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—— Abstract

Strassen’s theory of bilinear complexity provides a mathematical characterization of the arithmetic

complexity of primitives such as matrix multiplication via the rank of tensors. However, the
connection to tensor rank is known to break down in higher degrees of multilinearity.

In this work, we highlight an unexplored connection between a generalized notion of tensor rank,
which can be defined in Naslund’s framework of partition ranks (JCTA 2020), and multiplicative
complexity. These partition ranks allow us to control the multiplicative complexity, and thus
arithmetic complexity, in any constant degree of multilinearity from below, while recovering Strassen’s
seminal characterization in the bilinear case. This enables novel potential applications of the rank-
based approaches to problems in fine-grained algorithms and complexity, such as the hyperclique
conjecture of Lincoln-Williams-Vassilevska Williams (SODA 2018). Moreover, we exhibit connections
to established notions of rank, such as tensor slice rank (in the sense of Tao and Sawin), as well as its
symmetric variant. For computing the latter symmetric variant, we point out a simple NP-hardness
proof, contrasting the rather involved NP-hardness proof for ordinary, non-symmetric tensor slice
rank by Blaser et al. (SODA 2021).
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1 Introduction

Strassen’s 1969 breakthrough on algorithms for matrix multiplication [16] has had substantial
impact both within and outside of algebraic complexity theory. Besides this algorithmic
result, Strassen also laid out a structural theory around lower bounds on the so-called bilinear
complexity of computation in algebraic structures such as matrices and polynomials. One
of the cornerstones of this theory is the result that the number of multiplications between
inputs from a field F needed to perform such operations using any possible computation
scheme (their multiplicative complexity L) is characterized up to a small and explicit factor
by the rank of an associated tensor [17, Korollar 5]; see the discussion of [6, Eq. (14.8)] for
an account in English. For example, Strassen’s theory reduces the fast evaluation of a matrix
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product W = UV for given square matrices U = (U, ; : i,j € [n]) and V = (V; ; : i, € [n])
into the task of finding low-rank decompositions for the associated 3-tensor, viewed as a
polynomial

MM, = > Ui;VisWix (1)
i,7,kE€[n]

that is linear in each of the three sets of indeterminates, U, ;, V; ;, and W; ; for 4,5 € [n] :=
{1,...,n}. To state Strassen’s main result in the language of polynomials, we define the
multiplicative complexity L(f) of f € F[Xy, ..., X,] as the smallest ¢ such that f is computed
by any computation scheme that performs no more than ¢ essential multiplications (formal
definitions are given later).

Strassen’s main result now connects, up to small constants, the multiplicative complexity
of a bilinear map, viewed as a 3-tensor or the associated polynomial f, with the tensor rank
R(f) of the tensor. Adapting the constants to the present formalism, this reads:

» Theorem 1 (Strassen [17]). For every 3-tensor f € (F™)®3, we have

1

o P <L) 2R, @

The power of Strassen’s approach is exemplified by matrix multiplication algorithms: the
exponent of matriz multiplication w encodes the minimal (more precisely, infimal) value such
that there is an algorithm that computes the product of two n x n matrices using O(n®)
arithmetic operations.

Essentially all progress on bounding this number from above since Strassen’s 1969 result
has come through increasingly intricate decompositions of the matrix multiplication tensor
(1) and Theorem 1; for many examples hereof, see Bldser’s survey [3].

Strassen’s lower-bound theory, however, is known to be strictly bilinear. Namely, the
connection between arithmetic circuit complexity and tensor rank in Theorem 1 fails for all
d-tensors ((d — 1)-linear maps) with d > 4, where the so-called product of inner products
tensor defined for d = 4 by the polynomial

PIP, — <Z Xm) (Z zjwj> (3)

i€[n] j€[n]

provides a well-known demonstration; namely the formula (3) shows L(PIP,) < 2n + 1
but we have R(PIP,) = n? by a matrix flattening of the tensor. Within fine-grained
complexity theory, Lincoln, Williams, and Vassilevska Williams [11, Theorem 8.1] highlight
this inadequacy of tensor rank in the context of (what is now known as) the hyperclique
conjecture. One way to approach the hyperclique conjecture algebraically is to seek lower
bounds for the multiplicative complexity of the corresponding polynomials, such as the
3-uniform 4-hyperclique polynomial:

HYP, = Y XijaVijeZineWike- (4)
i,5,k,L€[n]

