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—— Abstract

We maintain a (1 + ¢)-spanner over the disk intersection graph of a dynamic set of disks. We restrict
all disks to have their diameter in [4, U] for some fixed and known W. The resulting (1 + €)-spanner
has size O(ne~?log ¥ log(¢ ")), where n is the present number of disks.

We develop a novel use of persistent data structures to dynamically maintain our (1 + €)-spanner.
Our approach requires O(e™?nlog* nlog ¥) space and has an O((%)2 log® nlog® Wlog?(e™')) expec-
ted amortised update time. For constant € and V¥, this spanner has near-linear size, uses near-linear
space and has polylogarithmic update time. Furthermore, we observe that for any € < 1, our spanner
also serves as a connectivity data structure. With a slight adaptation of our techniques, this leads
to better bounds for dynamically supporting connectivity queries in a disk intersection graph. In
particular, we improve the space usage when compared to the dynamic data structure of (Baumann
et al., DCG’24), replacing the linear dependency on ¥ by a polylogarithmic dependency. Finally, we
generalise our results to d-dimensional hypercubes.
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1 Introduction

Given a set of n geometric shapes, e.g. disks, the corresponding intersection graph has the
shapes as its vertex set, and an edge between two shapes whenever they intersect (see Figure 1).
Disk intersection graphs are often used as a model for wireless ad-hoc networks [13,28,33], in
particular, the radius of a disk equals the transmission range of the device. One of the central
algorithmic challenges of disk intersection graphs is that, with n vertices, the graph may have
Q(n?) edges. Nonetheless, there are many problems that can be solved in subquadratic time
in disk graphs [4,8,24,26,42,43,47]. Both weighted [4,22,32,34] and unweighted [8,10,12,47]
disk intersection graphs have been studied; we will consider weighted disk intersection graphs
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where the weight of an edge is the Euclidean distance between the centres of the disks. We
study two dynamic problems: maintaining a spanner for the disk intersection graph or a
data structure for connectivity queries (for the latter, the edge weights are irrelevant).

Geometric spanners. Given a graph, a spanner is a subgraph that approximately preserves
the distances of the original graph. Formally, a (1+¢)-spanner for a graph G is a subgraph G’
such that for every pair of vertices u,v € G, we have that dg(u,v) < (1+¢)-dg(u,v), where
dx(-,-) denotes the shortest path distance in X. Throughout the paper, we assume that ¢ is
an arbitrary fixed constant with 0 < € < 1. In computational geometry, there are many works
that consider spanners of point sets, where the graph G is the complete graph over the point
set and edge weights correspond to Euclidean distances. Results for such Euclidean spanners
of point sets include a variety of (1 + ¢)-spanners of size O(n/e?~1) [3,5,14,25,37,48,55]. For
a thorough treatment of spanners for Euclidean point sets, we reference the textbook [50].
Spanners are also well studied in other settings, such as in doubling spaces [16,39], hyperbolic
spaces [45,46], general graphs [3,51], minor-free graphs [11,36] and polygonal domains [1,2,9].
Many of these spanners have also been studied in a dynamic setting, where the goal is to
maintain a spanner when vertices are inserted or deleted [6,19,23,35,46].

Spanners in disk graphs. There exists a variety of static spanners for unweighted intersection
graphs [15,20,27,31,54]. Fiirer and Kasiviswanathan [32] were the first to consider spanners
of weighted disk intersection graphs. They constructed a (1 + €)-spanner of size O(ne=2)
in O(n/3+92=4/310g%/3 W) time, with § > 0, for when all disk diameters lie in [1, ¥]. Their
results generalise to higher dimensions and other disk-like objects. Kaplan, Mulzer, Roditty,
Seiferth, and Sharir [44] provided an improved (1 + ¢)-spanner construction that runs in
O(ne~21og” n\g(logn)) time, where \,(t) is the maximum length of a Davenport-Schinzel
sequence on t symbols of order s [52]. New techniques by Liu [49] improve their construction
time to O(ne2log? n) expected time.

A natural extension is to dynamically maintain a spanner as disks get inserted and deleted.
Surprisingly, to the best of our knowledge, this paper is the first to study the dynamic
maintenance of a disk intersection graph spanner. This includes weighted, unweighted, and
even unit disk intersection graphs. However, we note that some closely related problems
have been studied, such as dynamic connectivity.

Dynamic connectivity in disk graphs. In the connectivity problem, the goal is to maintain
a data structure on the graph such that connectivity queries can be answered efficiently.
A connectivity query takes two disks o, p as input and returns whether o and p are in the

<

Figure 1 A set of disks S (left) and the corresponding disk graph D(S) (right) that includes both
the thick black and the thin grey edges. The thick black edges form a (1 + ¢)-spanner for € = 3/4.
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same connected component of the disk graph. The most common approach for dynamic
connectivity in disk graphs is to construct a proxy graph (a sparser subgraph of the disk
intersection graph) and then maintain this sparser graph in the dynamic graph connectivity
data structure introduced by Holm, de Lichtenberg, and Thorup [40].

Kaplan, Mulzer, Roditty, Seiferth, and Sharir [44] study a dynamic set of disks S whose
radii lie in [1, ¥]. Using the above approach, their data structure supports connectivity queries
in O(logn/loglogn) and has an expected amortised update time of O(¥? log” nXg(logn)),
which can be improved to O(¥?log* n) using [49]. The overall space is O(¥?nlogn). Bau-
mann, Kaplan, Klost, Knorr, Mulzer, Roditty, and Seiferth [7] further improve the expected
amortised update time to O(¥log*n) and the space to O(¥nlogn). If the input consists of
axis-aligned squares, van der Hoog, Nusser, Rotenberg, and Staals [41] maintain connectivity
using O(¥ log* n + log® n) amortised update time and O(n log® nlog ) space.

Finally, Chan and Huang [21] consider the case where there are no restrictions on the
disk radii. They use a completely different approach to obtain a data structure with constant
query time and an amortised update time of O(n7/ 8+¢) for an arbitrarily small ¢ > 0.
Polylogarithmic results for the insertion-only and deletion-only cases have been obtained
by Baumann, Kaplan, Klost, Knorr, Mulzer, Roditty, and Seiferth [7] using techniques very
similar to ours. Nevertheless, this approach has serious robustness issues when studying a
fully dynamic set of disks with unbounded radii. One of the reasons for this is that there
exist no fully dynamic compressed quadtrees on the real RAM [38,53].

Our contributions. We introduce the first dynamic (1 + €)-spanner for disk intersection
graphs. Our model for dynamic disks follows [7,41,44], whereby each disk has its diameter in
[4, W] for a fixed and known W. We present a (1 + £)-spanner of O(ne=?log ¥ log(e~1)) size.
Our expected amortised update time is O((%)2 log* nlog?® ¥ log? (e71)), and our expected
total space is O(ne2log* nlog ¥).

By using similar techniques, we obtain a dynamic connectivity data structure with
O(¥log* nlog ¥) expected amortised update time and O(nlog* nlog ¥) expected space.
Compared to the best known result of [7], we match their update time up to logarithmic
factors and improve their space from linear in ¥ to logarithmic in V.

Finally, we note that all our results generalise to d-dimensional hypercubes by replacing
a disk intersection data structure with a hypercube intersection data structure. Table 1
provides an overview of our results and the most relevant related work.

