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—— Abstract

Ma and Wong [IEEE TCAD ’12] introduced and studied the RECTANGLE ESCAPE problem, motivated
by bus escape routing in printed circuit board design. In this problem, we are given an axis-parallel
rectangle R, a set S of axis-parallel rectangles fully contained in R, and an integer d. The goal is to
determine whether each rectangle in S can be extended in one of the four axis-parallel directions (up,
down, left, or right) to the boundary of R such that no point is covered by more than d extended
rectangles. We revisit RECTANGLE ESCAPE and resolve several open complexity questions.

Ahmadinejad et al. [TCS ’17] studied RECTANGLE ESCAPE and its variants where rectangles are
only allowed to be extended in a subset of directions — most notably, in two directions, a variant they
termed BIDIRECTIONAL REP. They showed that the problem is NP-complete when extensions are
limited to two adjacent directions and d = 3, but left open the complexity of the case when d = 2.
Additionally, the case for two opposite directions remained unresolved for any d > 2. We resolve
the first question by showing that BIDIRECTIONAL REP is NP-complete even when extensions are
restricted to two adjacent directions and d = 2. We also settle the complexity of RECTANGLE
EscAPE with two opposite directions by proving that the problem is NP-complete when d is part of
the input but solvable in O(nlogn) time for any constant d. Finally, we consider the special case
where all extended rectangles must be disjoint, that is, d = 1. We show an unconditional lower
bound of Q(nlogn) with a matching upper bound of O(nlogn) for all variants. This improves upon
a sequence of algorithms for the setting with all four directions allowed and d = 1, starting with
an O(n)-time algorithm, later improved to O(n*), and then to O(n®).
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Computational Boundaries for Escaping Rectangles

1 Introduction

Ma and Wong [7] introduced and studied the RECTANGLE ESCAPE problem, motivated by
bus escape routing in printed circuit board (PCB) design. In this problem, we are given
an axis-parallel rectangle R, a set S of axis-parallel rectangles fully contained in R, and an
integer d. The goal is to determine whether each rectangle in & can be extended in one of
the four axis-parallel directions (up, down, left, or right) to the boundary of R such that
no point is covered by more than d extended rectangles. The optimization variant of the
problem — minimizing the mazimum density, that is, the maximum number of extended
rectangles covering any single point directly contributes to reducing manufacturing costs in
PCB design. We refer the interested reader to the work of Ma and Wong [7] for a detailed
discussion of these applications.

This article is motivated by the computational questions explored by Ma and Wong [7].
They showed that the problem is NP-complete and presented a factor-4 approximation
algorithm for RECTANGLE ESCAPE. This was followed by a series of results in both approxi-
mation algorithms and parameterized complexity. Indeed, the problem has been the subject
of extensive algorithmic study [1, 8, 9, 13, 14, 15, 16]. The problem is formally defined below.
See Figure 1 for an illustration.

RECTANGLE ESCAPE

Input: An axis-parallel rectangle R, a set S of n axis-parallel rectangles fully contained
in R, and an integer d.

Question: Can each rectangle in S be extended in one axis-parallel direction to the
boundary of R such that no point is covered by more than d extended rectangles?

We revisit RECTANGLE ESCAPE and resolve several open questions concerning its complexity.

Related Work and Our Results. The starting point of our work is the work by Ahmadinejad,
Assadi, Emamjomeh-Zadeh, Yazdanbod, and Zarrabi-Zadeh [1], who studied RECTANGLE
ESCAPE and its variants where rectangles are allowed to be extended only in a subset of
directions. For RECTANGLE ESCAPE, allowing only a single escape direction results in a trivial
case: all rectangles must be extended in that direction, and the maximum density can be
computed in O(nlogn) time. Thus, interesting cases arise when two, three, or four directions
are allowed. For two directions, it matters whether they are opposite (e.g., up and down)
or adjacent (e.g., down and left). We refer to these two-direction variants as RECTANGLE
EscAPE( ] ) and RECTANGLE ESCAPE()), respectively, and to the three-direction variant as
RECTANGLE ESCAPE(}). A particularly relevant special case is when d = 1, meaning all
extended rectangles must be disjoint. We refer to this case as DISJOINT RECTANGLE ESCAPE.
We study different computational questions depending on the density parameter d (whether
it is a fixed constant such as 2 or 3, or part of the input), and on the subset of directions
in which rectangles are allowed to be extended. For DISJOINT RECTANGLE ESCAPE(] ),
Yan, Chung and Chen [14, 15] presented an O(nlogn)-time algorithm. In particular, their
algorithm computes the set of all rectangles that can be extended in a particular direction.

Ahmadinejad, Assadi, Emamjomeh-Zadeh, Yazdanbod, and Zarrabi-Zadeh [1] extended
the work of Ma and Wong [7] and showed that approximating RECTANGLE ESCAPE to any
factor smaller than % is also NP-hard. Moreover, they showed that RECTANGLE ESCAPE is
NP-complete for d = 2. Combined with the fact that the problem is solvable in polynomial
time for d = 1 [2, 5], this result fully settles the computational complexity of the problem for
all values of d. They also showed that RECTANGLE ESCAPE(4) is NP-complete when d = 3.
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Figure 1 An instance of RECTANGLE ESCAPE with d = 1. The input rectangles are shown in
darker colors and a solution (an extension for each rectangle) is shown in lighter colors.

These findings naturally lead to the following questions, which were explicitly posed as open
problems [1].

1. What is the computational complexity of RECTANGLE ESCAPE(5]) when d = 27

2. What is the computational complexity of RECTANGLE EscAPE( ]) for any d > 27
In particular, is the problem NP-hard when d is part of the input or even for fixed
values of d?

We resolve both of these questions, but the answers turn out to be strikingly different.
Our results are summarized in Table 1. Our first result is a hardness result that complements
previous work [1].

» Theorem 1. RECTANGLE ESCAPE(%1) is NP-hard even if d = 2.

For the second question and to our surprise, unlike other variants of RECTANGLE ESCAPE,
the problem turns out to be solvable in polynomial O(nlogn) time for any fixed d.

» Theorem 2 (x). RECTANGLE ESCAPE(]) can be solved in O(4%dn + nlogn) time.
However, if d is part of the input, then the problem becomes NP-hard again.
» Theorem 3. RECTANGLE ESCAPE (]) is NP-hard.

Note that RECTANGLE ESCAPE with all four allowed directions can be solved naively
in O(4™n) time by exhaustively trying all possible direction choices for each rectangle. We
significantly improve this algorithm by incorporating ideas from the proof of Theorem 2.

Finally, we study the case where d = 1. As noted earlier, the case d = 1 corresponds to
the DI1SJOINT RECTANGLE ESCAPE problem and we show the following.

» Theorem 4. DISJOINT RECTANGLE ESCAPE can be solved in O(nlogn) time.

A simple reduction then establishes that DISJOINT RECTANGLE ESCAPE is polynomial-
time solvable for all variants where the allowed extension directions form a subset of the four
cardinal directions. We mention that Kong, Ma, Yan, and Wong [6] showed that DISJOINT
RECTANGLE ESCAPE can be solved in O(n®) time, which was later improved to O(n?)
time [1]. Moreover, Keil, Mitchell, Pradhan, and Vatshelle [4] showed that MAXIMUM
WEIGHT INDEPENDENT SET can be solved in O(n?) time on outersting graphs. By replacing
each rectangle with the outline of the four possible extended rectangles (each with weight 1)
and then searching for an independent set of weight n, their algorithm finds a solution for
DISJOINT RECTANGLE ESCAPE in O(n?) time if it exists as for each rectangle, at most one of
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the four extensions can be picked into the independent set as any two extended forms intersect
in the original rectangle. To the best of our knowledge, this is the fastest algorithm even for
the special case DISJOINT RECTANGLE ESCAPE(4]) and we improve this to O(nlogn). We
also show a matching unconditional lower bound for DISJOINT RECTANGLE ESCAPE for any
subset of allowed directions via a simple reduction from SEGMENT INTERSECTION.

