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—— Abstract

This paper describes the algorithmic choices made in a pure GPU implementation to compute

persistent homology for cubical complexes in dimension 1 or 2. The main ingredients are the parallel
detection of apparent pairs, the simple reduction of the remaining complex when we only consider Hy,
and the possibility to iterate those two steps. The result can be 200 times faster than a sequential
CPU implementation.
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1 Introduction

Efficient computation of persistent homology has seen a lot of research in the last 20 years
(see [17] and many papers since then). In this paper, we are interested in the special case of
cubical complexes of dimension 1 or 2. This is a particularly simple case, it only requires
computing homology of dimension 0 (in 2d, H; can be computed as Hy of a dual complex,
with a bit of care), which is known to be much cheaper to compute than higher dimensional
homology. We will not consider arbitrary filtrations on 2d cubical complexes, but only the
so-called lower-star filtrations defined by the values of the top-dimensional cells (the squares).
The value of each edge and vertex is defined as the minimum of their cofaces (the largest
value so that the sublevel set filtration is valid). Computing the persistence diagram in these
cases can be done quite efficiently by a serial algorithm on the CPU, and for that we will
use as reference the implementation available through CubicalPersistence in the Gudhi
library [18], the fastest! we could find.

Our goal in this paper is to take advantage of the increasingly common Graphical
Processing Units (GPU) to compute those persistence diagrams more efficiently than the
CPU. There has already been work on parallel persistent homology computation. Guillou
et al. [12] have a multi-threaded implementation for cubical complexes of dimension 1, 2
and 3. Morozov and Nigmetov [16] have a multi-threaded version of the boundary matrix
reduction, which can be used to compute homology of any dimension of any type of filtration.
Hypha [25] uses a GPU to preprocess the boundary matrix before reducing it on a CPU.
OpenPH [15] also concentrates on matrix reduction, but does the whole computation on a

This is in no way a general claim about the performance of this library. For 2d complexes defined from
top cells and for 1d complexes, CubicalPersistence dispatches to state-of-the-art code, while for all
other cases it falls back to a slower generic code based on CubicalComplex. Other libraries can be
significantly faster for other cases, for instance CubicalRipser [13] for 3d.
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Figure 1 Illustration of persistent homology.

Figure 2 Example of persistence computation in 1d. The first iteration detects four patterns,
outputs one pair (6,7) and removes five elements. The second iteration detects two patterns, outputs
two pairs (2,4) and (5,9), and removes four elements. We are left with only the global minimum 0.

GPU. In the particular setting of Rips filtrations, Ripser++ [26] uses a GPU to preprocess
data and speed up the CPU computation. However, we are not aware of any work computing
specifically the persistent homology of cubical complexes or Hy persistence on the GPU. Also
relevant are works to train a neural network to output a vectorization of the diagram [20],
and works to compute the Euler characteristic curve [4] and related transformations which
are simpler than persistent homology.

While the “usual” way to compute persistent homology starts by sorting the cells by
their filtration value before reducing the matrix in order (with some flexibility in the parallel
approaches), one of our aims while developing this approach, for dimensions 1 and 2, was to
avoid sorting all the cells (even though sorting can be relatively efficient on a GPU). Instead,
we mostly rely on detecting apparent pairs and simplifying the complex, although the details
differ a lot between the two dimensions.

In this paper, we only consider the setting where the input image is large but not huge,
so we can allocate a few arrays as large as the input in the GPU memory. Other settings are
discussed in Section 5.

2 Dimension 1

This section uses the vocabulary, notations and results from [11] (sequential CPU algorithm).
The main idea of that paper is to detect patterns in consecutive values of the input and
simplify them: in a monotone subsequence of size three (pattern 123 or 321), the middle
element is unnecessary and can be removed; in a subsequence where the comparisons between
values are the same as for the sequence 1324 or 4231, we can output a persistence pair
corresponding to (2,3) and remove the two central elements.

The GPU is a perfect tool to detect patterns, it can essentially look at all the consecutive
4-tuples of values in parallel to detect which ones are part of a pattern. More precisely, we
can launch a kernel that says, for each element, whether it should be removed (because it is
equal to the next one, or in the middle of a monotone triplet, or in second or third position of
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Algorithm 1 Dimension 1.

while at least 2 elements do
for element e do
test if e is in a pattern

1:

2

3

4 possibly mark e for removal

5 possibly output a persistence pair
6

copy the elements not marked for removal into a new array

a pattern 1324 or 4231), and whether it is the first element of a persistence pair that should
be collected for the diagram (the 3 in 1324 or the 2 in 4231). We can then extract from the
input the pairs already computed and the remaining values, and iterate on the remaining
values until only the global minimum is left, see Figure 2 for an example.

