsequent iterations (z,y) satisfy the stretch requirement. |

» Observation 12. The output of the («, 8)-completion is an («, B)-spanner of G.
Proof. The algorithm terminates only when, for all pairs x,y € V, we have

distg (z,y) < adistg (2, y) + SWnax(G). <

Computing the (a, 3)-completion

The («, 8)-completion can be computed in polynomial time. By Lemma 10 the loop runs
O(|V']?) iterations. For a fixed iteration it remains to show that a minimal segmentation can
be found efficiently. This can be done as follows: Start with the trivial segmentation of P, ,,
and repeatedly merge a block of consecutive segments whenever their union has stretch at
most o in H. When no further merge is possible, the resulting segmentation is minimal.

3.3 The (k,k — 1) spanner
Run the Baswana-Sen algorithm on G, and let Hy be the resulting spanner. Return the
(k,k — 1) completion of Hy.

By Lemma 10, the output graph is indeed a (k, k — 1)-spanner, hence it remains to upper

bound |E(H)|. The size of the initial Hy is O(n'*t1/¥), thus in order to prove Theorem 3 it
remains to prove:

» Theorem 13. During the (k, k — 1)-completion, at most O(n*t'/*) edges are added.
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4 The Analysis

4.1 Setup and notation

We consider a single greedy iteration in which the pair (z,y) violates the stretch condition,
and let S be the minimal segmentation of P, , used in the completion step.
Let eq, €2, . .., e; denote the edges in Ey (S, H), ordered along P, , from z to y. Each edge

e; = (u;,v;) has endpoints whose stretch in H is greater than k, i.e., disty (u;,v;) > k- w(e;).

Without loss of generality, we assume e; is incident to  (so u; = x) and e, is incident to
y (so vy = y), otherwise set Tpeyw := U1, and Ypew := v¢. By the property of the segmentation
the path from x to Zpew, and y to ynew has stretch < k so if x, y was chosen by the greedy
step, the pair (Z,ew, Ynew) would also be chosen by the greedy step, using the corresponding
subsegmentation S’ of § which has E(S’, H) = E(S, H), hence we may analyze the addition
of Fx(S, H) w.r.t to the pair (pew, Ynew) as the greedy step. Hence we assume without loss
of generality, that = € ey, and y € ¢;.

We focus on the case of k odd, which is cleaner to describe. In the full version of the

paper we include an appendix of the minor adaptations in the analysis required for k even.

Throughout we set R := k’%l, and S := Sk the set of centers. We write W := W,ax(G)
throughout this section. We assume k > 1 as the case k = 1 is trivial. We use the following
notations for centers:
52,5yt the R-centers of x,y respectively.
For 1 < i < t: for each edge e; = (u;,v;), let sy,,5s,, denote the R-centers of w;,v;,
respectively.
All mentioned centers exist by using Theorem 4, with ¢ = R+ 1, and observing that a distant
edge has stretch strictly bigger than k, hence the second alternative of Theorem 4 holds for

all edges e;.

We also remark the following observation, which is relevant to the discussion in Section 5.

» Observation 14. Let x,y be vertices, and S be a minimal segmentation of Py . Assume
|Ex(S,H)| =1, then x,y have the desired stretch in H.

Proof. Let e = {u,v} be the edge in Ex(S, H), and assume without loss of generality, u is
closer to x and v is closer to y along P, . Then:

disty (z,y) < disty (z,u) + distg (u, v) + distg (v, y)
< k-distg(z,u) + (2k — 1)distg(u,v) + k - distg (v, y)
= k(diste(x, u) + distg (u, v) + distg (v, y)) + (k — 1)distg (u, v)
=k - distg(z,y) + (k — Dw(e). <

4.2 Set-off and post set-off Bounds

» Definition 15 (Set-off). A pair of centers (s, s’) is set off at the first greedy iteration in
which both s and s' serve as centers of some vertices in |Ji_, V (e;).

> Claim 16 (Post set-off bounds). When a pair of centers (s,s’) is set off in an iteration
updating H to H', we have:

distg (s,s') < k- distg(s,s') + (k* — 1)W.