Our Results

We show that an alternative tensor parameter to the tensor rank R(f) gives a lower bound for
the multiplicative complexity, and thus algebraic circuit complexity, of a d-tensor f € (F™)®¢
for any d > 3. This alternative parameter is a symmetric instance of Naslund’s partition
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rank [12]. Namely, for A - d an integer partition of d, let us write Rx(f) for Naslund’s
P-rank of f, where P consists of all set partitions of [d] with size partition \. We call Ry(f)
the A-rank of f. Two immediate special cases of A-rank are the tensor rank R = R; ;... and
slice rank Rq_11. (We postpone a detailed discussion of tensor and polynomial parameters
to the section on related work below as well as to the preliminaries in Section 2.) Our main
result in this paper is that the two-slice rank R4_2 1,1 controls the multiplicative complexity
from below for all d > 3.

» Theorem 2 (Main; Lower bound for multiplicative complexity of d-tensors, d > 3). For every
d >3 and every d-tensor f € (F™)® we have

1

@ripaa—m ezl = HD. 5)

We observe that Theorem 2 recovers Strassen’s lower-bound theorem (Theorem 1) when
d = 3. Comparing the slice rank and the two-slice rank, we observe Rq_11 < Rgq_2,1,1 for all
d > 3 (cf. Remark 6) implying that the two-slice rank gives at least as good control for lower
bounds as the slice rank. Beyond these immediate observations, we have two-fold further
motivation for Theorem 2 and the present paper.

Our first motivation for Theorem 2 is that the two-slice rank R4_2 1,1 gives better generic
control for lower bounds than the slice rank R4_1,;. Indeed, for constant d > 3 we have
Ra—1.1(f) < m for all tensors f € (F™)®? whereas heuristically most tensors f € (F™)®4
satisfy Rg—2.1.1(f) = Q(m?) (cf. Remark 8). Thus, in contrast to slice rank, Theorem 2 enables
superlinear-in-m lower bounds on the arithmetic complexity of specific problems encoded by
polynomials f € (F™)®9 via superlinear lower bounds on the two-slice rank Ri—2.11(f). For
example, Theorem 2 implies that one possible strategy to prove the (algebraic) hyperclique
conjecture L(HYP,,) = ©(n?*) for d = 4 is to show the lower bound Ry 1 1(HYP,) = Q(n?)
on the degree-4 tensor HYP,, € (F™)®4) where m = n?, in (4).

Our second motivation for Theorem 2 is an elementary observation that enables a proof
in three short steps, which we now sketch.

Overview of Techniques and a Proof of Theorem 2

Namely, we relate parameters of d-tensors to analogous parameters of homogeneous poly-
nomials via the basic fact that a polynomial f representing a d-tensor is a homogeneous
polynomial f of degree d, with the tensors (1), (3), and (4) above giving concrete examples.
The measure of complexity employed for both tensors and polynomials is their multiplic-
ative complexity, which we now formally define. A sequence (fi,..., fr) € F[X1,...,X,]*
of polynomials is a multiplication sequence of length ¢ if, for all 1 < j < £, there are
sj,t; € spang{l, X1,..., Xy, f1,..., fj—1} with f; = s;t;. We say that the sequence com-
putes a polynomial f whenever f € spang{l,X1,...,Xqy, f1,..., fe}. The multiplicative
complezity L(f) of f is the smallest length of a multiplication sequence computing f. Note
that every ordinary arithmetic circuit (with multiplicative fan-in two) that uses ¢ multi-
plication gates can be converted into a multiplication sequence of length ¢, and vice versa.
Consequently, a lower bound on L(f) is a lower bound on arithmetic circuit complexity.
Accordingly, to study multiplicative complexity of tensors in their interpretation as
homogeneous polynomials, it is convenient to work with multiplication sequences (f1,. .., fr)
where each f; is homogeneous of degree d; for some d; > 0 for all 1 < ¢ < ¢. Such
multiplication sequences are themselves called homogeneous. Whenever f is homogeneous,
we write H(f) for the homogeneous multiplicative complexity of f, as the smallest ¢ such
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that there is a homogeneous multiplication sequence that computes f. Every multiplication
sequence for a homogeneous polynomial f of degree d can be homogenized [6, Lemma (21.25)],
one multiplication at a time, to yield

1

—— - H(f) < L(f) < H(f). 6

e U < L) < () ()
In particular, to control L(f) from below, by (6) it suffices to control H(f) from below.
Such control is afforded by the following lemma, which is our main technical contribution.
It connects the homogeneous complexity to the polynomial counterpart of the A-rank R),
namely the A-strength Sy, whose detailed definition we postpone to Section 2.