Organisation. After covering the preliminaries in Section 2, we present an overview of
our results and techniques in Section 3. In Section 4, we present an easier variant of our
dynamic (1 + ¢)-spanner for disks within a fixed bounding box that uses O~((%)2 n) space. In
Appendix A, we reduce the space usage by a factor of O(¥?) (omitting some details which
can be found in the full version [29]) and in the full version of this paper [29], we remove the
bounding box assumption. In the full version of the paper [29], we present our results on
dynamic connectivity. Finally, we generalise all of our results to d-dimensional hypercubes
(see the full version of this paper [29]).

2 Preliminaries

The input is a dynamic set S = (01,09,...,0,) of n disks in the plane, or a set of n
d-dimensional cubes in R? for some constant dimension d. These preliminaries focus on disks
in the plane, but the concepts are defined analogously for d-dimensional cubes in R?. To
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Table 1 Table of our results. The size of the spanners is O(ne~%log ¥loge™1). All connectivity
structures have O(logn/loglogn) query time.

Dynamic (1 + ¢)-spanners, fixed aspect ratio ¥

‘ Amortised update time ‘ Space ‘ Reference
2D disks O((%)2 log* nlog? ¥log?(e™1)) exp. | O(ne ?log* nlog¥) exp. | Thm. 1
d-dim cubes O((%)dlogdnlog2 Ulog?(e™ 1)) O(ne™%log? nlog ¥) Thm. 3

Dynamic connectivity, fixed aspect ratio ¥

‘ Amortised update time ‘ Space ‘ Reference
2D squares | O(¥log? n + log® n) O(nlog® nlog T) [41, Thm. 10]
2D disks O(¥?log* n) exp. O(¥*nlogn) [44,49]
2D disks O(¥ log* n) exp. O(Unlogn) [7, Thm. 4.6]
2D disks O(¥ log* nlog ¥) exp. O(nlog® nlog ¥) exp. Thm. 2
d-dim cubes | O(¥¥ !log? nlog W) O(nlog® nlog ¥) Thm. 4

minimise numerical dependencies on v/2, we define for any convex shape C' the diameter |C|
of C' as the length of the largest horizontal segment contained in C. We assume that, at all
times, Vo € S, the diameter is at least 4 and at most ¥, where ¥ is some fixed and known
value. In other words, |o| € [4, ¥]. For now, we assume that at all times S lies contained
within a bounding box B = [0, ¥*]?, where ¥* is the smallest power of two that is bigger
than W. In the full version of this paper [29], we drop this bounding box assumption.

The disk intersection graph D(S) is an edge-weighted graph where vertices are the disks
in S, and there is an edge (01, 02) whenever the two disks intersect. The weight d(o1, 02) of
(01, 02) is the Euclidean distance between the disk centres. For any edge-weighted graph G
over S, we let dg (o1, 02) denote the length of the shortest path between oy and o2 in G.

Problem statement. Since disk intersection graphs can be very dense, one may be interested
in maintaining a sparse spanner of this graph. A (1 4 ¢)-spanner of a disk intersection
graph D(S) is an edge-weighted subgraph G of D(S) such that for any o1,09 € S, we have
dg(o1,02) < (1+¢€)-dp(s)(o1,02). The size of a spanner is its number of edges. We wish to
maintain a (1 + ¢)-spanner of near-linear size subject to disk insertions and deletions in S.
The running time, space usage, and size of the spanner depend on n, £, and ¥. Our results
apply to both the word RAM, real RAM, and pointer machine model of computation.

Dynamic Euclidean spanner. We will use the following dynamic spanner in our construction.

» Lemma 1 ([19,35]). For any d-dimensional point set P of size n there exists a dynamic
(1 + €)-spanner of their pairwise Buclidean distances that has size O(ne~%log(e~1)) that can
be maintained using O(ne~%log(e~1)) space and O(e~%lognlog®(e~")) update time.

Quadtree. We will also use the following quadtree in our construction.

» Definition 2. Let B be an axis-aligned d-dimensional hypercube whose side length is a
positive power of two. A split operation selects a hypercube and divides it into 2% equal
hypercubes. A quadtree is any tree obtained by recursively applying the split operation on B.
Each node of the tree corresponds to a hypercube in R, called a cell.
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Figure 2 For disk o, the storing cell is Cr and its storing family F (o) in (a) 2D and (b) 3D view.

For a cell C and any odd integer k, we denote by k x C' the region [0, k|C|]? translated
to have C' as its centre. For any disk o, we define its storing cell C, (see Figure 2) as the
largest cell, obtained by recursively splitting B, that: (1) contains the centre of o and (2) is
contained in ¢. The storing family F (o) of o is the set of all cells, down to diameter 1, that
can be obtained by recursively splitting C,, and contain the centre of . Typically, one uses
the minimum-size quadtree that contains all storing cells C,, for o € § [7,32]. We deviate
this standard by considering the minimum-size quadtree that contains all storing families:

» Definition 3. Given a fized bounding box B and S, we define T'(S) as the minimum-size
quadtree that contains the storing families F (o) for all o € S. For a cell C € T(S), the set
m(C) consists of all disks in S that have C in their storing families.

In other words, the set 7(C') of a cell C' consists of all disks that have their centre in C'
and also fully contain C. Since B is fixed as [0, ¥*]? we observe:

» Observation 4. The quadiree T(S) has O(nlog ) cells. Moreover, for all cells C,C" €
T(S), where |C| = |C'| and C" C 3 C, all pairs (o,0") € 7(C) x n(C") intersect.

Next, we subdivide each cell C into a finer grid of what we call e-cells (see Figure 3):

» Definition 5. For a fited 0 < € < 1, we partition each cell C € T(S) into a (d-dimensional)
grid of cells of side length ¢|C|, called e-cells. Let E be an e-cell of a cell C, then the

subpopulation T (E) denotes all disks that have C as their storing cell and their centre in E.

Analogously, the population 7. (E) denotes all disks in w(C) that have their centre in E.

Disk intersection queries. Let S be a set of n disks. Given a query disk p, the disk
intersection query structure returns a disk in S that intersects p, if such a disk exists.

» Lemma 6 ([44,49]). We can maintain a set of n disks S C R? in a data structure
of O(nlogn) size, that can answer intersection queries in O(log? n)-time, supporting disk
updates (insertions and deletions) in O(log* n) amortised expected time.

Proof. As observed in [7], the results of Kaplan, Mulzer, Rodity Seiferth, and Sharir [44]
and Liu [49] for dynamic additively weighted nearest neighbour queries can be used to obtain
a fully dynamic data structure for disk intersection queries with corresponding space and
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Figure 3 (a) The set 7(C) consists of all blue disks, the red disks do not belong to 7(C) because
either their centre is not in C, or they do not contain C. (b) The e-cells F and E’ of cells C' and C’
and their corresponding subpopulation ' (E) (red) and population 7.(E’) (green).

time bounds as follows. We insert all centres of S into the data structure, where the weight
for each disk is the negative radius of the disk. For an intersection query with a disk p with
centre point r, we query this data structure with r. Let the point corresponding to a disk o
be closest to r. If the distance is negative, then r is contained in o. Otherwise, the returned
distance d is the distance from r to the perimeter of S and p intersects a disk in S if and
only if d is less than the radius of p. |

Hypercubes. Hypercube intersection queries are defined analogously, and we obtain all our
d-dimensional hypercube results by using the following lemma instead of Lemma 6:

» Lemma 7 (Proof in full version [29]). We can maintain a set of n d-dimensional hypercubes
S C R% in a data structure of O(nlog?~'n) size, that can answer intersection queries in
O(log®n) time, and that can handle cube updates (insertion or deletion) in O(log®n) time.

