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Abstract
We present the first truly subquadratic time algorithm to compute diameter and eccentricities in real-
weighted directed graphs with constant distance VC-dimension and strongly sublinear-sized balanced
separators. For real-weighted Kh-minor-free digraphs, this runs in O(n2−1/(2h−2)polylog(n)) time.

Prior to this work, truly subquadratic time computation of diameter was only known for real-
weighted planar graphs, while extensions to broader classes like minor-free graphs were restricted
to unweighted settings. In particular, existing algorithms that use VC-dimension [Ducoffe, Habib,
Viennot; SICOMP 2022][Le, Wulff-Nilsen; SODA 2024][Chan, Chang, Gao, Le, Kisfaludi-Bak, Zheng;
FOCS 2025] work with small integer weights, but do not naturally generalize to real weights. We
overcome this barrier by introducing a randomized search-to-decision reduction, demonstrating that
VC-dimension is a sufficiently powerful tool in the real-weighted regime.
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1 Introduction

For a sparse graph G with n vertices and O(n) non-negative real-weighted edges, it is
possible to compute the diameter of G in Õ(n2) time1 by running Dijkstra’s algorithm from
every vertex of the graph. However, even in unweighted undirected graphs, computing the
exact diameter in truly subquadratic time is impossible assuming the Strong Exponential
Time Hypothesis (SETH) [22]. This negative result has motivated the study of diameter
in structured graph classes where truly subquadratic-time diameter is achievable, such as
bounded-treewidth graphs [3, 1], planar graphs [2, 15], bounded genus graphs [18], Kh-minor-
free graphs [10, 20, 17], and geometric intersection graphs [11, 4].

Two major paradigms have emerged for breaking this quadratic barrier for structured
graph classes. The first is abstract Voronoi diagrams for planar graphs that were pioneered
by Cabello [2] and led to the first truly subquadratic-time diameter algorithm in planar
graphs that ran in Õ(n11/6) time. The running time was later improved to Õ(n5/3) by
Gawrychowski, Kaplan, Mozes, Sharir, and Weimann [15]. While abstract Voronoi diagrams
easily extend to real-weighted and directed settings, the approach strongly relies on planarity
and is likely only generalizable to bounded-genus graphs.

1 Throughout this paper, we will use Õ(·) to suppress polylogarithmic factors of n.
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61:2 Real-Weighted Diameter and Eccentricities in Truly Subquadratic Time

Table 1 Summary of runtime guarantees for diameter and eccentricity algorithms in directed
graphs with n vertices and m edges. Generalized distance VC-dimension is abbreviated as “g.d.
VC-dim”. All bounds are for directed graphs. Note that all graphs besides g.d. VC-dim d graphs
are sparse and have m = O(n).

Graph class Runtime Real-weighted?

Planar
Õ(n11/6) Y [2]
Õ(n5/3) Y [15]

Kh-minor-free

Õ(n2−1/2O(h)) N [10]
Õ(n2−1/O(h2)) N [20]
Õ(n2−1/(3h−2)) N [17]
Õ(n2−1/(2h−2)) N [4]
Õ(n2−1/(2h−2)) Y Corollary 2

O(nβ)-separator
g.d. VC-dim d

Õ(n2−(1−β)/2O(d)) N [10]
Õ(n2−1/(2d)) N [4]
Õ(n2−(1−β)/d) Y Theorem 1

g.d. VC-dim d Õ(mn1−1/(2d)) N [4]

The second paradigm revolves around VC-dimension. Ducoffe, Habib, and Viennot [10]
demonstrated that it is possible to get a truly subquadratic-time algorithm in undirected
unweighted Kh-minor-free graph with distance VC-dimension, the VC-dimension of neigh-
borhood balls centered at every vertex of the graph. Le and Wulff-Nilsen [20] generalized a
different bounded VC-dimension set system –distance profiles – studied by Li and Parter [21]
in planar graphs to obtain results for directed Kh-minor-free graphs. Bounds on both
distance VC-dimension and distance profiles were unified by Karczmarz and Zheng [17] with
generalized distance VC-dimension2, that paved the way for improvements in more graph
classes [4].

A striking discrepancy remains: Techniques using abstract Voronoi diagrams work in
directed and real-weighted planar graphs [2, 15, 6], while techniques using VC-dimension
results do not work well in real-weighted graphs. While the VC-dimension bounds directly
generalized to real-weighted settings, and [20] extended the VC-dimension results to directed
graphs, the existing algorithmic machinery did not seem to work well with real weights.
The two limited results that did exist for weighted Kh-minor-free graphs either required
integer weights with logarithmic dependence on the maximum weight [10], or achieved
truly subquadratic space for a distance oracle at the cost of superquadratic construction
time [17]. This motivates the central question of this paper: Is VC-dimension useful for truly
subquadratic-time computation in real-weighted graphs?