To conclude this overview, we mention that Roy, Govindarajan, Misra, and Shetty [11]
introduced the problem RUNAWAY RECTANGLE ESCAPE! and analyzed it from the perspective
of parameterized complexity. In RUNAWAY RECTANGLE ESCAPE, we are given an additional
integer k as part of the input, and the goal is to extend at least k rectangles such that
the maximum density remains at most d, as opposed to extending all rectangles. Several
algorithms for different variants of the problem have been implemented and evaluated in
practice [6, 8, 9, 13, 14, 16].

Our Methods. Theorem 1 is based on a reduction from MONOTONE 2P1N-3-SAT (for
which we observe NP-hardness via a known reduction for a slightly different problem). In
the reduction, we represent each variable by two rectangles. Extending at least one of the
two rectangles to the bottom will correspond to setting the variable to true and extending
both to the left will correspond to setting the variable to false. We then add gadgets for each
clause (which differ for positive and negative clauses) to ensure that all rectangles can be
extended to the bottom or the left if and only if the input formula is satisfiable.

The proof of Theorem 2 combines a sweep-line approach with dynamic programming.

The proof of Theorem 3 is based on a reduction from VERTEX COVER. The reduced
instance contains very long rectangles in three rows and we ensure that all these rectangles in
the upper two rows are extended to the top and all rectangles in the lower row are extended
to the bottom. We then add a sequence of rectangles encoding each vertex in the input
graph. The rectangles alternate between being located between the top two rows and between
the bottom two rows. Moreover, we ensure that all rectangles corresponding to the same
vertex are extended in the same direction (up or down). Extending all rectangles to the top
corresponds to including the vertex in a solution. We then add a gadget for each edge in the
input graph where only rectangles corresponding to the two endpoints are between the top
two rows of long rectangles. If both are extended to the bottom, then k other rectangles
will be extended to the top and together with the rectangles in the middle column, this will
violate the density constraint in the middle column.

The proof of Theorem 4 is divided into two parts. First, we show that certain gener-
alizations of DISJIOINT RECTANGLE ESCAPE(%) and DISJOINT RECTANGLE ESCAPE(])
can be solved in O(nlogn) time. Second, we use these generalizations to consider two
possible cases. In the first case, we show that solutions for two instances of DISJOINT
RECTANGLE ESCAPE(]) can be merged into a valid solution of the input instance in a
straight-forward way. In the other (more difficult) case, we show that there are four rect-
angles with a very restricted structure in any possible solution. We then show that this
restricted structure can be used to construct two solution candidates in O(nlogn) time such
that if a solution exists, then at least one of the candidates is also a valid solution. We then
simply verify for each candidate whether it is a solution and either return a valid solution or
correctly determine that none exists.

1 We note that the same problem has also appeared in the literature under the name MAX-ROUTE, and
is sometimes referred to simply as RECTANGLE EsScAPE. We adopt the name RUNAWAY RECTANGLE
ESCAPE to distinguish it from the variant in which all rectangles must be extended.
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Table 1 Overview of our results. A — means that the result follows from other entries in the
table.

Directions disjoint d=2 unbounded d
All O(nlogn) (Thm. 4) NP-hard [1] O(374%dn) (Cor. 10)
Three - - O(2"4%dn) (Cor. 10)
a9 - NP-hard (Thm. 1) -
) - O(nlogn) (Thm. 2)  NP-hard (Thm. 3)
One ©(nlogn) (Prop. 6) - O(nlogn) ([15])

Notation. For a positive integer x, let [x] be the set of integers {1,...,z}. A half-open
interval [a,b) for two numbers a < b is the set {x € R | a < 2 < b} U {a}?. A rectangle R is
the Cartesian product of two half-open intervals [x1,z2) and [y1,y2). We sometimes also
describe R by two of its corner points, e.g. (z1,y1) and (z2,y2). The a-coordinates of the
left and right border of R are x; and x5, respectively, and the y-coordinates of the bottom
and top border of R are y; and ys, respectively. Given a set S of rectangles, the maximum
density of S is the maximum number of rectangles that contain a common point (z,y). Note
that the rectangles Ry with corners (0,0) and (1,1) and R with corners (1,0) and (2,1) do
not share a common point as e.g. the point (1,0.5) is only contained in Ry. As is custom in
computational geometry, we use the real-RAM model of computation which e.g. allows to
compare arbitrary real numbers in constant time.

2 Two Adjacent Directions

In this section, we show that RECTANGLE ESCAPE()) is NP-hard even for d = 2. In order to
do so, we first show that MONOTONE 2P1N-3-SAT — a variant of SATISFIABILITY where all
clauses are monotone, that is, they contain either only positive or only negated literals, each
clause contains two or three literals, and each variable appears exactly twice positive and
once negated in the input formula — is NP-hard.? This result closely follows the reduction
showing that MONOTONE 3-SAT is NP-hard [3]. We were not able to find this observation
anywhere else, so we include it in for the sake of completeness.

» Proposition 5. MONOTONE 2P1N-3-SAT is NP-hard.

Proof. We reduce from a variant of 3-SAT, where each clause contains exactly three literals
and each variable appears exactly 2 times positive and 2 times negated. This variant is known
to be NP-hard [3]. For the reduction, let ¢ be an input formula with clauses C over variables V/
where each clause contains three literals, all clauses are monotone, and each variable appears
twice negated and twice positive. We start by introducing four variables x1, x2, 1, T2 for each
variable z € V.* To construct ¢’, we start with ¢ and replace the first positive occurrence of 2
by x1, the second positive occurrence of x by x5, the first negative occurrence of = by z;, and
the second negative occurrence of x by Zs. Note that so far, each variable appears exactly once
positive and zero times negated. Hence, all clauses are trivially monotone. We next ensure
that 1 = x2 # 1 = 72 in any satisfying assignment of the constructed formula ¢’. Note

Note that the definition is equivalent to {x € R | a < x < b} whenever a < b but ensures that a € [a, a).
‘We mention in passing that if additionally each clause contains exactly three literals, then these formulas
are always satisfiable by a simple matching argument [12].

Note that Z1 and Z2 are variables and not negations of z1 and x2, respectively. The intuition is that
we will later guarantee that x1 and 1 cannot be set to the same truth value and setting z; to true
corresponds to setting = to true and setting Z1 to true corresponds to setting x to false.
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that once this is ensured, it is easy to verify that ¢ is satisfiable if and only if ¢’ is satisfiable.
To ensure the above property, we add the four clauses (21 V Z1), (%1 V —x2), (22 V T2),
and (—Zo V 1) to ¢, Since all clauses are monotone and each variable appears exactly once
positive and once negated in one of the newly added clauses, it holds that ¢’ is monotone
and each variable appears exactly once negated and exactly twice positive in ¢’. It remains
to show the claimed property.

To this end, note that setting z; and x5 to true and x; and s to false satisfies all newly
added clauses. Moreover, setting x; and zo to false and xr; and Zs to true also satisfies
all these clauses. It remains to show that no other assignment satisfies all of these clauses.
We make a case distinction of whether x; is set to true or false and show in both cases
that the above assignments are the only ones satisfying the four added clauses for z. So
first assume that 1 is set to true. To satisfy the clause (—Zs V —21), we need to set Ty to
false. Then, to satisfy the clause (x2 V Z2), we need to set zo to true. Finally, to satisfy the
clause (—Z1 V —x2), we have to set z1 to false. If x; is set to false, then in order to satisfy
the clause (z1 V Z1), we need to set Z; to true. Then, to satisfy the clause (—Z1 V —x3), we
need to set xo to false. Finally, to satisfy the clause (x2 V Z2), we have to set Zo to true.
This concludes the proof. |

With Proposition 5 at hand, we are in a position to prove Theorem 1, that is, RECTANGLE
EscAPE(9]) with d = 2 is NP-hard. We present the reduction from MONOTONE 2P1N-3-SAT
and give a high-level overview of the proof, but defer some details of the proof to the appendix.

» Theorem 1. RECTANGLE ESCAPE(9)) is NP-hard even if d = 2.

Proof. We reduce from MONOTONE 2P1N-3-SAT. To this end, let ¢ be an input formula
with variables V' and clauses C = C,UC,,, where C,, contains all positive clauses and C,, contains
all negative clauses. Let s, and s,, be the number of positive and negative clauses. We fix an
arbitrary order < on the set V' of variables. Next, we sort all clauses in C,, lexicographically
with respect to <. Let C? be the i positive clause in this ordering for each i € [s,]. We do
the same for C,, and denote the i*! negative clause by C* for each i € [s,,].

