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—— Abstract

The prophet inequality is a fundamental problem in optimal stopping theory. Given n independent
variables drawn from known distributions, a player observes values sequentially and must decide
irrevocably whether to stop and accept the current value or continue. The goal is to select a single
element while maximizing the ratio between the value chosen and that of the maximum value in the
sequence. In this paper, we study the minimization counterpart, often termed the min prophet or
cost prophet inequality. Unlike the maximization setting, where simple threshold algorithms achieve
half of the prophet’s value, the minimization setting is significantly harder, with an exponential
lower bound even for i.i.d. variables.

We study a multi-choice relaxation in which the algorithm may select multiple variables and gets
to choose the best amongst them (the minimum amongst those selected). Our goal is to minimize the
expected number of selections while achieving a constant competitive ratio. For adversarial order,
we show that a constant competitive ratio requires a nearly linear number of choices in expectation,
ergo, Q(n/Inn). In contrast, we show that for the prophet secretary model (random order) one can
attain constant competitiveness while requiring only an exponentially smaller expected number of
choices i.e. O(Inn). We give a refined analysis and define M to be the ratio of the minimum expected
value of any single variable to the expected minimum value of all variables (the prophet’s value) and
present an algorithm that achieves a constant competitive ratio with O(min{lnln M,Inn}) choices
in expectation for the prophet secretary. We show that this is tight up to low order log factors
even for the special case of the i.i.d. model. Specifically, the lower bound on the expected number
of choices for any constant competitive algorithm is Q(min{lnln M/Inlnln M,Inn/Inlnn}). We
also show that if we insist on a deterministic bound on the number of choices then every constant
competitive algorithm requires n choices. This holds even in the i.i.d. setting and shows that to
achieve a constant competitive algorithm there is an exponential gap between the lower bound on
the deterministic number of choices and the upper bound on the expected number of choices.

Finally, we consider a variant where both the algorithm and the adversary choose r values
and pay their sum, this is the minimization multi unit version. We extend our techniques to the
multi-unit variant for i.i.d. variables, achieving a constant competitive ratio with a small expected
number of choices.
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1 Introduction

Consider the following problem, there are n rewards X, ..., X,, drawn independently from
known distributions Fi, ..., F,,. The player observes the values one by one and may stop
at any point, collecting the last observed reward. The goal is to maximize the payoff. This
problem is well known and is called the prophet inequality [24, 25]. The optimum offline
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solution (prophet’s expected payoff) is E[max; X;]. For general variables, the best online
algorithms achieve at least half of the optimum prophet’s value [24, 25, 29]. For random
order (also called prophet secretary) the bound is better (between 0.688 [10] and 0.723 [17]).
For i.i.d. variables, the optimal online algorithm achieves 0.745 [20, 22, 11] . This result has
been extended in many directions, including multi-choice prophet inequalities [6], multi-unit
prophet settings [3], and resource augmentation [8].

In this work, we study the minimization counterpart, sometimes called the cost prophet
inequality [26]. Here the X,’s represent costs, and the player aims to minimize the selected
value. For intuition, one may think of a traveler deciding when to buy a flight ticket: prices
arrive sequentially, and upon seeing one the traveler must decide immediately whether to
purchase it or continue waiting. We study the three main variants for prophet inequalities:
adversarial order, prophet secretary (random order arrival), and i.i.d. variables.

One of the key differences between the minimization and maximization problems is that
in minimization the algorithm must choose a variable, otherwise it incurs a cost of co. Unlike
the reward version, the minimization problem behaves very differently: while for certain
i.i.d. distributions one can obtain a constant competitive ratio for example distributions
with monotone hazard rate [26], for general distributions it has been shown that even under
i.i.d. assumptions only an exponential competitive ratio is achievable [15]. This striking gap
motivates our investigation of what guaranties can be obtained without such distributional
assumptions.

We consider the multi-choice prophet inequality, in which the algorithm can choose
multiple items. We compare the expected cost of the algorithm on the minimum of its choices
(which is the last choice!) to the prophet’s cost. The case of a single choice corresponds to
the classic cost prophet inequality where n corresponds to the offline version.

Our goal in this paper is to study how many choices are needed to achieve a constant
competitive ratio for the min prophet problem, defined as the expected cost of the algorithm
(the expected minimum of the choices made) over the expected cost of the optimal algorithm.
We say that algorithm ALG is c-competitive if

E(cost(ALG)) < ¢ - E(cost(OPT)) = c¢- ]E[mjin X,

Since the choices made by the algorithm are adaptive, we view the number of choices as a
random variable, and we are interested in its expectation.

To state our results, we use the parameter M which captures the power of the minimum
of n variables compared with a single variable. Specifically, this parameter is

M = mjinE[Xj] /E [mjian] .
Intuitively, M measures how much better the global minimum is, in expectation, over a
single draw. For many light-tailed distributions M grows only polynomially with n, while
for heavy-tailed distributions M can be much larger.

First, we show that for adversarial order, a large number of choices are required. Specific-
ally, any constant competitive algorithm requires Q(-) choices in expectation. Surprisingly,

for the random order (prophet secretary model), one can get an exponential improvement.
Our main result is that a constant competitive ratio is possible with O(min{lnIn M,Inn})

L Without loss of generality, the algorithm’s cost can be taken as the value of its last accepted choice,
since selecting a larger value than already chosen never improves the outcome.
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choices in expectation, and this is the best possible (up to low order factors). Interestingly, the
lower bound works even for i.i.d. variables (in which case the order is irrelevant). Moreover,
we show that if we insist on a deterministic upper bound on the number of choices, then, to
achieve a constant competitive algorithm n choices are needed, even for i.i.d. variables. The
most technically challenging problem is the lower bound on the expected number of choices.

1.1  Our results

We obtain several new results for the min prophet inequality under the multi-choice variant
and the multi-unit variant. Recall that n is the number of variables and M is the ratio
between the minimum of the expectation and the expectation of the minimum.

Multi-choice setting

For adversarial order, we establish that any constant competitive algorithm requires
Q(5%-) choices in expectation. See Section 3.