» Lemma 3 (Main; Lower bound for homogeneous multiplicative complexity). For every
homogeneous polynomial f of degree d > 3, we have

Sa—2,1,1(f) < H(f). (7)

Finally, we control the A-strength from below by the A-rank by routine set-multilinearization,
namely for every d-tensor f € (F™)®¢ and every \ I d, we have

d!

SOESNGESENG} ®)

We present a proof for completeness in Lemma 9 in Section 2. Theorem 2 now follows
immediately from (6), Lemma 3 and (8).

To supply a short intuition on the proof of Lemma 3, observe that every homogeneous
multiplication sequence ® = (fi, fa, ..., f¢) that computes a polynomial of degree at least two
must contain 1 < k < £ polynomials f;,, fi,,- .., fi, with degree exactly two. Furthermore,
since ® is homogeneous, each f;; = a;3; for j € [k] is the product of two linear forms o
and ;. By essentially only the distributive law and a simple induction on ® (detailed in the
proof of Lemma 7 in Section 2), these linear forms persist over the linear combinations and
multiplications in ®; namely, every homogeneous polynomial h of degree d > 2 computed by
® can be written as h =) JElk] ajﬂjgj[»h] for some homogeneous polynomials gj[.h] of degree
d — 2 depending on h. For d > 3 this yields Sq—»:,1 < H and thus Lemma, 3.

The parameter Sg_o 1,1, which we call the two-slice strength, is thus of independent
interest because lower bounds on Sg_3 11 imply immediate and potentially nonlinear lower
bounds on the multiplicative complexity L by combining (6) and Lemma 3. The two-slice
strength Sy_2 1,1 is also easier to work with than the two-slice rank R;_5 11 because all the
polynomial indeterminates have a symmetric role in monomials. In contrast, for tensors one
has to track which of the d tensor modes are being considered. This is, however, not to say
that the two-slice strength is an easy parameter computationally; we show that computing
both the slice strength and the two-slice strength of a given polynomial is NP-hard.

» Theorem 4 (NP-hardness of slice strength and two-slice strength). When given as input a
list of monomials for a degree d homogeneous multilinear polynomial f with coefficients in
{0,1} over a field of characteristic zero,

1. 4t is NP-hard to compute the slice strength Sq_11(f) for d >3, and

2. it is NP-hard to compute the two-slice strength Sq—2.11(f) for d > 4.

» Remark 5. For d = 2, the slice strength Sy_1.1(f) = S1,1(f) is reducible to computing the
rank of the quadratic form f. For d = 3, the two-slice strength Sy_211(f) = S1,1,1(f) is
also known as the Chow rank of the cubic f. It seems likely that this quantity is hard to
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compute as well, but as far as we are aware any proof of this would have to pass through
highly involved arguments along the lines of Hastad, Shitov and others [9, 14, 15, 18]. For
the sake of simplicity and being self-contained, we do not attempt a proof here.

Our proof of Theorem 4 essentially follows the ideas of Sawin and Tao [19, 20]. Using
a characterization of slice rank of tensors (R4—1, in our notation) via orthogonal linear
subspaces, they formulate an antichain-condition on the support of a tensor which enables

an interpretation of determining its slice rank as a combinatorial optimization problem.

This correspondence was employed by Bléser et al. [4] to prove NP-hardness of computing
that quantity for d = 3. (For d = 2, the slice rank R4_11 = Ry, is simply matrix rank,
which can be computed in polynomial time.) Our proof of Theorem 4 adapts the original
Sawin-Tao antichain-condition to the symmetric case, that is, the slice strength Sy_1 1, and
correspondingly proves NP-hardness of this quantity via minimum hitting sets for antichains
in Gale order of degree sequences. We also extend the ideas to show NP-hardness of the
two-slice strength Sq_21,1 for d > 4. It should be noted that the proof for slice strength
turns out much simpler than the proof for slice rank. Intuitively, this can be attributed
to the fact that slice strength symmetrizes over the different choices of which among the d
modes of the tensor to select as the “slices” per definition, which makes the characterizations
simpler to work with and state.

The rest of this paper is organized as follows. After an overview of related work, we prove
Lemma 3 in Section 2, and Theorem 4 in Section 3.

Related Work

Tao [19] introduced slice rank as a variant of the standard tensor rank in the context of

the cap-set problem, and further investigated it in its own right together with Sawin [20].