Pointer machine data structures. In our paper, we will make use of data structure
persistence as described by Driscoll, Sarnak, Sleator, and Tarjan [30]. To this end, we require
that the data structures that we use (Lemmas 6 and 7) are implementable on a pointer
machine. We can then either assume a pointer machine as our model of computation, or
simulate a pointer machine on the RAM model of our choice. A pointer machine consists of
nodes and pointers. A data node stores any type of data (integers, logical values, strings, real
numbers, etc), and the dynamic input (our dynamic set of disks) is a set of data nodes.

A pointer node stores a number of constantly many bits. Each node has constantly many
outgoing pointers, where a pointer is a directed edge from one node to another. An update
adds or removes a data node to or from the input. A dynamic data structure maintains an
arbitrarily large set of pointer nodes and, for each data node, a pointer node that points to
it. One pointer node is called the root, and we maintain the invariant that any node can be
reached by a directed path from the root. The size of the data structure is the total number
of nodes it has. Any update or query runs a program which, starting from the root node,
can execute instructions such as pointer traversals, comparisons between nodes that share a
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pointer, and atomic operations (such as addition between nodes that share a pointer). The
running time of a program is the number of instructions it executes before termination. The
following can be observed from [18,44,49] and has been confirmed by [17]:

» Observation 8. Both data structures of Lemmas 6 and 7 can be implemented on a pointer
machine. However, pointer machine nodes will not necessarily have constant in-degree.

3 Overview of techniques

The main focus of this paper is to dynamically maintain a (1 + ¢)-spanner of D(S). In the
main body, we assume that S remains contained within a bounding box [0, ¥*]?, where ¥ is
a known upper bound on the diameter of the disks in S and ¥* = 21982 %1 This assumption
allows us to ignore dynamic quadtree misalignment issues (see full version [29]). The basis
of our spanner is a quadtree T(S) that stores S (see Definition 3). We then construct a
spanner GG by using two types of edges: type i edges connect two disks in quadtree cells that
are “close”, whereas type ii edges connect two disks that lie in e-cells that are “far away”.
We obtain type i edges by considering pairs of “close” quadtree cells (C1,Cs), where
close is defined such that all disks assigned to C; intersect all disks assigned to C3. We then
dynamically maintain a Euclidean (1 + ¢)-spanner (Lemma 1) on the centre points of disks

assigned to Cy or Cq, and for each edge in this Euclidean spanner, we add a type i edge to G.

Type ii edges are instead constructed for pairs of e-cells (Definition 5). For any pair (E, E’)
that lies within a specified distance, we first test whether any two disks in ' (F) X 7. (E’)
intersect. One can intuitively imagine this as testing whether any two disks across their
populations intersect, but the definition requires slightly more care so as to avoid an additional
O(log ) factor across the paper. If there exist any intersecting disks in the bichromatic
intersection graph of I'.(F) x m-(E’), we add a single edge in the spanner between an arbitrary
intersecting pair. To dynamically maintain type ii edges under disk insertions and deletions,
we need to be able to maintain whether there is any intersection in I'c(E) x 7. (E"). To this
end, we maintain a maximal bichromatic matching in this graph. To do this, we first show
a straightforward approach based on [7,44]: for any pair (F, E') we maintain two separate
disk intersection data structures (Lemma 6) storing the disks in I';(E) and 7. (E’) that do
not appear in the matching. In this way, we can immediately query whether a new disk o
can be matched to an existing but unmatched disk. This leads to the following result:

» Lemma 9. Let S be a fully dynamic set of disks in the plane with diameters in [4, U] for a
fized and known V. For any fized € € (0,1), we can maintain a (1 + €)-spanner of D(S) of
size O(ne=2log Wlog(e~ 1)) using O((%)2 log* nlog Wlog®(e~ 1)) expected amortised update
time and O((%)2 nlognlog ¥log(e1)) space.

The dynamic spanner in Lemma 9 has an ©(¥?) dependence in both its update time and
space. We observe that the Q(¥?) dependence in update time is unavoidable:

» Observation 10 (Figure 4). Any fully dynamic data structure that maintains a O(1)-spanner
of D(S) has Q(¥?) update time.

The Q(¥?) dependence in space comes from our naive strategy of storing a separate
disk intersection data structure for every pair of e-cells (F, E’) at a specified distance. To
reduce this space dependence, our main insight is to introduce a new form of data structure
persistence: branch persistence (Definition 16). This type of persistence allows access and
updates to the main (root) version of the data structure and additionally allows access and
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Figure 4 If o is deleted or inserted in S, ©(¥?) edges have to be added or removed in the spanner.

updates on several branches. An update to the root also performs the corresponding update
on all branches. A branch persistent data structure supports branch creation, branch queries,
branch-updates and complete rebuilds. Instead of maintaining a disk intersection query
data structure (Lemma 6) for every pair of suitable e-cells, which requires Q(¥?) space, we
instead maintain a branch persistent disk intersection data structure (Lemma 18) for each
e-cell. The corresponding disk intersection data structure can then be accessed either via
a branch or via the root version of the branch persistent data structure. By bounding the
total symmetric differences between the branches, we obtain the following dynamic spanner:

» Theorem 1. Let S be a fully dynamic set of disks in the plane with diameters in [4,¥] for
a fized and known V. For any fized 0 < € < 1, we can maintain a (1 + ¢)-spanner of D(S) of
size O(ne=2log Wlog(e~1)) using O((%)2 log* nlog?® Wlog?(e~1)) expected amortised update
time and O(ne=2log* nlog W) expected space.

Removing the bounding box assumption. The dynamic spanners in Lemma 9 and The-
orem 1 require that the disks in S remain in the bounding box B = [0, ¥*]2. Given a disk o,
our quadtree recursively splits B until we obtain a unit cell that contains the centre of o.
Unfortunately, if B is unbounded, this procedure takes unbounded time.

In the static setting, this issue can be avoided by using a compressed quadtree. However,
despite papers frequently using dynamic compressed quadtrees, there exists no dynamic
compressed quadtree due dynamic quadtree misalignment. As the formal definition of dynamic
quadtree misalignment is complex, we defer the definition to the full version of this paper [29].
The issue of dynamic quadtree misalignment was also identified in the journal version
of [7, Appendix A]. There, they describe a complex approach to maintaining connectivity
despite misalignment, which relies on the fact that the disks have a diameter in [1, U].

In the full version [29], we give a simple and general approach that can be applied
to [7,41,44]. Since ¥ is fixed and we only require amortised bounds, it suffices to maintain
an insertion-only disjoint collection of boxes B; C R? satisfying: (i) each B; defines an
uncompressed quadtree storing {oc € S | B; N o # 0}, (ii) all o € S intersect at least one box
B, and (iii) the union over all uncompressed quadtree spanners is a spanner of S. After
N € O(n) updates, we simply rebuild our data structure from scratch — deleting all B; that
are not intersected by a disk in §. As a consequence, we dynamically maintain our disk
intersection graph representation with no misalignment issues and no asymptotic slowdown.