For the prophet secretary model (variables that arrive at a random order), we present a
simple threshold algorithm (Section 4) that achieves a constant competitive ratio using
only O(min{lnln M,Inn}) choices in expectation. To complement this result, we show
that even in the i.i.d. setting, any constant-competitive algorithm requires at least

Q(min {2l lnn )zﬁ(min{lnlnM,lnn})

nilnln M’ Inlnn

choices in expectation, establishing that our result is tight up to a low order factor. See
Section 5.

We show that “choices in expectation” above is required even for i.i.d. variables. We
prove that no algorithm that deterministically makes less than n choices can be constant-
competitive (see Section 6). In combination with the upper bound above, this shows an
exponential gap between requiring a deterministic and an expected number of choices.

These results illustrate the fundamental gap between maximization and minimization
prophet inequalities. In particular, while the classical reward setting admits constant-
competitive algorithms without multiple choices, the cost setting provably requires multiple
choices, and any non-trivial result is possible only under the relaxation that the number of
choices holds in expectation. Moreover, in the maximization version, the competitive ratios
for adversarial and random order settings differ by a constant factor. Conversely, to achieve
any constant competitive ratio for the minimization problem, the two settings (adversarial
vs. random order) are very different, and there is an exponential gap between the number of
choices required in the two settings.

Multi-unit setting

We generalize the multi choice problem to the multi unit min prophet problem. In this
setting, both the online algorithm and the adversary have to collect r items and may replace
previously chosen items with other choices. One may think of this setting as having a series
of tasks that need to be done, and one must do r of these tasks. The cost associated with
the r items eventually chosen is the sum of their values.

The algorithm may make multiple choices but always keeps the r smallest cost items
amongst them. As above, we are interested in the number of choices made in expectation
and the competitive ratio attained. The multi unit problem reduces to the multi choice
problem for r = 1.
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We design a threshold-based algorithm, closely related to that of the multi-choice setting,
that achieves a constant competitive ratio for i.i.d. variables while using only a small expected
number of choices: If r < In M, the algorithm achieves a constant competitive ratio with

O (min{r In(1nM)y -y In(2)})

T

choices in expectation. If » > In M, the algorithm achieves a constant competitive ratio with
only O(r) choices in expectation. See Appendix C. Moreover, for any 1 < r < n — 1, we show
that if the algorithm is restricted to making r selections in total, i.e., no extra choices, then
no constant competitive ratio is possible (even for i.i.d. inputs). See Appendix D.

1.2 Techniques

For the upper bound, we employ a threshold-based algorithm, calibrated so that the expected
number of relevant samples (below the threshold) is logarithmic in M. We analyze the
expected number of choices using record statistics, relying on Jensen’s inequality to bound
the updates to O(min{lnln M,Inn}).

For our lower bounds, we construct hard instances using heavy-tailed distributions. For
the adversarial order lower bound, we utilize n distinct heavy-tailed continuous distributions
to demonstrate that an algorithm must switch its selection with high probability at nearly
every step to avoid incurring a large cost. For the lower bound on the expected number of
choices in the i.i.d. setting we divide the n variables into intervals of increasing size that
depend on M and n, such that, in total, there are Q(min{lnln M/Inlnln M,Inn/Inlnn})
intervals. We prove that any constant competitive algorithm must make a choice in each of
these intervals with very high probability, thereby establishing the required lower bound. For
the lower bound with deterministic number of choices, we construct a discrete distribution
with super-exponentially growing values. We show that for any algorithm restricted to n — 1
choices, there exists a specific realization sequence where the algorithm fails to select the
minimum, leading to an unbounded competitive ratio.

1.3 Organization

The remainder of the paper is organized as follows. Section 2 formalizes the multi-choice
minimization prophet setting. Section 3 shows that for adversarial order any constant-
competitive algorithm must perform Q(n/lnn) choices in expectation. Section 4 presents our
constant-competitive threshold algorithm and analyzes both its performance and the expected
number of choices it makes. Section 5 complements this with a nearly tight lower bound on
the expected number of choices required by any constant-competitive algorithm. Section 6
turns to deterministic choices, proving that any algorithm restricted to at most n — 1 choices
cannot achieve a constant competitive ratio. Some proof are deferred to the Appendices A,
B. Appendices C and D focus on the multi-unit version of the problem: Appendix C presents
an algorithm that is almost identical to the threshold-based algorithm of Section 4, that
achieves a constant competitive ratio while using only a small expected number of choices,
and Appendix D establishes an exponential lower bound, showing that when the algorithm
is allowed only r selections, no constant competitive ratio can be guaranteed.
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1.4 Related work
Min prophet inequality

The first study of the min prophet problem (also called the cost prophet inequality) was
by Assaf et al. [5], who considered the case of two choices under certain distributions and
compared the algorithm’s performance with both the one-choice version and the prophet’s
value. In contrast to the maximization setting, where constant competitive ratios are
achievable, their results already suggested that the minimization variant is significantly
harder. After a long gap, Esfandiari et al. [15] established that even in the i.i.d. setting the
competitive ratio can be exponential, highlighting a stark difference from the reward prophet
inequality, where a ratio of 2 is attainable even for non i.i.d. distributions. This result shifted
the research focus towards identifying structural assumptions — such as distribution classes
or fractional cost models, under which constant competitive guarantees may still be possible.

Livanos and Mehta [26] analyzed the optimal algorithm for i.i.d. variables and showed
that constant guarantees can be obtained under additional assumptions on the distributions,
specifically through properties of the hazard rate. More recently, Livanos [27] extended this
line of work using extreme value theory. For distributions where the maxima and minima of a
sample converge in distribution, they proved that for single-threshold algorithms the optimal
competitive ratio in the i.i.d. setting is polylogarithmic in n, and that in the k-multi-unit
minimization prophet inequality there exist constant-competitive single-threshold algorithms
whenever k > logn.