Naslund defined and studied partition ranks [12], which systematically generalize slice rank
and embed it into a structured collection of related notions of rank. Analogues of tensor
rank defined for (homogeneous) polynomials, often referred to as symmetric tensors in this
context, have been studied. This includes the classic Waring and Chow rank [21], and the
so-called strength (or Schmidt rank) of a polynomial. Strength was introduced under this
name in the proof of Stillman’s conjecture by Ananyan and Hochster [1]. Its definition can
be restricted to obtain slice strength and other variants with prescribed degrees [2]. These
variants of strength for polynomials have been used to obtain superlinear, unconditional
lower bounds in the restricted model of homogeneous algebraic branching programs [8].

In general, the relation between quantities defined on polynomials and their tensor
analogues is intricate. Still, some relations between the complexity of tensors (interpreted as
set-multilinear polynomials) with respect to measures of complexity defined on polynomials
have been established in algebraic complexity theory. For instance, Raz [13] deduced lower
bounds on arithmetic formula size from explicit constructions of high-rank tensors (see
also [7]) via a set-multilinearization argument. Set-multilinearization also played a role in the
recent breakthrough of Limaye, Srinivasan and Tavenas [10] on unconditional lower bounds
against constant-depth arithmetic circuits. An attempt at transporting some upper bound
results from Strassen’s bilinear theory to high-degree tensors and circuits was recently made
in [5].

2 Two-Slice Strength and Homogeneous Multiplicative Complexity

This section presents short technical preliminaries and proves our main lemma (Lemma 3)
connecting two-slice strength and homogeneous multiplicative complexity. We conclude by
connecting A-rank and A-strength via a routine set-multilinearization (Lemma 9).

63:5
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Preliminaries — tensors as polynomials, A-rank, and A-strength

Notation. Let N = {0,1,...} and let F be a field. We work with tensors over F in coordinates
and equip the vector space F™ with the standard basis ey, ..., e,. We write F[X7,...,X,]
for the F-algebra of polynomials in the indeterminates X7, ..., X,. We write F[X1,..., X,]q
for the linear subspace of homogeneous polynomials of degree d € N. A natural basis for
these latter spaces consists of the (q+371) monomials X for a € N? and degree d = 23:1 aj.
We write deg f for the largest degree of a monomial appearing in f. A related object is the
set of tensors of order d over I, written (F™)®9, Its natural basis consists of the m¢ tensors
e, ® -+ ®e;, with i; € [m] for j € [d].

Tensors as Polynomials. It is customary to understand polynomials as symmetric tensors
via the identification

Xiy oo Xiy = E Cigy @ @ €iyeyys
€S,y

where &, is the symmetric group on [d]. We take a different (but also standard) approach,
and understand tensors as specific multilinear polynomials. Namely, we identify (Fm™)®4 with
homogeneous degree-d polynomials over m - d indeterminates X, i(] ) for j € [d] and i € [m)], as
the image of (F™)®? under the (injective) map sending

eil ®...®eid }_>X(11).X(d)

[ iq

and extended by linearity. Conversely, for () # P C [d] we say that a monomial is P-multilinear
if the monomial is of the form HjeP XZ-(J_J) for some i; € [m] for j € P; a polynomial is
P-multilinear if all of its monomials are P-multilinear. The d-tensors in (F)®¢ are thus
precisely the [d]-multilinear polynomials, which we also call set-multilinear polynomials.

A-Rank and A-Strength. A set partition of [d] is a set {Py,..., Py} with § # P; C [d] and
PiNPj=0forall 1 <i< j<kand U P, =[d]. For a nonempty set P of set partitions of
[d], we say that a tensor g € (F™)®? admits a P-factorization if there exists a set partition
{P1,..., Py} € P with g = g1 --- g such that g; is P;-multilinear for all 1 < ¢ < k. The
P-rank of a tensor f € (F™)®? is the minimum r € N such that f = f; +--- + f. and each
fi admits a P-factorization for all 1 < i <.

For a positive integer d, we write A F d to indicate that A = (A1,..., \;) with integers
A1 > 2> A > 1and Zle A; = d is an integer partition of d into k parts for some positive
integer k. We write A\l = (A!)---(\4!). For a tensor f € (F™)®? the A\-rank Ry(f) of f is
the P-rank of f, where P consists of all set partitions { P, ..., Py} of [d] with |P;| = A; for all
1 <i<k. For A\ - d we say that a polynomial g admits a A-factorization if g = g1 - - - g such
that g; is homogeneous of degree \; for all 1 < i < k. The A-strength Sx(f) of a homogeneous
polynomial f of degree d is the minimum s € N such that f = f; +--- + f; and each f;
admits a A-factorization for all 1 <7 < s.