Proof. By definition of set-off, there exist a,b € Ule V(e;) such that s, s" are their centers
respectively. By the triangle inequality in H':

disty (s, s") < disty (s, a) + distg (a,b) + distg (b, s).
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By the Baswana-Sen invariant, disty/(s,a) < R-W and distgy:(b,s’) < R - W, giving
distg (s, a) + distg (b, ") < (k — 1)W. Since a, b are endpoints of edges in Ey (S, H), they
are segment endpoints in S, so by Lemma 10, distg(a,b) < k - distg(a,b). Hence:

distg (s, s') < k- distg(a,b) + (K — 1)W.

Since H' C G, we have distg(a, s),distg(b,s') < R- W, so by triangle inequality in G:
distg(a,b) < distg(a, s) + distg(s, s') + distg(s',b) < distg(s, ') + (K — 1)W. Substituting:

dist (s,8") < k(distg(s, s') + (k — DYW) 4 (k — D)W = k - distg(s, s') + (K* — D)W. <
We also have:

» Definition 17 (Improved pair). A pair of centers (s, s’) is improved in a greedy iteration
that updates H to H' if it is either set-off in that iteration, or:

distg (s, s') — distg (s, s’) > sW.

» Remark 18. The choice of % in the definition above is arbitrary, and one may choose any
smaller constant and the result continues to hold, with a slight increase to the spanner size.

> Claim 19. Consider a greedy iteration with chosen pair (z,y), a minimal segmentation
S, and edges ey, ..., e; added, updating H to H'. For each 1 < i <t and s; € {sy,, Sy, } We
have:

dist g (55, 53) + distg (s, 5y) < kdistg(z,y) — R(w(e1) + w(er)).

Proof. Assume without loss of generality s; is the center of u;, the symmetric case is handled
similarly. Since e; is added to H' during the completion phase, and P, y[v1, u;] is a contiguous
union of segments of S, we can apply Lemma 10 to get disty (v1,u;) < kdistg(v1,u;), hence
by considering the path s, — ¢ — u; — s; and get:

distg (8z, $i) < Rw(er) + w(ey) + kdistg(v1, u;) + Rw(e;)

We can apply the same analysis to s; and s, via the path s; — u; — v; = uy = vy — sy
(since we assumed s; is the center of u;), and obtain:

dist g (si, sy) < Rw(e;) + w(e;) + kdistg (vi, ug) + (R4 1)w(et)

In total, we have in H:

dist g (55, 53) + distge(si, 5y) < (R+1)(w(er) + w(er)) + kdistg (v, ue). (1)

Since Py, is a shortest  to y path we have w(e;) + distg (v, ut) + w(ey) = diste(z, y).
Combining this with Equation (1) and the fact that R + 1 = k — R implies the claim. <

» Lemma 20 (Distance improvement). Consider a greedy iteration with chosen pair (z,y), a
minimal segmentation S, and edges e1, ..., e; added, updating H to H'. For each 1 <1 <t
we have for s; € {sy,, Sv, }-

1. distgy(sg,s;) — distgs(sg, si) > %W, or

2. disty(sy;, 8y) — distp(se,, 8y) > SW.
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Proof. Assume towards contradiction both items do not hold. Then by Claim 19 we have:
disty (84, sy) < kdiste(z,y) — R(w(er) + w(e)) + W.

By the Baswana-Sen invariant we have disty (z, s;) < Rw(e1), and distg(sy,y) < Rw(ey),
hence by the triangle inequality:

disty (z,y) < kdistg(x,y) + W.
Which contradicts the assumption that (z,y) were chosen during the completion phase. <

The following observation is proved in exactly the same way as Claim 19 and Lemma 20,
hence omitted.

» Observation 21. The pair of centers (sg, sy), satisfies:
dist g/ (84, 8y) < kdistg(z,y) — R(w(er) + w(ey)).
dist g7 (4, 8y) — dist g (sz, 5) > 3W.