Another related variant is the prophet inequality with monomial cost functions, in which
each random variable corresponds to a cost function and the player may purchase a fractional
amount z; € [0,1] from each, subject to the total mass summing to 1. Qin et al. [28] analyzed
this model and, under mild regularity conditions on the distributions, proved that one can
obtain a competitive ratio approaching 1 asymptotically. In our work, all proofs hold for
arbitrary distributions.

Max prophet inequality

The classical prophet inequality was introduced by Krengel and Sucheston [24, 25], who
showed that a gambler observing n independent random variables can guarantee at least half
of the expected maximum. The optimal asymptotic competitive ratio for the i.i.d. prophet
inequality is a & 0.745, obtained by combining the Hill-Kertz upper bound [20] with the
matching threshold-algorithm guarantee of Correa et al. [11].

An intermediate variant is the prophet secretary problem, where variables arrive in
uniformly random order. Esfandiari et al. [15] designed an adaptive-threshold algorithm
achieving a (1 — 1/e)-competitive ratio. Azar et al. and later Chen et al. [7, 10] improved
this bound to 0.688. Correa et al. [12] established that no algorithm can beat 0.732. Further
progress has been made for multiple selections [4] and for broader feasibility constraints
such as matroids [13, 2]. Yet another model, the free-order setting (where the algorithm can
choose the order) was also studied in [1].

The most general problem is that of adversarial order. As for prophet secretary, many gen-
eralizations have been considered. The classical 1/2 guarantee extends to general downward-
closed systems, including matroids [23]. In the special case where the player may select up
to k values and is evaluated on their sum, Alaei [3] proved a (1 — /1/(k + 3))-competitive
algorithm, later improved for small k£ [9] and shown to be tight for all k [21]. A related
model evaluates the player on the maximum of k choices: Assaf and Samuel-Cahn [6] showed
that in this setting the gambler can secure more than kLH of the prophet’s value. Ezra et
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al. [16] introduced the f-out-of-k framework, which interpolates between these models by
allowing up to k tentative selections while only the best £ are evaluated. In the special case
¢ = 1, they improved the bound of Assaf and Samuel-Cahn by giving an algorithm that
achieves 1 — %e‘k/ 6 of the prophet’s value. This guarantee was later improved in [19]; related
stronger guarantees for oracle-augmented variants were obtained in [18]. Another relevant
direction is the prophet inequality with recourse (or buyback), where the decision maker
can discard previously selected elements to accept new ones, often subject to a cancellation
cost. Recent work by Ekbatani et al. [14] formalized this setting, showing that the ability to
cancel decisions allows for improved competitive ratios in settings where standard irrevocable
algorithms are limited. Finally, another approach is resource augmentation, where the
algorithm is granted multiple samples or additional copies of the instance. Briistle et al. [8]
proved that block-threshold algorithms require only ©(loglog(1/¢)) extra copies to obtain a
(1 — e)-approximation.

2 Preliminaries

In this section, we will formalize the problems considered herein. We introduce the parameter
M, defined as

M =minE[X;]/E {m.inX]} .
J j

Note that for i.i.d. variables for all j the values E [X] are the same, so the minimum in the
numerator becomes redundant.

We assume that min; E [X;] > 0, otherwise there exists X; s.t. Pr[X; = 0] =1 and in this
case the algorithm is trivial. Unless stated otherwise, we assume that all random variables
X1,...,X, are independent. Note that the algorithm must choose at least one variable
otherwise the competitive ratio is infinity. In general the distributions Fi, ..., F, may be
arbitrary. We consider adversarial order, random arrival (prophet secretary), and the i.i.d.
model.

Multi Choice

We study a multi-choice variant of the prophet inequality. An online algorithm is given
n random variables X7, Xo,..., X, drawn independently from distributions Fi, F5, ..., Fy,
arriving sequentially. The algorithm is allowed to make multiple selections. Its cost is defined
as the minimum chosen value. Formally, if the algorithm selects indices i1, ..., i, then its
cost is

ALG = min{Xil, ce asz}

Obviously, no algorithm will ever choose an item of higher cost than a current option, so the
minimal cost item will always be the last chosen.
The benchmark is the prophet, who observes all n values in advance and pays

OPT = min X;.
1<i<n

We compare the expected cost of the algorithm to the expected cost of the prophet i.e.,

_ E[ALG]
o E[OPT]



Y. Azar, |. Biran, and A. Fiat

Special cases of this model include:
single choice: the classic prophet inequality for minimization.
n choices: the offline optimum, where the algorithm is equivalent to the prophet.

Our goal is to determine how many choices are required (in expectation) for an algorithm
to guarantee a constant competitive ratio. If we insist on a deterministic upper bound on the
number of choices and seek a constant competitive ratio, then n — 1 choices do not suffice,
even in the i.i.d. setting.

Multi unit

In the multi-unit minimization variant, the algorithm must acquire ezactly r items, where
each selection represents purchasing one unit of the item. The total cost is the sum of the r
smallest values among the items it has selected. Formally, if the algorithm makes k selections
at indices i1, ..., (with k > r), its cost is

_ ALG
ALG = ZX(j) ,

Jj=1

where XALG < XALG < ... < XALG 416 the values of the items chosen by the algorithm.

1) (2 (k)
That is, the algorithm’s cost is determined by the smallest r values among its k selections.

The benchmark (the prophet) observes all values in advance and pays
OPT =) Xj),
j=1

where X(1) < X(9) < -+ < X(,,) denote the order statistics of {X1,...,X,}. Thus, the
prophet always takes the r globally smallest items. The competitive ratio in this model is
defined as

E[ALG]

CRmultl—unlt (7') FIS,},I,I’)F,L [OPT] .

This model captures settings in which the decision-maker must procure multiple units
(e.g., resources or tasks) and seeks to minimize the total cost, rather than a single value as in
the multi-choice case.

As shown later, if the algorithm is forced to choose ezactly r values, no algorithm can
guarantee better than an exponential competitive ratio. This impossibility motivates relaxing
the model so that the algorithm may make any number of selections and instead aims to
minimize the expected number of choices required to achieve a constant competitive ratio.