» Remark 6. For two partitions A\, u - d in refinement order A J u, such that \ can be
obtained from p by replacing zero or more parts with their sum, it is immediate that both
Ry < R, and S\ < S,,. For d = 4 in particular, we observe the two refinement chains

341
> N

4 2+14+1 I 1+4+1+1+1,
N 2

2+2
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which together with (3) imply that the tightest lower-bound control on the multiplicative
complexity is given via Rp 1,1 by Theorem 2, and on the homogeneous multiplicative complex-
ity via S3,1,1 by Lemma 3. Given that any advancement on unconditional lower bounds for,
e.g., the hyperclique 4-tensor (4), would constitute major progress, this already motivates
our focus on two-slice rank and strength. In addition, also for degrees d > 5, the two-slice
rank Rgq_21,1 and strength S;_5 11 appear as the simplest non-trivial candidate measure
arising from partition ranks that can also provide general lower bounds on multiplicative
complexity.

Two-Slice Decomposition of Homogeneous Multiplication Sequences

We now prove our main lemma relating (d — 2,1, 1)-strength and homogeneous multiplicative
complexity; we restate the lemma below for convenience.

» Lemma 3 (Main; Lower bound for homogeneous multiplicative complexity). For every
homogeneous polynomial f of degree d > 3, we have

Sa—2,1,1(f) < H(f). (7)

We will in fact prove the following slightly more general decomposition lemma, and
observe that Lemma 3 follows from Lemma 7 by taking ® to be a homogeneous multiplication
sequence of minimal length ¢ = H(f) computing f.

» Lemma 7 (Two-slice decomposition of homogeneous multiplication sequences). For every ho-
mogeneous multiplication sequence ® = (f1,..., fo), there exist linear forms ay, B, ..., ak, Bk
with k < £ such that every homogeneous polynomial h computed by © with deg(h) > 2 admits
a decomposition

h = Z alﬁzg[h]

where each polynomial g,L[h]

is homogeneous and satisfies deg(g[h]) < deg(h) — 2.

(2

Proof. We proceed by induction on £. If £ = 0, then ® by definition only computes constants
and linear forms—both of degree less than 2, so there is nothing to prove. So suppose that
(> 1, write ® = (f1,..., fo—1), and let a4, B1, ..., ax, Bi be the linear forms afforded by the
inductive hypothesis applied to $ with k < ¢ — 1. Now study the polynomial f; in ®. We
have that f;, = st for some homogeneous polynomials s,t computed by P. Furthermore, we
may assume 1 < deg(s) < deg(t). We now split into two cases. In the first case, suppose
that deg(s) = deg(t) = 1. We define

ozj:ézj, /Bj:Bj fOI‘lS]Sk and Apy1 = S, ﬂk+1:t.

Now let h be an arbitrary homogeneous polynomial of degree d > 2 computed by ®. Without
loss of generality we have h = u + o f; for some homogeneous polynomial u computed by
® and some o € F. Now, since u is computed by <I> we have u = Zf 1 oz],BJg] by the

inductive hypothesis. Choose g][ } ,[{ J]rl

obviously satisfy deg( ][ ]) <deg(h) —2for all 1 < j <k + 1, and moreover

= g[u] foralll <j<kaswellasg = 0. These choices

h=u+of, = ZO‘]B]Q] + ak+15k+1gk+1 = Z a]ﬂjg[h]

Jj=1 Jj=1
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This completes the inductive step in the first case. In the second case, suppose that deg(t) > 2.
We define

Oéj:dj, Bj:Bj fOI'lSjSk‘.

Now let h be an arbitrary homogeneous polynomial of degree d > 2 computed by ®. Without
loss of generality we have h = u + o fy = u + ost for some homogeneous polynomial u
computed by ® and some ¢ € F. Now choose gjw = g[.“] + asg][ﬂ for 1 < j < k. By the
inductive hypothesis applied to w and t, it follows that

k k k k
h=u+ost= Zdjﬁ]g][“] + O-Szdjﬁjgj[ﬂ = Z&jﬁj (gj[u] —+ O-ng[-t]) — Z ajﬁjgj[_h] .
j=1 j=1 j=1 j=1

[u]