2 Originally [17] called this the multiball set system. The name general distance VC-dimension was given
in [4].
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1.1 Our Contribution
We answer our motivating question in the affirmative by giving the first algorithm for
real-weighted diameter computation in Kh-minor-free digraphs. Our result generalizes to
any monotone graph family with strongly sublinear-sized balanced separators, a family
equivalent to graphs of polynomial expansion [12]. We show that if the generalized distance
VC-dimension is bounded, we can compute the vertex eccentricities (and thus diameter) of
the graph in truly subquadratic time. See Table 1 for a comparison of our results to previous
algorithms.

▶ Theorem 1. Let Gβ be a monotone graph class where every n-vertex graph in Gβ has
O(nβ)-sized balanced separators. If the generalized distance VC-dimension of an n-vertex
real-weighted digraph G ∈ Gβ is d, there is a randomized Las Vegas algorithm that computes
all vertex eccentricities in Õ(n2−(1−β)/d) time.

Kh-minor-free graphs are a special subclass of graphs with polynomial expansion as they are
a monotone graph class with β = 1/2 (i.e. they have O(

√
n) sized separators). They also

have generalized distance VC-dimension at most h − 1 [17], so the corollary follows.

▶ Corollary 2. There is a Las Vegas randomized algorithm that can compute the diameter and
all vertex eccentricities of a real-weighted n-vertex Kh-minor-free digraph G in Õ(n2−1/(2h−2))
time.

The previous algorithm of [10] computed all vertex eccentricities with a decision procedure:
given a guess ℓu on the eccentricity of every vertex u in the graph G, outputs whether ℓu

is an over- or under-estimate of the true eccentricity of u. Using this procedure, it is easy
enough to binary search for the eccentricities of every vertex in graphs where edges have
small integer weight, or to obtain (1 + ε)-approximations. Unfortunately, this binary search
fails to yield exact results for real-weighted graphs since there can be exponentially many
distances.

To bypass this limitation, we augment the decision procedure to output random wit-
nesses. To be precise, if a guess ℓu for the eccentricity of u is an underestimate, the algorithm
should additionally output a random witness v whose distance from u is larger than ℓu. By
transforming the simple decision oracle to a random witness producing oracle, we reduce
the search for the real-valued eccentricity to a small number of augmented oracle calls. See
Section 3 for the full details. We present the entire algorithm in Section 4 by extending and
significantly simplifying the decision algorithm of [10].

2 Preliminaries

Throughout this paper, we will consider a directed graph G = (V, E) with n = |V | vertices
and positive real weights on all edges. For two vertices u, v ∈ V , we denote the length of
the shortest directed path from u to v in G as dG(u → v). For convenience, we will assume
throughout this paper that there is a unique shortest path between any two vertices u, v ∈ V .
Note that for any graph G that does not have unique shortest paths, we may apply (tiny)
perturbed weights to every edge in G to create a new graph where shortest paths are unique
and shortest paths in this new graph are also shortest paths in G. This can be done in many
ways, e.g., with the Isolation Lemma [23]. For any k ∈ R, define the k-neighborhood ball (or
k-neighborhood for short) of a vertex u ∈ V to be the set of vertices that are reachable from
u and at distance at most k from u, denoted by Nk

G[u] = {v ∈ V | dG(u → v) ≤ k}.

ESA 2026



61:4 Real-Weighted Diameter and Eccentricities in Truly Subquadratic Time

The eccentricity of a vertex u ∈ G is the maximum distance from u to any other vertex,
and is denoted by ecc(u) = maxv dG(u → v). The diameter of the graph G is the maximum
eccentricity of any vertex, i.e. maxv ecc(v). For simplicity, all graphs throughout this
paper will be strongly connected unless otherwise specified. If the graph G is not strongly
connected, then there may not be a directed path from u to v and the distance dG(u → v) is
not well-defined. In this case, it is possible to define the eccentricity of a vertex u to be the
distance to the farthest reachable vertex.

3 Random Witnesses for Eccentricity

In this paper, we will focus on the problem of computing eccentricity of every vertex, as
diameter can be easily computed by taking the maximum eccentricity among all vertices.
We begin by considering an algorithm to compute the eccentricity of a single vertex.

Single Vertex Eccentricity

Fix one u ∈ V , and suppose we have a guess for its eccentricity ℓu. Suppose we had an
algorithm A for deciding if the eccentricity of u was at most ℓu. Suppose our guess was
an underestimate, i.e. that ℓu < ecc(u). It is reasonable to expect the algorithm A to give
a witness w ∈ V that proves that ℓu is smaller than the eccentricity of u, meaning that
ℓu < dG(u → w). We can use dG(u → w) as a new guess ℓ′

u = dG(u → w) for the eccentricity,
and run the algorithm A again.