In our algorithm, we assume that the distributions are continuous. This is not a restriction,
as if the distribution contains atoms, then we use the standard technique of perturbing the
atoms (or just make the algorithm randomized at that point of mass). Also, our lower bounds
use distributions with atoms of probability mass, but the distributions can be perturbed
slightly, giving an equivalent bound with continuous distributions.

3 Adversarial order: almost linear lower bound on the expected
number of choices

We analyze the adversarial order and show that any constant-competitive algorithm for
arbitrary independent variables must make at least an almost linear number of choices in n.

» Theorem 1. Any algorithm for arbitrary independent (but not identical) variables that is
constant competitive requires ) (L) choices in expectation.

Inn
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Proof intuition

The distributions are chosen so that, with high probability, the values decrease over time,
meaning that each early variable offers an important opportunity to improve the algorithm’s
current choice. On the other hand, if the algorithm rejects one of these improving values, it
is forced, with small but non-negligible probability, to keep a value much larger than the
offline minimum. Although this bad event occurs with low probability, its contribution to
the expectation is large enough that any algorithm that does not accept many of the early
variables has an unbounded competitive ratio.

Proof. Define the following variables X1, .., X, as follows. For 1 <k <n -1

1

2n
Fy ()= {1t g STt
Xk - n
1, x> en’ ,
and for X,,
1 2n
Fx,(z) = 2
2n
1, x>e"

First, we claim the following
> Claim 2. The expectation of the minimum of n independent variables is n?" + 1

Proof. See Appendix A.1l. <

n2n72k‘71

We define A, =e and prove the following claim:

> Claim 3. For every 1 < k <n — 1, Denote Y}, as the minimum value for first k£ variables.
For every k, Y}, satisfies that

with probability of at least 1 — % for large enough n.

Proof. See appendix A.2 <

Next, for each k, define Z, = min{Xy41, ..., X, } which is the minimum of the remaining
variables, and Cj = E[min(Ay_1, Zx)], which is a lower bound on the algorithm’s value if we
do not choose xy,.

> Claim 4. For every 1 < k < n — 1 it holds that:

Cr = Emin(Ag_1,7Zx)] > = - p2n—2k=2 en,

w| =
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Proof.

Ap_1 1
Ck =E [mln (Akfl, Zk)] = 14 / ﬁdfﬂ
1 ml_Zizl wIn

1 k2
— i=1 n2n
= 1+ k p2i (Akl

Zi:l n2n

)

1 n2n k n?i
> — <€n2k—1 i=1 n27" — ]_)
2lim1
n2n < 2k >
Z = en2k—1 — 1]
> i 1
2n
n n
2 5o (€1
2n
n n __ 1 2n—2k—2 n
Z gz ¢ 30" e
where the second inequality holds because we decreased the exponent, and the next inequality
holds because n?**2 dominates the sum. <
> Claim 5. Let m = ;7. Any constant-competitive algorithm must make m choices
among {X1,...,X,,} with probability at least %

Proof. Suppose there exists a constant competitive algorithm that, with probability of at
least %, makes fewer than m choices among {X1,..., X,,}. For each j € {1,...,m}, let G;
be the event that the algorithm does not choose X;. Let I/ be the event that the algorithm
, X }. By assumption, Pr(E) > 7. On the event
E the algorithm must skip at least one index in {1,...,m}, hence by using the union bound
we get

> Pr(Gy)
J=1

and therefore there exists k € {1,...,m} such that
1 2lnn

makes fewer than m choices among { X1, ...

" 1
> P | > Pr(F) > =
> Pr JL:JIG] > Pr( )727

PI‘(Gk) >

2m  n

Hence, there exists a k such that the algorithm didn’t choose a variable with a probability
of at least 21% Denote this variable as X;. When the algorithm skipped the value of Xj,
its decision was based only on the first k — 1 variables. Hence, we can assume it is holding a
previously selected value — specifically, one of {X7,..., X;_1}. We can assume using claim 3

that with probability of at least

2
X1} > A =PrY > Ap 4] > 11— o

Prmin{Xjy,..
that the values of the variables X7, ..., X}_1 are at least Ag_1; it follows that the algorithm’s
current value is at least Ay_;. Consequently, the expected performance of the algorithm
is lower bounded by the minimum of its current value and the minimum of the remaining
unseen variables. Since it rejected X, we can assume it continues with the same value when
it observes Xj1. Therefore, its expected cost is at least Cy, = E[min(Ag_1, Zx)]. Hence by

claim 4 its expected cost is at least:

1 ok—
.n2n 2k 2'6".

Cng
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Denote the event that min{Xy,..., Xx_1} > Agx_1 as Sk. We can bound Pr(S; N Gy) by
using the fact that

Pr(Si) = Pr(Sk N Gy) + Pr(Sp N GS) < Pr(Sp N Gy) + Pr(GS).

Hence,

Pr(Sy N Gy) > Pr(Sy) — Pr(GY) > (1 _ 2) - <1 _ 21“”) _ 2 2T
n n n n n

Where the last inequality holds for large enough n. Therefore, we can bound the expectation
of such an algorithm by at least

—ok— 1 —ok—
2n—2k 2.€n:7.n2n 2k 3-6”.

E[ALG] > Pr(SkNGy) - Cr > 3

1 1
—_ 777/
n 3

Since, E[OPT] = 1 + n" then the competitive ratio of the algorithm is

E[ALG] - %_nQn—Qk—?) et B 1 en 1 en B 1 on y
E[OPT] o 2.n2m B 6 n2kt3 — Gpamat3 o 6 en/2+3lnn — €

Note that for large enough n we have e™/3 > n®. Hence, if an algorithm skips the variable
X with probability of more than 21% then its competitive ratio is at least €™/ which
is not constant competitive. Hence, any algorithm must choose all of {X;,..., X,,} with
probability of at least % <

To complete the proof, we note that in total each constant competitive algorithm for
large enough n makes at least

1 n n
ol _
E[Choices] 2 5+ 3 — = g1

choices in expectation, which is Q(%-) as required. <

4 Constant competitive algorithm with a small expected number of
choices

In this section, we present our constant-competitive algorithm and analyze both its com-
petitive ratio and the expected number of choices it makes. The algorithm is threshold
based. It establishes a threshold and only accepts values below it or the variable that has
the minimum expectation. To describe the algorithm we assume that the variables have a
continuous distribution. We now present the algorithm: denote the first variable with the
lowest expectation as X;, and its index as %g.