Moreover, since u and t are homogeneous, we may replace each g; - by its homogeneous

component of degree d — 2, and each Qj[.t] by its homogeneous component of degree deg(t) — 2,

without changing the decompositions of v and ¢. Hence we may assume that qu] and Jsggt]

are both homogeneous of degree d — 2, and therefore ggll] is homogeneous as well. This
completes the inductive step in the second case and thus the proof. |
» Remark 8. Note that in a two-slice strength decomposition of elements of F[X7, ..., X |4
into s parts, we have s- D(q,d) degrees of freedom, where D(q,d) = 2q+ (dggs). In contrast,
elements of F[ X7, ..., X4]q have M(q,d) = (d+§_1) degrees of freedom. Hence we heuristically
expect s > M(q,d)/D(q,d) to hold for a generic choice f € F[X7, ..., X ]q (where we assume
FF is infinite). For a constant d > 3 we have D(q,d) = Q(q%"2) and M(q,d) = O(q?%), so that
heuristically s = Q(q?) follows. For constant d > 3 we can similarly heuristically conclude
Ri—21.1(f) = Q(m?) for a generic choice f € (F™)®4. These arguments can likely be made
rigorous, but this is beyond the scope of the present work.

Set-Multilinearization

The following lemma relates A-strength and A-rank of d-tensors, proving Equation (8); we
supply a proof for completeness.

» Lemma 9 (Set-multilinearization of d-tensors). For every d-tensor f € (F™)®? and every
A d, we have

d!

Sx(f) < RA(f) < )\*'!-Sx(f)-

Proof. The lower bound S)(f) < Rx(f) is immediate. By sub-additivity of R, without loss
of generality we may assume that Sy(f) = 1, and show that Ry(f) < d!/Al. Suppose that A
has k parts, and assume f admits the A-factorization f = gy --- gx. Since f is a tensor and
thus set-multilinear, without loss of generality we may assume that all indeterminates of all
monomials of each g; have degree at most one for 1 < i < k. For a subset P C [d] of size
Ai, we write g;|p for the polynomial g; restricted to only monomials of the form Hje P XZ(JJ )

for some choice of i; € [m] for all j € P. (Equivalently, set X éj ) =0 forall £ € [m] and
j €[d]\ P in g; to obtain g;|p.) Since g; is homogeneous of degree )\;, we have

gi = Z gilp -

PC[d)
[Pl=As
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It follows that

k k k
91"'9k:H Z gilp = Z HgiP,: Z Hgi
i=1

PC[d] Pr,...PoC[d] i=1 PrPCld] i=1
[P]=X; Vi |Pi|=X; Vi: |[Pi|=X\
Vij: P;nP;=0

P>

where the last equality stems from the fact that f is by assumption a tensor and hence
set-multilinear, so that all terms in the summation that do not come from a set partition
of [d] have to cancel eventually. Now, per definition, R/\(Hle gi|p,) = 1 whenever the sets
P; partition [d] with |P;| = A;, and the bound follows from the fact that the final rightmost
sum can comprise at most d!/A! terms. |

3 NP-Hardness of Slice Strength and Two-Slice Strength

Throughout this section we assume that I is a field of characteristic zero. This section proves
Theorem 4 in two parts, namely Lemma 12 and Lemma 14 below.

It will be convenient to work with monomials over the indeterminates X;,..., X, for
q > 1 using the corresponding degree sequences in N? and a partial order <X for such
sequences. We start with short combinatorial preliminaries towards this end. A composition
of d € N into ¢ parts is a ¢-tuple a = (a1, ...,aq) € N? with [a| =d =}, a;. Each such
composition corresponds to a unique monomial X = [] jeld X;-lj with degree sequence a and
vice versa. We write a! = (a1!) - - (aq!). For two compositions a,b € N? we write a A b for the
elementwise minimum of the two compositions. We tacitly identify each subset S C [q] with
its indicator-composition S = (1;es : j € [g]) € {0,1}7 and write X° = [[;cs X; for the
corresponding multilinear monomial. We say that a,b € N? are in Gale order and write a < b
if Zgzl a; > Zgzl b; holds for all j € [¢]. Gale order is additive; namely, for a,a’,b,b" € N4
it holds that @ < b and o’ X ¥ imply a + o’ < b+ . We say that a set H C [qg] is a hitting
set of A C N7 if a A H # (0,...,0) holds for all a € A. We write hs(A) for the minimum
k € N such that there is a hitting set H C [¢] of A with |H| = k.

The support supp f C N? of a polynomial f € F[Xy,...,X,] consists of the degree
sequences a € N? of all the monomials X% of f with a nonzero coefficient.

