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—— Abstract

In this paper, we consider dynamic matroids, where elements can be inserted to or deleted from the
ground set over time. The independent sets change to reflect the current ground set. As matroids
are central to the study of many combinatorial optimization problems, it is a natural next step
to also consider them in a dynamic setting. The study of dynamic matroids has the potential to
generalize several dynamic graph problems, including, but not limited to, arboricity and maximum
bipartite matching. We contribute by providing efficient algorithms for some fundamental matroid
questions.

In particular, we study the most basic question of maintaining a base dynamically, providing
an essential building block for future algorithms. We further utilize this result and consider the
elementary problems of base packing and base covering. We provide a deterministic algorithm that
maintains a (1=¢)-approximation of the base packing number ® in O(® - poly(logn, ') queries per
update. Similarly, we provide a deterministic algorithm that maintains a (1+¢)-approximation of the
base covering number § in O(f-poly(logn,e ™)) queries per update. Moreover, we give an algorithm
that maintains a (1 + £)-approximation of the base covering number 3 in O(poly(logn,c™")) queries
per update against an oblivious adversary.

These results are obtained by exploring the relationship between base collections, a generalization

of tree-packings, and base packing and covering respectively. We provide structural theorems to
formalize these connections, and show how they lead to simple dynamic algorithms.
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1 Introduction

Matroids generalize different mathematical concepts such as graphs and vector spaces. They
have applications in combinatorial optimization, geometry, topology, network theory, and
coding theory [52, 34, 63, 55, 27]. In particular, matroid problems are often seen as “the
problems where greedy algorithms are effective” (see, e.g., [56]). Although there are dynamic
algorithms for specific matroids, the work on dynamic algorithms for general matroids is
limited. Concurrent work by Chandrasekaran, Chekuri, and Zhu [10] also initiated the
somewhat related study of online matroids, where the matroid is slowly revealed over time.
With this paper, we would like to develop the study of dynamic matroids by providing
efficient algorithms for some fundamental matroid questions. In particular, we study the
most basic question of maintaining a base dynamically, providing essential building blocks
for future algorithms. Let us start with some definitions.

Matroids. Formally, a matroid is defined as a tuple M = (E,Z), where E is a finite ground
set of elements and Z C P(FE) a family of independent sets, such that the following three
properties hold: 1) Non trivial: §) € Z. 2) Downward closure: if A € Z and A’ C A, then
A’ € Z. 3) Exchange property: if A, B € 7 and |A| > | B, then there is an element e € A\ B
such that BU {e} € T.

We denote n := |E| to be the size of the ground set. The rank of a set A C E is defined
as the size of the largest independent set it contains:

rk(A) := max |4'|.

A'€T s.t.
A'CA

We say that B C E is a base of M if it is a maximal independent set, i.e., rtk(B) = |B| =
rk(F). Given a weight function on the elements, a minimum weight base is a base of the
smallest total weight. We define a base packing as a maximum set of disjoint bases. We
define a base covering as a minimum set of bases (not necessarily disjoint) such that each
element is contained in at least one base. Since Z can be as large as 2/7!, it is often not
given explicitly, but implicitly via oracle access. In this paper, we use a rank oracle, which
provides rk(A) upon a query A C E.

Matroid Problems. Two classic matroid problems are matroid union and matroid inter-
section. They reduce to each other in polynomial time, see, e.g., [19, 45]. These problems
generalize many graph problems, such as packing disjoint spanning trees, computing the
arboricity, bipartite matching, see, e.g., [56]. Base packing and base covering can be seen as
instances of matroid union. In this paper, we investigate these two fundamental cases in the
dynamic setting.

One well-studied example of a matroid is the graphic matroid, where E is some set of
edges and A C F is independent if and only if it is acyclic. Base packing corresponds to
packing disjoint spanning trees and the base covering number corresponds to the arboricity
of the graph. Throughout, we generalize results for the graphic matroid and we will state
the algorithms for graphic matroids as a comparison.

Algorithms for base packing and covering have been studied for a long time, see, e.g., [44,
14, 38, 39, 11, 5]. The state of the art is given by Quanrud [54]. They provide exact algorithms
that use O(n + k - rk(E)?) independence-queries?, where k is the packing/covering number
respectively. They also provide (1 + ¢)-approximations in O(n/¢) independence-queries.

2 For simplicity, we use the notation O(f) := O(f poly log f).
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Dynamic Matroids. For dynamic matroids, we consider element insertions and deletions to
the ground set.> When an element e is deleted, the independent sets Z simply restrict to
the sets without e: {I € Z: e ¢ I'}. In other words, M is restricted to E \ {e}. When an
element e is inserted, the adversary also decides on a collection Z. such that (EU {e},ZUZ,)
is a matroid and e € I for every I € Z.. This means that inserting and then deleting the
same element results in the same matroid. Note that, the same is not true, if the operations
are reversed. If an element is first deleted and then reinserted, the resulting matroid may
differ from the previous version. The algorithm receives the element updates and can query
the (new) independence sets.

An alternative definition of dynamic matroids could be as follows. One could allow for
updates to Z that do not stem from an element deletion or insertion. However, if we can
completely change Z in a single update, then we could go from any matroid on n elements to
any other matroid on n elements. This means that any lower bound for a static algorithm
carries over to each update of the dynamic algorithm. Hence, recomputing from scratch is
the best one could do. On the other extreme, we could only allow adding or deleting a single
set I from Z. We note that, in general, such a change to Z will no longer guarantee that it is
a matroid: consider adding I to Z. By the downward closure property, all subsets of I also
have to be in Z. We consider the most restrictive (and hence most general) version of this,
where we only add I if I\ {e} is already in Z for some element e. The alternative view is that
the element e is added to the ground set?, and the independent sets are updated accordingly.

We distinguish two types of adversaries: an oblivious adversary fixes the updates be-
forehand, independent of the random choices in the algorithm, while an adaptive adversary
determines the next update depending on the current state of the algorithm. In this paper,
our algorithms are either deterministic, hence hold against an adaptive adversary, or are
randomized and hold against an oblivious adversary.

We note that dynamic matroids have been studied in the realm of submodular function
maximization over dynamic matroids, see, e.g., [48, 13, 4].

Scope. We approach this model by first investigating the classical matroid problem of a
minimum weight base and then considering the fundamental problems of base packing and
covering. Although the former has been studied in [6] (see the discussion below Proposition 1),
there are no results regarding the latter two. However, in the special case of the graphic
matroid, all three problems have been well studied.

Minimum Weight Base. First, we give our result for maintaining a minimum weight base.

» Proposition 1. There exists a deterministic algorithm that, given a dynamic matroid M
with weight function w: E — [1,..., W], maintains a minimum weight base, where each
update uses O(logn) rank-queries.