To construct an equivalent instance of RECTANGLE ESCAPE(41), we start with a boundary
rectangle R of height 4|V| + 6s,, + 1 and width 5|V| +2s, + 1. We divide the rectangle into a
grid with 4|V'| 4+ 6s,, + 1 rows of height 1 and 5|V|+ 2s, + 1 columns of width 1 and set d = 2.
We refer to Figure 2 for an illustration and an example of the following construction.

We say the first row/column is the border row/column. The next 4|V| rows and 5|V|
columns are the variable rows/columns. We say that rows 4i — 2 to 4i + 1 and columns 5 — 3
to 5i + 1 correspond to the i** variable in V' (with respect to <). The remaining 6s,, rows
and 2s, columns are the clause rows/columns where (counted from the bottom/left) the
rows 6¢ — 5 to 6¢ are the rows corresponding to C7* and the columns 27 — 1 and 2¢ correspond
to clause C?. We first place border rectangles in the border column and the border row
as follows. We start with a rectangle in the border column that covers all variable rows
and a rectangle in the border row that covers all variable columns. After that, for each
negative clause C}', we add a rectangle in the border column that covers the highest two
rows corresponding to C". For each positive clause C?, we add a rectangle in the border row
that covers the second column corresponding to C?.

Next, we add two wvariable rectangles x1 and x5 for each variable x € V. Each of these
rectangles covers the intersection of two variable columns and one variable row as follows.
Let i be the index such that z is the " variable in V in the order given by <. Then, x; is in
the 45 — 1% row and in the 5i — 2"¢ and 5i — 15* column. The rectangle x5 is in the 47 + 1%
row and in the 5i** and 5i 4+ 1'® column.
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Figure 2 Example construction for the input formula
dp=CuV-w)AN(CoV oV oy)AwVovw)AwVz)A@VeVy) AV y).

The order < is the alphabetic order, the border rectangles are gray, the variable rectangles are black,
and the clause rectangles are color coded corresponding to the clause they represent.

Now, we add clause rectangles for each clause. The construction is different for positive

and negative clauses and also depends on whether the clause contains two or three literals.
We refer to Figure 2 for the different cases and provide a formal description in the appendix.

The red rectangles correspond to a negative clause with two literals, the brown rectangles
to a negative clause with three literals, the green and blue each correspond to a positive
clause with three literals, and the purple rectangles correspond to a positive clause with two
literals.

Since the reduction can clearly be computed in polynomial time in the length of ¢, it only
remains to show correctness, that is, ¢ is satisfiable if and only if the constructed instance of
RECTANGLE ESCAPE(4) has a solution with maximum density 2.

We defer the formal proof of correctness for space reasons to the appendix. We still give
a high-level intuitive explanation here. We say that a solution to the constructed instance (if
one exists) corresponds to a satisfying assignment by setting each variable x to true if and
only if at least one of the two rectangles x; and x5 are extended to the bottom. Note that
since each variable appears only once negated, each clause rectangle (excluding the helper
rectangles) for a negative clause is in a variable column containing exactly three rectangles
(the clause rectangle itself, a variable rectangle, and a border rectangle). Hence, not both
the clause rectangle and the respective variable rectangle can be extended to the bottom
as this would create density three in the border row. Similarly, every non-helper clause
rectangle for a positive clause is contained in a variable row with exactly three rectangles
(itself, the respective variable rectangle, and a border rectangle) meaning that not both the
variable rectangle and the clause rectangle can be extended to the left. We show that for
each negative clause, there needs to be one variable such that all clause rectangles in columns
corresponding to that variable have to be extended to the bottom. Note that this means
that both variable rectangles for this variable have to be extended to the left, corresponding
to setting this variable to false and satisfying the clause. Similarly, for each positive clause,
at least one of the clause rectangles has to be extended to the left, meaning that at least one
of the involved variable rectangles has to be extended to the bottom and this corresponds to
setting the respective variable to true and satisfying the clause. |
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3 Disjoint Rectangle Escape

In this section, we study DISJOINT RECTANGLE ESCAPE and show an O(nlogn) time
algorithm for any set of allowed directions. This improves upon the best known algorithm for
DISJOINT RECTANGLE ESCAPE by Keil, Mitchell, Yan, Wong [4] running in O(n?) time (and
previous algorithms running in O(n%) time [5] and O(n?) time [2], respectively). We also
show that this bound is tight as DISJOINT RECTANGLE ESCAPE cannot be solved in o(nlogn)
time. This lower bound is unconditional, even holds for computing the maximum density of
the input rectangles without extending any rectangle, and follows from a simple reduction
from SEGMENT INTERSECTION. Therein, one is given a set of half-open intervals and the task
is to decide whether at least two of them intersect. It is known that SEGMENT INTERSECTION
has an unconditional Q(nlogn) lower bound in the real-RAM model [10, Theorem 7.9].

» Theorem 6. DI1SJOINT RECTANGLE ESCAPE cannot be solved in o(nlogn) time. This
lower bound even applies to checking whether the set of input rectangles are disjoint.

Proof. We show that if DISJOINT RECTANGLE ESCAPE can be solved in f(n) € o(nlogn)
time, then SEGMENT INTERSECTION can be solved in O(f(n) + n) € o(nlogn) time, a
contradiction to the fact that SEGMENT INTERSECTION cannot be solved in o(nlogn)
time [10]. To this end, let a set of half-open intervals [a;,b;) be given as input. We can
compute the smallest input number a,;, and the largest input number b,,,, in linear time.
Then, we construct an equivalent instance of DISJOINT RECTANGLE ESCAPE as follows.
We start with a boundary rectangle R with corner points (@min, 0) and (bpax, 1). For each
interval [a;, b;), we create the rectangle with corner points (a;,0) and (b;, 1). Note that two
intervals [a;,b;) and [a;, b;) intersect if and only if their two respective rectangles intersect.
Moreover, the number of input rectangles is equal to the number of input intervals for
SEGMENT INTERSECTION. Hence, if we could check whether two input rectangles intersect
in o(nlogn) time, then we could solve SEGMENT INTERSECTION in o(nlogn) time. This
concludes the proof. <

For the positive result, we first consider generalizations of the problem for two and three
directions that we will subsequently use in the algorithm for all four directions. We start
with an algorithm for DISJOINT RECTANGLE ESCAPE(4]) where we try to extend a maximum
number of rectangles to the left. We will show that there is a unique solution to this problem
which can be found in O(nlogn) time and which has an additional desirable property. Due
to space constraints, we have to defer these proofs to a full version.

» Lemma 7. DisJOINT RECTANGLE ESCAPE(4) can be solved in O(nlogn) time and in the
same time, we can compute a solution S with the following property. For each rectangle R,
if there is any solution in which R is extended to the left, then R is also extended to the left
by S_.

We next turn to three directions. For DISJOINT RECTANGLE ESCAPE(}), we solve
a generalization we call PARTIAL DIsJOINT RECTANGLE ESCAPE(}). Therein, the task
is to find the minimal z-coordinate z;, and a direction (down, right, or up) for each
rectangle R; whose right boundary is larger than i, such that no two rectangles overlap
after the extension (and rectangles whose right boundary is at most i, are not extended
but still remain in the instance). Note that PARTIAL DISJOINT RECTANGLE EscAPE(]) is
an optimization problem rather than a decision problem as if the instance Z of DISJOINT
RECTANGLE EScAPE(}) for the same set of rectangles is a no-instance, then PARTIAL
D1sjoINT RECTANGLE ESCAPE(]5) still has to return a partial solution rather than just “no”.
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Moreover, observe the following two key facts. First, if there is a solution for Z, then a solution
for PARTIAL DISJOINT RECTANGLE ESCAPE(]) returns the z-coordinate of the left boundary
of the bounding rectangle R and a solution for DISJOINT RECTANGLE EscAPE(]5). Second,
if there is no solution for Z, then the value i, is the right boundary of some rectangle R;
as otherwise, we can reduce T, to the next smallest right boundary of a rectangle without
changing the requirement for any rectangle. We will later use PARTIAL DISJOINT RECTANGLE
EscAPE(]) to solve DISJOINT RECTANGLE ESCAPE in O(nlogn) time. To this end, we first
show that PARTIAL DI1sJOINT RECTANGLE ESCAPE(}) can be solved in that time.