Connectivity. A (1 + ¢)-spanner preserves connectivity. By storing our spanner G in the
dynamic connectivity data structure of Holm, de Lichtenberg and Thorup [40], we can also
answer connectivity queries in time O(logn/loglogn) at no overhead. This immediately
yields a connectivity data structure that uses less space than the state-of-the-art [7]. However,
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its update time depends quadratically on W, versus linearly in [7]. In the full version of this
paper [29], we combine the techniques in our dynamic spanner with the dynamic connectivity
pipeline of [7,41] to obtain a linear dependence on ¥ whilst maintaining the same space
usage. Incorporating our techniques into the pipeline is relatively straightforward, as it
simply involves reconstructing their lemmas using our branch persistent data structure. This
yields the following theorem:

» Theorem 2 (Proof in full version [29]). Let S be a fully dynamic set of disks in the plane
with diameters in [4, 9] for a fized and known V. We can dynamically maintain S supporting
connectivity queries in time O(logn/loglogn) using O(¥log* nlog W) expected amortised
update time and O(nlog* nlog ) expected space.

Hypercube intersection graphs. In the full version of this paper [29], we show that our
techniques extend to intersection graphs of d-dimensional hypercubes. We maintain a (14 ¢)-
spanner and a fully dynamic connectivity data structure for a dynamic set of n d-dimensional
hypercubes by replacing the disk intersection data structure (Lemma 6) with a hypercube
intersection data structure (Lemma 7). For our spanner, the update time depends on a factor
O(¥?) as there are ©(¥?) unit hypercubes contained in a hypercube of diameter .

» Theorem 3 (Proof in full version [29]). Let S be a fully dynamic set of d-dimensional
azis-aligned hypercubes in R with side lengths in [4, V] for a fized and known ¥ and constant
dimension d. For any fited 0 < & < 1, we can maintain a (1 + €)-spanner of D(S) of
size O(ne~log Ulog(e™1)) using O((%)d log? nlog?® Wlog?(e 1)) amortised update time and
O(ne=%log? nlog ¥) space.

For connectivity, the pipeline from [7,41] shaves a single ¥ factor from the update time.

» Theorem 4 (Proof in full version [29]). Let S be a fully dynamic set of d-dimensional
axis-aligned hypercubes in R? with diameter in [4, V] for a fized and known ¥ and constant
dimension d. We can dynamically maintain S supporting connectivity queries in time
O(logn/loglogn) using O(Wd4—1 log? nlog U) amortised update time and O(nlogdnlog T)
total space.

4 Dynamic spanner using O(¥2n) space within a fixed bounding box

The input is a dynamic set S = (01, 03,...,0,) of n disks in the plane, where S remains
contained within the bounding box [0, ¥*]? and Vo € S, |o| € [4, ¥]. We denote by T'(S) the
dynamic quadtree (Definition 2) storing S which has O(nlog ¥) space and can trivially be
maintained using O(log ¥) update time. We define a graph G C D(S) that is a (1 + 9¢)-
spanner of size O(ne~2log ¥log(¢~!)). By choosing &’ = £/9, we obtain a (1 + £)-spanner of
the same asymptotic size. Our spanner G has two types of edges (see Figure 5):

i. For each cell C in the quadtree T(S), consider all other cells C’ € T(S) of size |C| in
the region 3 * C. For each pair of cells (C,C"), use Lemma 1 to construct a Euclidean
(1+¢)-spanner Span(C,C") on the centre points of disks in 7(C)Un(C”). For every edge
in the Euclidean (1 + ¢)-spanner, add an edge between the pair of corresponding disks
to our graph G. By Observation 4, this edge lies in the disk intersection graph D(S).

ii. For each cell C in the quadtree and i € [1, [log ¥]], consider the cells C’ such that
|C’| = 271|C| and C” intersects (2°7° + 1) x C. For every pair of e-cells E of C' and E’
of C’, if there exists a pair (0,0") € T<(F) x 7(E’) that intersect, then we select an
arbitrary pair of intersecting disks (o1,02) € T(E) x m-(E’) and add (o1,02) to G.
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£’ s o ¢

Figure 5 The two types of edges where blue edges are type i and red edges are type ii.

For type ii edges, it will be useful to consider (01, 02) to be an ordered pair. In other words,
if we write that (o1, 032) is a type ii edge, then we have that o1 € T'.(F) and o2 € 7.(E’),
where E is an e-cell of C, E’ is an e-cell of C’, |C’| = 2¢71|C] and C” intersects (2°7° +1) * C.

We show that G is a (149¢)-spanner of D(S). Specifically, we will show that for every edge
(01,02) € D(S) there exists a path in G from o1 to o of length at most (1+9¢)-d(o1,02). To
this end, consider the storing cells C of o1, and Cy of 0. Assume without loss of generality
that |C1| < |C3]. We have two cases: either the centre of o9 lies inside 3 x Cy or not.

» Lemma 11. If the centre of oo lies in 3 x Cy then there exists a path in G from o1 to o9
of length at most (1+ ¢) - d(o1,02).

Proof. Since the centre of o5 lies in 3 x C1, the cell Cy must have a descendent CY of size
|C4] that is contained in 3 x Cy where oy € w(C%). By construction of the type i edges, G
contains an Euclidean (1 + ¢)-spanner over the centre points of all the disks in 7 (Cy)Um(C%),
so there is a path of length < (1+¢) - d(01,02) from o7 to o using only type i edges. <

» Lemma 12. If the centre of oo does not lie in 3 x Cy then there exists a path in G from oy
to oo of length at most (1 + 9¢) - d(o1,02).

Proof. Intuitively, since the centre of o5 is “far away” relative to o1, we will require both
type i and type ii edges to construct a spanning path from o3 to o3. Recall that C7 is the
storing cell of o7 and consider the storing family F(o2) of oo. The first step is to find a
cell C’ in the storing family F (o) such that there exists a type ii edge between C; and
C’. We will consider two cases, depending on the relative sizes of |C1| and d(o1,02). Let
A = d(o1,02). Since the centre of o9 is not in 3 x Cy, we have A > |C}], so there exists an
integer j > 0 such that A € [27]|Cy|,27+1|C1]). Our two cases are 0 < j < 3 and j > 3.

If 0 < j < 3 then A € [|Cy],2%Cy|). As |Cy| > |Cy, there exists a cell C' € F(o2)

for which |C’| = |C1]. We also know that C’ lies in (25 + 1) x C; because A < 24|C4].

Therefore, the definition of type ii edges applies to the cells C; and C’ (by setting ¢ = 1

in the definition), and there exists a type ii edge between Cy and C”.

Now for the case of j > 3, we consider the positive integer i := j — 3, i.e. A €

[2¢73]Cy[,27%4|C1]).  The first observation is then that A is at most 3(|o1| + |o2]).
|oa|

Moreover, since |Ca| > |Cy], |o2| > 1|o1| and so A < 2|oa|. Because |Co| > YW (see

Figure 6) it follows that |Ca| > T%/EA > ﬁ2i+3|01| > 2¢=1(Cy|. This means that there
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Figure 6 A disk has diameter at most 41/2 times the diameter of its storing cell.

exists a C" € F(o3) with |C'| = 2071 C}|. Because o1 and o5 intersect and their centres
are contained in C7 and C’, the distance between C; and C’ is at most A, which is upper
bounded by 2¢+4|C;|. Thus, we have that C” intersects (2:7° +1)xC; and |C'| = 2¢71|Cy|,
and therefore the definition of type ii edges applies to the cells C; and C'.

In both cases, we have found a cell C’ such that the definition of type ii edges applies
to C7 and C’. We notice that, when applying the definition of type ii edges, it provides us
with a type ii edge between every pair of e-cells that contain a pair of intersecting disks.
Specifically, let E7 be the e-cell of C; that contains the centre of o1, and let F5 be the e-cell
of C’ that contains the centre of o5. The above analysis provides a type ii edge between an
arbitrary pair of intersecting disks (07, 03) € T'-(F1) x m-(F2) that is in G. Per construction,
the centres of 01,07 lie in Eq, and the centres of 03,03 lie in Es, see Figure 7.