Blikstad, Mukhopadhyay, Nanongkai, and Tu [6] provide an algorithm for maintaining a
minimum weight basis under deletions. Each update requires O(+/rk(E)) worst-case rank-
queries. However, using a “dynamic rank oracle”, they also ensure O(+/rk(E)) worst-case
update time, as it can only answer queries, where the answer can be computed efficiently on
a concrete matroid. The algorithm is based on the MST algorithm with O(+/]V]) update

3 The decremental version (deletions only) of this has been studied in [6], and we argue below that this
fully dynamic version is the natural and most general definition.
4 If e was already part of another independent set e € I’ € T, we can model this by deleting and inserting e.
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time by Frederickson [25], combined with the sparsification technique of Eppstein, Galil,
Italiano, and Nissenzweig [23]. It seems likely that such a result can be extended to the fully
dynamic setting. Blikstad et al. [6] use this as a subroutine and the authors seem to have
optimized their result for their application in solving matroid union. The difference to our
result, Proposition 1, is that we have a much lower query time, but do not give guarantees on
the update time, since the computation time for answering a query depends on the concrete
matroid.

Both the algorithm [6] and our algorithm from Proposition 1 use a rank oracle. Sometimes,
algorithms are developed using an independence oracle, which only provides whether A € 7.
Clearly, the rank oracle is stronger than the independence oracle. Statically, it is even known
that it is strictly stronger: computing a minimum weight base can be done with n simultaneous
rank-queries, while this needs Q(n'/3) rounds of simultaneous independence-queries [41]. Tt
would be interesting to see if there exists a decremental algorithm for maintaining a minimum
weight base using a sublinear number of independence queries.

Minimum Weight Base in the Graphic Matroid. The dynamic minimum spanning tree
(MST) problem is one of the most studied problems in dynamic graph algorithms, see,
e.g., [25, 24, 23, 26, 1, 32, 35, 50, 65]. The special case of an unweighted graph is the dynamic
spanning tree problem (see, e.g., [33, 31, 58, 53, 37, 30, 64, 49, 36]), which also has close
ties to dynamic connectivity. Let us highlight the state of the art: Holm, de Lichtenberg,
and Thorup [35] maintain an MST deterministically with O(log* |E|) amortized update time.
Nanongkai, Saranurak, and Wulff-Nilsen [50] provide a Las Vegas algorithm with |V/[°(})
worst-case update time.

Packing and Covering. The other two problems we treat in this paper are base packing and
base covering. In base packing the goal is to pack as many disjoint bases in M as possible.
Formally, we define the (fractional) packing number ® 4 of a matroid M as follows
A
D= min #ﬁ

AZEN. H(E) - k()
rk(A)<rk(E)

This is also known as matroid strength. The integral packing number is [®Pr¢]. Ed-
monds [20] showed that |® ] equals the number of disjoint bases that can be packed in
M.

Dual to base packing, in base covering the goal is to cover M by as few bases as possible.
Formally, we define the (fractional) covering number S of a matroid M as follows

Ba = max 4] .

o Aglgs.n rk(A)
A£0

This is also known as matroid density. We define the integral covering number as [Sa].
Edmonds [21] showed that [Sa¢] equals the minimum number of bases necessary to cover
M. We omit the subscript if the matroid is clear from the context.

Computing exact packing and covering is a hard question. Even in certain specific
matroids, like the graphic matroid (see the paragraph below) this is relatively slow. In this
paper, we aim for efficient algorithms with poly logn queries per update. In particular, we
give the first dynamic algorithms for approximating the fractional packing number and the
fractional covering number.
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» Theorem 2. Let e € (0,1/2) be a parameter and let M be a dynamic matroid that at any
moment contains at most n elements. If ® is upper bounded by Pnax, we can deterministically
maintain a (1= €)-approzimation of the fractional packing number with O(®2 -e=*-log® n)
worst-case rank-queries per update or O(Ppay -2 -log® n) amortized rank-queries per update.

Since we give the first dynamic algorithm, our result can only be compared to using
deterministic static algorithms to recompute the fractional packing number from scratch after
every update. Using the state of the art by Chekuri and Quanrud [11], we get O(n®ay/€?)
queries per update.® Hence, our algorithm provides an exponential improvement in terms of
n.

» Theorem 3. Let € € (0,1/2) be a parameter and let M be a dynamic matroid that at any
moment contains at most n elements. If B is upper bounded by Bmax, we can deterministically

2 et logdn)

maintain o (1% e)-approzimation of the fractional covering number with O(B5 .+

worst-case rank-queries per update.

Again, there are no preexisting dynamic algorithms to compare our result to. Even
static deterministic base covering is not as well studied. Quanrud [54] conjectures that the
techniques from Chekuri and Quanrud [11] extend to deterministic approximate base covering
in O(nfmax/€?) queries, which would transfer to O(nBmax/c?) queries per update.

Using randomness, we obtain an algorithm independent of the covering number against
an oblivious adversary.

» Theorem 4. Let ¢ € (0,1/2) be a parameter and let M be a dynamic matroid that at any
moment contains at most n elements. There exists a fully dynamic algorithm that maintains
a (1 % €)-approzimation of the fractional covering number with O(log® n/e®) worst-case
rank-queries per update. The algorithm is correct with high probability against an oblivious
adversary.

Once again, we compare to recomputing from scratch after every update using a static
algorithm and obtain an exponential improvement. The state of the art for computing the
static fractional covering number is by Quanrud [54] and would result in O(n + rk(E) /&%)
queries per update. The same technique cannot be applied in the packing case to remove the
dependence on ., as we discuss in Appendix A.2.

Packing and Covering in the Graphic Matroid. Dynamic tree-packing has been implicitly
studied by Thorup [59]. This paper uses dynamic tree-packing due to its relation to min-cut.
However, it implies a (1 + ¢)-approximation of the fractional tree packing number® ® < @,
in O(®2,, log® |E|/e~*) amortized update time.

De Vos and Christiansen [16] give fully dynamic algorithms for (1 + €)-approximate
arboricity with O(poly(log |E|,e~ 1)) update time against an adaptive adversary. Banerjee,
Raman, and Saurabh [3] maintain the exact arboricity with O(|E|) update time. As such, we
believe that an algorithm with poly log(|E|) queries per update for eract packing/covering
for general matroids requires a breakthrough in techniques. We focus on obtaining (1 + ¢)-

approximate results with poly log(|E|) queries per update.

Chekuri and Quanrud [11] only require the weaker independence-queries. However, even using a
rank-oracle there is no known algorithm with o(n) queries. The same holds for the results by [11, 54]
stated below.

We realize that the naming conventions here overlap. Rather than disregarding the conventions
completely, we write “tree-packing” for the collection of trees and “tree packing” when talking about
the tree packing number.
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Other Applications. The graphic matroid is one of the most studied matroids, where the
above references show that dynamic base packing and covering has been studied directly. In
other matroids, this is not the case. However, base packing and covering (and hence their
dynamic versions) have other interesting applications. Here, we mention two: the linear
matroid and the partition matroid, see e.g. [52] for the definitions and connections.

In the linear matroid, base packing corresponds to the ability to decompose a matrix into
many full-rank disjoint column sets. Base covering corresponds to finding multiple sets that
form a basis for the spanned vector space, which has applications in (network) coding, see,
e.g., [18, 8]. In the partition matroid and generalizations thereof, base packing and covering
correspond to multi-way assignment and various types of scheduling, see, e.g., [7, 42].