» Lemma 8. PARTIAL DISJOINT RECTANGLE ESCAPE(]) is solvable in O(nlogn) time.

With Lemmas 7 and 8 at hand, we can now present the algorithm for DISJOINT RECTAN-
GLE ESCAPE. Before we present the algorithm formally, we first give a high-level description.
The idea is to solve four instances of PARTIAL DISJOINT RECTANGLE EScAPE(]) for the
same set of rectangles and with a different set of three allowed directions each. Let xpyin
and xm,.x be the x-values in the solutions of instances of PARTIAL DISJOINT RECTANGLE
EscAPE(}) where rectangles can be extended to the top, bottom, and right and to the
top, bottom, and left, respectively. Note that the definition of which rectangles have to be
extended is only almost symmetric, that is, for the latter instance, we consider all rectangles
whose left boundary has an z-value of at most xy.x (rather than strictly smaller). We
will solve two cases separately. If zpnin < Tmax, then we will show that a solution always
exists and can be found by combining the two solutions for PARTIAL DISJOINT RECTANGLE
ESCAPE(}). The same holds if Ymin < Ymax, Where these values are corresponding to the
instances where the allowed directions are left, top, and right and left, bottom, and right,
respectively. So assume in the following that i, > Tmax and Ymin > Ymax. If there is a
solution for DISJOINT RECTANGLE ESCAPE, then some rectangle L with a right boundary at
least xni, has to be extended to the left. Hence, this extended rectangle will “cross” the
entire distance from the vertical line at position xy;, to the left boundary of R. Similarly,
some rectangle R in the solution extends all the way from z,,x to the right boundary of R,
some rectangle T' extends from yy,ax to the top boundary of R, and some rectangle B extends
all the way from ¥y, to the bottom boundary of R in the solution. We will show that even
if we do not know these rectangles, their existence can be used to partition the instance
into four subinstances with fairly restrictive properties. These properties allow us to find a
solution in O(nlogn) time.

» Theorem 4. DISJOINT RECTANGLE ESCAPE can be solved in O(nlogn) time.

Proof. Throughout this proof, we will denote the rectangles in the input by R;. For each i,
let #¢ and 27 be the 2-coordinates of the left and right boundary of R;, respectively. Similarly,
let 4 and y! the the y-values of the bottom and top border of R;, respectively. We first
solve the four instances of PARTIAL DISJOINT RECTANGLE ESCAPE(}) with the same set of
rectangles and where each time a different set of three directions is permitted. This defines
the following four values.

ZTmin: Minimum z-coordinate such that all rectangles R; with x] > xmin can be extended

to the top, right, or bottom.

Tmax: Maximum x-coordinate such that all rectangles R; with xf < Tmax can be extended

to the bottom, left, or top.

Ymin: Minimum y-coordinate such that all rectangles R; with y

to the left, top, or right.

Ymax: Maximum y-coordinate such that all rectangles R; with yf < Ymax can be extended

to the right, bottom, or left.

b

)

> Ymin can be extended
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We next consider three cases based on whether zmin < Zmax and/or Ymin < Ymax-

Case 1 (Zmin < Tmax). DBy definition, there are two (partial) solutions S; and Sy such
that S; extends all rectangles R; with z] > 2y, and So extends all rectangles R; with
x§ < Zmax. Note that each rectangle R; which is not extended by S; is extended by S
as scg < 33; < Tmin < Tmax- We next show that extending all rectangles extended by Sp
as described by S7 and all other rectangles as described by Sy yields a valid solution for
Di1sJOINT RECTANGLE ESCAPE. Let S be the computed solution and assume towards a
contradiction that two rectangles Ry and Ry overlap in S. Since S; and S are valid partial
solutions, it must hold that R; and Ry are not both extended as in S; and/or S;. Thus,
we may assume without loss of generality that R; is extended as described by S; and Rs
is extended as described by S;. Moreover, Ry does not intersect with the original form
of Ry and vice versa since S; and Sy are valid solutions for PARTIAL DISJOINT RECTANGLE
EscAPE(P). Thus, exactly one of them is extended to the top/bottom and the other is
extended to the left/right. Since both cases are completely symmetric, we assume that R is
extended to the top or bottom and R, is extended to the left or right. Since R is extended
as described by S, it is extended to the left. It holds that xé < b < Zyin as otherwise Ro
would be extended as described by S;. Thus, xg < ZTpin < 2§ holds, contradicting the

assumption that extending Ry to the left intersects with R; but not extending Ry does not.
Case 2 (Ymin < Ymax)- This case is completely symmetric to Case 1 and therefore omitted.

Case 3 (Zmin > Tmax aNd Ymin > Ymax)- Note that in any potential solution for DISJOINT
RECTANGLE ESCAPE it holds that at least one rectangle R, with x}, > x,n is extended to
the left. This is true as otherwise a solution extends all rectangles R; with =] > zmin
to the top, right, or bottom and hence this yields a solution for PARTIAL DISJOINT
RECTANGLE ESCAPE(}») with a smaller value x,, a contradiction. Similarly, one rectan-
gle R, with xfi < Tmax is extended to the right, one rectangle R, with yzt) > Ymin 1S extended
to the bottom, and one rectangle R; with ° < ymax is extended to the top. We next make a
case distinction whether z} <z, or not.

If ] > Zmin, then note that in order for R, to extend from Zmax < Tmin to the right

border of R, it must hold that y! < ymax. Similarly, Ty < Tmaxs yg > Ymin, and yf > Tmin-

See Figure 3 for an illustration.

If 27 < Zmin, then the case is analogous with the rectangles R; and R; swapped and Ry

and R, swapped.

We guess® which case applies and in the following show how to find a solution for the
case Ty > Tmin. We will call those solutions counter-clockwise oriented and otherwise they
are clockwise oriented.

If any rectangle contains a point (z,y) with Zmax < ¢ < Tmin and Ymax < ¥ < Ymin, then
there cannot be a solution as this rectangle cannot be any rectangle in {Ry, R, R:, Ry} as
shown above and it cannot be extended to the top (due to Ry), the left (R;), the bottom (R;),
or the right (R;). This allows us to partition the rectangles into four sets By, B, B3, and By
as follows. See Figure 4 for an example.

5 Whenever we pretend to guess something, we iterate over all possible choices.
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== Ymin

- - - - Ymax

Tmax Tmin

Figure 3 Tllustration of the case where x; > Tmax with the rectangles Ry, R:, Ry, and R, extended
to their respective directions.

***B Ymin

R SRR S [ PN

Tmax Tmin

Figure 4 Example of the four sets Bi (red), Bz (blue), Bs (green), and By (brown).

The set By contains all rectangles R; with yf < Ymax and xf < Tmin. Note that due to Ry,
no rectangle in B; can be extended to the top in any counter-clockwise-oriented solution.

The set By contains all rectangles R; with J;f > Tmin and yé’ < Ymin- Due to Ry, no
rectangle in By can be extended to the left in any counter-clockwise-oriented solution.

The set Bs contains all rectangles R; with yé’ > Ymin and 2] > Tmax. Due to R,, no
rectangle in B3 can be extended to the bottom in any counter-clockwise-oriented solution.

The set By contains all rectangles R; with z] < xpy.x and yf > Ymax- Due to Ry, no
rectangle in By can be extended to the right in any counter-clockwise-oriented solution.

Note that Bi, Bs, B3, B4 indeed form a partition of all rectangles as no rectangle contains
a point (z,y) With Tmax < & < Tmin a0d Ymax < ¥ < Ymin. This allows us to show in the
appendix how to identify a rectangle R,  in B; that has to be extended to the right in any
counter-clockwise-oriented solution. Note that this can be different from R, if xf, > Tmax-
We then do the same to compute rectangles Ry, Ry, and Ry . Afterwards, we show how
these four rectangles can be used to construct a counter-clockwise-oriented solution for the
entire instance in O(nlogn) time assuming that such a solution exists.