We use the following notation to denote the set of vertices at distance strictly greater
than k away from vertex u.

N>k
G [u] = {v ∈ V | d(u → v) > k}

N>ℓu

G [u] is exactly the set of witnesses that A could have chosen, so w ∈ N>ℓu

G [u]. When we
run the algorithm A on our new guess ℓ′

u, we would get a new witness from N
>ℓ′

u

G [u]. Observe
that N

>ℓ′
u

G [u] ⊂ N>ℓu

G [u] (the inclusion is strict). It is possible that |N>ℓ′
u

G [u]| = |N ℓu

G [u]| − 1,
so very little progress was made. This could occur if we were unlucky or the algorithm A
was adversarial. On the other hand, if the algorithm A gave us a random witness, we would
expect that

E
[
|N>ℓ′

u

G [u]|
]

= 1
2 |N>ℓu

G [u]|.

It is easy to see that by repeatedly finding a random witness, we would expect to find
the vertex of maximum distance from u in O(log |N>ℓu

G [u]|) = O(log n) many rounds. It is
folklore that this bound additionally holds with high probability3. For completeness, we
present the following proof based on backwards analysis [16].

▶ Lemma 3. Start with the set S0 = {1, . . . , n}. Consider the following process that at time
t ≥ 1, samples an element xt uniformly randomly from St−1 and computes:

St := {y ∈ St−1 | y > xt} (Only keep elements strictly larger than xt)

This process terminates with the empty set by time t = c0 log n with probability 1 − 1/nΩ(c2
0).

3 By high probability, we mean with probability at least 1 − 1/nc for some fixed constant c.
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Proof of Lemma 3. We will couple this process with a random permutation. Consider
drawing elements of S0 without replacement to get a permutation π = (π1, . . . , πn). Call an
element of πi a record if πi = max{π1, π2, . . . , πi−1}. The process described in the lemma
samples precisely the record elements of π. One can view this as a rejection sampling
implementation of the process where elements of the permutation that are smaller than the
current record are skipped.

Define Ei as the event πi is the maximum of {π1, . . . , πi}, and the variable Xi = 1 if Ei

happens and Xi = 0 otherwise. Observe that E[Xi] = 1/i, and if we let X =
∑n

i=1 Xi it
follows that E[X] =

∑n
i=1 E[Xi] =

∑n
i=1 1/i = Θ(log n). We claim that the random variables

{Xi}n
i=1 are in fact independent. Assuming this claim and using standard Chernoff bounds [9,

Equation 1.10.5], the lemma follows:

P [t ≥ c0 log n] = P [X ≥ c0 log n] ≤ exp
(
−Ω(c2

0 log n)
)

= 1/nΩ(c2
0).

We now prove the claim that {Xi}n
i=1 are independent random variables, so the events

{Ei}n
i=1 are independent. Consider any collection of these events {Ei1 , Ei2 , . . . , Eik

} with
indices i1 < i2 < · · · < ik. View the permutation {π1, . . . , πn} as generated in reverse order
(i.e. first πn was sampled from S, then πn−1 is sampled from the remaining n − 1 elements,
and so on). The final event Eik

happens if and only if it is chosen as the maximum among ik

elements and is independent of all events Ej with j < ik. Thus,

P [Eik
| Ei1 ∩ Ei2 ∩ · · · ∩ Eik−1 ] = P [Eik

].

It follows from induction that:

P [Eik
∩ Ei1 ∩ Ei2 ∩ · · · ∩ Eik−1 ] = P [Eik

| Ei1 ∩ Ei2 ∩ · · · ∩ Eik−1 ] · P [Ei1 ∩ Ei2 ∩ · · · ∩ Eik−1 ]

= P [Eik
] · P [Ei1 ∩ Ei2 ∩ · · · ∩ Eik−1 ] =

k∏
j=1

P [Eij
]

so we conclude that {Ei}n
i=1 are independent. ◀

Multiple Vertex Eccentricity

Suppose we had a guess ℓu on the eccentricity of every vertex u ∈ V that is an underestimate
(so ℓu < ecc(u)), as well as an algorithm A for deciding the guess of every ℓu simultaneously
and also returns a random witness for every ℓu. By a simple union bound with Lemma 3, we
will find the eccentricity of every vertex in at most O(log n) rounds with high probability.

▶ Lemma 4. If n many processes (not necessarily independent) described in Lemma 3 are
all run simultaneously, the slowest one will finish in at most O(log n) many rounds with high
probability.