Moreover, base packing and covering are highly connected to Shannon switching games [57,
46).

1.1 Technical Overview

Our main technical tool are base collections, which we will introduce first. Then, we will
sketch how we use them to obtain our packing and covering results, Theorems 2—4.

1.1.1 Base Collections

An important tool for dynamic arboricity is tree-packing. This concept has first appeared in
the seminal works by Nash-Williams [51] and Tutte [62]. It has also been well studied in its
relation to the minimum cut of the graph [28, 40, 61, 59, 60, 12, 15, 17, 16]. We generalize
the concept of tree-packings to matroids, and call it a base collection, to avoid confusion with
respect to packing disjoint bases.

A base collection B is a family of bases B for the matroid M, allowing multiple occurrences
of the same base. The load of an element e € E is defined as LB(e) := |{B € B: e € B}|.
The relative load is defined as ¢5(e) = LB(e)/|B|. Whenever the base collection is clear from
context, we omit the superscript.

Next, we want to define some “ideal” relative load. Hereto, we first prove a corollary
using Edmond’s theorem on base packing (Theorem 10). We show that the lowest possible
maximum load in base collections relate to the base packing number.

» Corollary 5. We have that maxg m = P y.
eel
However, for purpose of analysis, we would like a specific packing with this property.
More precisely, we would like the loads corresponding to that packing. This we call the ideal
relative loads, a generalization of the “ideal tree-packing” for the graphic matroid [59].

Ideal Relative Loads. We define the concept of ideal loads, which are hard to compute, but
capture the structural properties of the graph well. First, we define the restricted matroid
M|A as M|A = (A, 7| A), where Z|A :={X € T | X C A}. Then, we assign ideal relative
loads ¢*(e) for all e € E:

Let Ag C E be a set such that ﬁ =Py

For all e € Ay, set £*(e) = 1/P py.

Recurse on the matroid M|Ay.
We show that this is well-defined, meaning that the resulting ideal relative load values are
independent of the concrete choices of the sets A9 C E if there are multiple such sets that

give . — = ® 4, in the full version of the Paper.
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Greedy Base Collections. In this paper, we consider base collections B = {By,..., Bx}
built greedily as follows: the i-th base B; is a minimum weight base where the weights for
each element are given by the relative loads induced by the base collection up until this base
{Bh ey Bifl}.

In the graphic matroid, it has been shown [59] that a greedy tree-packing T of size
O(®log|V|/e?) approximates the ideal packing well, resulting in every element having a
relative load that differs from the ideal relative load by a small additive error as follows

07 (e) = *(e)| < ¢/ (1)

for all e € E. We show a stronger statement for general matroids, for which we introduce
the parameter « to provide a better trade-off between the error and the number of greedy
bases. The parameter ~ satisfies & < v < 3, which implies that & < 5 — which we have not
shown yet. When considering the integer equivalents, the intuition is that |®] is the number
of disjoint bases that fit in the matroid, and [/3] is the number of bases needed to cover the
matroid, hence clearly |®] < [S]. The fact that also ¢ < f is somewhat more technical, but
easy to see using the structural results of Section 1.1.2.

» Lemma 6. Let v € [®,] and let B be a greedy base collection with |B| > 3ylogn/e?.
Then

|65 (e) = £*(e)] < el (e) (2)
for all e € E with £*(e) > 1/~ and

[5(e) = (o) < /7 3)
for all e € E with £*(e) < 1/7.

The improvement over [59] in the special case of the graphic matroid can be seen as follows:
Equation (1) can be reformulated, by picking ¢ accordingly, to obtain [¢Z(e) — £*(e)| < /7.
However, it needs |B| = © (g log n/52) bases. That is, it has a quadratic dependence on ~,
where we obtain a linear dependence.

In other words, Thorup [59] showed that the values are an additive approzimation, since
the error is independent of £*(e). We show a multiplicative approzimation, since the error
depends linearly on ¢*(e). For our application, the latter leads to stronger results. To
be precise, Lemma 6 shows that a collection of at least 33logn/e? bases gives a (1 + ¢)-
approximation of the covering number (using Theorem 9). A generalization of Thorup’s
version to matroids would give |B| = © (% log n/52>.

The proof of Lemma 6 utilizes a technique by Young [66]. We consider a distribution
of bases, such that picking the bases for a base collection randomly from this distribution
would result in the relative loads being ideal in expectation. Then we analyze the number
of times the relative load of an element does not approximate its ideal load well. We do
this by replacing the randomly picked bases one after the other using a greedy approach
to compute the new base. During this process, we consider pessimistic estimators for the
number of violations at every step and show that they cannot be increased when a greedy
base is added. This is also where the main difference to the graph case lies, as we need to
consider the matroids restricted to elements or contracted to elements with certain ideal
loads. The proof using the contraction is complicated by the fact that there is no notion of
vertices in a general matroid. However, it still holds that any minimum weight base of M
contains a minimum weight base for the matroid contracted to a subset.

57:7
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To the best of our knowledge, the community was not aware of this property, given in
Lemma 6, for the graphic matroid either. In particular, it means that we simplify the result
of de Vos and Christiansen [16] for arboricity. They introduce an intricate procedure to
artificially maintain ® ~ 8 by adding virtual edges.

Dynamic Data Structure for Base Collections. Similar to the case of the graphic matroid,
we show that we can maintain a greedy base collection efficiently under dynamic updates. The
main building block for this is maintaining a dynamic minimum weight base, Proposition 1.
We maintain this by exploiting their greedy properties, combined with a binary search, to
design a simple, efficient algorithm. For details, see Section 3.

We then build a greedy base collection, by maintaining a minimum weight base for every
base in the collection. We show how to handle the updates themselves and the recourse from
changes in the weights due to the update. This gives the following result.

» Lemma 7. There exists a deterministic algorithm that, given a matroid M, maintains a
greedy base collection B of size |B| with O(|B|? log(|B|n)) worst-case rank-queries per update.

1.1.2 Structural Results

Next, we consider how (ideal) base collections are related to packing and covering.
Note that, by the definition of £*, the maximum load in base collections is related to the
base packing number.

» Remark 8. We have that —1—— = ® .

max £*(e)
eeE

We also show that the minimum load in base collections is related to the base covering
number. This generalizes the result of de Vos and Christiansen [16], who show the analogous
result in the graphic matroid, where the covering number is called the arboricity. This insight
is the base of the recent breakthrough by Cen et al. [9] that gives the first improvement on
the running time of computing the arboricity in thirty years.