We upper bound the length of the path o1 ~» o7 — 03 ~» 0. Since o; and o} are both
in Eq, we can apply Lemma 11 to observe that there exists a path in G from o; to o} of
length at most (14 &)d(o1,07) < (1 +¢)v2e|C1| < 2v/2eA < 3¢A. Similarly, there exists a
path in G from o3 to o3 of length at most (1 4 &)d(o2,0%) < (14 £)v/2¢|C’| < 3eA. Since
d(oy,09) = A, d(o1,0%) < V2eA, and d(o2,0%) < v/2eA then, by the triangle inequality,
the length of the type ii edge (07, 0%) is at most (1 + 3e)A.

Therefore, the length of a spanning path from o1 ~» 0 — 03 ~~ 03 is at most 3eA + (1 +
3e)A + 3eA < (14 9)A. <

Next, we bound the size of the spanner.
» Lemma 13. The graph G is a (1 + ¢)-spanner of size O(ne=2log ¥log(c~1)).

Proof. Lemmas 11 and 12 imply that G is a (1 + 9¢)-spanner. By computing a (1 + &’)
spanner with ¢/ = 5, we thus obtain a (1 + &)-spanner at no asymptotic size overhead. It
remains to bound the size of G, i.e. the number of type i and type ii edges in G. We
first bound the number of type i edges. Every cell C € T(S) has at most O(1) cells C’
of size |C| such that C' € 3% C or C € 3% C’. For each pair (C,C’), by Lemma 1, we
add O((|7(C)| + |7(C")]) e~21og(e1)) type i edges to the subgraph «(C) U n(C’). If we
uniformly charge the edges in the subgraph, then each disk o € 7(C) U w(C”) is charged
O(e72log(e 1)) times. Each o can participate in O(log ¥) cells C' in the quadtree, so each
disk o can be charged at most O(e~2log ¥log(¢~!)) times. Therefore, the total number of
type i edges is O(ne=2log ¥ log(e~1)).
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Figure 7 The path o1 ~» 0] — 05 ~ o2 from the proof of Lemma 12.

We also bound for each disk o € S the number of type ii edges (o, ¢’) that o participates
in, where we recall that type ii edges (o, 0’) are an ordered pair. For each disk o with storing
cell C, there is a unique e-cell E of C' that contains the centre point of o. For each index
i € [1, [log ¥]], there are constantly many cells C’ of size 20=1|C| that intersect (2045 +1)*C.
For every such cell C’, there are O(e72) e-cells E’ of C'. For (E, E’) there exists at most
one type ii edge (01,02) € T(F) X m-(E’) (where o1 may be o). Therefore, there can be at
most O(e2?log V) edges (o,0”) of type ii for fixed o. <

» Lemma 14. Given a set of disks S contained in the bounding boz [0, ¥*]?, we can construct
the spanner G in O(ne=2log" nlog Wlog?(e~1)) time.

Proof. We can construct the quadtree and compute for each cell C' the set 7(C) in O(nlog ¥)
total time. There are at most O(nlog V) e-cells E with non-empty population 7.(E). In
O(nlog V) time, we can compute the population 7.(E) and the subpopulation I'c(F) for all
of these cells. Next, we consider all O(nlog ¥) cells C' for which 7(C) is non-empty and the
O(1) cells C’ for which there are type i edges between disks in C and C’. Constructing the
Euclidean spanner between C' and C” takes O((|7(C)| + |7(C")]) e 2lognlog?(e~1)) time.
Since each o € S appears in O(log ¥) sets m(C*) for C* € T(S), doing this for all such pairs
(C,C") takes O(ne~2lognlog ¥log?(e~1)) total time.

Next, we consider all e-cells E' for which the population 7. (F) is non-empty, and we store
7.(F) in the data structure of Lemma 6, which takes O(nlog* nlog ¥) expected total time.
Let E be an e-cell of a quadtree cell C. We consider for all ¢ € [1, [log ¥]] all O(1) cells
C' of size 2171|C| that intersect (205 + 1) x C. For each of the O(¢~2) e-cells E' of C’, we
query for each disk o € T'.(E) whether it intersects a disk o’ in 7.(E’) in O(log®n) time. If
s0, then we add (o,0”) to G and continue to some other e-cell E”. Since each disk appears
in exactly one subpopulation T'.(E) this takes O(ne~21log? nlog ¥) total time. <

Dynamically maintaining our spanner

We show how to maintain G dynamically under disk insertions and deletions. We will
maintain the type i and type ii edges independently. Maintaining the type i edges will be
relatively straightforward, as it essentially only requires us to invoke the dynamic updates
from Lemma 1. Maintaining the type ii edges will require more work.
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Figure 8 The bichromatic disk intersection graph of disks in I'.(E) (blue) and m-(E’) (red) and
the maximal matching M (E, E’) (black). Q(E, E') contains o1, and Q'(E, E') contains o and o7.

Following the definition of type ii edges, let us consider pairs of e-cells (F, E’) defined as
follows: for every cell C' in the quadtree T'(S), for every i € [1, [log ¥]], and for every cell C’
where |C’| = 2071 C| and C” intersects (2:7° + 1) x C, consider pairs (F, E') where E is an
e-cell of C' and E' is an e-cell of C’. Recall that there is a type ii edge between E and E’ if
and only if there exists a pair of disks (0,0") € I'.(E) x m.(E’) that intersect. Our approach
will be to maintain a maximal matching in the bichromatic disk intersection graph of disks
in T'.(FE) x m-(E"). To this end, we will construct, separately for every pair of e-cells (E, E'),
the following three auxiliary data structures (see Figure 8).

» Definition 15. For every pair of e-cells (E, E'), where for their quadtree cells C and C' it
holds that |C'| = 2071|C| for some i € [1, [log ¥]] and C' intersects (2°15 + 1) x C, we:
Store a mazimal bichromatic matching M (E, E') of the bipartite graph T.(E) x w.(E’),
where there is an edge (0,0') € To(E) X m.(E") if and only if o and o’ intersect.
Store a disk intersection query structure Q(E, E"), defined in Lemma 6, for all disks in
T.(E) that do not appear in the matching M (E, E’).
Store a disk intersection query structure Q' (E, E'), defined in Lemma 6, for all disks in
m(E") that do not appear in the matching M(E, E').

Now that we have set up the three auxiliary structures, we are ready to prove the main
result of the section, which is to dynamically maintain the spanner G.

» Lemma 9. Let S be a fully dynamic set of disks in the plane with diameters in [4, U] for a
fixed and known . For any fized € € (0,1), we can maintain a (1 4 €)-spanner of D(S) of
size O(ne=2log Wlog(e~1)) using O((%)2 log* nlog Wlog®(e~ 1)) expected amortised update
time and O((%)2 nlognlog ¥log(e1)) space.

Proof. We assume that S remains inside [0, ¥*]? (we remove this assumption in the full
version of the paper [29]). As we maintain the same spanner as in Lemma 13, the spanner
size bound follows.

Notation. Consider the quadtree cells of at least unit size obtained by recursively splitting
the bounding box. We let C be the set of pairs of such cells (C, C”) satisfying: |C| = |C’]
and C' C 3% C. Recall that Span(C,C") is a dynamic Euclidean spanner on the points
m(C)U7(C"). Let € be the set of pairs of e-cells (F, E') satisfying: E is an e-cell of C, E’ is an
e-cell of C’, and there is an i € [1, [log ¥]] such that |C’| = 2¢71C| and C’ C (2% + 1) * C.
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Disk insertions. When inserting a disk ¢ into S we perform the following operations:

1.