49:11
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Let C C B; be the set of rectangles in By that cannot be extended to the bottom
without intersecting a different (unextended) rectangle. We next show that there is no
counter-clockwise-oriented solution if C' = ). Assume towards a contradiction that there is
such a solution S. Then, we construct a different solution S’ where all rectangles in Bs, Bs,
and B, are extended as in S and all rectangles in B; are extended to the bottom. Note
that S’ is indeed a solution as S does not extend a rectangle in By to the left due to R, and
hence extending rectangles in B; to the bottom can only intersect with a different extended
rectangle from Bj. Since all of those are extended to the bottom and by assumption do
not overlap, S’ is a solution. Moreover, S’ contains the rectangle R; € By with xf > Tmin
and y? < Ymax extended to the top. This implies that S’ is not clockwise oriented as shown
next. Recall that each counter-clockwise-oriented solution must contain a rectangle R,
with yﬁ < Ymax and xf. < Tmax Which is extended to the right. Since this rectangle is by
definition contained in B, this contradicts that S’ is a counter-clockwise-oriented solution.
Thus, we may assume that C # (.

Let R, € C be the rectangle in C' with maximum z,. It remains to show that R,
is extended to the right in any counter-clockwise-oriented solution. Assume towards a
contradiction that there is a counter-clockwise-oriented solution S in which R,, is not
extended to the right. Then, R, is extended to the left in S as R, is contained in B; and
in C meaning that it cannot be extended to the top or bottom in any counter-clockwise-
oriented solution. Let R, be the rectangle in By with minimum xf* which is extended to
the right in S. If 4. < a7, then R, (extended to the right) and R, (extended to the left)
cover all possible xz-values and therefore ensure that rectangle R;, cannot be extended to the
bottom, a contradiction to S being a counter-clockwise-oriented solution. Hence, xfi* >zl
Let D C Bj be the set of all rectangles R; with scf < z7,. Note that by the definition of R,/,
it holds that C' C D and that no rectangle in D is extended to the right in S. As in the case
where C' = (), we reach a contradiction by constructing a solution S’ where all rectangles
in By, B3, By, and D are extended as in S and all rectangles in By \ D are extended to the
bottom. Note that S’ is indeed a solution as S does not extend a rectangle in Bs to the
left and since C' C D, extending all rectangles in By \ D to the bottom can only create a
point of density at least two together with a different extended rectangle from B;. Since
all of those are extended to the bottom or to the left, S’ is a solution. Moreover, as all
rectangles in By are still extended as in S, the rectangle R, still fulfills y}? > Ymin and is
extended to the left. However, this means that no rectangle R, exists as this rectangle needs
to be contained in By and extended to the right in any counter-clockwise-oriented solution.
Hence, S’ is not clockwise oriented, a contradiction. Thus, R, is extended to the right in
each counter-clockwise-oriented solution. The arguments to construct Rj, R}, and R) are
analogous and therefore omitted.

We next show how the rectangles R, , Ry, Ry, and Ry can be used to find a counter-
clockwise-oriented solution for the entire instance of DISJOINT RECTANGLE ESCAPE (if such
a solution exists) and analyze the running time. Since the algorithm to find a clockwise
oriented solution is symmetric, this concludes the algorithm.

Note that the rectangle R, splits all rectangles in Bs into two sets: the set B of those
rectangles R; with y! < y% and the set T of rectangles R; with y? > yf,. If any rectangle
in By does not belong to B or T, then extending R, to the right creates a point of density two
and thus no counter-clockwise-oriented solution exists. Moreover in any counter-clockwise-
oriented solution, no rectangle in By can be extended to the left due to Ry, no rectangle
in T can be extended to the bottom due to R, , and no rectangle in B can be extended to
the top due to R, . Similarly, the rectangle Ry splits By into a set L of rectangles which



A. Agrawal, P. Ashok, M. Bentert, S. Jana, A. Sahu, S. Saurabh, and K. Singanporia 49:13

cannot be extended to the right and a set R of rectangles which cannot be extended to the
left. The rectangles in R C B; can only be extended to the bottom or the right. Now, we
find a solution for the rectangles in R U B using Lemma 7 in which each rectangle that can
be extended to the bottom in any solution is extended to the bottom and all other rectangles
are extended to the right. Extending a rectangle from R U B to the right creates a potential
conflict with a rectangle from B, extended to the bottom or from T extended to the top, while
extending such a rectangle to the bottom only creates a potential conflict with rectangles
from RU B which are all handled by Lemma 7. Thus, if a counter-clockwise-oriented solution
exists, then there also exists one in which all rectangles in R U B are extended as computed.
We do the same for the other three sets and check in the end whether these four solutions
combine to a solution for the entire instance. As the four sets By, By, Bs, and By partition
all rectangles and each such set is partitioned into two sets, these eight subsets also form a
partition of all rectangles. Since each such subset is considered in exactly one of the four calls
to the algorithm behind Lemma 7, this yields a potential solution for the considered input
instance of DISJOINT RECTANGLE ESCAPE. If it is a solution, we verify this and output it.
If it is not a valid solution, then no counter-clockwise oriented solution exists and we try
the symmetric algorithm for finding a clockwise oriented solution. If neither exists, then we
correctly output that the input instance is a no-instance.

It remains to analyze the running time. Solving four instances of PARTIAL DISJOINT RECT-
ANGLE EscaAPE(}) takes O(nlogn) time. Determining whether @min < Zmax O Ymin < Ymax
takes constant time. If either applies, we can solve the instance in O(n) time since we can
check for each rectangle whether it belongs to S; or Sy and look up the direction to extend it
to in constant time. In the case where X min > Tmax and Ymin > Ymax, We can check whether
a clockwise-oriented solution or a counter-clockwise-oriented solution exists in O(nlogn)
time each as shown next. Computing the sets By, Ba, Bs, and By takes O(n) time. As we
show in the appendix, we then compute rectangles R, R;, R, and Ry, partition each set B;
into two sets, and solve four instances of DISJOINT RECTANGLE ESCAPE(4)). Computing
the rectangles R, R;, R}, and R} takes O(nlogn) time using the algorithm by Yan, Chung,
and Chen [15] for finding all rectangles that can be extended to a given direction without
intersecting other (unextended) rectangles and then ordering these rectangles. Partition-
ing the rectangles in each set B; takes O(n) time and solving four instances of DISJOINT
RECTANGLE ESCAPE(4) takes O(nlogn) time using Lemma 7. Verifying whether a given
extension for each rectangle yields a solution also takes O(nlogn) time. |

By placing a long rectangle blocking one of the borders of the bounding rectangle R,
we can reduce any variant of DISJOINT RECTANGLE ESCAPE with a limited set of allowed
directions to DISJOINT RECTANGLE ESCAPE. Hence, all of these variants can also be solved
in O(nlogn) time. This yields the following.

» Corollary 9. DISJOINT RECTANGLE ESCAPE(4), DISJOINT RECTANGLE EScAPE(]), and
D1sJOINT RECTANGLE ESCAPE(]) can all be solved in O(nlogn) time.
4 Two Opposite Directions
In this section, we prove Theorems 2 and 3.
» Theorem 3. RECTANGLE ESCAPE (]) is NP-hard.

Proof. We reduce from VERTEX COVER, one of Karp’s original 21 NP-hard problems. In
VERTEX COVER, we are given an undirected graph G = (V, FE) and an integer k as input.
The question is whether there exists a vertex set S C V of size at most k such that each edge
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top row

B T
_ ‘ ‘ higher rows

rn—k—1

middle row

lower rows
bottom row

Figure 5 Example construction for the input graph on the left. The numbers in boxes show the
input density (how many overlapping rectangles there are before extending any rectangle). The
rectangles corresponding to vertices are color-coded and the vertical dashed line shows that extending
all violet and red rectangles upwards and all blue and brown rectangles downwards is not a solution
as it creates density 5 > n in the middle row (and this is indeed not a vertex cover).

in F has at least one endpoint in S. Let (G = (V, E), k) be an input instance for VERTEX
CoOVER and let n = V| and m = |E| be the number of vertices and edges in G, respectively.
We assume without loss of generality that V = {vy,vse,...,0,} and E = {eq,ea,...,en}.
We will next construct an equivalent instance of RECTANGLE ESCAPE( ) with d = n. An
illustration of the following reduction can be seen in Figure 5.

We start with a boundary rectangle R of height 2n + 3 and width 4m + 2. We divide the
rectangle into a grid with 2n + 3 rows of height 1 and 4m + 2 columns of width 1.