S N LA
» Theorem 9. We have that min e (e) — Ag}%t. tk(A) -
e€E A0

The proof follows the same lines as [16], but has some more subtleties. To see this, we recall
that the covering number is defined as

Bam i= max 4] .
ACE s.t. tk(A)
A0

For the special case of graphic matroids, the arboricity of a graph G = (V, F) is defined

as MaXscy s.s. %, where E(S) is the set of edges of G[S]. The fact that the denominator
[S|>1

of the equation changes from the size of a set to the rank of a set impacts the proof. The

reason is that |SWT| = |S|+ |T| but we do not always have rk(A U B) # rk(A) + rk(B). We

show that the submodularity of the rank function (see, e.g, [56]) suffices, i.e.,

k(AU B) + k(AN B) <r1k(A) + rk(B).
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1.1.3 Dynamic Packing and Covering

Using the results thus far, the worst-case result for dynamic base packing, Theorem 2, follows
quite immediately: using Remark 8, we know that the packing number can be expressed in
terms of the ideal relative loads. We can approximate this by a greedy base collection, see
Lemma 6 and for more details refer to the proof of Theorem 2 in Appendix A.1. And finally,
we know how to maintain this under dynamic updates using Lemma 7.

The amortized result in Theorem 2 uses the fact that an element is not contained in
every base of the collection, and hence a better recourse argument is possible. This follows
the same lines of argument as the case of the graphic matroid [16] but has some nuances.
We want to highlight a special case: an insertion can decrease ® (similarly, a deletion can
increase ®). Note that in graphs, this does not appear: such updates change the graph from
disconnected to connected and the packing number of a disconnected graph is 0. In a matroid,
the addition of this element needs to increase the overall rank, the packing number is not 0
and e is part of any base in M after the update. This breaks some of the argumentation for
graphic matroids. In Appendix A.1 we show how to handle such technicalities efficiently.

The deterministic result for dynamic base covering, Theorem 3, is obtained in a similar
manner. The number of worst-case rank-queries depends on the value known to upper bound
the covering number at any point in time. To remove this dependency we make use of a
sampling technique.

Sampling. We use uniform sampling, where every element is sampled with equal probability.
This a standard technique in designing (graph) algorithms (see e.g. [47]). The approach is
similar to the sampling in multi-graphs when maintaining the arboricity [16]. Although the
sampling itself is the same as for multi-graphs — it is uniform sampling over the elements —
the analysis is more involved for matroids.

Suppose we know (an approximation of) 3. The idea is to sample with p = 982

28
that the covering number in the resulting sampled matroid will be ©(logn/e?) with high
probability. A constant approximation of 5 suffices, which we can get from the approximation
before the update. In total, we maintain logn copies of the algorithm: one for each possible

estimate of 3. The logn/c? term here stems from the use of Chernoff bounds.
15|

rk(S)

S. Consider a set S that maximizes this — the case of sets with smaller values is omitted in

this overview for brevity, see Theorem 4 for details. We show that their value will remain
between (1 —e)pB and (1 +¢)pB with high probability, where S is the covering number in the
original matroid. Obviously, the size of the set, |S|, behaves accordingly. The hard part is
showing that the rank of the set, rk(S), behaves well under sampling, i.e., does not change by
more than a factor 1 & ¢ with our choice of p. For graphic matroids, the expression simplifies
by rk(S) = #vertices in S, which is clearly not affected by sampling edges. Hence these
complications only occur for general matroids.

To investigate this, we first fix a rank r and consider all sets S of rk(S) = r. When

, such

Given this uniform sampling probability p, we consider the expressions for each set

inspecting %, we remark for our applications that we are only interested in the mazimum
among such sets, which restricts the number of possible sets to n”. This allows us to use a
union bound to obtain our result. For more details, see Appendix A.1

For the case of base packing a similar approach cannot be used. Again, the goal is to
151
rk(E)—rk(S)
Chernoff bound to be (1+¢)p|S|. However, with the techniques known to us, it seems hard to

show that rk(F) — rk(S) changes by at most a factor (1+¢) with high probability. It remains
an open question to obtain a dynamic base packing algorithm that updates independent of

show how behaves under uniform sampling. As before |S| can be bounded by a

the packing number.
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For graphic matroids, [16] show a trick against adaptive adversaries, where each vertex
has ownership over some of the edges. Whenever one of its edges is affected by an update,
it resamples all its edges. It turns out that this is strong enough to obtain results against
adaptive adversaries. For general matroids, it is unclear how to bucket the elements in a way
such that resampling one bucket every update protects against an adaptive adversary. It
remains an open question how to design efficient algorithms in this case.

Independent Work

The concurrent work of Arkhipov and Kolmogorov [2] also obtains two of our results: Lemma 6
for the special case that v = 8 and Theorem 9. They use these results to show that they can
maintain an approximation to the density of a graph by packing pseudoforests.

1.2 Organization

First, we show the structural results on base packing, base covering, and their connection to
base collections in Section 2. Then, in Section 3, we show how to maintain a minimum weight
base dynamically. Finally, in Appendix A, we show that dynamic greedy base collections
can be used to obtain the dynamic packing and covering results. In the full version of the
paper, we show that greedy base collections approximate the ideal base collections and how
to maintain them under updates.

2 Packing, Covering, and Base Collections

In this section, we provide some structural results regarding base packing and the relationship
to base collections. For the corresponding results for base covering we refer to the full version
of the paper. These results are the foundation for the algorithms of Appendix A.

2.1 Base Packing

First, we examine how the largest possible relative load of any element in all possible base
collections relates to the packing number. Recall that the following theorem gives the integral
packing number of a matroid.

» Theorem 10 ([20]). A matroid M can pack k disjoint bases if and only if for every subset

A C E we have |A| > k(rk(E) — rk(A4)).

To relate this to the graphic matroid, let P be a vertex partition of a graph G = (V, E).

Then the value ﬁ %, called the partition value of P.

Next, we use this theorem to show a duality between this value and base collection.

corresponds to

» Corollary 5. We have that maxg m = P y.

eckE
Proof. We prove the two inequalities “<” and “>”, starting with the former, which follows
directly without using Theorem 10.

w e * |A™| : |A|
<7 C R i _
<” Let A* C E be such that () k() AénEH;.t. TH(E) —rk(d)

rk(A)<rk(E)
any base B needs to contain rk(E) — rk(A*) elements from A*. So for any base collection

. Now we note that

B, we have Y . 4. £5(e) > rk(E) — rk(A*). This means that on average for e € A* we
have (8(e) > 7rk(E)|Z£T(A*). In particular max.cp £5(e) > max.ca- (5(e) > 7rk(E)|;£T(A*).

Equivalently, we get that for any base collection B
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1 | A*|
< —.
max.cp (5(e) ~ 1k(E) — rk(A*)

Now we see that

1 *
max S |A| — = min ¢7
B maxecp B(e) ~ 1k(E) —rk(A*)  ACE st rk(E) — rk(4)
rk(A)<rk(E)
[A]

">" W.lo.g., we assume that i —
= g, We assutil ACE st tk(B)—rk(A)

rk(Z) <rk(E)

is an integer. This can be achieved

by copying each element in the matroid rk(E)! times, since rk(E) —rk(A*) € {1,2,...1tk(E)}.

This has no impact on the analysis as it blows up the values on the left and right equally.

. Al _ .