We now define the finalized pairs.
» Definition 22 (Finalized pair). A pair of centers (s, s’) is finalized in H if
disty (s, s') < k- distg(s,s') — k*W.

» Lemma 23 (Finalized pairs do not participate in completion). Consider a greedy completion
iteration with chosen pair (x,y) and edges ey, ..., e;. Let a,b be vertices in Ule Ve;), and
let s,s" be their centers respectively. Then if (s,s') is finalized then a,b are the two endpoints
of a segment of S that has stretch < k.

Proof. Let a,b, s, s’ be as stated. We show that if (s, s') is finalized in H, then distg(a,b) <
k - distg(a,b). This implies the desired result as S is a minimal segmentation, hence the only
possibility is that a, b are the endpoints of a segment in S whose stretch is at most k.

By triangle inequality for the a —+ s — s’ — b in H, and the Baswana-Sen invariant
we have distg (a,b) < (k — 1)W + dist g (s, s"). Also, since (s, s’) is assumed to be finalized
disty(s,s’) < k- distg(s,s') — K2W.

Now by the triangle inequality for s — a — b — s’ in G we have distg(s,s’) <
distg(a, b) + (k — 1)W. Hence combining it all together we get:

distgr(a,b) < (k — D)W + kdistg (s, s') — k*°W < k- distg(a,b) — W < k - distg(a,b). <«
We proceed by noting the following lemma, a small variation of Lemma 1 in [4].

» Lemma 24. Let ey, ..., e be the edges added during the greedy completion phase. Then
there exist a sub collection of t* > min{% — 2,1} edges e} = (a1,b1),...,ef = (ap,by+), such
that either the centers of all the vertices {a;}i_, are distinct, or the centers of {b;}!_, are
distinct.

Proof. If t < 12 there is nothing to prove (any collection of a single edge will do), so assume
t > 10. For 1 < i < t, say that the i*" edge, e; is pre-heavy if w(e;_1) < w(e;), i.e. it is
heavier than the edge preceding it (among the added edges). Otherwise, it is pre-light (ties
are broken arbitrarily). As every internal edge is either pre-heavy or pre-light, > % edges
are pre-heavy or pre-light, assume without loss of generality that they are pre-light.
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We now claim that if ¢} = (a},b}),...e}, = (al,,b},)® are pre-light, then every center s
can be the center of at most 2 vertices in {a},.

To prove the claim, assume we have i < j < m such that s is the center of a, a’;, ay,.
From the initialization step we have: disty (a},al,) < disty(a}, s)+distg (s, a,,) = R(w(e;) +
w(er,))-

Let €’ be the edge preceding e/, on P, ,. Since e, is pre-light we have w(e’) > w(e;,,).
Also since i < j < m, it must be that ¢ and e} are different edges, which both lie on
P, ylal,al,]. We obtain distg(aj, al,) > (w(e]) +w(e’)), and we get:

2 'm

disty (a},al,) < R(w(e}) +w(el,)) < R(w(e;) +w(e")) < Rdistg(as, al,).
Since R < k we get a contradiction since all the segments between a}, a!,, could be merged to
one segment with stretch < k, contradicting the minimality of the segmentation.

Finally, we got a collection of > % edges such that every center s is the center left
endpoint of at most two of them, hence we can find a subcollection of at least % edges
whose left centers are all distinct?.

When most internal edges are pre-heavy, we consider them as post-light. In such a case
we find a collection of Q(t) edges with distinct right centers. <

» Corollary 25. In a round with t edges added, Q(t) pairs of centers that are not finalized
are 1mproving.