The first row is the bottom row, row number n+2 is the middle row, and row number 2n+3
is the top row. For each v; € V, the row ¢ 4+ 1 is the lower row for v; and row n + i + 2 is the
higher row for v;. We collectively call all higher rows for any vertex the higher rows and all
lower rows for any vertex the lower rows. The two leftmost columns are the set-up columns
and we call the first column the left set-up column and the second column the right set-up
column. Columns 4¢ — 1 to 4¢ + 2 correspond to e; for each ¢ € [m]. All of the following
rectangles have height one and if we say that we place a rectangle in a specific row, then we
mean that the height of the rectangle completely fills this row. We first place one rectangle
in the top row that spans all 3m + 2 columns. Similarly, we place n — k — 1 (overlapping)
rectangles in the middle row (also spanning all columns). Finally, we place k rectangles in
the bottom row (also spanning all columns) plus n — k additional rectangles that only span
the left set-up column.

Next, we place rectangles for each vertex in G. For each vertex v; € V, we will place
rectangles in the lower and higher row for v; such that no such rectangle is in the left set-up
column and for every other column, there is exactly one rectangle in either of the two rows
for v;. We start with one rectangle in the right set-up column in the lower row for each v;.
Let e; = {v;,,vj,} be an edge where j; < jo. For each vertex v € V'\ {vj,,vj,}, there is
a rectangle in the lower row for v in all four columns corresponding to e;. For v;, , there
is a rectangle in the first two columns corresponding to e; in the higher row for v;, and a
rectangle in third and fourth column corresponding to e; in the lower row for v;,. For v;,,
there is a rectangle in the first and fourth column corresponding to e; in the lower row for v;,
and a rectangle in the second and third column corresponding to e; in the higher row for vy, .
Whenever two rectangles in the same row touch each other, we merge them into a single
rectangle. This concludes the construction. Before we prove the correctness, we first prove a
couple of key facts about the reduced instances.
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First, note that there are already n rectangles in the bottom row in the first set-up
column. Hence, if any rectangle in the top or middle row is extended towards the bottom,
then this creates density n+1 > d. Since all these rectangles occupy the entire width of their
respective row, we already have density n — k in the top row everywhere and therefore at
most k other rectangles can be extended upwards in each column. Moreover, since there are k
rectangles in the bottom row in each column (which can be assumed to be extended to the
bottom without loss of generality as they already touch the lower boundary), at most n — k
other rectangles can be extended towards the bottom in each column.

Note that by construction, there are n rectangles in each column except for the first set-up

column that were not considered so far and exactly one corresponds to each vertex in V.

Moreover, we show next that between any two consecutive columns (excluding from the first
to the second set-up column) there is exactly one vertex v such that either a rectangle in the
higher row for v ends at that point and a rectangle in the lower row for v starts or the other
way around, that is, a rectangle in the lower row for v ends and a rectangle in the higher

row for v starts at that point. To this end, consider any two consecutive columns 7,7 + 1.
Let e; = {vj,,v;,} with ji < jo be the edge such that column ¢ + 1 corresponds to e;.

We make a case distinction on whether ¢ + 1 is the first, second, third, or fourth column
corresponding to e;. If ¢ + 1 is the first column corresponding to e;, then a rectangle in
the lower row for v;, ends in column 7 and a rectangle in the higher row for v;, starts in
column ¢+ 1. If 4 + 1 is the second column corresponding to e;, then a rectangle in the lower

row for v;, ends in column ¢ and a rectangle in the higher row for v;, starts in column 4+ 1.

If 7 + 1 is the third column corresponding to e;, then a rectangle in the higher row for v;,
ends in column ¢ and a rectangle in the lower row for v;, starts in column ¢ + 1. If ¢ + 1 is
the fourth column corresponding to e;, then a rectangle in the higher row for v;, ends in
column 7 and a rectangle in the lower row for v, starts in column ¢ + 1. No other rectangles
start or end between these two columns.

We next show that all rectangles corresponding to the same vertex are extended in the
same direction in any solution. Assume towards a contradiction that there is a solution with
maximum density d = n such that for some vertex v, there are two rectangles corresponding
to v where one is extended to the top and the other is extended to the bottom. Since there is
exactly one rectangle corresponding to v in each column, there are two consecutive columns ¢
and ¢ + 1 such that the rectangle corresponding to v in column i is extended in a different
direction than the rectangle corresponding to v in column 7 + 1. Since the two cases are
analogous, we assume that the rectangle in column ¢ is extended upwards and the rectangle
in column ¢ + 1 is extended downwards. Note that since there are exactly 2n rectangles in
column 1%, it holds that exactly n of them are extended to the top in the assumed solution and
exactly n are extended to the bottom. Note that the n rectangles that are extended to the
bottom do not end in column ¢ and therefore also exist in column ¢ 4+ 1. Together with the
rectangle for v in column i 4 1 that is extended to the bottom, this creates density n+1 > d
in the bottom row, a contradiction.

We next show that the constructed instance is indeed equivalent to the input instance of
VERTEX COVER. Since the reduction can clearly be computed in polynomial time, this will
conclude the proof. To show correctness, assume first that there is a vertex cover S C V of
size at most k in G. We extend all rectangles in the top and middle row and all rectangles in
the lower or higher row for vertices in S to the top. We extend all other rectangles to the
bottom. We next show that this creates maximum density d = n. Note that the top and
bottom rows have density n everywhere except for the left setup column in the top row by
construction. Each point in any lower row is only contained in rectangles corresponding to
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vertices in any solution, that is, they have density at most n. Hence, it remains to analyze
the middle row and the higher rows. Note that in each column, the density in these rows can
only be greater than in the top row due to rectangles in higher rows being extended to the
bottom. However, in each column there are only two such vertices and by construction, at
least one of these vertices belongs to S. Thus, in the described area, the maximum density
consists of at most one rectangle being extended to the bottom plus the n — k — 1 rectangles
in the middle row plus at most k rectangles being extended to the top (including at least
one in a higher row). The maximum density is therefore at most n —k —1+1+k=n=d.
This concludes the forward direction of the proof.

For the other direction, assume that there is a solution for the constructed instance of
RECTANGLE ESCAPE( ] ). As shown above, we can assume that all rectangles corresponding
to a given vertex are extended in the same direction (upwards or downwards) and there
are exactly k vertices for which rectangles are extended upwards. We next show that these
vertices form a vertex cover in G. Assume towards a contradiction that this is not the
case, that is, there is an edge e = {v;,v,} such that all rectangles for v; and for v; are
extended downwards. Consider the second column corresponding to e. Exactly k rectangles
corresponding to vertices are extended upwards in this column and since we assume that v;
and v; are not among those, all of these rectangles are below the middle row and therefore
their extension intersects the middle row. Moreover, there are rectangles for v; and for v; in
the considered column in the respective higher rows. Since we assume that these rectangles
are extended downwards, they also intersect the middle row. As there are n —k — 1 rectangles
in the middle row initially, this leads to a density of n —k —1+k+2=n+1>4d, a
contradiction to the assumption that we started with a solution for RECTANGLE EscAPE( |)
with density at most d. This concludes the proof. |

We next restate Theorem 2, but defer its proof to the appendix.
» Theorem 2 (x). RECTANGLE ESCAPE(]) can be solved in O(4%dn + nlogn) time.

A straight-forward generalization of Theorem 2 also allows us to solve RECTANGLE
EscaPE(}) in O(2"4%n) time and RECTANGLE ESCAPE in O(3"4%n) time. In a nutshell,
we guess which rectangles are extended to the left and/or right and then use a small adaptation
of Theorem 2 to compute an optimal way of extending the remaining rectangles to the top
or bottom. Due to space constraints, we have to defer proof details to a full version.

» Corollary 10. RECTANGLE ESCAPE can be solved in O(3"4%dn) time and RECTANGLE
EScAPE(]) can be solved in O(2"4%dn) time.

5 Conclusion

We studied RECTANGLE ESCAPE and DISJOINT RECTANGLE ESCAPE under various restric-
tions on the directions in which rectangles are allowed to escape. We resolved two open
problems from the existing literature [1], showing that RECTANGLE ESCAPE(%1) is NP-hard
for d = 2, and that RECTANGLE ESCAPE( I) is NP-hard when d is part of the input, but
solvable in O(nlogn) time for any constant d.