Now suppose that AénEHi.t. (B k(D) k, by Theorem 10 this means that we can
rk(A)<rk(E)

pack k disjoint bases. Let B be the base collection consisting of these k bases. Then for each

element e € B € B, we have (5(e) = 1/k. For other elements, we have ¢5(e) = 0. Hence we

have max.cp £5(e) = 1/k. Equivalently

1 % , |A|
— - = K= min e
maxeep (5 (e) ACE st. 1k(E) — rk(4)

rk(A)<rk(E)

Hence clearly

1 A
max ————— > k= min # <
B max.cp (B(e) ACE st. 1k(E) —rk(A)
rk(A)<rk(E)

However, for purpose of analysis, we would like a specific packing with this property.

More precisely, we would like the loads corresponding to that packing. Hence, we use the
ideal relative loads.

2.2 Base Covering

As shown in [21], the number of bases that are needed to cover all elements of e are given by

max 4]
ACE s.t. 1k(A)
A0

To obtain a similar result as for base packing, we relate the optimal base collection to
the covering number. This generalizes the arboricity result of de Vos and Christiansen [16,
Theorem 25|, which is the statement in the special case of graphic matroids.

1 1Al
» Theorem 9. We have that ) = Aén]g);t. )
ecE A£D

Proof. Let E; := E'\ J;; 4; and let M; = M|E; for all recursion levels denoted by the
indices ¢ € I. First, we note that 1/ min, £*(e) = max;cs ® o, over all recursion levels i. Let
j be the last iteration in which ® 4, is maximized. Since the ®-values are non-decreasing

( see the full version for the proof) this also has to be the last level of the recursion and
therefore Ej1; = E; \ A; =0 and rk(E;) = rk(A;). We get

|41 Y Y]

= <
rk(E;) — 1k(E; \ 4;)  1k(4;) = Ag}i;(t rk(Y)

1/ mein *(e) =
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Now, we go on to show 1/ min, ¢*(e) > rll(}(;l,) for any subset Y C E. Note that the recursively

defined sets A; for i € I are disjoint and that J,.; A; = E. Hence, we get

Y|=>|4nY].

i€l

Next, we want to bound |Y'| by >, _; @4, rk(A; NY') where it remains to show the inequality
|A;NY| < Dy, tk(A; NY) for any ¢ € I. Assume towards a contradiction that there is a
level k € I for which the inequality does not hold. In the following let A; := E; \ A; for each
i € I. Now, consider the value

o — A \ Y| _ |Ak| — |[Ax N Y|
k(Ep) — th(As U (AnNY))  tk(Ep) — tk(Ap U (Ax N Y))

Since the rank function is submodular we get

o < [ Al — [Ax O Y .
~ rk(Ey) — 1k(Ag) — k(A NY)

By our assumption that |4 NY| > @, rtk(Ax NY) and the definition of ® 4, we further
get

, |Ak| - (I)Mk I‘k(Ak N Y) . @Mk(rk(Ek) - rk(fk)) - (I)Mk I‘k(Ak N Y)

tk(Ey) — rk(Ag) — k(A NY) rk(Ey) — rtk(Ax) — k(A NY)

This contradicts the choice of Ay, as picking Ag \ Y in recursion level k& would result in a
smaller ®-value. Next, we show that ), rk(4; NY) < rk(Y). Note that for every i € [
with ¢ # 0 we have F; = A;_1. Hence, for the last level of recursion iy, we get

> rk(ENY)-rk(A4,nY) = ( > rk(E;NY) = rk(Bipa N Y)) +1k(Es,,, NY)—1k(0) < rk(Y)

i€l 1€1,i<imax

Now it remains to show that rk(4; NY) < rk(E; NY) —rk(4; NY) for all i € I. In the
following, consider an arbitrary ¢ € I. Note that if ® 4, is an integer then

A NY]
M;

rk(4; NY) < (4)

since the matroid M, contains ® x4, disjoint bases. Hence, every base of M;|(A;NY") contains
at most |4; NY|/®q, many elements. Next, we want to show

|4, NY]|
tk(E;NY) —1k(4;NY) ~

Assume the inequality did not hold. Similar to the approach above, consider the value

r_ [Ai \ Y] _ P, (rk(Es) —1k(Aq)) = [AiN Y]
M k(B — tk(A; U (A;NY)) rk(E;) — k(A U(4;NY))

By the assumption we get

O, (tk(E;) — tk(A;) —1k(E; NY) —rk(4; NY))
tk(E;) —tk(A; U (A;NY))

Py, <
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Now, in order to get <I>'Mi < ® 54, we need
tk(A; U (A;NY)) <tk(A;) +k(E;NY) —1k(4; NY).
This inequality holds since we have

tk(A; U (A;NY)) +1k(A4;NY) =1k(4A; U(E;NY)) +1k(4; N (E;NY))
<rk(4;) +rk(E;NY)
where the last inequality is due to the submodularity of the rank function. Now we have that
(4) and (5) hold for any i € I. We can again assume w.l.o.g. that ® 4, is an integer using

the same technique as described in the proof of Corollary 5, as the rank remains unchanged.

Putting (4) and (5) together, we get the desired property which directly gives the following
lower bound on the rank of YV

D rk(A;NY) < rk(Y).
iel
Finally, we get:
Y| < Ziel D, k(4;NY)

tk(Y) = Yo rk(AiNY)
< max Py,
iel
~ min, £*(e)’
3 Maintaining a Dynamic Minimum Weight Base
In this section, we give an algorithm to maintain a minimum weight base.
Minimum Weight Base. Given a universe E, and weight function w: F — [1,..., W], a

minimum weight base is a base B of minimum total weight w(B) =} .z w(e). Note that if
the weights are unique, the minimum weight base is unique. For simplicity, we would like the
weights to be unique without increasing the maximum weight. The minimum weight base of
a matroid can be computed using a simple greedy approach as shown in [29, 22]. Here, the
exact weights of the elements are never taken into account. It suffices to consider the order
on the elements implied by their weights. Thus we can essentially re-weight the elements
at each update, assigning each element a unique weight in [1,...,n] respecting, firstly, the
weights given by w, and secondly, in case of equal weight, the lexicographic order of the
unique ids.” For a dynamic minimum weight base, the goal is to maintain a minimum weight
base under element insertions and deletions. More generally, we can also allow for weight
increases or decreases, but this can also be modeled by deleting the element and inserting it
again with the new weight.

By inverting the order, we an algorithm for the minimum weight base problem also solves
the mazrimum weight base problem. This is equivalent to the maximum independent set
problem, as bases are maximal by definition. However, note that this does not correspond to
the maximum independent set problem in graphs: independent sets in graphs, i.e., a set of
vertices where no two are adjacent, in fact do not form a matroid. The nomenclature was
developed independently — no pun intended.

7 Note that after each update, many weights can change. However, this does not require additional
queries, so does not affect our query complexity.
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Preliminaries. The span of a set A C E is denoted by span(A) and is defined as the set
{e € E|rk(A) = rk(A + e)}. We say that the set A spans element e € E or that A spans
aset BC F if e € span(A) or B C span(A), respectively. The set A always spans itself as
well as all other elements that can be added to A without increasing the size of the maximal
independent subset.