Proof. If ¢t < 100 then by Observation 21 we have a single pair of centers improving.
Otherwise by Lemma 24 we have > t/4 — 2 edges with distinct (without loss of generality)
left centers. By removing at most four edges from that collection, those whose left centers are
Sy or sy, we have Q(t) edges with distinct left centers, that are not s, or s,. By Lemma 20,
all these centers give an improved pair with either s, or s,, and the resulting center pairs
are all distinct. The considered pairs of centers in Lemma 20 all attach to either = or y
and another vertex on P, ,, hence they attach to P, , to two points that don’t form a good
stretch segment, hence by Lemma 23 all these pairs of centers are not finalized. |

We now complete the proof of Theorem 13:

Proof. Let t; be the number of edges added in the i*" round of the completion process, and
let m; be the number of center pairs whose distance improved in the i** round according to
Lemma 20, which are not finalized. By Corollary 25 we have m; = Q(¢;). As each pair of
centers can improve O(k?) times before it becomes finalized and there are O(n'*'/*) center
pairs we have

Q (Z ti) = Zmi = O~(k2n1+1/k)

Since k = O(log(n)) we get that the number of edges added during the completion phase,
St is O(n'+1/F) | as required. <

8 We assume that the edges are ordered according to their order on the path P, . That is e} is closer to
x then €} for i < j, and that a; is closer to = then b;

9 Take any maximal subcollection E’ of edges whose left centers are all different, since for every edge
e ¢ E’ there must be another edge e* € E’ with the left center of e as the left center of e*, and this
mapping is injective (as each center is the left center of < 2 edges), there are more edges inside the
maximal subcollection than outside it - the claim follows.
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5 Final Remarks and Open Problems

A main open question left from this work is whether unweighted («, 3)-spanners can be
extended to the weighted setup? There are many («, ) for which («, 3)-spanners exist for
unweighted graphs, though almost all constructions do not generalize; e.g., it is open whether
the construction of [9], as well as the recent constructions of [11] which have o(k) = o = (1)
can be extended to the weighted setting.

» Question 26. Is it the case that if there is an unweighted (a, 8)-spanner for some («, 3),
then there is a weighted («, B)-spanner with a similar size guarantee.

Recall that the lightness of a spanner is the ratio of its total weight divided by the weight
of a minimum spanning tree. We ask:

» Question 27. For which («, ) can we provide an («, B)-spanner with relatively small
lightness?

Finally we propose the following more structural direction:

Where did the k£ — 1 go?

The keen reader may have noticed that in Section 3.3 the fact that disty(x,y) > k -
distg(z,y) + (k — 1)W was not used. It actually appears only in Observation 14, hence under
the assumption that (z,y) have a minimal segmentation with more than one missing edge
we can run the completion algorithm under the same size bound and give the guarantee
disty (z,y) < kdistg(x, y) + Winee (G). As explained in Remark 18 the choice of the constant
1 is arbitrary. In fact, one can achieve the following: For any € > 0, and any weighted graph
G there exist a subgraph H of size O(n**1/* /) such that for any x,y, and any shortest path
P, , between them in G one has:

((k,k — 1)-local stretch) disty(z,y) < k- diste(z,y) + (K — 1)Winao(Ps,y), where Py, is

an x to y shortest path. Or,

(stretch k and additive +eW,,04(G)) Namely, disty (z,y) < k- diste(z,y) + €Wz (G).

The proof follows from the analysis in Section 4. Pick a minimal segmentation S of
P, ,, and distinguish paths according to |Ey(S, H)| . If |Ex(S, H)| = 0 the first alternative
above clearly holds. If |Ey(S,H)| = 1, then by Observation 14 we have disty(x,y) <

k- distg(x,y) + (k — 1)w(e) where e is the missing edge, hence the first guarantee holds.

Finally if | Ex(S, H)| > 2, then we check if the second guarantee holds, and if so we do not do
anything, if not, we add Ey (S, H). By changing the definition of improved pairs, Definition 17
to have distance difference between H, H’ bigger than $W. All parts of the proof stay
exactly the same, except for the final proof of Theorem 13, which needs to be augmented as
every pair of centers can improve O(k?/¢) times, yielding an 1/¢ larger spanner.

» Question 28. Can one provide a better structural guarantee than being just an («, )
spanner for weighted graph? E.g. is it possible to ensure that for every x,y and any shortest
path P, ., can be segmented into O(B) edges from G and paths of stretch o plus a relatively
negligible error?

It is plausible that resolving the question above can provide a path to allow comparison
for the guarantees of («, 3)-spanners, for different a’s and 8’s, similarly to the unweighted
setup.
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