Some details need a bit of attention. First, we need to convince ourselves that adjacent
patterns cannot interact in a problematic way if they are handled at the same time. For
instance, in 01324, we remove 1 as part of a monotone triplet, and 32 as part of a local
pair, so we are left with only 04 and do not see the 03 or 14 that we would expect from one
removal, but that result is what we would get from doing the two simplifications sequentially
(with intermediate 0324 or 014 depending on the order), so it is correct. An immediate case
analysis shows that no two patterns can interact in a problematic way. To avoid special code
for the boundary, it is convenient to add (explicitly or implicitly) one or two +oco before the
sequence and at the end, which has no impact on the persistence diagram of sublevelsets.

There is significantly more engineering work to get good performance out of this approach
compared to the sequential CPU version. While it is already possible to beat the sequential
CPU algorithm using plain PyTorch commands, we can still gain a large factor by writing
lower-level CUDA code. The most problematic parts are collecting persistence pairs and
compressing the remaining values into a contiguous buffer, since these operations are not
local and may need to synchronize with the CPU at some point. To collect the persistence
pairs, one convenient way is to have a large enough buffer preallocated and use an atomic
variable to indicate how many pairs have already been collected. Outputting a pair then
consists in incrementing the atomic variable to reserve a position in the buffer, and writing
the pair there. Contention can be limited through the common approach of warp or block
aggregation, i.e. having a small group of threads communicate so they only need to access the
atomic once for the group. Compressing the remaining values can be done through stream
compaction functions provided by common libraries (here the order of the values matters, so
we cannot use the same atomic appending approach as for collecting persistence pairs, where
the order is undefined).

We cannot hope for a good worst-case running time with this kind of approach, a
narrowing [11] input would only remove 2 elements per iteration, requiring a linear number
of iterations and defeating all parallelism. However, on more typical input, the size of the
array tends to decrease geometrically (the first iteration can already have a huge impact for
smooth functions with few critical points), and few iterations are needed. One possibility for
bad cases would be to detect if the GPU is not making enough progress, for instance if an
iteration removed less than 10% of the values, assume this is a pathological case, and hand it
over to the sequential CPU implementation.
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Figure 3 Collapsing the boundary of a 2d grid. The colors indicate the pairs vertex-edge and
edge-square that define an elementary collapse.
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Figure 4 Local pairing. The colors indicate the local pairs in different cases. Red is for critical
cells, black for cells that belong to a different square, + (resp. —) means that the adjacent cell has a
larger (resp. smaller) filtration value.

3 Dimension 2

The beginning of the algorithm is copied from Gudhi’s implementation, since this first
phase is almost embarrassingly parallelizable. Gudhi’s implementation was itself inspired
by [19, 22, 12], and we first describe it in Section 3.1 before explaining how it is modified for
the GPU. See also Figure 5 for a small example.

The cubical complex is implicit, we never build an array with the filtration value of all
the cells of all dimensions. The cubes on the boundary can all be collapsed, see Figure 3;
assuming an input image of width W and height H, we will thus work on a complex with
(H — 1)(W — 1) vertices and (H — 2)(W — 2) squares. The collapsed boundary squares still
affect the value of vertices and edges on the new boundary, and thus the output persistence
diagram.

3.1 Gudhi’s algorithm
3.1.1 Local pairing

The first operation, explained in [19], consists in pairing cells locally. For each square, we
list the faces that have the same filtration value as the square (all their other cofaces are
larger), where we assume that all squares have distinct values or break ties using the index
of the cells. We then pair those cells (the square with an edge, a vertex with an incident
edge) maximally, with the only constraint that in the case where all 4 vertices are selected,
we are not allowed to pair all of them (that would give a cycle in what is supposed to be a
gradient), one of the edges must be paired with the square. The remaining unpaired faces
are critical. See Figure 4 for some examples.
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3.1.2 Union-find