In the next section, we show an algorithm that simultaneously returns a random witness for
every vertex that runs in truly subquadratic time provided the graph has strongly sublinear-
sized balanced separators and bounded generalized distance VC-dimension (for definitions
see Section 4.1).

4 Eccentricity Algorithm

4.1 Definitions
We begin with definitions of graph separators, VC-dimension, and low average crossing
spanning paths that are important tools.

ESA 2026



61:6 Real-Weighted Diameter and Eccentricities in Truly Subquadratic Time

Graph classes, balanced separators, and r-divisions

A graph class is monotone if it is closed under taking subgraphs. For a graph G with n

vertices, a balanced separator is a set of vertices S such that every connected component of
G \ S has size at most 2n/3.

Let Gβ be a monotone graph class such that any n-vertex graph G ∈ Gβ has O(nβ)-sized
balanced separators. Note that all such graphs G ∈ Gβ are sparse [12, Lemma 12], i. e. if
G has n vertices, G has O(n) edges. In n vertex Kh-minor-free graphs, recent work of [13]
show that balanced O(

√
n)-sized balanced separators can be computed in linear time. In

general graphs, recent work of [19] show that balanced separators of nearly-optimal size can
be efficiently computed by a black-box reduction to maximum flow, which can be solved in
m1+o(1) time in m-edge graphs [8].

▶ Lemma 5 (Balanced separators [19]). For any graph G ∈ Gβ with n vertices, a balanced
separator of size Õ(nβ) can be constructed in n1+o(1) time.

A piece P ⊆ V of a graph is a subset of vertices such that the induced graph G[P ] is
connected. An r-division is a set of pieces P1, P2, . . . , Pk each with at most r vertices such
that V =

⋃k
i=1 Pi, and for every two pieces Pi and Pj , the vertices Pi \ Pj and Pj \ Pi have

no edges between them (they may share some vertices). For a piece P , the vertices with
edges to G \ P we refer to as boundary vertices, while all other vertices in P we refer to as
interior vertices. Let ∂P denote the set of boundary vertices of a piece P . The total boundary
of the r-division is the quantity

∑k
i=1 |∂Pi|. The idea of r-divisions was originally introduced

by Frederickson [14] by using sublinear-sized balanced separators for planar graphs4. The
algorithm is now standard: recursively find balanced separators until each component has
size at most r. The algorithm is efficient as Lemma 5 runs in near-linear time as all graphs
in Gβ are sparse.

▶ Lemma 6. For any graph G ∈ Gβ with n vertices, an r-division with total boundary
Õ(n/r1−β) can be constructed in n1+o(1) time.

VC-dimension

A set system (X, S) is a ground set X together with a collection S ⊆ 2X of subsets of the
ground set X. For a subset Y ⊆ X, we denote by S|Y to be the set of S restricted to Y , that
is S|Y = {Y ∩ S | S ∈ S}. The set Y is shattered by S if |S|Y | = 2|Y |. The shatter function
of a set, denoted by π(X,S)(h), is the largest number value of |S|Y | among all size-h subsets
Y ⊆ X. The shatter dimension of the set system (X, S) is the smallest value of d such that
π(X,S)(h) = O(hd) for all h. The VC-dimension of the set system (X, S) is the size of the
largest subset Y ⊆ X that can be shattered by S. The dual set system is the set system
(S, X∗) where the ground set is indexed by S, and each element x ∈ X induces a set x∗ ∈ X∗

consisting of the ground set elements x∗ = {S ∈ S | S ∋ x}. The dual VC-dimension is the
VC-dimension of the dual set system, and the dual shatter dimension is the shatter dimension
of the dual set system. We list two known facts about VC-dimension.

▶ Lemma 7. For a set system (X, S) with VC-dimension d:
(1) For any Y ⊆ X, the VC-dimension of (Y, S|Y ) is at most d.
(2) For any S ′ ⊆ S, the VC-dimension of (X, S ′) is at most d.
(3) The dual VC-dimension is at most 2d+1.
(4) (Sauer-Shelah Lemma) The shatter dimension of (X, S) is at most d.

4 The original algorithm of Frederickson used weighted 0–1 separators to reduce the size of the boundary
for each piece. We skip this step and only guarantee that the total boundary is small.
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Generalized distance VC-dimension

Recall that for a vertex u in a graph G, the notation Nk
G[u] denotes the set of vertices within

a distance k ∈ R from u. We denote the set of all neighborhood balls as BG = {Nk
G[v] |

v ∈ V, k ∈ R}. The distance VC-dimension of a (weighted) digraph G = (V, E) is the
VC-dimension of the set system (V, BG). Generalized k-neighborhood balls Mk

G[u] = {(v, r) ∈
V × R | d(u → v) ≤ r + k} were studied by [17] and considered in [4]. One way to think
about Mk

G[u] is that it contains (v, r) for all values of r where r ≥ d(u → v) − k. The set
of all generalized neighborhood balls in G is denoted by MG =

⋃
k,v Mk

G[v]. This allows us
to define the generalized distance VC-dimension of a weighted digraph G = (V, E) as the
VC-dimension of the set system (V × R, MG).