A circuit C C E is an inclusion-wise minimal dependent set of elements, i.e., C ¢ Z and
for every € C, C'\ {z} € Z. The unique circuit in S+ e for S € Z and S + e ¢ T is denoted
by C(S + e). We have the following lemma concerning circuits.

» Lemma 11 ([56]). Let C' and C’ be circuits. If x € CNC' andy € C\ C’, then there
exists a circuit in (CUC")\ {x} containing y.

Algorithm. We base our algorithm on two fundamental properties of minimum spanning
trees (see e.g., [43]), which also hold for minimum weight bases in matroids.
The cycle property: For any cycle, the edge with the largest weight cannot be in the MST.
The cut property: For any cut, the edge with the smallest weight that crosses the cut is
in the MST.
In the proof below, we implicitly use and prove these properties for matroids. Note that in
this context, a “cut” is a minimal set of elements that reduces the rank.

» Proposition 1. There exists a deterministic algorithm that, given a dynamic matroid M
with weight function w: E — [1,..., W], maintains a minimum weight base, where each
update uses O(logn) rank-queries.

Proof. Without loss of generality, we assume that the weights are unique. We can do
tie-breaking of elements with equal weight by lexicographic order.

We introduce the following notation: the sets B<; := {f € B : w(f) < t} and similarly
E<,:={f € E:w(f) <t}. Let us first consider element insertion. If the insertion increases
the rank of the matroid, we can simply add the new element to B to get a minimum weight
base for the new matroid. Otherwise, suppose e is inserted, finding the circuit in B + e
can be costly. However, we just need to find the element f of highest weight on this circuit
(possibly e itself if it was inserted with a high weight). Formally, we do this as follows.

Find min ¢ s.t. tk(B<;) = rk(B<; + ¢€).

Output the unique element f with weight ¢.

Note that now f is the element of highest weight on the circuit of B + e. Next, we
show that we can use this method to maintain a minimum base correctly over a sequence
of insertions that do not increase the rank of the matroid. We assume that before the
insertion B was a base with minimum weight. Note that all subsets of E that were previously
independent, are still independent after the addition of e to the matroid. The algorithm
outputs the element f. In case (a) w(f) > w(e) the maintained base B’ is set to B — f + e,
otherwise in case (b) w(f) < w(e) B’ = B remains unchanged. Now assume towards a
contradiction that after the insertion there is another base B” such that w(B") < w(B’).
Note that e € B”, otherwise B would not have been a minimum weight base. Further, there
is an element ¢’ in C(B +e) — e with B” —e + ¢’ € Z. To see this, let E. be the set of
elements of ¢ — B” for a circuit c. If adding an element of E¢c(pe) to B” results in a circuit
containing e, we are done. Otherwise, we know that e ¢ C'(B" 4 ¢€”) for any €" € E¢(pie)-
Considering such an element e; from E¢(p..), by Lemma 11 we know that there is a circuit
1 C(C(B"+e1)+C(B+e)) —e with e € ¢;. If |[E., | =1 we are done, otherwise (since
c1 € B" 4 E¢(p+e) — €1) we can continue by removing the next element ep € ¢; \ B” in
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the same way to find a circuit ca C (C(B"” + e3) +¢1) —ea C B” + E., — ez with e € ca.

We can continue in the same way, further restricting the number of elements in the next
circuit that are not from B’ until we get a circuit ¢/ C B” + e; with e € ¢/. Hence, for the
element e; € C(B+¢) — e we have B” — e +¢; is a base even before the insertion of e. Since
e; € C(B +e), we have w(e;j) < w(f). Now, in case (a) where the maintained base was set
to B— f+ e we get

w(B" — e+ e;) = w(B") —w(e) +w(e;) < w(B - f+e) —wle) + wle;)
=w(B) —w(f)+w(e;) < w(B).

In case (b) where B remained unchanged we have
w(B" —e+ej) =w(B") —w(e) + w(e;) <w(B),

where the last inequality is due to w(e;) < w(f) < w(e). In either case, this contradicts the
assumption that B was a base of minimum weight before the insertion.

Next, we consider the deletion of an element e, which restricts the matroid to E — e. If
the deletion decreases the rank of the matroid, the element cannot be replaced and B\ {e}
gives the new minimum weight base. Otherwise, we need to find an element f of minimum
weight such that B U {f} contains a circuit in the matroid before the deletion. Similar to an
insertion, the approach is as follows.

Find min ¢ s.t. tk(B —e+ E<;) =1k(B —€) + 1.

Output the unique element f with weight ¢.

Again, assume that before the insertion B was a base with minimum weight and also that
e € B otherwise B stays a minimum weight base. Then f is the element of smallest weight that
is not already spanned by B — e (if no such element exists, e was part of all bases before the
deletion and B — e is still the minimum weight base). It remains to argue that B’ = B—e+ f
has the smallest total weight after the deletion. Assume there was another base B” for the
restricted matroid with w(B") < w(B — e+ f). Then B” + e contains a cycle C' and there is
an element ¢’ € C that is not in B. Note that {b € Blw(b) < w(e)} = {b € B"|w(b) < w(e)}
and therefore w(e’) > w(e). Now we consider the base for the original matroid B” + e — ¢’

But then B would not have been a minimum weight base before the deletion, since
w(B"+e—¢€') = w(B")+w(e)—w(e) < w(B')+w(e)—w(e) < w(B")+w(e)—w(f) = w(B)

where the last inequality follows from w(f) < w(e’), which remains to be argued. We do so
by showing that €’ is also an element along with f that is not spanned by B — e. Assume
towards a contradiction that B — e spans e¢’. Then there is a circuit C' = C(B — e+ ¢’) where
¢’ has the highest weight out of all elements on the circuit. Since the circuit ¢ also exists in
the matroid after the deletion of e, B” cannot be a minimum weight base after the deletion,
as it contains ¢’. This is because there is an element of smaller weight on C that can be
exchanged for ¢’ in B”. Similar to the argument in the case of an insertion, we consider
the circuit C(B"” + d) for some d € C. If ¢’ is on that circuit we have found the element to
exchange ¢’ with. Otherwise there is a circuit C’ in (C + C(B” 4 d)) — d that contains €’.
If C’ contains only one element not from B”, we are done. Otherwise we can find a new
circuit containing e’ with less elements from C' — B’ as described above until there is only
one element left. Hence, €’ is not spanned by B — e and B’ is the new minimum weight base.

For the number of queries, note that we can find the minimum with a binary search over
the space of all adjusted weights [1,...,n]. <

We use Proposition 1 to maintain a greedy base collection under updates. The details can
be found in the full version. Then we use dynamic base collections to obtain the dynamic
packing and covering results in Appendix A.
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A Dynamic Packing and Covering

In this section, we combine the structural results from Section 2 with the results on (dynamic)
base collections (specifically Lemma 6 and Lemma 7) to obtain efficient algorithms for base
packing and base covering. Some of the theorems follow directly by maintaining a greedy
base collection of a large enough size. For other results, we use additional techniques specific
to the dynamic challenges at hand.