A possible interpretation of the local pairs is that they correspond to (anti-)collapses in
subcomplexes. The pairs vertex-edge define a forest, with the local minima as roots. Similarly,
the pairs edge-square define a forest in the dual, with the exterior acting as a single cell with
infinite value, the fact that similar operations are done in the dual will not always be repeated.
In order to identify efficiently which tree each vertex belongs to, we use a union-find data
structure. Pairing a vertex with an edge is encoded by writing that the parent of this vertex
is the other extremity of the edge. Marking a vertex as critical is encoded by writing that it is
its own parent. In a traditional union-find data structure with union by rank, one would not
directly write the parent, instead the union operation would cleverly decide the orientation
of the edge in order to keep trees balanced, and for persistence we would separately maintain
the minimum of each tree. However, this is harder to parallelize, and even Gudhi’s serial
implementation does not do this because it did not seem to help on typical input. As long as
path compression is used, it only replaces a(n) with log(n) in the worst case complexity.

3.1.3 Persistence on graphs

This phase is very standard Hy persistence computation. During the previous phase, we
collected the critical edges in an array. We now sort them by filtration value, and process
them in increasing order. Since the local pairing identified exactly the right number of
critical edges (at least when all input cells have distinct values), this can be cheaper than
sorting all the squares. We examine the extremities of the edge using the union-find data
structure. If they belong to different connected components, we apply the elder rule, output
a persistence pair, and mark the elder root as parent of the other one. If they belong to the
same connected component, the edge is put aside. Once we are done computing Hy, we do
the same thing for H; using only the remaining edges that were put aside during Hy. In the
end, we pair the global minimum with infinity, ignore the global maximum (the outer cell),
and return the diagram.

3.2 Example

We present here a worst-case structural example, both for intuition, and because it is useful
to know the size of buffers that need to be allocated.

The maximal number of critical vertices is L%J L%J Indeed, thinking in terms of
adding the squares (together with their faces) one by one in increasing order, a square creates
a new connected component if and only if none of its vertices were already present, so each
connected component consumes 4 vertices, exactly one of which has both coordinates odd.

The maximal number of critical squares is [(H — 2)(W — 2)/2]. Indeed, initial boundary
squares cannot be critical, and two squares that share an edge cannot both be critical.

Both can be reached simultaneously by a checkerboard where half of the black cells are
actually grey, as in Figure 6. More precisely, for each cell, we look at its index z inside
its row and its index y inside its column, and assign it a value of 0 if both are even, 1 if
both are odd, and 2 otherwise. The Os are all isolated local minima, and the 2s are isolated
local maxima (because we assign to cells the minimum of the values of their cofaces, the
connectivity between cells is not the same for minima and maxima). This construction has
around %H W critical edges, the maximal possible, more than twice what a pure random
input has experimentally.

While the number of critical cells is maximal, this does not say much about the persistence
computation, and there is some flexibility in the construction to fix an order between the
currently equal cells.
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Figure 5 Illustration of the algorithm on an example. We start with a 4x4 image, compute the
values of the vertices and edges, and drop one layer all around. We locally pair the cells (blue and red
capsules). The red capsules define a forest rooted at the local minima 0 and 1, with non-decreasing
values along the branches, which partitions the set of vertices. The blue capsules define a forest
rooted at the local maxima 15 and oo (the outer face), with non-increasing values along the branches,
which partitions the set of 2d faces. The critical (unpaired) cells define the graphs at the bottom.
On the left, the primal graph uses the critical vertices as vertices. The critical edge with value 2
connects the component of 1 with the component of 0, while the critical edge with value 10 connects
the component of 0 to itself. On the right, the dual graph uses the critical 2d faces as vertices. The
critical edge with value 2 connects the component of oo to itself, while the critical edge with value
10 connects the component of 15 with the component of co. Notice the bijection between the edges
in the primal and dual graphs. (1,2) is an apparent pair in the primal graph, so we have a pair (1, 2)
in the persistence diagram of dimension 0, we can contract the edge in the primal and remove it in
the dual. (10,15) is an apparent pair in the dual graph, so we have a pair (10, 15) in the persistence
diagram of dimension 1, we can contract the edge in the dual and remove it in the primal. We are
left with trivial graphs, we only need to add the interval (0, c0) defined by the global minimum.

3.3 GPU

We now discuss the modifications we did for the algorithm to be efficient on a GPU. The
pairing phase of the algorithm remains very similar to Gudhi’s, with one thread handling
each square, see Algorithm 2. One point that requires care is collecting the critical edges,
since many threads may want to append an edge to the list, but the way to handle this with
atomics was already explained in Section 2.
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Figure 6 Example with many critical cells. Black means a filtration value of 0, grey means 1,
and white means 2.