We consider all quadtree cells, down to unit size, that are contained in ¢ and contain
the centre of o. This is the storing family F (o) of o. For each cell C' € F(o) we either
identify C' in T(S) or add C to T'(S).

. We consider all quadtree cells C' € F(o). For every quadtree cell C’ such that (C,C") € C,

we insert the centre of o into the Euclidean spanner Span(C,C").

. We consider the unique storing cell C; of o and the unique e-cell E of C, that contains

the centre of 0. We consider all E’ such that (E, E’) € £ and test whether ¢ intersects a
disk ¢’ in 7. (E’) that is not already in the matching M (E, E’) by querying Q'(E, E').
If so, we add (o,0’) to M(E, E’) and delete ¢’ from Q'(E, E").
Otherwise, we add o to Q(E, E').

. To better match Definition 15, we now add a prime to our notation and consider all

C' € F(o). There is a unique e-cell E’ of C’ that contains the centre of 0. We consider
all e-cells E such that (E, E') € £. We test whether o intersects a disk ¢” in I'(F) that
is not already in the maximal bichromatic matching M (E, E’) by querying Q(E, E’).
If so, we add (¢”,0) to M(E,E') and delete ¢” from Q(E, E").
Otherwise, we add o to Q'(E, E').

. For every edge updated in any Euclidean spanner Span(C,C"), we update the correspond-

ing type i edge in G and whenever an empty bichromatic matching M (E, E’) becomes
non-empty, we also add the corresponding type ii edge to G.

Disk deletions. When deleting a disk o from S we perform the following operations:

1.

We consider all quadtree cells, down to unit size, that are contained in ¢ and contain the
centre of o. This is the storing family F(o) of o. If every cell C' € T'(S) records |7 (C)|,
then we can simply iterate over all cells C € F(o) and decrement this counter. At the
end of the procedure, we then remove all cells C' € F(o) for which we set the counter to
zero, to update T'(S).

. For all cells C € F(o), for every quadtree cell C' such that (C,C") € C, we delete the

centre of o from the Euclidean spanner Span(C,C").

. We consider the unique storing cell C, of o and its e-cell E that contains its centre. We

consider all E’ such that (E, E') € £ and query whether o is in the matching M (E, E").
If there is an edge (0,0') € M(E, E'), we delete (0, 0") from the matching. To maintain
a maximal matching, we need to test whether we can re-match /. We query whether
o’ intersects a disk ¢” in I'.(E) that is not already in M (E, E') by querying Q(E, E’).
If so, we add (¢”,0") to M(E, E’) and delete ¢” from Q(E, E").
Otherwise, we insert ¢’ into Q'(E, E').
Otherwise, if there is no edge (0,0’) € M(E, E’) then we must delete o from Q(E, E").

. To better match Definition 15, we now add a prime to our notation and consider all

C' € F(o). There is a unique e-cell E' of C’ which contains the centre of o. We consider
all e-cells F such that (E, E’) € £ and query whether o is in the matching M (E, E’).
If there is an edge (¢”,0) in M(E, E’) then we delete (¢”,0) from the matching. To
maintain a maximal matching, we consider re-matching ¢” by querying whether ¢”
intersects a disk o’ € m.(E’) that is not already in M (E, E’), by querying Q'(E, E').
If so, then we add (¢”,0”) to M(E, E’) and delete ¢’ from Q'(E, E").
Otherwise, we insert ¢” into Q(FE, E').
If o is not matched in M(E, E’) then we delete o from Q'(E, E’).

. For every updated Euclidean spanner Span(C,C"), we update the corresponding type i

edge in G and whenever a matching M (FE, E') becomes empty (or, when its corresponding
edge in G had o as an endpoint) we update the corresponding type ii edge in G.
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Update time. Let o be either an inserted or a deleted disk. There are O(log ¥) quadtree
cells C' € F(o). For each C' there are O(1) quadtree cells C’ such that (C,C") € C for which
we maintain a Euclidean spanner Span(C, C"). Inserting or deleting a point from this spanner
takes O(e=2lognlog®(e~1)) time. In total, updating the Euclidean spanners and the type i
edges of G (step 2 and 5) takes O(s~2lognlog ¥log?(e~1)) time per update in S.

We note that steps 3 and 4 execute the same procedure, but the more expensive operation
is step 4 which first iterates over all O(log ¥) cells C' € F (o). Every such cell C’ has a unique
e-cell E' containing the centre of o, and for each fixed E’, there are O(¥2e~2) e-cells E’ such
that (E,E’) € £. Indeed, the definition of £ involves a pair of quadtree cells (C,C") where
C' is smaller than C’. For a fixed quadtree cell, C’, for the bottom level of the quadtree (the
level where all quadtree cells have unit size) there are O(¥?) cells that can lie within distance
O(¥) from C (every such cell C' generates at most O(¢~2) pairs (E, E’) € £). For the level
above, there are half as many, and so by a geometric series we obtain that in Step 4 there are
O(¥2¢~2) pairs (E, E'). For each pair (E, E') we perform O(1) queries and updates on the
three auxiliary data structures. The running time for these queries and updates is dominated
by the O(log* n) amortised expected time to update Q(E, E') and Q'(E, E’) (Lemma 6). In
total, updating M(E,E"), Q(E,E’), Q'(E,E’') and the type ii edges of G (step 3, 4, and 5)
takes O(¥2e2log® nlog ¥) expected amortised time per update.

Space usage. We analyse the space usage of the three main components (the Euclidean

spanner, the maximal bichromatic matchings, and the intersection data structures) separately.

The size and space usage of the Euclidean spanner are asymptotically the same. As before,
the total space of all Euclidean spanners is thus O(ne =2 log ¥log(e~!)). Next, we analyse the

total size of all bichromatic matchings. Consider a cell C' in the quadtree and an e-cell E of C'.

There are O(e~2log ¥) cells E’ such that (E, E’) € £&. We thus consider only O(s~2log ¥)
maximal bichromatic matchings for E. As each disk appears in the subpopulation I'c(E) of
exactly one e-cell E, the total number of edges in all matchings is O(ne=21log ¥).

Finally, we analyse the size of the disk intersection data structures. A disk appears in

disk intersection structures Q'(E, E’) for O(log ¥) e-cells E’, at most once per quadtree level.

For such an e-cell E’, there are O(¥2c72) e-cells E for which we store a Q'(E, E') data
structure. Note that again that by a geometric series over all quadtree levels, it follows that
for a fixed e-cell E’ there are a total of O(W2e72) e-cells E for which we store a Q'(E, E')
data structure. As the size of the disk intersection data structure is O(nlogn), the total
size of all of the Q'(E, E') data structures is O(n¥?e~21lognlog ¥). The total space of the
Q(E, E') data structures is dominated by the Q'(F, E’) data structures. <
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A Achieving O(n) space within a fixed bounding box

The data structure of Lemma 9 has a quadratic size-dependency on the maximum disk size W.
This is primarily due to the fact that the data structure requires for every e-cell that stores
a set of disks S’, O(¥2e72) copies of an intersection data structure, each of which includes
some subset of §’. We argue that in many of these cases, these copies are near-identical. We
show that we can obtain better space-bounds by making the data structure sensitive to the
number of edges across all maximal bichromatic matchings instead.