One benefit of this definition is that the generalized distance VC-dimension bound is
an upper bound on the dual VC-dimension of (V, BG), which we call the dual distance VC-
dimension. This is used by [4], although its proof is not explicitly stated. For completeness
we prove it here.

▶ Corollary 8. Let G be a weighted digraph, and let G⃖ denote the graph obtained from G by
reversing the direction of every edge. If G⃖ has generalized distance VC-dimension d, then the
dual distance VC-dimension of G is at most d.

Proof. The dual distance VC-dimension is the VC-dimension of the set system (BG, V ∗).
Consider any vertex u ∈ V and the set

M0
G⃖

[u] = {(v, r) ∈ V × R | d
G⃖

(u → v) ≤ r} = {(v, r) ∈ V × R | dG(v → u) ≤ r}.

Let M0 = {M0
G⃖

[u] | u ∈ V }. Observe that (v, r) ∈ M0
G⃖

[u] if and only if u ∈ Nr
G[v]. As each

element of BG is an r-neighborhood ball Nr[v], we can index this ball by (v, r). This gives a
one-to-one correspondence between (BG, V ∗) and (V × R, M0). Observe that the set system
(V × R, M0) has VC-dimension at most d by Lemma 7(2) as M0 ⊂ MG and by assumption
G⃖ has bounded distance VC-dimension d. ◀

Generalized distance VC-dimension is natural to consider as both Kh-minor-free
(di)graphs [17] and geometric intersection graphs [5] have bounded generalized distance
VC-dimension.

▶ Theorem 9 ([17]). Kh-minor-free graphs have generalized distance VC-dimension at most
h − 1.

▶ Theorem 10 ([5]). Disk intersection graphs have generalized distance VC-dimension at
most 4.

Low average crossing spanning paths

Consider a set system (X, S) with |X| = n and |S| = m, and an ordering λ of the elements of
X. For an S ∈ S, define intervals to be the maximal contiguous subsequences of S in λ. We
denote the set of these intervals (whose union is S) as Repλ(S) and call this the λ-interval
representation of S. The ordering is said to cross (or stab) S if λi ∈ S but λi+1 ̸∈ S, or
λi ̸∈ S but λi+1 ∈ S (this ordering is sometimes called a stabbing path). Note that the
number of crossings is proportional to |Repλ(S)|. A low average crossing spanning path is
an ordering λ where each set S ∈ S is on average crossed a small number of times. This is
weaker than the original notion of low crossing spanning paths introduced by Chazelle and
Welzl [7, 24] that guarantees every set is crossed a sublinear number of times. It was proven
in [11] and [4] that these low average crossing spanning paths can be efficiently constructed
with high probability.

ESA 2026



61:8 Real-Weighted Diameter and Eccentricities in Truly Subquadratic Time

▶ Lemma 11 (Lemma 2.10 from [4]). Let (X, S) be a set system with |X| = n and |S| = m.
If (X, S) has dual shatter dimension at most d, there is a low average crossing spanning path
λ with∑

S∈S
|Repλ(S)| = Õ(mn1−1/d).

Furthermore, if it takes T0 time to enumerate all elements of any set S ∈ S, then λ can be
constructed in Õ(T0n1/d) time with high probability.

4.2 Eccentricities Algorithm
Here we describe the algorithm for computing the eccentricity of every vertex of a strongly
connected n-vertex graph G = (V, E) with G ∈ Gβ where Gβ is a monotone graph class with
O(nβ)-sized balanced separators and G has generalized distance VC-dimension d.

We first give a high level overview of the algorithm. The algorithm computes an r-division
(for a value of r we will specify later) and tries to compute the eccentricity of a vertex u in a
piece Pi. The eccentricity will either be achieved strictly within the piece Pi, or it will be
achieved by some path through a boundary vertex of Pi. The first case is easily handled
since Pi has at most r vertices and we can afford to compute distances within G[Pi]. The
second case can be handled as we can afford to compute shortest paths from all boundary
vertices. This leads to the following equality:

N ℓu

G [u] = N ℓu

G[Pi][u] ∪
⋃

v∈∂Pi

N
ℓu−dG(u→v)
G [v]. (1)

Note that if c is negative, then N c
G[v] is defined to be the empty set. This union can be

constructed efficiently with a low average crossing spanning path λ, and there are at most r

additional elements of N ℓu

G[Pi][u] that can be manually added. We can use a single (global)
low average crossing spanning path as we construct all these neighborhood balls.