Algorithm 2 Local pairing.

1: overallocate edges

2: num_ edges<— 0

3: for pixel i do

4 int8 j = comparison with 8 neighbors > Index for lookup tables
5: if lutl[j] then parent_ vertex[top-left corner[i]]«— top-left corner[i]+1lut2[j]
6

7

8

9

parent__square[ij«— i-+lut9][j]
if lut10[j] then left edgeli] critical, ce<— ce+1

10: atomic num__edges< num__edges+-ce > ce € [0,3]

11: for critical edge e, int k do
12: edgesfold num__edges+k]« e

Gudhi handles the pairing with a large block of nested conditions (up to 8, for the 8
adjacent squares). On a GPU, this would likely result in too much thread divergence (GPUs
are most efficient when threads execute the same instruction), so we opted for generating a
lookup table?, indexed by an 8-bit number representing the comparison of the current square
with its neighbors, which directly tells us if and what we should write for the vertex in the
up-left corner of the square, etc. This lookup table was generated by repurposing Gudhi’s
code, since that one was well tested and mistakes would be likely otherwise.

As in the 1d case, to handle the boundary, we have a choice between adding fake co cells
outside, or using special code for the boundary cells. We chose the special code, because it
allows removing the boundary cells as explained at the beginning.

3.3.1 To the CPU?

One possibility at this stage would be to sort the critical edges, identify the endpoints through
the union-find data structures, then pass the resulting graph to the CPU so it can use a
standard sequential algorithm to compute persistence. In this case, the GPU would only be
used as a preprocessor, similar in spirit to Ripser++.

2 The idea of using a lookup table for this pairing was independently used in [2] in the context of a CPU
implementation in 2d and 3d.
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Algorithm 3 Building graphs.

for edge e do
for extremity v of e or dual(e) do > 4 cells
path__compress(v)
for vertex i do
if i critical then atomically add i to compact list of vertices
for compact index j, representing vertex i do
to__compact[i]< j > Invert the mapping

for edge e, extremity v do v+ to_ compact[v]

Same 3 loops for squares

Instead, we are going to stick to the GPU until the end. While the persistence algorithm
described for Gudhi was similar to Kruskal’s algorithm for minimum spanning trees, we will
go with something closer to Bortivka’s algorithm [7, 14].

3.3.2 Building graphs

While we could keep using the same parent data structure as in the first phase (what Gudhi
does), we instead choose to relabel the critical vertices 0 to |V'| — 1. The more compact data
structure makes memory cheaper to access and results in significant gains for the next phase,
at least on some datasets.

Some of the key steps are replacing edge extremities with the corresponding roots,
collecting the critical vertices in an array (which creates a map from compact indexes to
initial indexes), inverting this map and replacing edge extremities with the compact indexes.
We do the same for the dual graph. Note that the edges are common to the two graphs.
They have different endpoints in the primal and the dual, but we still represent an edge and
its dual by the same index.

3.3.3 Persistence

Inspired by the depth poset [5, 6] and several other works, our goal will be to find apparent
pairs (also known as shallow pairs, etc), perform the corresponding exhaustive reduction [1, 5],
and iterate, knowing that all persistence pairs eventually become apparent, so this process
only ends when a single vertex is left. As in the 1d case, this can require a linear number of
rounds in the worst case, but we expect that most datasets exhibit a low depth in practice.

An apparent vertex-edge pair is a pair (v, e) such that e is the lowest edge incident to v
and v is the highest extremity of e. If we ignored the last condition, this would be Bortvka’s
algorithm for minimum spanning trees. Note that for a Kruskal-type algorithm, handling
edges in increasing order guarantees that the edge considered is the lowest edge incident to
any of its extremities, which explains why this condition does not appear explicitly.

In each round, we first identify the minimum edge for each vertex. If it satisfies the
second condition, we handle it (output the persistence pair, mark the other vertex as parent
of this vertex). And when appropriate we compress paths in the union-find data structure.