Algorithm 1 Constant competitive multi-choice algorithm.

1. Find a threshold t (e.g., by binary search) such that ), p; = min{ln M + 1,n} where
p; = Pr(z; <1t).

2. Accept the first item with a value at most t, or X;,

3. Thereafter, switch only if a newly observed value is strictly smaller than the value currently
held and less than ¢.

We consider the random order model (the prophet secretary problem).
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» Theorem 6. For arbitrary variables, in random order, the above algorithm is constant-
competitive and makes O(min{lnln M,Inn}) choices in expectation.

We next analyze the algorithm’s performance. The analysis proceeds in two parts: we
first bound its competitive ratio and then the expected number of choices it makes, where
the expectation is taken over the randomness of the input. For ease of exposition we assume
E[min{Xy,...X,}] = 1 which implies that E[X; ] = M.

4.1 Competitive ratio and number of choices analysis

We analyze the algorithm separately for the competitive ratio and for the expected number
of choices.

4.1.1 Competitive ratio analysis

First, observe that if In M + 1 > n then p; = 1 for every ¢. Hence, the algorithm always
achieves the minimum and is 1-competitive. If In M + 1 < n then the only situation in
which the algorithm may fail to achieve the minimum is when all samples except for the
sample X, are above t. Since InM + 1 < n then >, p; = In M + 1 which means that
> Pi — Pio > In M, and thus the probability that all variables except X;, are above ¢ is:

Pr(vi € )\ fio} : Xi > 1) = [J(1-p) < (1- IJZ_”{)H_l < emM_ 1
i

where the first inequality is the mean inequality and the second one is (1 — )™ < e "%, In
this case, the algorithm’s expected cost is M since it always chooses the variable X, .

If there is a sample below ¢, then the algorithm achieves the minimum and is therefore
1-competitive. Combining these cases, the expected performance of the algorithm is

EALG] < 1-Emin{Xy,..., X,}]|min{Xy,..,X,} <t) + L B[X;]

1
< E[min{Xl,...,Xn}]—i-M-M = 2.

Hence, the competitive ratio of the algorithm is at most 2.

4.1.2 Number of Choices Analysis

Denote Z; = number of samples below t, Z5 = number of choices overall. Then we have
E[Z1] = min{ln M 4+ 1,n}. As the number of expected new minima in a random permutation
of length n is .1 ; 1/i = H, <In(n+ 1) + 1. We get that E[Z5|Z;] < In(1 + Z;) + 2 since,
there is 1 choice that is being made regardless of the number of samples. Then by the law of
total expectation we have that

E[Zs] = E[E[Z2]Z1]] < E[ln(1 + Z1) + 2] .

By Jensen’s inequality, since In is a concave function, we get that E[In(Z; + 1) + 2] <
In(E[Z; + 1]) + 2, and hence

E[Z;] <E[In(Z: +1)+ 2] <In(E[Z; +1]) + 2 = O (min{InIn M, Inn}).

As required.
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5 Lower bound on the expected number of choices

We next establish a nearly tight lower bound, showing that our upper bound on the expected
number of choices is optimal up to lower-order terms. The lower bound is actually proved
even for the i.i.d. and hence obviously holds for the prophet secretary. The proof relies
on constructing a hard i.i.d. instance that forces any algorithm to make sufficiently many
selections (even in expectation) to remain constant competitive.

» Theorem 7. Any constant competitive algorithm for arbitrary i.i.d. variables requires
Q (min{ ILHIH’;, li‘}ir} IfwM ) choices in expectation.

Proof. We will show a lower bound of (hllﬂrll f 5) on the number of choices for any parameter

B < e where M = © (%) This yields the required bound for M = O (%). For

M =Q (%) we use 8 = e" and get a lower bound of Q ({12-).

Inlnn

Proof overview. The proof proceeds in four steps.
We construct a heavy-tailed i.i.d. distribution and show that M = ©(5/1nj).
We partition the sequence into intervals whose sizes grow doubly logarithmically.
We show that skipping any such interval significantly increases the algorithm’s expected
cost.
We conclude that any constant-competitive algorithm must make at least one choice in
each interval with very high probability.

First, we define a random variable X that has the following cumulative distribution
function (CDF):

d 1 4.2
f(z) = dr (z) = ﬁx
There is also a point mass at x = 3:
PX=8)=1— lim F(z)=—
=3)=1- lim T) = —.
v (8) pr/m

> Claim 8. The expectation of a single variable X is between g and 24.

Proof.

8 s 1
IE[X]:/1 xf(x)dx‘Fﬁﬁ:%/l zndr+ B,

We compute the integral:




Y. Azar, |. Biran, and A. Fiat

Hence, the expectation becomes:

1 gw—-1 . 1 pvw—-1 . pYw—-1 . naptw-—1
EX = - — T — — o — nh —m —, - =
[X] n 1-41 +h n o=l +h n—1 +h n—1
Hence,
1—1
n—1
Bx] =2 L <op
n—1
and
1—1
n—1
E[X]:Lzé_lzé7
n—1 e 4
where 9 < 5 < e”, ergo%ﬁE[X}ﬁQﬁ as required. N

> Claim 9. The expectation of the minimum of n independent variables is In 5 + 1.

From the above two claims it follows that M = m =0 (%) .

2k
Next define for 1 < k < % — 1 the prefix size ny = % .

We now prove the following:

> Claim 10. The minimum value encountered Y}, in the first n; variables for 1 < k <
Inln 8

In 8
Thiming — | satisfies Yy > e 29”7 with probability of more than 1 — .