For D1sJOINT RECTANGLE ESCAPE, we proved an unconditional lower bound of Q(n logn)
together with a matching upper bound for any (sub)set of directions. Moreover, we presented
the first improvement over the naive O(4™n)-time algorithm for RECTANGLE ESCAPE
when d € o(n) by designing an algorithm that runs in O(3"4%dn) time. An exciting open
question is whether one can design a truly (4 — &)™-time algorithm for RECTANGLE ESCAPE
for some £ > 0 and all d.
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A  Appendix

Missing proof details for Theorem 1

We provide a formal description of the clause rectangles in the different cases. We start
with negative clauses. Let C7' be a negative clause. If C7* contains three literals -z, -y,
and —z with * < y < 2z, then we add 10 rectangles plus one special rectangle called the
helper rectangle as follows. The helper rectangle cover the intersection of the first column
corresponding to z and the 5" and 6 row corresponding to C. The other ten rectangles
each cover the intersection of one row and one column as follows:

the 1% row corresponding to CP* and the 5" column corresponding to =,

the 15 row corresponding to CF* and the 5% column corresponding to y,

the 2" row corresponding to CI* and the 4" column corresponding to z,

the 274 row corresponding to C* and the 3" column corresponding to ¥,

the 34 row corresponding to C7' and the 3' column corresponding to ,

the 3' row corresponding to C* and the 4" column corresponding to ,

the 4" row corresponding to C and the 2°¢ column corresponding to ,

the 4*® row corresponding to C* and the 2"¢ column corresponding to ¥,

the 5*® row corresponding to C* and the 2"¢ column corresponding to z, and

the 61" row corresponding to C?* and the 4*" column corresponding to 2.
If C7* only contains two literals =2 and —y with # < y, then we place one helper rectangle in
the border column in the first four rows corresponding to C}* and eight other rectangles each
covering the intersection of one row and one column as follows:

the 15¢ row corresponding to C!* and the 5% column corresponding to ,

the 1% row corresponding to O and the 50

the 274 row corresponding to C* and the 4" column corresponding to z,

the 274 row corresponding to C* and the 3" column corresponding to ¥,

the 3' row corresponding to O and the 3¢ column corresponding to =,

the 3" row corresponding to C7' and the 41 column corresponding to ¥,

the 4*® row corresponding to O and the 2°¢ column corresponding to z, and

the 4" row corresponding to C?' and the 274 column corresponding to .
We now turn towards positive clauses. Let C? be a positive clause. If C? contains three
literals z,y, and z with < y < z, then let j, € {1,2} be the index such that = appears for
the j, ' time positive in C?. We define j, and j. analogously for y and z, respectively. We
place a helper rectangle in the intersection of the second column corresponding to C? and
the 25, — 1% row corresponding to x. Moreover, we place three rectangles each covering the
intersection of one row and one column as follows:

the 24, row corresponding to = and the first column corresponding to C?,

the 2jyth row corresponding to y and the first column corresponding to C?, and

the 24, row corresponding to z and the second column corresponding to C?.
If C? contains two literals z < y, then we define j, and j, as before, place a helper rectangle
covering the intersection of the border row and the first column corresponding to C? and
two rectangles each covering the intersection of one row and one column as follows:

the 2j,'" row corresponding to  and the first column corresponding to C¥ and

the ijth row corresponding to y and the first column corresponding to C?.
This concludes the construction. Next, we prove that the construction is correct.

column corresponding to vy,

> Claim 11. The constructed instance of RECTANGLE ESCAPE(41) has a solution with
maximum density two if and only if ¢ is satisfiable.
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Proof. First, assume that ¢ is satisfiable and let 8 be a satisfying assignment. We start by
extending all border rectangles in the border column to the left and all border rectangles in
the border row to the bottom. Next, for each variable z, if 3(z) is true, then we extend z;
and x5 to the bottom and otherwise we extend x; and xo to the left. For each clause
rectangle R (except helper rectangles) for a negative clause, let 2z be the variable such
that R is contained in a variable column corresponding to zg. If B(xg) is true, then we
extend R to the left. Otherwise, we extend R to the bottom. For each negative clause C,
if C7' contains three literals —x,—y, and —z with z < y < 2, then we extend the helper
rectangle for CI* to the left if and only if S(z) is false. If C* contains only two literals, then
we extend the helper rectangle to the left. For each clause rectangle R (again except helper
rectangles) for a positive clause, let g be the variable such that R is contained in a variable
row corresponding to xzg. If B(xg) is true, then we extend R to the left. Otherwise, we
extend R to the bottom. For each positive clause C?, if C¥ contains three literals z, y, and z
with @ < y < z, then we extend the helper rectangle for C? to the bottom if and only if 3(z)
is true. If C¥ contains only two literals, then we extend the helper rectangle to the bottom.

We will next show that the constructed solution indeed has maximum density two. Note
that the following holds for each helper rectangle for a negative clause with three literals:
In the variable column that contains this helper rectangle, there is only one other rectangle
which is a border rectangle. This holds as each variable appears only once negated. Similarly
by construction, each variable column containing a variable rectangle contains at most one
clause rectangle and at most one of these two rectangles is extended to the bottom. The
same argument applies to helper rectangles for positive clauses, variable rows, and extensions
to the left as each variable appears at most twice and therefore at most once for the first time
and once for the second time. Moreover, if a clause rectangle in a variable row (equivalently
a clause rectangle for a positive clause) is extended to the left, then the respective variable
rectangle is extended to the bottom and hence no clause rectangle in a variable column
corresponding to that variable are extended to the bottom. Thus, in the area that is the
intersection of variable rows and columns, the maximum density is at most two. Since no
rectangles are placed in the intersection of clause rows and clause columns, we can analyze
the clause rows and the clause columns individually.

We start with the clause rows. For a negative clause C7* containing two literals, note that
by construction at least one of the two clause rectangles (excluding the helper rectangle)
in each of the first four rows corresponding to C}* are extended to the bottom as 3 is by
assumption a satisfying assignment. Moreover, the fifth and sixth row only contain a single
border rectangle. Hence, the maximum density in these columns is at most two unless a
clause rectangle for a clause C’;‘ with j > ¢ is extended to the bottom. However, note that we
sorted all clauses lexicographically. This means that all clauses appearing later only contain
variables that appear after the first variable of C]*. Hence, in columns where rectangles
from C7' can be extended to the bottom, the density of rectangles for C7* is at most one,
yielding maximum density two in all clause rows. If C}* contains three literals, then the same
argument as above shows that the density in every column containing a clause rectangle
from a clause C7' with j > 4 has maximum density two. The only remaining possibility to
create density three in a clause row of C}* is if the helper rectangle is extended to the bottom
and for one of the first four rows for C}*, both rectangles in that row are extended to the
left. Note that this corresponds to 3 setting all three variables appearing in C}* to true,
contradicting the fact that g is a satisfying assignment.

We next turn to the clause columns and mention that the arguments are basically the
same as for clause rows. For a positive clause C¥ containing two literals, at least one of
the two non-helper clause rectangles in the first column corresponding to C? are extended
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to the left as 8 is by assumption a satisfying assignment. Moreover, the second column
only contain a single border rectangle. The maximum density in these columns is therefore
at most two unless a clause rectangle for a clause Cf with j > i is extended to the left.
However, these helper rectangles are above one of the two relevant rectangles due to the
lexicographical order. Finally, the density in the border row and the border column is also
at most two. If C? contains three literals, then the same arguments as above apply showing
that the density in every column containing a clause rectangle from a clause C’JP with j >4
has maximum density two. The only remaining possibility to create density three in a clause
row of C? is if the helper rectangle is extended to the left and both rectangles in the first
column for C? are extended to the bottom. Note that this corresponds to 3 setting all three
variables appearing in C? to false, contradicting the fact that 3 is a satisfying assignment.
This concludes the proof for the forward direction.

We next show the other direction. To this end, assume that there is a solution 7 to the
constructed instance of RECTANGLE EsSCAPE(51). We construct a satisfying assignment 8 by
setting B(x) to true whenever at least one of the two rectangles z; and x5 is extended to the
bottom. Assume towards a contradiction that S is not a satisfying assignment. Then, there
is at least one clause C' which is not satisfied by 5. We make a case distinction whether C' is
a positive or a negative clause and whether it contains two or three literals.