As in Boruvka’s algorithm, we need to break ties between edges that have the same value,
consistently during a round, although the tie-breaking rule may change between rounds. For
this, the easiest is to use the index of the edges. Note however that the order of the edges is
not deterministic, it depends on which thread was fastest to increment the atomic, which
leads to different sets of apparent pairs, and possibly a different number of rounds.
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Algorithm 4 Computing persistence.

while edge list not empty do
for edge e do
for extremity v of e or dual(e) do
atomically update min_edge[v] (or max_edge for the dual)

v largest extremity of e
if e not a self-loop and min_ edge[v]=e then
output persistence pair

1:
2
3
4:
5: for edge e do
6
7
8
9 parent[v]« other extremity of e

10: else if dual version then

11: .

12: else

13: atomically append e to the next list of edges
14: for edge e do

15: for extremity v of e or dual(e) do

16: path__compress(v)

Even on nice data, there can easily be tens of rounds, so it is important to ensure that
the cost of rounds decreases. If we iterated on vertices, we would need to relabel them to
something compact regularly to reduce the cost of that iteration. Instead, we chose to base
all iterations on the list of edges, whose length naturally decreases. Finding the minimum
edge for each vertex is done by iterating on edges and atomically updating the minimum
incident edge for each extremity, identifying apparent pairs is done by iterating on edges and
checking if the minimum incident edge of the largest extremity is the edge itself, etc.

Remember that we don’t have a single graph, we also have the dual. One option would
be to duplicate the list of edges and handle both graphs separately. This allows us to remove
self-loops when we notice them. However, it makes it harder for instance to remove an edge
from the dual if it is already used in the primal. Instead, we chose to keep a single list of
edges, and simply ignore self-loops when iterating. In this case, doing the complete primal
computation before moving on to the dual would be bad, the edge list contains all the edges
of the dual, it does not shrink to 0 and remains costly. What we can do instead is alternate
one round of primal and one round of dual, or even merge them. This way, the size of the
edge list does shrink to 0, and rounds become cheaper as time passes.

Union-find data structures are crucial in this algorithm. We already said that we ignore
the rank heuristic. We actually also ignore the usual path compression techniques. That is,
when looking at a vertex (“find”), we follow the parent chain without writing anything, and
only write the root at the initial vertex, in a kernel that does not perform any union. While
full path compression (writing the root along the whole path) is possible with harmless race

conditions, it is actually slower in our tests. Path halving would require some synchronization.

While it was developed independently, Algorithm 4 ends up having a lot in common with
existing algorithms to compute the minimum spanning tree on GPU [9].

4 Benchmark

Most of the benchmarks are run on a NVIDIA A100 with 40GB of memory, with some
references to a laptop’s Quadro RTX 3000 with 6GB of memory (in practice less than 2GB
because of the system and web browser). For the GPU version, time is computed with the
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Table 1 Running time on a 1d input of size 10° with a strong GPU.

input GPU ms Gudhi ms speedup
random 81.94 15074 184 x
bandlimited 10.70 1983 185x
sorted-blocks 10.08 1754 174x
constant 9.30 1863 200

Table 2 Running time on a 1d input of size 4 x 107 with a weak GPU.

input GPU ms Gudhi ms speedup
random 5.96 264 44 x
bandlimited 2.22 37 17x
sorted-blocks 2.01 31 15x%
constant 1.69 34 20

input and output in GPU memory, while for Gudhi the input and output are in CPU memory;
this seems fairer than penalizing either version with the cost of two memory transfers®. All
computations are checked for correctness against Gudhi. All filtration values use a 32-bit
floating-point type, except for Gudhi’s 2d code which uses 64 bits (separate tests indicate
that switching Gudhi to 32 bits saves less than 5% on the running time). We used the
Gudhi package from conda-forge, which by default uses a multithreaded function to sort the
edges in 2d; the rest of the algorithm is truly sequential, so this only has a small impact on
performance (less than 30%), but since we refer to Gudhi as a single-threaded reference, we
disable it by allocating a single CPU on the cluster, or with the command taskset on the
laptop.

4.1 Dimension 1
4.1.1 Running time

We consider three types of input: the worst case (not shown here, very slow), random, and
nice. We consider nice a dataset with many monotone patterns in the first round, as can be
expected if sampling densely a smooth curve. We considered several versions: bandlimited
is an inverse Fourier transform of low frequencies, sorted-blocks is a succession of blocks of
non-decreasing values, and constant; they all give similar results. Table 1 shows the running
time for input of size 10°, with a consistent speedup factor close to 200. While the code
obviously benefits from a powerful GPU, it is still useful on a laptop, as shown in Table 2 for
smaller input, where the speedup is a bit larger than the number 16 of hardware threads of
the CPU (8 cores), i.e. the best that could be hoped for purely on the CPU with unrealistic
perfect scaling with the number of threads.