In 3

Proof. Denote Ay = e/ 1 The CDF of Y}, is

1 1
FYI"’ (m) = 1 - n(Inln B)2Fk = 1 - (In In B)Qk :
x nln B x In 3

So the probability that Y} is bigger than Ay is Pr[Ax < Y] = 1 — Fy, (4;). Bounding
Fyk (Ak)

1 1 1 1 1
Fy, (Ag) =1— - =1- — =1l-¢ WP <1-14—— = )
) A:nll: g)% e (n mlgf%ﬂ g g)“ Inlng  Inlng
where the inequality implied by e~® > 1—a. Hence, Pr[A; < Yi] =1—Fy, (Ar) > 1— m .
<

Next, for all 1 < k < % — 1, define Z, = min{X,,, +1,...,Xn}, which is the expected
minimum of the remaining variables, and Cj, = E[min(Ay_1, Zj)] which is a lower bound on
the value of the algorithm if it skips all variables in indices between ny_1 to ng.

> Claim 11. For every 1 < k < T, we have C;, > 2(1;?%2)%
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Proof.

In 8
e (Inln g)2k—1

1
1
Ck = / Ldx +/ n(lnln B)2k dx
0 1 """ mg

€T n
In 8
e (Inln g)2k—1

1 1
= / ldz + / T dx
0 1 I-—s—

x
In B
e (Inln B)2k—1 ok
= 1 4+ / z (lnlll’l‘g) - dx
1
In B
(In1n §)2k a=e (ntn )
x In B
=1 (Inln B)2*
In B r=1
In 8 (Inln B)%*
= 1+ % e(lnlnﬁ)zk*f In B -1
(Inln B)2k
In g Inl
= 14— (elnF 1),
+ (Inn B)2* (e )
Hence,
Ing Ing In% 3
Cr=14+4 —F—— (" 1) =14+ —= __ (Inf—-1)> —=——
k + (Inln B)%* (e ) + (Inln B)2* (Inp—1)= 2(Inln 3)2k’
for all g > 5. <
Now we are ready to complete our proof (with high probability):
> Claim 12. Let T = 288 1. Any constant competitive algorithm must make at least

2Inlnln B
T choices with probability higher than 1 — m in the first ny variables.

15t choice 24 choice K¢, choice

/Ailgy. / AZTYZ / /lkTYk

(Inn)? (Inn)* (Inn)?*

Figure 1 intervals for g = e".

Proof. Assume by contradiction that there exists an algorithm which makes fewer than T'
choices in the first np variables with probability of more than m and that its competitive
ratio is constant. By looking at the disjoint intervals [1,n1], [n1 + 1,n3], ..., [nr—1 + 1, n7].

Let E be the event that the algorithm makes fewer than 7" choices in the first ny variables.
On event F it must skip at least one of the T intervals, so by averaging, there exists an
interval k with

1 1 2lnlnln g 2

Pr(skip interval k) > Pr(E) - T > g Wb g

Denote the index of the interval it skipped on with the highest probability as k. Hence,
the probability that the algorithm skipped on it is bigger than ﬁ When the algorithm
skipped a value in interval k, its decision was based only on the first n; variables. Hence,
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assuming A1 < Yj_1, all values revealed among the first ny_; variables are at least
Aj_1; therefore any value chosen by the algorithm before interval k is at least A;_1, and
assuming the algorithm makes no choice in interval k, its expectation in this case is at least
E[min(Ax_1, Zx)] = Cx and by Claim 11 we get that:

E[min(Ak_l,Zk)} = Ck > 9

Denote the event that the algorithm skipped interval k as G and the event that Y1 > Ax_1
as Sg. We can bound Pr(Sg N G) by using the fact that

Pr(Sk) = Pr(Skx N G) + Pr(Sx N G°) < Pr(Sy N G) + Pr(G°).

Hence,

. 1 2\ 1
Pr(S 1 G) 2 Pr(Sy) = Pr(G*) 2 1 = s = <1 - lnlnﬁ) =g

Therefore, we can bound the expectation of the algorithm by:

1 In? 3 In? 3

. > . = .
Cr 2 1 g 2(Inln B)2F ~ 2(Inln B)2~H1

E[ALG] > Pr(Sy N G)

Hence, the competitive ratio of such an algorithm is

1’12
E[ALG] _ smmgeeT _ _ WB In g
EOPT] = Inf+1 = dnnp)+1 = a1, g)mis 1
~ Inlng Ing ~ Inlnp M ~ Inlnp
4 (hllnﬂ)% 4 Ing 4

which means the algorithm is not constant competitive. Therefore, for any algorithm
to be constant competitive it must make at least T choices with probability of more than

1- m in the first np variables. 4

To complete the proof of Theorem 7 (in expectation) we use Claim 12 (high probability)
to get that any constant competitive algorithm must make at least

_ 1 Inln g Inln g
ehoiees) = (1= s ) (s ) 2 s

choices in expectation. As mentioned at the beginning of the proof this yields the required
bound of 2 ( Inln M ) for M = O (%) given the relationship M = © (%) For M =Q (%n)

Inlnln M

we use J = e™ and get a lower bound of Q2 (1r11rllr?n) <

6 A lower bound on the worst number of choices

In the previous sections we provided a constant competitive algorithm with at most
O(min{lnln M,Inn}) choices in expectation. The natural question is to try to replace
expectation with a deterministic upper bound on the number of choices. Unfortunately
we show that this is impossible as a function of n. Specifically, we show that limiting the

algorithm to at most n—1 choices prevents any constant competitive ratio, even for i.i.d.

inputs. The proof constructs a discrete hard instance illustrating this limitation.
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» Theorem 13. Any algorithm for arbitrary i.i.d. variables that is always limited to n — 1
choices cannot be constant competitive for large enough n.

Proof Sketch. We consider only deterministic algorithms. Since the distribution is known
in advance, any randomized algorithm can be expressed as a probability distribution over
deterministic ones; hence, any lower bound for deterministic algorithms immediately extends
to randomized algorithms.