Algorithm for all vertex eccentricities

Here we present the algorithm for computing all vertex eccentricities. We remark that steps
5(a)-5(c) closely resemble the algorithm of [10], and 5(d) is the main contribution of this
paper.
1. Compute an r-division resulting in pieces P1, P2, . . . , Pk with total boundary size

Õ(n/r1−β).
2. Let Vin ⊂ V denote the set of internal vertices of the r-division. For every piece Pi,

compute the shortest path between every internal vertex u ∈ Vin and all other vertices
in Pi where distances are computed within the graph G[Pi].

3. For every vertex v that is a boundary vertex of any piece, compute the distance from v

to every vertex of V in G.
4. Initialize a vector of guesses to eccentricity (ℓu)u∈Vin where ℓu = 0 for all u ∈ Vin.
5. Repeat the following procedure for all vertices simultaneously (that either finds a random

witness disproving that the eccentricity is ℓu, or concludes that ecc(u) = ℓu).
a. Consider the neighborhood balls centered at boundary vertices v ∈ ∂Pi with distance

ℓu − d(u → v) for every internal vertex u ∈ Vin ∩ Pi. Define the following (multiset)
of balls:

Bout
i =

{
N

ℓu−d(u→v)
G [v]

∣∣∣∣ u ∈ Vin ∩ Pi, v ∈ ∂Pi

}
Consider the multiset D =

⋃k
i=1 Bout

i . Compute a low average crossing spanning
path λ for the set system (V, D).
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b. For each piece Pi, each boundary vertex v ∈ ∂Pi, and each neighborhood ball
N t

G[v] ∈ Bout
i , compute the λ-interval representation Repλ(N t

G[v]) in increasing order
of radius t.

c. For each piece Pi, and each internal vertex u ∈ Vin ∩Pi, use Equation (1) to compute
the λ-interval representation Repλ(N ℓu

G [u]).
d. For each internal vertex u ∈ Vin, if Repλ(N ℓu

G [u]) is an interval consisting of all
vertices, we conclude that the eccentricity is ℓu. Otherwise, we can sample a random
witness w ∈ V \ N ℓu

G [u] by using the interval representation Repλ(N ℓu

G [u]), and
update ℓu to be the value

dG(u → w) = min
{

dG[Pi](u → w), min
v∈∂Pi

dG[Pi](u → v) + dG(v → w)
}

(2)

where dG[Pi](u → w) = ∞ if w is not a vertex of Pi.

Correctness

We can easily read off the eccentricity of the boundary vertices since we computed all
distances from boundary vertices in step 3. For a non-boundary vertex u ∈ Vin ∩ Pi, the
initial guess of ℓu = 0 is an obvious lower bound for eccentricity and ℓu stays a lower bound
for eccentricity as it changes in step 5d. Furthermore, it can only increase. The correctness
of Equation (1) means that accurate neighborhood balls are computed at the end of step
5c. The argument that paths must lie entirely within some Pi or must intersect a boundary
vertex also shows correctness of Equation (2) for efficient computation of distances to random
witnesses.

Runtime

Step 1 takes n1+o(1) time by Lemma 6. Step 2 takes Õ(r) time using Dijkstra’s algorithm
for each internal vertex u ∈ Pi since the induced graph G[Pi] has r vertices and O(r) edges,
for a total of Õ(nr) time for all internal vertices. Step 3 takes Õ(n) time for performing
Dijkstra’s algorithm per boundary vertex for a total of Õ(n) · Õ(n/r1−β) = Õ(n2/r1−β) time.
Step 5 is repeated at most O(log n) times with high probability by Lemma 4. Step 5a takes
Õ(n1+1/d) time using Lemma 11 since we can enumerate any of the desired neighborhood
balls in Õ(n) time with Dijkstra’s algorithm. Note that this running time is independent of
the number of sets m = |D| that we had in our set system.

m = |D| =
k∑

i=1
|Bout

i | =
k∑

i=1
|Pi| · |∂Pi| ≤ O(r) ·

k∑
i=1

|∂Pi| = Õ(nrβ)

Step 5b can be implemented in the following fashion: when computing the neighborhood
balls of various radii for a vertex v, go in order of increasing radii and only add vertices to
the maintained λ-interval representation. This can be done incrementally one vertex at a
time using the distance information we computed in step 3. Merging any inserted vertex
with any adjacent intervals takes O(1) time per insertion. The total amount of time taken
for this step at most Õ(n2/r1−β). Step 5c can be implemented for a vertex u ∈ Vin ∩ Pi by
sorting the end points of the intervals of Repλ(N ℓu−dG(u→v)

G [v]) for all v ∈ ∂Pi and doing a
line sweep to merge the intervals. The N ℓu

G[Pi][u] term can be directly computed from step 2
and added to the representation since there are at most r vertices. By the guarantee of
Lemma 11, this takes time at most
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k∑
i=1

∑
u∈Pi∩Vin

Õ

(
|Pi| +

∑
v∈∂Pi

|Repλ(N ℓu−dG(u→v)
G [v])|

)
= Õ(nr) +

∑
B∈Bout

i

Õ(|Repλ(B)|)

= Õ(nr + mn1−1/d)

= Õ(nr + n2−1/drβ).