A.1 Dynamic Matroid Packing

Next, we combine our results thusfar to obtain our dynamic base packing results. By
Remark 8, Lemma 6, and Lemma 7, we obtain the worst-case result almost directly. To
obtain better bounds with amortization, some more work is required.

» Theorem 2. Let e € (0,1/2) be a parameter and let M be a dynamic matroid that at any
moment contains at most n elements. If ® is upper bounded by P .y, we can deterministically
maintain a (1= €)-approzimation of the fractional packing number with O(®2,, -e~*-log® n)
worst-case rank-queries per update or O(Ppay -2 -log? n) amortized rank-queries per update.

Proof. We maintain a base collection B of © (W) greedy bases and maintain the

maximum ¢5(e) using a max-heap directly giving the approximation.
First, we argue that the maintained value is indeed a (1 +&)-approximation of the packing
number. We want to show

1

o) —
(1—¢) ~ max.cg /8(e)

<(1+¢)2.
We show the left hand side, the right hand side is then analogous.

From Lemma 6 we know that if we maintain a base collection of size Q(® logn/e"?),
(B(e) > t*(e) — % for all e € E for an ¢’ > 0 to be defined later, this gives

/

€
B(e) > max £*(e) — —.
ezt g

So for &' :=¢/(1 4 &) we get

1 1
=T ——— = (1+¢)®,
) (1+e)®

maxeep £8(e) ~— maxeep £*(e) — s

using that max.cg £*(e) = @71, see also Remark 8. Similarly,

1 S 1 _ 1 _( l+e¢ )
maxecp (B(e) — maxeecr (*(e) + (=T 1+ L l+e+e
€
=(1- P>(1—-¢)®
( 1+25) z(1-99,

Next, we consider the number of queries per update. As updating B can require |B|?
updates to a greedy base in B maintaining the base collection takes O (W) queries
for any update (worst-case), see Lemma 7.

For an amortized update time, we can reduce this using a technique by [16]. We note
that any element e is in

|B|
(1+¢)®

8]

B(,y _ B < BBl < < =l
LB(e) = £ (e)|B| < max £5(e")|B| < <2
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bases. We want to exploit this fact, together with the fact that we only need to consider the
first ©(® logn/c?) bases of B when the base packing number is ® by Lemma 6. To exploit this,
we partition B into buckets, where the ith bucket contains 2¢ bases, with i = 0, ..., ©(log |B]).
Intuitively, at any point in time when the packing number is ® and 3® logn/e? € (2¢,2¢+1],
we can process an update e in the bases of the first i + 1 buckets efficiently — which is we
all we need to output our estimate of ®. More formally, denote ® for the packing number
before the update and ®’ for the packing number after the update.

First, we consider an insertion such that ® > ®. We have &’ < ® + 1 < 2®. Note that
after insertion, e will be contained in at most 2 - 272/®" = ©(logn/e?) bases. When e is
part of some base Bj, this can lead to at most |B| recourse in all of B (see Lemma 7 for the
proof). So inserting B takes at most |B| + O(|B|logn/e?) = O(|B|logn/e?), where the first
factor B is due to determining which bases to insert e in.

It remains to show how to make the changes to bases in the buckets j > ¢. That is
where the amortization comes in: rather than performing these updates now. We initialize a
priority queue of updates for each bucket. We claim that when a bucket j becomes relevant,
i.e., 3®logn/e? € (27,27F], we can perform all updates from the queue in ©(|B|logn/c?)
queries per update. Hereto, we first perform all insertions from the queue, and then all
deletions.

Rather than performing one insertion at a time, we consider each base of the matroid,
and perform all necessary insertions, where we prioritize the elements with a smaller weight —
this is easily done by maintaining the queue as a min-heap. This means that each inserted
element will only be part of O(logn/e?) bases, since this process is equivalent to computing
the greedy bases from scratch. Each such insertion leads to a recourse of O(|B|). Hence in
total, we use O(|B|logn/e?) queries per insertion.

The insertions now have ensured that the packing number in the matroid is actually high
enough, so each element that is deleted, is part of O(logn/e?) bases.

Note that the case that the update is a deletion e such that ® < ® is analogous.

We are left with two cases: the update is an insertion and ® < ®, or the update is
a deletion and ®' > ®. Note that for tree-packing in graphs, this does not appear: such
updates change the graph from disconnected to connected and the packing number of a
disconnected graph is 0.

Consider an insertion e such that ® < ®. The addition of this element needs to increase
the overall rank of the matroid. In this case, e is part of any base in M after the insertion.
To see this, consider the insertion of an element e and let E be the set of elements before the
insertion with packing number ®. In the following, we do not need to consider sets S C E+e
that do not contain e since in that case we have

5] _ 5] 5]

tk(E+e)—rtk((E+e)\S) rtk(E+e)—1k((E\S)+e) = tk(E) —1k((E)\ S)’

This is immediately obvious in the case where rk(E + e) = rk(E). Otherwise rk(E + ¢e) =
rk(E) + 1 but in this case tk((E'\ S) +¢e) =rk(E \ S) + 1 as well. Hence, these sets cannot
be the reason the ®-value decreases. Now, we want to show that if it decreases, the rank of
the matroid must increase. To this end, assume that rk(E + e) = rk(F) and consider any
S C E with S # (. Then we have

|S + e |S|+1

K(E 1 ¢) —tk(E+ o)\ (S+e) _ k(B) —rk(B\S) ~ &
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It remains to consider the set {e}. By the definition, this cannot be the set giving the new
®’ as tk((F +e) \ {e}) =rk(E) = rk(E + e). Hence, the rank of the matroid has to increase
when ® decreases after the insertion of an element e. Further, we have that in this case we
also ® =1 and therefore e is in every base. This is because when rk(E + e) = rk(E) + 1 we
have

{e}l

K(E T o) —1k(B) -

For any other set S containing e we have that

tk(E+e) —tk((E+e)\ (S+e)) 1k(E)—rk((E\S)+1~ "

where the last inequality follows from |S| > rk(.S) and the submodularity of the rank-function.

Let E’ be the new ground set E/ = E + e and let M’ be the matroid after the insertion.
Assume that e is not in all bases after the insertion. Then there is a set B that is a base of
the matroid before and after the insertion of e. Hence, the overall rank does not change i.e.
tka(E) = tka (E'). Now, consider the set A that gives &' = |A|/(tkar (E') — rkae (B \ A).
The element e € A since otherwise we would have rkay (B \ A) = rka (E \ (A —e)) and
therefore the set A — e would give a smaller ® compared to A. Hence, rky¢ (E'\ A) >
tkao (E\ A) = rkp(E \ A) and we further get

Al Al

7 Mo (B) — ke (BN A) = 1k (B) — k(BN A)'

As this would give a smaller packing number than ® for the matroid before the insertion,
we get that e must be in all bases of the new matroid after the insertion. This update
is performed easily, since adding to all bases B € B can be done in |B| updates to the
corresponding minimum weight base — where this update has no recourse. So it takes
O(|B|logn) rank-queries by Proposition 1.