We construct a highly skewed, discrete probability distribution over n+1 super-exponential-
ly growing values, scaled by ¢t = n™. The distribution is carefully calibrated so that the
prophet, observing all n variables, achieves an expected minimum of O(Inn). The discrete
values of the distribution are vy,...,v,41, where vy > vy > -+ > v, 41.

We then analyze the performance of any deterministic algorithm restricted to n — 1
choices. The algorithm faces a fundamental dilemma in case the realization is o which is
the values vo,vs, ..., vy followed by values which are strictly larger then vy ;. If it skips
the k value, the sequence might be o} with certain probability. On the other hand, if it
plays conservatively and accepts each arriving smaller value to avoid this risk, then it strictly
exhausts its n — 1 budget just before the final n-th variable, failing (with some probability)
to capture the true global minimum. By partitioning all possible deterministic algorithms
into classes based on the exact step k at which they first choose to skip upon encountering
the prefix vy, vs,. .., vk11, we prove that every algorithm class incurs an expected cost of at
least £2(n), resulting in an unbounded competitive ratio. The complete formal analysis and
probability bounds are deferred to B. |

7 Conclusion

In this paper, we study the minimization prophet inequality under a multi-choice relaxation,
where the algorithm is allowed to select multiple variables and pays the minimum among
them. We show that for adversarial order an almost linear number of choices in expectation
is required to achieve a constant-competitive ratio. However, for prophet secretary settings
we prove that allowing O(min{lnln M,Inn}) choices in expectation is sufficient to achieve a
constant competitive ratio (recall that M is the ratio of the minimum expected value of any
single variable to the expected minimum value of all variables). We further establish that
this bound is tight up to doubly or triply log factors. We also demonstrate that insisting
on deterministic upper bound even for i.i.d. inputs, implies that n choices are required to
achieve a constant competitive ratio. Finally, we extend our algorithm to the multi-unit
variant, showing that for i.i.d. inputs, a constant competitive ratio is achievable with only a
small expected number of choices. Our work leaves open the possibility that the impossibility
results stem specifically from the magnitude of M, raising two open problems:

1. Expected number of choices for adversarial order: Our lower bound of Q(*)
expected choices for non-i.i.d. distributions uses a construction where Inln M > n. Does
there exist an algorithm for adversarial order that achieves a constant competitive ratio
with O(min{lnIn M, {*-}) choices in expectation?

2. deterministic number of choices Our lower bound showing that n — 1 choices are
insufficient relies on a distribution where Inln M > n. Does there exist an algorithm
for i.i.d. variables that achieves a constant competitive ratio with a deterministic upper
bound of O(min{lnln M, n}) on the number choices?
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Now we will calculate the CDF of Y:

n
Pr[Y > a] = Primin{Xy,...,X,} > 2] = [ [ Pr[X) > 2]
k=1

n—1
1 1 1
- H g2z | Ilfzz;ll n2k—2n

k=1

Hence,

1 n

1——, 1§x<e”2,

Fy(x): X
1

x > en2n

)

Thus, the expectation of Y is given by

n 2n n

e € 1 n
IE[Y]:1+/ 1—Fy(x)d:c:1+/ S =1+4mn(e") —In(1) =1+n>"
1 1 z

Hence,

E[min{Xl,...,Xn}} =1+n2. 4

A.2 Proof of Claim 3

Proof. We define the CDF of Y}, as Fy, .

k
Pr[Yy > 2| = Prmin{Xy,..., X} > 2] = HPr[Xi > x]

i=1
k
H 1 1 1
- n2i—=2n | T k 2i-2n LT
i=1 € xZi:l n 21:21 "
x nen

k 24

Hence, Fy, =1—x2"~ e By the definition of the CDF

PI‘[Ak S Yk] =1- Fyk(Ak) .
First we bound Fy, (Ag)
E;; n2t k n2i k n2i
Fy(A) =1-4, = —1- ot i L
_ 2n?k_ 2 2
<l—e wtht =1 —¢ 7 <2,
n
where the first inequality holds for n > 2 since n?* dominates the sum, and the last

inequality holds since e™® > 1 — a. Hence, we get that for every k : Pr[Y;, > Ai] =
1— Fy, (Ag) >1- 2. <
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B Formal proof of Section 6

Proof. Define the following probability distribution over a random variable X.
Let

t=n

Then X takes values as follows:

1
- for k=1,
t
-1
n a for k = 2,
PriX =ui] = ¢ 11 _ (-2
— for 3<k <m,
(n—1)!
_n ra fork=n+1
where each value vy, is defined by:
tm, for k=1,
Vg = o for 2 <k <
k= - (n(k—l)!)"’ or 2 <k <mn,
0, for k=n+1.
Specifically v1 = t", vy = #:L)m vz = %, and so on up to v,.

This defines a discrete probability distribution with n 4+ 1 outcomes. We will show that
any algorithm with n — 1 choices doesn’t achieve a constant competitive ratio.

Expectation of the Minimum. Let Y = min{z,,...,2,}.
n+1 n+1 n
E[Y] = ZPr[Y =g v < ZPr[Y > vg) v = ZPr[Y > vg) g
k=1 k=1 k=1

By definition for k > 2

(1 +(n—1)+ Y5, (' - n(f—1>!))n (nk=D)"
Pr[Y > v] = m = m )

This means that for k > 2:

(n(kq)!)" m 1
PrlY 2 o o = i ey T %

Moreover, for k =1 we get that
Pr[Y > v = 1 .
mn
Hence:
Pr[Y > v] - vy :tin-tnzl .
Ergo, in summary, we get that:

E[Y] < ZPr[Y > vg] v = Z <2In(n) .
k=1 k=1

T =
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Expectation of cost of any algorithm with n — 1 choices. We can analyze any algorithm
by looking only at what it does on the following series:

T1 =V2,T2 = V3, ...; Tpn—-1 = U

or a prefix of it. Any algorithm when it sees the variable xj = vi+1 must decide if to skip the
variable zj and risk the option that all the next variables will be bigger than zj;. Otherwise,
for every 1 < k < n — 1 take the variable z; and risk the option that the last variable will be
vn+1. Hence, we analyze only the following specific cases and see how each one contributes
to the expectation of the algorithm:

o1 = U27{U1}n_1a

09 = 2,03, {v1,02}" 2,

Ok = V2, V3, ey Uk, Ukt 1, {1, ...,vk}"fk,
Op_1 = V2,03, oy Up, {01, ooy Uy Unp1 s

where {v1, ..., v, }" "% denotes all sequences where the last n — k variables are independently
drawn from this set.

v3 Values between v,and vy

Vs

Value

Vk+1

Variables

Figure 2 0.