If C' is a positive clause containing three literals x,y, and z with z < y < z, then by
construction x1,x2,¥y1,¥y2,21 and z9 are all extended to the left. Hence, all three clause
rectangles for C' except for the helper rectangle have to be extended to the bottom. If
the helper rectangle for C' is extended to the bottom, then it creates density three in the
intersection of the second clause column corresponding to C and the border row. If the
helper rectangle for C' is extended to the left, then it creates density three in the intersection
of the first (clause) column corresponding to C' and the row containing the helper variable
for C. Hence, in both cases we reach a contradiction to the fact that 7 is a solution with
maximum density two.

If C' is a positive clause containing two literals x and y, then by construction x1, x2, y1,
and ys are all extended to the left. Then, both (non-helper) clause rectangles for C are
extended to the bottom. Now, both of these rectangles intersect the helper rectangle in
the border row creating density three, a contradiction to v being a solution with maximum
density two.

If C is a negative clause containing three literals -z, -y, and —z with z < y < z, then
by construction, the solution S extends at least one of the two rectangles z; and z; to the
bottom. This means that at least one of the two (non-helper) rectangles in the fifth and
sixth row corresponding to C' is extended to the left. This implies that the helper rectangle
for C is extended to the bottom. Moreover, at least one of x1 and x5 is extended to the
bottom by construction and the same holds for y; and y.. Let without loss of generality
be x; and y2 be extended to the bottom (the other three cases are analogous). Then, both
rectangles in the third clause row corresponding to C' have to be extended to the left. Note,
however, that the density in the intersection of the first column corresponding to x and the
third row corresponding to C has density three, a contradiction.

If C' is a negative clause containing two literals —x and —y with x < y, then the solution ~
extends at least one of the two rectangles z; and 2 to the bottom and the same holds for y;
and yo. Let without loss of generality x5 and y; be extended to the bottom (the other three
cases are analogous). Then, both rectangles in the second row corresponding to C' have to
be extended to the left. Now, both of these rectangles intersect the helper rectangle in the
border column creating density three, a contradiction to v being a solution with maximum
density d = 2.
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Figure 6 An example of RECTANGLE ESCAPE( I) with d = 2. The dynamic program for the left
(blue) sweep line has the following entries set to true: R; and Rs escape to the top and R4 to the
bottom (which is possible if R3 escapes to the bottom and Rs in either direction) and R; escapes to
the top and R4 and Rs escape to the bottom (which is possible when R3 escapes to the top and R2
to the bottom). For the right (red) sweep line, the dynamic program has only a single true entry:
R1 and Rg escape to the top and R4 and Rs escape to the bottom.

Since we found a contradiction to the assumption that C' is not satisfied by 3 for all cases
of C, this shows that all clauses are in fact satisfied by [, showing that ¢ is satisfiable. This
concludes the proof. <

Proof of Theorem 2
» Theorem 2 (x). RECTANGLE ESCAPE(]) can be solved in O(4%dn + nlogn) time.

Proof. We assume without loss of generality that the z-coordinates of the left and right
border are distinct for each rectangle. We start by sorting the left and right border of all
rectangles by their z-coordinate in O(nlogn) time. Next, we present a sweep-line dynamic-
programming algorithm, that is, intuitively, we go through all points from left to right,
keeping track of which rectangles intersect the current position of the vertical sweep line. For
each combination of letting these rectangles escape to the top or bottom, we store whether
there is a solution for all rectangles with their left endpoint to the left of the sweep line in
which all “current” rectangles escape as described. See Figure 6 for an example.

We now proceed to state the dynamic program formally. To this end, let p1,pa, ..., Dan
be the sorted x-positions where rectangles start or end. We say that p; = ¢; if the left side
of rectangle R; has z-coordinate p; and p; = r; if the right side of R; has z-coordinate p;.
For any i € [2n], let A; C S be the set of rectangles that are active at position p;, that
is, R; € A; if and only if £; < p; < r;. Note that due to the definition of rectangles as the
Cartesian product of two half-open intervals, R; is active at position ¢; but not at position r;.
Moreover, let L; = | i<i A; be the set of all rectangles which are active or were already active
to the left of p;. Our dynamic program 7': IN x 2° — B will store for each position i € [2n]
and each subset B C A;, whether there is a solution for the instance induced by L; where
all rectangles in B escape to the top and all rectangles in A; \ B escape to the bottom.
We compute T[i, B] as follows (assuming that T'[¢ — 1, B’] has been correctly computed for
all B' C A;_; where initially T[0, 0] is set to true).

If p; = ¢; for some rectangle R;, then we set T[4, B] to true if T[i — 1, B\ {R;}] is true
and if letting all rectangles in B escape to the top and all rectangles in A; \ B to the bottom
does not create density d + 1 anywhere on the vertical line at z-position p;. Otherwise, we
set T'[i, B] to false. If p; = r; for some rectangle R;, then we set T[i, B] to true if and only
if T[i —1,B] or T[i — 1, BU{R;}] is set to true. After the entire table has been computed,
we return true if and only if T'[2n, 0] is set to true. This concludes the description of the
algorithm.
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We show that the algorithm correctly solves RECTANGLE ESCAPE(]) via induction on i
and afterwards, we analyze the running time. For the base case, note that setting T[0, 0]
to true is correct as Ag = () and not extending any rectangles does not create any density.
So for the induction step, assume that T[i’, B’] is correctly computed for each i’ < ¢ and
each B’ C A;. For the first direction, assume for some B C A; that all rectangles in L;
can escape in such a way that all rectangles in B escape to the top, all rectangles in A; \ B
escape to the bottom, and the density everywhere is at most d. We show that T'[¢, B] is
set to true. By assumption, letting all rectangles in B escape to the top and all rectangles
in A; \ B to the bottom does not create density d + 1 anywhere so also not at position p;.
If p; = ¢; for some rectangle R;, then note that T[i — 1, B \ {R;}] is set to true by the
induction hypothesis and therefore by construction T'[i, B] is also set to true. If p; = r;
for some rectangle R;, then we consider the two cases whether R; escapes to the top or
to the bottom in the assumed solution. If R; escapes to the top, then note that by the
induction hypothesis T[i — 1, BU{R;}] is set to true and hence T[¢, B] is also set to true by
construction. If R; escapes to the bottom, then T'[i — 1, B] is set to true by the induction
hypothesis and T, B] is then set to true by construction.

For the reverse direction, assume that T, B] is set to true for some B C A;. We show
that all rectangles in L; can escape in such a way that all rectangles in B escape to the top, all
rectangles in A; \ B escape to the bottom, and the density everywhere is at most d. We make
a case distinction whether p; = ¢; or p; = r; for some rectangle R;. If p; = £;, then note that
since T'[¢, B] is set to true, it holds that T'[¢ — 1, B\ {R;}] has to also be set to true and letting
all rectangles in B escape to the top and all rectangles in A; \ B does not create density d + 1.
By the induction hypothesis, this means that the density at every point with an z-coordinate
less than p; is at most d. Hence, the density is everywhere at most d. If p; = r;, then note
that T'[i — 1, B] or T'[i — 1, BU {R;}| must be set to true. By the induction hypothesis, this
means that the density at every point with an z-coordinate less than p; is at most d. Since
the density can only drop at z-coordinate p; (as a rectangle disappears and no new rectangle
appears), the density is everywhere at most d. This concludes the induction step.

It remains to analyze the running time. Note that if |4;| > 2d for some i € [2n] (which
can be tested in linear time after the sorting step), then we can immediately conclude that
there is no solution as at least d + 1 rectangles in A; have to escape to either the top or the
bottom and both clearly creates density d + 1 somewhere. So we may assume that |4;| < 2d
and hence, there are at most 22¢ = 4% table entries for each position i. Hence, the number of
table entries is overall in (’)(4dn). We can precompute all sets A; and sort their y-positions
in overall O(ndlogd) time. Afterwards, we can compute each table entry in O(d) time by
extending all at most d rectangles in B to the top, all at most d rectangles in A; \ B to the
bottom and then go through the sorted list of y-coordinates and keep track of the maximum
density in O(d) time. Thus, the overall running time of our algorithm is in O(4%dn +nlogn).
This concludes the proof. |
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