» Lemma 10 (Hitting-set upper bound for slice strength). For all f € F[X1,...,X,]q i@t holds
that Sq—1,1(f) < hs(supp(f)).

Proof. Let H = {i1,...,ix} C [q] be a hitting set of supp(f). Partition the set supp(f) =
Ay U---U Ay arbitrarily subject to a;; > 1 whenever a € A;. Write f; for the sum over
all monomials ¢, - X* (including their coefficients ¢, # 0) of f such that a € A;. Since the
A; partition supp(f), it follows that f = Zle fj- By definition of A;, X, divides every
monomial in f; and hence f; itself, so that f; = X;, - g; holds for some g;. Therefore, f
admits a representation as f = Z?:l X, - gj, proving Sq_11(f) < k. <

The following lower bound for S4_1,; is structured for analogy with the original proof of
Sawin and Tao for Ry_1,1. Accordingly, endow the space F[X1, ..., X ]q with the symmetric
bilinear form defined for all a,b € N7 with |a| = |b] = d by extension from the rule

al/dl ifa=0b,

0 otherwise.

(X% X% = { (9)
In particular, the standard basis of monomials X* for a € N? with |a| = d is orthogonal
under this bilinear form. For a subset A C N9, let us write max A C A for the subset of all
<-maximal elements of A.
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» Lemma 11 (Hitting-set lower bound for slice strength). For all f € F[X1,...,X,]a it holds
that Sq—1,1(f) > hs(max supp(f)).

Proof. Suppose that f =" ;_, ¢;g; for linear forms ¢; € F[X1, ..., X |1, where s = Sq_1,1(f).
Then, the vector space

U={aeF :0;(a)=0foralliec[s]}

has linear dimension k > ¢ — s. By definition, f(4) = >_7_; ¢;(@)g;(4) = 0 holds for all
@ € U. Identify each vector & € U with the linear form u = Zje[q] 0;X; e F[Xy,..., X,
and observe that the set of all such linear forms defines a vector space U C F[Xq, ..., X,];.
We now have (f,u?) = 0 for all u € U; indeed, observe that for all @ € N with |a| = d, we
have the identity (X u?) = X(@) by (9) and thus by linearity (f,u?) = f(@) = 0 for all
u € U. Using linearity and the polarization identity

d d

d
u1-~-ud=ﬁ S TIew) -(Zo(i)ul)

Toe{-1,1}d \j=1 i=1

it follows that (f,u1---ug) = 0 holds for every choice of uy,...,uqs € U as well.
Let uy,...,ur € U be the unique basis of U in reduced row-echelon form with respect
to the basis X3, ..., X, for the containing vector space F[X7,..., X ];. That is, there is

!
J
contain only indeterminates X, with indices ¢ > i;. Now let m = (m1,...,my) € N¥ with

mi + ...+ my = d and write al™ € N for the composition that satisfies |a[™| = d and
[m]

a; ' = m; for all j € [k]. By the structure of the basis u,...,us and additivity of Gale

vj

a sequence 1 < 43 < -+ < 4 < ¢ such that u; = Xi; + u;-, where the monomials of

order =, the product u™ = uj"" - - - u;'* has the property that al™! is the <-minimum element

of supp(u™). Furthermore, (f,u™) = 0. Now observe that for all b € supp(f) it holds
that (f, X®) # 0. We claim that a[™ ¢ maxsupp(f). To reach a contradiction, suppose
that al™ € maxsupp(f). Then X" contributes a nonzero term to (f,u™), implying
by (f,u™) = 0 that there exists a b € supp(u™) \ {a™} such that X’ also contributes a
nonzero term to (f,u™). Since b € supp(f) and al™ < b, we obtain a contradiction to
al™ € maxsupp(f). Since m was arbitrary, it follows that every a € maxsupp(f) has the
property that there exists an ¢ € H := [¢] \ {i1,%2,...,9x} with a; > 1. That is, H is a
hitting set of max supp(f) with |[H|=¢q—k < s. <

» Lemma 12 (NP-hardness of slice strength for degree d > 3). Given as input a list of
monomials for a degree d > 3 homogeneous multilinear polynomial f with coefficients in
{0,1}, it is NP-hard to compute Sq—11(f).