Consider a deletion e such that &' > ®. As argued for the previous case, this means that
e was part of every base in M, so we can remove it easily from any B € B n |B| updates to
the corresponding minimum weight base — where this update has no recourse. So it takes
O(|B|logn) rank-queries by Proposition 1.

3
We obtain a total of O (W) amortized rank-queries for any update. <

A.2 Dynamic Matroid Covering

Similar to the previous section, we now present our results for dynamic base covering.

A.2.1 Deterministic

First, we provide a deterministic result. We note that for base packing, we also have an
algorithm with an amortized bound that depends linearly on ®. For base covering, we could
obtain a result in a similar manner that would depend on 32, /®. However, in this case, we

cannot relate ® and Bnax: P can be constant, even if S« is polynomial.

» Theorem 3. Let e € (0,1/2) be a parameter and let M be a dynamic matroid that at any
moment contains at most n elements. If B is upper bounded by Bmax, we can deterministically
maintain a (1 + ¢)-approzimation of the fractional covering number with O(B2,. -e~*-log® n)
worst-case rank-queries per update.
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Proof. Analogously to the packing case, we maintain a base collection B of © (%&)

greedy bases and maintain the minimum ¢5(e) using a heap directly giving the approximation.

Again, we argue that the maintained value is a (1 & ¢)-approximation of the covering
number. From Lemma 6 we get that

1 1
(1- E)B < reréi]glﬁB(e) < +€)B.
By using &’ := 17z to determine the size of the base collection we get, as for Theorem 2:
1
(1-¢)B< < (1+4¢)B.

minge g £8(e)

2 3
Maintaining the base collection takes O (%‘Zg(n)) queries for any update (worst-case),
see Lemma 7. <

A.2.2 Oblivious adversary

Next, we show how uniform sampling can help us to obtain update times independent of 3
against oblivious adversaries. The approach uses a standard sampling technique (see, e.g.,
[47]) and is similar to the sampling to maintain arboricity in multigraphs, as shown in [16].

» Theorem 4. Let ¢ € (0,1/2) be a parameter and let M be a dynamic matroid that at any
moment contains at most n elements. There exists a fully dynamic algorithm that maintains
a (1 % &)-approzimation of the fractional covering number with O(log® n/e®) worst-case
rank-queries per update. The algorithm is correct with high probability against an oblivious
adversary.

Proof. We create O(logn) matroids M; by sampling each element with probability
p; = 24;}22%" (for some constant ¢ > 2 to be set later and ¢ such that p; < 1) to get
the respective universe E;. M, is then given by the restriction of the original matroid to the
sampled elements M; = M|E;. Now we want to show that if 8 € [2¢71,2¢72) then p%ﬂl- is a
(1 £ e)-approximation of 8. We show this in two parts.

First, we argue that iﬂz > (1 —¢)B. Counsider a set S C F with § = #S(‘S) Let
S; = SN E;, then we get

|Sil )
Pr(— 2 (1-2)8) =Pr(|Si| < (1 &)pifirkas, (Si)).
(g < (1= 208) =Pr(Isi] < (1 s e, (50)
Since kg, (S;) <tk (S) = % and E(|S;|) = p;|S| we get by a Chernoff bound

Pr(|Si| < (1 —e)piBrkm,(5:) < Pr(|Si| < (1 —e)piffrkp(S5)) = Pr(|Si] < (1 —¢e)pilS])

e—€7pilSI/2 _ o —e?piBrkm(8)/2 < o—€?pi2" T tkm(5)/2

IN

—crkM(S).

IN

n

Hence
1S3 ) —erka(S)
Prl———— < (1—¢ < perEme)
(e <0-9%) <

’
\

|S
i tka, (S7)

Now note that 8; = maxp,scp > |si(‘s 3> SO w.h.p. piﬁl >(1—¢)p.

rka, (Si
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Second, we need to show that with high probability the covering number is bounded as
follows p%ﬂi < (1+¢)p.

Let S; C E; be any non-empty subset. We will show that w.h.p. prk‘f,lill(s) < (14¢)B.
Hereto, we consider each possible rank 1 < r <rka(E;) = rk(M|E;) of a n(l)n—empty subset
of E; separately. Let S; be the subset of F; with rank r with maximum |S;|. Note that for
any other set A C F; with the same rank we have o rkl;:l_ @ < o rljfj.l(s,;)'

Now we consider the set S := span ,(S;). For this set we have (a)lrkM(S) =rkap(S;) =
rkag, (S;) since S; C E; and (b) SN E; = S; since no element of F; can be added to S;

without an increase in the rank. Therefore we get
1S4 ) ( S N E; )
Prl—————>(1+¢ =Pr| ———>1+c¢
(i > 0+97) =Pr (53 > (90
=Pr(|SNE;| > (1+¢e)piBrkm(S)).

Further, since Stk (S) > |S], using a Chernoff bound we get

Pr (‘S N Ez| > (1 + 5)]%5 rkM(S)) < 6762177;6 rkat(S)/3 _ 675224clog(n)ﬁ rkM(S’)/3522"’
< g—4elog(n)rkm(S) « oy —c(rkae(S)+2)

where the second to last inequality follows since 8 > 2!, Note that for such a set S we have
that S = span,,(5). Also, among the sets of maximum size with rank r the set S is unique.
If there was another set S; # S; with span(S;) =S , then S; C S and we would have an
element e € S; \ S; and |S; + e| > |S;| while rkaq(S; + e) = rkas(S;). This contradicts the
choice of S;. Hence, for any rank r it suffices to union bound over all sets S with S = span(.5)
and rk(S) = r, there are at most n” such sets. So the statements holds for all such S with
probability n=2¢.

This allows us to then union bound over all possible ranks r , there are at most rk((E)
many and n updates, so the statement holds with probability n=2¢-n-n =n?"2¢ < n=°,

Hence, we get that 8; < (1+¢)8p; < 2324061# =0 (los#) when 3 < 2172, The algorithm

maintains a greedy base collection of size © 105#) for each of the O(logn) matroids M;

and one for M itself. Whenever 8 € [2¢71, 2+2) the collection corresponding to M; gives
the correct approximation. All other collections might give values that differ drastically from
£ and are simply disregarded. At any point in time to know which M; gives the correct
value it suffices to consider the estimate from the previous update. This is because if the old
estimate % was in [2¢,2F1) then after the update we have that 3 < (1 +5)% +1 <202 and
similarly 5 > (1 — 5)% — 1> 201 If the current estimate is in ©(logn/e?) the estimate on
the original matroid is considered, otherwise the interval [2¢,2¢+1) that contains the previous
estimate determines the base collection M; that is used for the estimate after the next
update. Now it remains to analyze the runtime. For each matroid M; we maintain a greedy
base collection of size O (105#)

There are O(logn) matroids that could be affected by an update, so by Lemma 7, an

6
update requires O (logg#) rank-queries in the worst-case. |
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