Denote ALG} as the class of algorithms that skip xj when it encounters the series
T1 = V9, Ty = V3,..Tk = Vgt1. And denote ALG,, the class of algorithms that don’t skip
any variable in the series x1 = vg, 22 = v3,...xp_1 = v,. Consider the specific prefix
T1 = Va,...,Tp_1 = Uy. Since the algorithm is deterministic, its behavior on this prefix is
fixed: at each step i it either takes x; or skips it. If there exists an index k € {1,...,n — 1}
such that the algorithm skips z; = vi1 on this prefix, let k£ be the smallest such index; then
the algorithm belongs to the class ALGj. Otherwise, the algorithm takes all of x1,...,x,_1,
so it belongs to the class ALG,,. Thus, every deterministic algorithm belongs to at least one
of the classes ALGy, 1 < k < n. It therefore suffices to lower bound the expected cost of
every algorithm in each class ALGy. For the class ALG,, The only problematic series may
be 0,1

n—1-TT" ., (nU-D!' — pGE-2)!
PY[U = O'nfl] = Pl“[xl =9, Ty = V3, .., Tp_1 = Un] _ ( ) ijg ( ) .

tn—l
So the contribution to the expectation of ALG,, is:
n—1)-T1" . (n@-D!' — pG-2)! n
Prlo =op_1] v, = ( ) HF?’( I ) : ! 7
tn— n- (n(”_l)!>
(n—1)- H;:; (n —pU-Dh n(n=1)!
n nm 4

where the first inequality uses
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n—1

> 1 and (n(nfl)! — n(”*Q)!) > — . p-D!
-2 = )

DN | =

n

assuming n > 3.

Hence, for every algorithm A € ALG,, we get that E[A] > n . For the class ALG) the
problematic series is oy since it doesn’t achieve the minimum value on it. The probability
that this series happens is:

<<n — 1) T - nu?ﬂ)) | (1 (= 1) + T = n<ﬂ'2ﬂ>>"’“

tk t

Prjo = ox] =

((n — 1) [T (G- D! — -2y ) <n<k—1)! )k

th t

k (k—1)1\ =k k) (k—1)1\ =k
o () 0 | (Tan) ooyt
j=2

tn - 2k tm

Note that the inequalities hold since plk=D! _ p(=2)1 > % =D for k > 3 and that
(n—1) > 1 n for n > 2. Hence,

i n—=k
15, nt)! (=1 m
P = . > J= . °
I‘[O’ O'k] Vg =2 ok tn k- (n(k—l)l)"

H;‘f‘:l n@! n(k)! H;:ll n@!
k-2k.n®t .ok k)

FLpor
2= > 2

k-2k =8

The last inequality holds for & > 2. Thus, for every A € ALG), we get that E[A] > ¢ for
sufficiently large n and for k > 2. For algorithm A € ALG; the only problematic series we
need to consider is o7y.

-1 1 n—1
]E[A}ZPr[(f:Uﬂ'm:nt <t> th=n—-1.

Combining the above cases, we have shown that for every k € {1,...,n}, every deterministic
algorithm A in the class ALG), satisfies E[A] > n/8 for all sufficiently large n. Since every
deterministic algorithm belongs to ALG), for some k € {1,...,n}, it follows that every
deterministic algorithm A with at most n — 1 choices satisfies E[A] > n/8. Thus, the
competitive ratio for any algorithm with n — 1 choices is at least:

[A] n

E[Y] = 161n(n)

&=

which is unbounded as required, so no constant competitive ratio is possible. |

C  The multi-unit algorithm

In this section we present an algorithm almost identical to that of Section 4, which achieves
a constant competitive ratio in the multi-unit minimization problem while using only a small
expected number of choices. We analyze both its competitive ratio and its expected number
of choices.
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We define the following algorithm:

Algorithm 2 Multi-unit algorithm.

1. Find a threshold ¢ (e.g., by binary search) such that

Zpi = min{max{41ln M + r, 5r}, n},

where p; = Pr(X; <t).

2. Wait until the first r items with values at most ¢ appear. If only ¢ < r such items appear,
take the remaining r — £ items from the last arrivals.

3. Thereafter, switch only if a newly observed value is strictly smaller than the highest value
currently held among the r items.

» Theorem 14. For i.i.d. variables and r <In M, the algorithm above is constant competitive
and uses

0] (min { rln 1n7,M

n
, rin})
choices in expectation.

» Theorem 15. For i.i.d. variables and r > In M, the algorithm above is constant competitive
and uses O(r) choices in expectation.

D Lower bound for the multi-unit

We now consider the case where the algorithm selects exactly r items and its performance is
measured by the sum of their values. We show that if the algorithm makes exactly r choices,
then the competitive ratio in this case grows exponentially with n.

We consider the minimization variant with exactly r selections. Let X3,..., X, be i.i.d.
where each variable gets 3 possible values. Specifically,

PI‘[Xlzl}:l*%*%, PI‘[XizA]:%, PI'[XlzB}:%7
where
A= 3n27n('r71) _ 37127nr+n7 B = gnzfn(rfl) _ 32n272nr+2n.

The prophet benchmark is the sum of the r smallest order statistics:
E[OPT(r)] =E[ " X].
j=1

» Theorem 16. For every 1 <r < n —1, any online algorithm that must select exactly r
items satisfies

E[ALG()] _ 1 (3)"

E[OPT(r)] = n3 \2

In particular, the competitive ratio is exponential in n.
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