In step 5d, the sampling can be implemented for a vertex u ∈ Vin ∩ Pi in time proportional
to the complexity of the union of intervals computed in 5c, which is Õ(n2−1/drβ) time.
Computing the distances to its witness using Equation (2) for each vertex takes a total of
Õ(nrβ) time by the same analysis as for m using the distances computed in step 2 and step 3.

The total running time is minimized by setting r = n1/d.

Õ(n1+o(1) + nr + n2/r1−β + n1+1/d + n2−1/drβ) = Õ(n2−(1−β)/d).

We conclude the following theorem.

▶ Theorem 1. Let Gβ be a monotone graph class where every n-vertex graph in Gβ has
O(nβ)-sized balanced separators. If the generalized distance VC-dimension of an n-vertex
real-weighted digraph G ∈ Gβ is d, there is a randomized Las Vegas algorithm that computes
all vertex eccentricities in Õ(n2−(1−β)/d) time.

4.3 Variations
Bounded distance VC-dimension

If the graph G does not have bounded generalized distance VC-dimension, but instead bounded
distance VC-dimension, we can still bound the dual distance VC-dimension (and thus shatter
dimension) by Lemma 7(3) by 2d+1. This still leads to a truly subquadratic-time algorithm
for real-weighted eccentricities, although the running time becomes Õ(n2−(1−β)/2d+1).

Farthest reachable vertex

If the graph G is not strongly connected, we can still compute the farthest reachable vertex
from every vertex in the same running time. To do this, we need to modify step 5(d). For
a vertex u, instead of checking if the λ-interval representation Repλ(N ℓu

G [u]) consists of all
vertices, we need to check if it consists of all reachable vertices from u, and sample only
among the reachable vertices. The reachable vertices from u can be thought of as N∞

G [u] – the
set of vertices reachable from u at an arbitrary distance from u. A λ-interval representation
Rep(N∞

G [u]) can be computed from the set of vertices within the piece Pi that u is in (at
most r many vertices), as well as N∞

G [v] for all vertices v ∈ ∂Pi. If we add N∞
G [v] to D before

the computation of λ, they would have low average crossing number, and would allow us to
compute the λ-interval representation of the set of reachable vertices Repλ(N∞

G [u]) using the
following identity:

N∞
G [u] = N∞

G[P ][u] ∪
⋃

v∈∂P

N∞
G [v]

Now we can efficiently sample from N∞
G [u] \ N ℓu

G [u] by a line sweep through the end points
of the λ-interval representations of the two. The overall runtime is unchanged.
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5 Conclusion

In this paper, we have shown that VC-dimension techniques can be used to compute real-
weighted diameter in truly subquadratic time in minor-free graphs and other graphs that
have sublinear-sized balanced separators and bounded distance VC-dimension. One downside
is that the algorithm does not work for computing other quantities such as Wiener index.
The algorithm described in [10] faces the same issue.

Another downside of the result is the reliance on sublinear-sized balanced separators. The
results of [4] bypass the need for sublinear-sized balanced separators in the unweighted setting
by using low diameter decompositions. This relied on an alternate algorithm for diameter
that runs in truly subquadratic time in unweighted graphs of small diameter. However, it is
unclear if such a low diameter algorithm exists in the real-weighted setting.

References
1 Karl Bringmann, Thore Husfeldt, and Måns Magnusson. Multivariate analysis of orthogonal

range searching and graph distances. Algorithmica, 82(8):2292–2315, 2020. doi:10.1007/
S00453-020-00680-Z.

2 Sergio Cabello. Subquadratic algorithms for the diameter and the sum of pairwise distances
in planar graphs. ACM Trans. Algorithms, 15(2):21:1–21:38, 2019. doi:10.1145/3218821.

3 Sergio Cabello and Christian Knauer. Algorithms for graphs of bounded treewidth via
orthogonal range searching. Comput. Geom., 42(9):815–824, 2009. doi:10.1016/J.COMGEO.
2009.02.001.