Figure 7 shows that the running time scales almost linearly with the input size for large
enough input (starting between 10 and 107), but for small sizes the overhead of starting
kernels and more generally communicating with the GPU can dominate.

The number of iterations remains small. For an input of size 4 x 107, random takes about
30 iterations, bandlimited and sorted-blocks around 20, and constant only 1.

3 For the 2d experiments on the laptop, the time it takes to copy data from and to the CPU is similar to
the time of the GPU computation.
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Figure 7 Runtime vs input size for random input.
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Figure 8 Timeline of the execution for random 1d data of size 10°.

4.1.2 Timeline

An interesting way to understand the behavior of the program is to look at its timeline, i.e.

which function is running at which point in time, as in Figure 8. We essentially see two
dominating functions that alternate, the one that flags patterns and outputs persistence
pairs, and the one that compresses the remaining values into a new contiguous array. The
cost of the rounds decreases quickly, with the first round accounting for 45% of the total
running time. This is exactly the type of behavior we were hoping for with this algorithm.

4.1.3 Other comparisons

The only other GPU options we could find are Hypha and OpenPH. Since they reduce a
boundary matrix, the comparison cannot be completely fair. First, one has to build the
boundary matrix, which includes sorting the simplices by filtration value, something our
approach precisely works hard to avoid. And then they have to handle general matrices, not
just the very special ones that can occur for Hy (never more than two non-zero elements per
column, at any point in the reduction).

Both projects look long abandoned. OpenPH requires Matlab, so we dropped it and
concentrated on Hypha, which took a bit of effort to get working with current tools. With
an array of size 107, we can build the boundary matrix in 4s on a CPU (let us not count this
part, which could be optimized). The matrix reduction from Hypha, with twist or spectral
sequence, then takes 2.4s, including 570ms for the GPU scan, and the CPU part does use all
8 cores of the laptop. Compare with Gudhi, which can do the whole computation on one
CPU core in 72ms, to see that this isn’t a context where using Hypha makes sense.
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Table 3 Running time on 2d images. For each image, we show its dimensions, the size of its
persistence diagrams in dimensions 0 and 1, the running time of our implementation and Gudhi in
milliseconds, and the speed ratio.

dataset size #HO #H1 GPU  Gudhi speedup
random 16384x16384 29832702 53672272 | 66.54 33700 506 x
Gaussian 16384 x16384 1458 203 1876456 | 18.92 7740 409 x
checkerboard | 16384x16384 67108863 134184962 | 51.33 10810 210X
Alps 10801 x 10800 1051082 2099 529 9.14 2870 314 %
19168x19168
102 /
—e— measured
----- linear reference
m
E
v 107 1
£
1S
=}
x
100 4

10k 100k 1M 10M 100M
Number of pixels N=H x W

Figure 9 Runtime vs input size for random images.

While it does not use a GPU, TTK [12] has a parallel CPU implementation. However, in
our experiments, whatever the options, it was slower than Gudhi, so we do not include a
comparison here. This is most likely because the code is more generic and computes more
than just the diagram.

4.2 Dimension 2

Again, we consider several types of datasets: random, Gaussian (a convolution of random
with a Gaussian kernel), checkerboard (the construction from Section 3.2), and Alps (a digital
elevation model of a part of the European mountain range, of size 10800x 10801, extracted
from the Copernicus GLO-30 dataset [8], visible in Figure 1 on the left).

4.2.1 Running time

Table 3 shows that the GPU implementation is faster than Gudhi by a factor between 200
and 500. Again, the implementation remains interesting with a small GPU, on the laptop,
with images of size 4096x4096, the speedup factor is between 17 (checkerboard) and 59
(random).

Figure 9 shows that the running time scales almost linearly with the input size for large
enough input (starting between 106 and 107), but for small sizes the overhead of starting
kernels and more generally communicating with the GPU can dominate.

The number of rounds in the persistence computation remains small. For an input of
size 4096 x4096, random takes about 30 iterations, Gaussian around 20, and checkerboard
around 10. Alps usually takes 16.
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Figure 10 Timeline of the execution for 2d data of size 16384 x16384, first for random, second

for Gaussian.