Proof. From Lemma 11 and Lemma 10 we have S4_1,1(f) = hs(supp(f)) whenever supp(f)
is an antichain with respect to the Gale order <. Thus, it suffices to show that the hitting set
problem remains NP-hard over an ordered universe with inputs consisting of such antichains.
Given as input an instance Sy, ..., Sy, C [n] of hitting set with |S1| =--- = |S;,| =d — 1.
Take ¢ = n+m and set S; = S;U{q+1—1i} C [q] for i € [m]. Without loss of generality we
may assume that Sp,...,S,, are listed in a linearization of the Gale order; namely, S; < S;
implies ¢ < j for all 4, j € [m]. (This can be easily ensured in polynomial time via a topological
sorting on the S;.) Now, every hitting set of size k for S7,...,S/, C [¢] corresponds to a
hitting set of size k of S1,..., Sy, C [n]. Indeed, every occurrence of g+ 1 —i for i € [m] in a
hitting set is necessarily superfluous, as it can always be replaced by an arbitrary element
of [n] contained already in S;. This yields a hitting set of size at most k of the original
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instance. Conversely, every hitting set of Sy, ..., S, is already a hitting set of S7,...,5/ ,
so there is nothing to show. Moreover, let 4,5 € [m] with i # j. If S; and S; were already
Gale-incomparable in the original instance, then so are S} and S§. If S; < S;, then ¢ < j and
soq+1—1i>q+1~—j by definition, hence S; and S are again Gale-incomparable.

Now, given an input instance for hitting set, it is enough to write down the polynomial
=" XSie F[X1,...,X,], which clearly satisfies the restrictions posed in the statement
of the claim. We also note that the hitting set problem remains NP-hard when |S;| = d—1 > 2;
indeed, for d — 1 = 2 the hitting set problem is the minimum vertex cover problem, and
hence |S]| = d > 3 holds for all i € [m)]. <

» Remark 13. It should be noted that our result on slice strength does not imply the result
of Bléser et al. [4] on slice rank, because the correspondence between slice rank and slice
strength is not straightforward. Moreover, they are interested in other specific properties
of slice rank that may make it useful for building intuition in the context of geometric
complexity theory. We do not know whether slice strength also satisfies these properties.

» Lemma 14 (NP-hardness of two-slice strength for degree d > 4). Given as input a list of
monomials for a degree d > 4 homogeneous multilinear polynomial f with coefficients in
{0,1}, it is NP-hard to compute Sq_21,1(f)-

Proof. As in the proof of Lemma 12, consider an instance of the vertex cover (that is,
2-uniform hitting set) problem on a simple loopless graph G with vertex set V(G) = [n] and
edge set E(G), where each edge is a 2-element subset of V(G). Let vc(G) be the size of a
minimum vertex cover on G. Now, take ¢ = 2n and construct the multilinear polynomial
f= Z{u’v}eE(G) XuXoXgr1-uXgt1—0 € F[Xq,...,X,]. Since every vertex cover of G
corresponds to a hitting set of the same size of the degree sequences of the monomials of f
(and vice-versa for minimum hitting sets; this is analogous to the proof of Lemma 12), it
follows that

ve(G) = hs(supp(f)) .- (10)

Moreover, by the structure of f, vertex cover C corresponds to a decomposition f =
> ecc XeXqi1-cge, in analogy with the proof of Lemma 10 (although for Sy s 11, this upper
bound hinges on the specific construction for f): We can arbitrarily partition the monomials
of f in a way compatible with C, and then factor out X.Xg1_.. This shows

Sa—2,1,1(f) < hs(supp(f)) (11)

for this particular choice of f.

In addition, by the choice of variable ordering, the degree sequences of monomials
of f are already a Gale-antichain: If {u,v} < {u/,v'} (and hence v < v’ and v < v'),
then the augmented degree sequences corresponding to {u,v,q +1 — u,q + 1 — v} and
{v',v',qg+1—u', g+1—2'} are incomparable. If {u, v} and {u’, v'} were already incomparable,
then they remain so after augmentation. It follows that

supp(f) = maxsupp(f). (12)

Thus Lemmas 10 and 11 in combination with Equations (10)—(12) and the fact that
Sa—11(f) < Sa—21,1(f) together imply

Sa—2,1,1(f) < ve(G) = hs(supp(f)) = Sa—1,1(f) < Sa-2,1,1(f)
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so that Sq_2.1,1(f) = vc(G) as desired, proving NP-hardness. The argument can be extended
to d > 5 via padding the monomials with fresh variables per edge, which does not lower
Sa—2,1,1- <

» Remark 15. The polynomials produced by the preceding reduction all have two-slice rank
bounded by O(n), so that they cannot be used to construct explicit examples of polynomials
with superlinear two-slice rank.
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