We will achieve this through a form of data structure persistence. Persistence is tradition-
ally a way to retain older versions of a dynamic data structure. Partial persistence allows
queries to all previous versions of the data structure, but only allows updates to the latest
version. Full persistence allows both queries and updates to any version of the data structure.
There are various ways to make a data structure persistent, as described by Driscoll, Sarnak,
Sleator, and Tarjan [30]. The type of persistence we require slightly differs from both partial
and full persistence: it is more general than partial persistence, but because our auxiliary
intersection data structures cannot natively be implemented on a pointer machine whilst
maintaining constant in-degree, we cannot easily use full persistence. We therefore define an
alternative type of persistence, called branch persistence. To be precise, our goal is to make
the intersection data structure of Lemma 6 branch persistent.

We adapt the fat node persistence technique from [30], which is applicable to all data
structures that work in the pointer machine model (in [30], this is called a linked data
structure). When using fat node persistence, each node in the pointer machine is made fat,
meaning that they not just store one value, but at most one value for each version that
we keep track of. Whenever an update is performed on the node, the current value is not
replaced, but a new value is added including a version stamp. This way, the each old version
can still be accessed by searching for the corresponding version value in each node.

A.1 Branch persistence

Let I(S) be a dynamic pointer machine data structure storing the n objects in S. Instead of
defining versions, which are typically used in persistence, we will distinguish between the root
version of the data structure and different branches. Each branch ¢ stores a subset S; C S.
A query then specifies a branch ¢, and performs the given query on the set S;. Similarly, an
update specifies in which branch the update should be performed. To ensure that S; remains
a subset of S, we only allow insertions of objects that are in §. Additionally, one can perform
a root-update that performs the update on the root that stores the data structure on S and
then performs the same update on each branch. We illustrate this principle in Figure 9.

» Definition 16. Given a dynamic pointer machine data structure I(S) storing a (dynamic)
set of n objects S, a branch persistent version is a data structure where:
the root (with label 0) corresponds to the current set S,
each branch, with integer label i, corresponds to a subset S; C S.
Let B denote the current number of branches. The following operations are supported:
query(i, p): perform a query with p on I1(S;).
branch-update(i, o, Insert/Delete): if o € S insert o into or delete o from S;.
root-update(o, Insert/Delete): insert o into or delete o from S, then perform the same
update on each branch i using a branch-update.
branch(z): if there is no branch i, create a new branch with label i that has S; = S.
rebuild: rebuild the data structure from scratch.
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Figure 9 After creating four branches, and making the indicated branch-updates (each branch
update either deletes or inserts the indicated object), the sets S; consist of the indicated objects.

» Lemma 17. A dynamic pointer machine data structure I(S) with Q(n) query time and
U(n) € Q(logn) update time can be made branch persistent, supporting B branches and with
an upper bound of N on |S| between two rebuilds, such that:
Queries are supported in O(Q(N)log B) time.
Root-updates are supported in O(U(N)Blog B) time and increase the space by O(U(N)B).
Branch-updates are supported in O(U(N)log B) time and increase the space by O(U(N)).
Rebuilds are supported in O((|S| + 2)U(|S|)log B) time, where z is the size of the

symmetric difference z := > |S—38;|. The space after the rebuild is O((|S| +2)U(|S])).
i€[B]

Proof. We support branch persistence via the fat node persistence technique from [30]. The
core idea is that each node in the pointer machine has up to B versions, at most one per
branch. These versions are labelled and stored in a balanced tree so that given any integer i,
one can find the corresponding version of that pointer node in O(log B) time. This “version
lookup” follows the following principle to access I(S;): let v be a pointer machine node, if
there exists a version v; of v then read this version, otherwise, read vy. We maintain the
invariant that reading the pointer machine in this manner recovers the data structure I(S;)
for all branches i. As a consequence, queries take O(Q(N)log B) time. As branch(i) creates
a new branch with §; = S, this operation is supported in constant time by incrementing B.

Updating the data structure. Immediately after creating a new branch 4, the invariant
holds as §; = S. We support the remaining updates as follows.

To support branch-update(i, o, Insert/Delete) we note that by our invariant, we can
access I(S;) with O(log B) overhead per operation. Because the data structure I(S;) can be
updated in U(N) time, such an update changes values (or pointers) in U(N) nodes in the
pointer structure. For every such change to a node v, we introduce (or overwrite) only v;
representing its state in I(S;). If v did not exist before the update, we simply create a new
node with version v;. A branch-update thus takes U(N)log B time and adds U(N) space.
As the update on branch i only changes v; for any node v, the invariant is immediately
maintained for all other branches which use a different integer to read their node versions.

To support root-update(o,Insert /Delete) we execute branch-update(i,o, Insert /Delete)
for all B branches, including the root branch, at a factor B overhead.

Rebuilding. To support rebuilds, we additionally maintain for all branches a balanced
binary tree storing all objects in S that are not in S;, i.e. S\ S;, in some arbitrary fixed
order. We call this tree the difference tree. When updating S;, the difference tree can be
updated in O(log N) time and, as we assumed that U(n) € Q(logn), this does not incur any
overhead. When we create a new branch, we create an empty difference tree in constant
time.
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A rebuild is executed as follows. First, we construct given S the root data structure
I(S) in O(|S|U(|S])) time by performing an insertion for all o € S. Then, for each old
branch 4, i.e. each branch that existed before the rebuild, we create a new branch in constant
time. We then iterate over all elements ¢ in the corresponding difference tree and perform
branch-update(i,o,Delete). Since the sum of the difference tree sizes equals z, the total
reconstruction time is O((|S|+2)U(|S|) log B) and the total space is O((|S| +2)U(|S])). =

A.2 Applying branch persistence

We now apply branch persistence to the data structure maintaining our spanner, so that

we no longer store O(¥2z72) copies of the disk intersection data structure for each e-cell.
Instead, we store a branch persistent data structure for each intersection query data structure.

The data structure from Lemma 6 for intersection queries can be made branch persistent
using amortised expected update time and expected space as follows.

» Lemma 18. The data structure from Lemma 6, storing a dynamic set of disks S where
between any two rebuilds |S| < N, supports branch persistence such that:
Queries are supported in O(log® N log B) time.
Let v and b be the number of root- and branch-updates since the last rebuild and let z
be the size of the symmetric difference z := Y |S — S;| at this rebuild. The rebuild and

these updates take O((m+ z + rB +b) log* N log B) expected total time and the expected
space usage is O(( + z + rB 4 b) log* N), where T denotes the size of S at the rebuild.

Proof. We apply Lemma 17 to the dynamic disk intersection data structure of Lemma 6.

The disk intersection data structure has Q(n) = O(log? n) query time and U(n) = O(log* n)
amortised expected update time. Lemma 17 directly implies the stated query time of the
branch persistent version of the data structure. The amortised expected insertion time
of the data structure implies that k updates on an initially empty data structure take
O(k log* klog B) total expected time. Since each update introduces space proportional to
the original update time, the space usage is expected O(k‘log4 k). The stated running time
and space after a rebuild and some updates then follow from Lemma 17. |

Auxiliary data structures. In our original data structure, we stored two dynamic intersection
data structures Q(E, E’) and Q'(E, E’) (see Definition 15) for every pair of e-cells (E, E'),
where E' is bigger than E and is “close” to E, where “close” is defined relative to only the
size of E’'. The structure Q(E, E’) stored all disks in the subpopulation I'c(F) excluding
disks that appeared in the maximal bichromatic matching M (E, E'), while Q'(E, E’) stored
the disks in the population 7. (E’), again excluding any disks in M (E, E’). In our augmented

data structure, we will only store two data structures Q(F) and Q'(E) for each e-cell E.