Table 4 Memory use for a random 2d image.

input size peak (MiB)
512x512 8
768X 768 18
1152x1152 39
1728 %1728 92
2592x2592 202
38723872 449
5792x5792 998
8672x8672 2240
1299212992 5023
19488x 19488 11299
29216x29216 25397
36616x 36616 39893

4.2.2 Timeline

Figure 10 shows two different behaviors. In the Gaussian case, most of the time is spent in
the initial phase, which creates graphs from the input image. The resulting graphs are small
enough that the rest of the computation is very fast. The Alps case is similar and omitted
here. In the random case, the iterative persistence computation dominates, although the
initial phase remains significant with a third of the total running time. As for dimension 1,
we see that the duration of the persistence rounds decreases rapidly.

4.2.3 Memory

Memory scales linearly with the size of the input, Table 4 is here to know what size of image
one can handle, depending on their GPU. Memory use is dominated by arrays containing
indexes (integers). This implies that using float16_t instead of float32_t for filtration
values would not save a huge amount of memory. The largest images considered here are
getting close to the point where 32-bit integers won’t be sufficient as indexes. Moving to 64-bit
indexes would have a significant impact on both the memory requirement and performance,
since the algorithm is memory-bound.

ESA 2026
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4.2.4 Euler characteristic curve

The Euler characteristic curve (ECC) is a construction often advertized as cheaper than
persistent homology, that can be computed either from the persistence diagram or directly
from the input complex. This is clearly a different object than the diagram, but it still seems
sensible to compare the order of magnitude of the running times. Our intuition, from looking
at the second timeline of Figure 10, is that the first 30% of the execution is spent looking at
the neighborhood of each pixel, something that the ECC needs as well, so the speed ratio
should not be huge.

GPU-ECC [23, 24] computes exactly the ECC with CUDA. However, it is complicated
to compare for several reasons. It crashes on most of our inputs (the paper indicates that
it requires an input image with a very small number of different values). It requires input
in a file or CPU memory. And the focus on huge 3d data that does not fit in memory may
penalize it for smaller 2d input. Anyway, on the laptop, with the checkerboard dataset, it
takes twice as long as copying data to the GPU, doing our persistence computation, and
copying the result back to the CPU.

pyECT [4] is a recent library to compute Euler characteristic functions or transforms
with PyTorch (on a GPU). It focuses on transforms that are more general than the ECC on
a lower-star filtration and may not be optimized for this case. The dataset we consider is a
random image of size 4096x4096. On the laptop, our code computes the persistence diagram
in 20ms. With 100 bins (the default in the example provided by pyECT), Image_ECF_2D
takes 29ms. Counterintuitively, increasing the number of bins decreases the running time to
15ms. In any case, the order of magnitude is similar.

Since we do expect the ECC to be at least a bit faster, we did a quick GPU implementation
of the exact ECC (no bins), using a lookup table to compute the contribution of each pixel,
sorting the contributing pixels, and computing a cumulative sum. On the laptop, this was
faster than computing persistence by a factor between 2 and 5.

5 Extensions

In this paper, we only considered the case of large complexes that still comfortably fit in
memory. Another relevant setting could be the case where the complex is too large for memory
(see [21] for a CPU version). In the opposite direction, possibly useful to more people for
machine learning applications, is the case where we have many small cubical complexes and
want to compute their persistence diagrams in parallel. Applying the algorithms presented
here to each complex independently would likely be inefficient, the simple overhead of
starting a kernel becomes non-negligible if there is little work to perform. It would likely be
more efficient to have each kernel handle multiple images. It seems unlikely that a single
one-size-fits-all approach would be optimal for such diverse settings.

We are not experts in GPU programming. While profiling suggests that the current code
is reasonably efficient, it seems likely that an expert could improve the running time without
changing the approach significantly.

Some people want to be able to differentiate the persistence diagram with respect to
the input image, for optimization tasks. While it is possible to remember the sequence of
operations performed here and apply the chain rule to them, a more efficient approach [3] is
to modify the algorithm so that instead of returning pairs of values, it returns the indexes
of those values in the input array. An implementation for the 1d case is available after the
regular code.

The 2d algorithm includes a way to compute H, persistence for arbitrary graphs, not
necessarily related to cubical complexes, and could thus be reused in different contexts, as
long as pathological cases remain unlikely.
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