4 Timothy M. Chan, Hsien-Chih Chang, Jie Gao, Sándor Kisfaludi-Bak, Hung Le, and Da Wei
Zheng. Truly subquadratic time algorithms for diameter and related problems in graphs
of bounded vc-dimension. In 66th IEEE Annual Symposium on Foundations of Computer
Science, FOCS 2025, Sydney, Australia, December 14-17, 2025, pages 2728–2765. IEEE, 2025.
doi:10.1109/FOCS63196.2025.00140.

5 Hsien-Chih Chang, Jie Gao, and Hung Le. Computing diameter+2 in truly-subquadratic time
for unit-disk graphs. In Wolfgang Mulzer and Jeff M. Phillips, editors, 40th International
Symposium on Computational Geometry, SoCG 2024, Athens, Greece, June 11-14, 2024,
volume 293 of LIPIcs, pages 38:1–38:14. Schloss Dagstuhl – Leibniz-Zentrum für Informatik,
2024. doi:10.4230/LIPIcs.SOCG.2024.38.

6 Panagiotis Charalampopoulos, Pawel Gawrychowski, Yaowei Long, Shay Mozes, Seth Pettie,
Oren Weimann, and Christian Wulff-Nilsen. Almost optimal exact distance oracles for planar
graphs. J. ACM, 70(2):12:1–12:50, 2023. doi:10.1145/3580474.

7 Bernard Chazelle and Emo Welzl. Quasi-optimal range searching in space of finite vc-dimension.
Discret. Comput. Geom., 4:467–489, 1989. doi:10.1007/BF02187743.

8 Li Chen, Rasmus Kyng, Yang P. Liu, Richard Peng, Maximilian Probst Gutenberg, and
Sushant Sachdeva. Maximum flow and minimum-cost flow in almost-linear time. J. ACM,
72(3):19:1–19:103, 2025. doi:10.1145/3728631.

9 Benjamin Doerr. Probabilistic tools for the analysis of randomized optimization heuristics. In
Benjamin Doerr and Frank Neumann, editors, Theory of Evolutionary Computation – Recent
Developments in Discrete Optimization, Natural Computing Series, pages 1–87. Springer, 2020.
doi:10.1007/978-3-030-29414-4_1.

10 Guillaume Ducoffe, Michel Habib, and Laurent Viennot. Diameter, eccentricities and dis-
tance oracle computations on H -minor free graphs and graphs of bounded (distance) vapnik-
chervonenkis dimension. SIAM J. Comput., 51(5):1506–1534, 2022. doi:10.1137/20M136551X.

11 Lech Duraj, Filip Konieczny, and Krzysztof Potepa. Better diameter algorithms for bounded
vc-dimension graphs and geometric intersection graphs. In Timothy M. Chan, Johannes
Fischer, John Iacono, and Grzegorz Herman, editors, 32nd Annual European Symposium
on Algorithms, ESA 2024, Royal Holloway, London, United Kingdom, September 2-4, 2024,
volume 308 of LIPIcs, pages 51:1–51:18. Schloss Dagstuhl – Leibniz-Zentrum für Informatik,
2024. doi:10.4230/LIPIcs.ESA.2024.51.

ESA 2026

https://doi.org/10.1007/S00453-020-00680-Z
https://doi.org/10.1007/S00453-020-00680-Z
https://doi.org/10.1145/3218821
https://doi.org/10.1016/J.COMGEO.2009.02.001
https://doi.org/10.1016/J.COMGEO.2009.02.001
https://doi.org/10.1109/FOCS63196.2025.00140
https://doi.org/10.4230/LIPIcs.SOCG.2024.38
https://doi.org/10.1145/3580474
https://doi.org/10.1007/BF02187743
https://doi.org/10.1145/3728631
https://doi.org/10.1007/978-3-030-29414-4_1
https://doi.org/10.1137/20M136551X
https://doi.org/10.4230/LIPIcs.ESA.2024.51


61:12 Real-Weighted Diameter and Eccentricities in Truly Subquadratic Time

12 Zdenek Dvorák and Sergey Norin. Strongly sublinear separators and polynomial expansion.
SIAM J. Discret. Math., 30(2):1095–1101, 2016. doi:10.1137/15M1017569.

13 Édouard Bonnet, Tuukka Korhonen, Hung Le, Jason Li, and Tomáš Masařík. Separator
theorem for minor-free graphs in linear time. CoRR, abs/2512.01587, 2025. doi:10.48550/
arXiv.2512.01587.

14 Greg N. Frederickson. Fast algorithms for shortest paths in planar graphs, with applications.
SIAM J. Comput., 16(6):1004–1022, 1987. doi:10.1137/0216064.

15 Pawel Gawrychowski, Haim Kaplan, Shay Mozes, Micha Sharir, and Oren Weimann. Voronoi
diagrams on planar graphs, and computing the diameter in deterministic Õ(n5/3) time. SIAM
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