These data structures are branch persistent, such that for each relevant pair (F, E’) we can
store an additional branch (if necessary) instead of an almost identical copy of the data
structure. Formally, we maintain the following structures.

» Definition 19. For each e-cell E in the quadtree with non-empty population w.(E) we
store the following two auxiliary data structures:

1. Q(E) stores the subpopulation T'(E) in the branch persistent data structure of Lemma 18.
2. Q'(E) stores the population w.(E) in the branch persistent data structure of Lemma 18.
Furthermore, for every pair of e-cells (E, E"), where for their quadtree cells C and C' it holds
that |C'| = 201 C| for some i € [1, [log V]| and C" intersects (275 + 1) x C, we:
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1. Store a mazimal bichromatic matching M (E, E') of the bipartite graph T'.(E) x w(E’),
where there is an edge (0,0") € To(E) X w.(E") if and only if o and o’ intersect.

2. If M(E,E'") is non-empty, create a branch in Q(E) storing {oc € [.(E) | o & M(E,E’")}.

3. If M(E, E') is non-empty, create a branch in Q'(E") storing {o € n.(E') | c ¢ M(E,E’)}.

Note that, like with the original data structure, we risk (locally) having O(e=2W¥?)
branches. However, the following lemma shows that this cannot occur too often, and that we
can bound the global symmetric difference between all persistent data structures and their
branches.

» Lemma 20. Let M be the set of all edges across all bichromatic matchings for all pairs
of e-cells. Consider, for a fized e-cell E, the set of disks S2F) and S E) stored in Q(FE)
and Q'(E) respectively and denote by zp =Y, |SE) — SiQ(E)| +22; |SQ(E) SJ-Q/(E)| the
sum over all symmetric differences across all branches of these data structures. Then we can
upper bound the total symmetric difference as follows:

z = Z zp = 2|M| € O(ne~?log V)

all e-cells E

Proof. Fix some e-cell E. For any branch i of Q(F), the symmetric difference between the
set S and SIQ(E) are exactly those disks that are in the matching M(FE, E’) where E’ is
the/ e-cell corresponding to branch 4. Similarly, the symmetric difference between S Q'(E) and
SJQ E) are exactly those disks that are in the matching M(E”, E) where E” is the e-cell
corresponding to branch j. It follows that an edge (o,0’) € M(FE,E’) C M is counted twice,
once for zg and once for zg/. So, z equals 2| M|.

What remains is to upper bound |M|. Consider a cell C' in the quadtree T'(S) and an
e-cell E of C'. We store edges across maximal bichromatic matchings between I'. (E) X 7. (E’)
for some “sufficiently close” e-cell E’. In particular, each disk in ¢ appears in only one
unique subpopulation I'.(F) which corresponds to the e-cell E of its storing cell C. There
are subsequently O(log W) cells C’ such that |C’| = 2¢71|C| for some i € [1, [log ¥]] and
C' C (275 + 1) % C. For every such cell C’, there are O(e~2) e-cells E’ for which we consider
a maximal bichromatic matching between I'c(F) x 7. (E’). It follows that each disk o is part
of some ordered pair (c,0’) € M at most O(¢~%log V) times which implies the lemma. <«

» Theorem 1. Let S be a fully dynamic set of disks in the plane with diameters in [4,®] for
a fized and known V. For any fized 0 < € < 1, we can maintain a (14 ¢)-spanner of D(S) of
size O(ne=2log Wlog(e™1)) using O((%)2 log* nlog® Wlog?(e~1)) expected amortised update
time and O(ne=2log" nlog W) expected space.

The complete proof of Theorem 1 is included in the full version of this paper [29]. This paper
contains part of the proof, specifically a description of disk insertions.

As before, we leave the generalisation to the case without a bounding box to the full
paper [29]. We thus assume that at all times S remains contained in a bounding box [0, ¥*]?
where U* is the smallest power of two that is larger than W.

Notation. We repeat the notation introduced in the proof of Lemma 9. Consider all
quadtree cells that are at least unit size that can be obtained by recursively splitting the
bounding box. We denote by C the set of all pairs of such cells (C, C”) satisfying: |C| = |C’|
and C' C 3+ C. We denote by & the set of all pairs of e-cells (E, E’) satisfying: E is a
e-cell of C, E' is a e-cell of C’, and there is an i € [1, [log ¥]] such that |C’| = 2¢71|C| and
C'C (275 4+ 1) C. We use M(E,E’), Q(E) and Q'(E) as defined in Definition 19.
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Disk insertions. Inserting a disk ¢ is done in the same way as in the original data structure.
The difference is that we work on branches of the persistent data structure instead of copies
of the disk intersection data structure. To be precise, we perform the following operations:

1.

2.

We first consider the storing family F (o) of o. For each cell C' € F(o), we either identify
the corresponding cell in T'(S) or add this cell to T'(S).
For all cells C € F(o), for every quadtree cell C’ such that (C,C") € C, we insert the
centre of o into the Euclidean spanner Span(C,C").
We consider the unique storing cell C, of o and its e-cell E that contains the centre
of 0. We perform a root-update(o, Insert) on Q(F) to insert o in the root version and
all branches. We then consider all pairs (E, E’) € £.
Consider the data structure Q(E).
The e-cell E’ corresponds to a unique branch i of Q(F).
Similarly, consider the data structure Q'(E").
If the subpopulation I';(E) was empty before adding o, then Q'(E’) does not have
a branch corresponding to £ yet. We add this branch and obtain its id j, storing it
in the pair (E, E").
If T'.(F) was not empty before, then we instead obtain the branch id j from (E, E’).
We then test whether o intersects a disk ¢’ in 7. (E’) that is not already in the maximal
bichromatic matching M(E, E’) by querying the branch j of Q'(E).
If so, then we add (o,0’) to M(E, E’). We delete o from the branch i of Q(F), and
delete ¢’ from the branch j of Q'(E’) — maintaining the invariant that these branches
store all disks in T'.(E) or 7.(E’) that do not appear in M (F, E').
To match the notation of Definition 19, we now introduce primes in our notation and
consider all quadtree cells C’ € F(o). A fixed cell C' has a unique e-cell E' which contains
the centre of 0. We perform root-update(o, Insert) on Q'(E’) to insert o in the root
version and all branches. We then consider all pairs (E, E’) € &:
Consider the data structure Q(E).
If the population 7. (E’) was empty before adding o, then Q(F) does not have a
branch corresponding to E’ yet. We add this branch and obtain its id ¢z and store it
in the pair (E, E’).
If 7.(E") was not empty before, then we instead obtain the branch id ¢ from (E, E’).
Similarly, consider the e-cell E' and Q'(E").
Then E corresponds to a unique branch j of Q'(E’) which we obtain from (E, E').
We test whether o intersects a disk ¢” in T'.(F) that is not already in the maximal
bichromatic matching M (E, E') by querying the branch i of Q(E).
If so, then we add (0”,0) to the matching M(E, E’). We delete o from the branch j
of Q'(E’), and we delete ¢” from the branch i of Q(FE) — maintaining the invariant
that these branches store all disks in I'.(F) or 7.(E’) that do not appear in M (E, E’).

. For every edge updated in any Euclidean spanner Span(C,C"), we update the corres-

ponding type i edge in G. Similarly, whenever an empty bichromatic matching becomes
non-empty, we add the corresponding type ii edge to G.

Disk deletion, space usage, and update time. For the complete proof of Theorem 1, see
the full paper [29].
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