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—— Abstract

We investigate the computational complexity of estimating the operator norm distance T (po, p1),
defined via the operator norm [|A|lec = omax(A), where omax(A) is the largest singular value of
A, given poly(n)-size state-preparation circuits of n-qubit quantum states po and pi1. We provide
efficient quantum estimators for the operator norm distance whose complexity is independent of the
rank (and thus the dimension) of the states:
When one state is pure, we establish an optimal quantum estimator using ©(1/¢€) queries to the
state-preparation circuits. Consequently, for constant additive error, say € = 1/5, our estimator
runs in poly(n) time. Since the operator norm distance Too(|10)X®|, p) is exactly half of the
trace distance T(|1p)1|, p), our result gives a rank-independent query complexity for estimating
Too (|)X¥], p) and T(|9)9|, p), whereas the approaches due to van Apeldoorn, Cornelissen,
Gilyén, and Nannicini (SODA 2023) and Wang and Zhang (TIT 2024) have query complexity
scaling at least linearly with rank(p), which can be exp(n) in general. In addition, our query
complexity matches the optimal bound when both states are pure by Wang (TIT 2024).
For general quantum states, we also provide a quantum estimator using 5(1 /€3/2) queries to
the state-preparation circuits, which shows that the corresponding promise problem is BQP-
complete and improves the QMA upper bound sketched by Liu and Wang (ESA 2025). Together
with an ©Q(1/€) quantum query complexity lower bound, this leaves only square-root room for
improvement.
The key intuition behind our estimators is that, when one state is pure, the pure state |¢) has
overlap at least 1/2 with the top unit eigenvector of |¢)}(¢)| — p, reflecting a structural feature specific
to the operator norm distance.
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On Estimating Operator Norm Distance

1 Introduction

Testing the closeness between quantum states is a central topic in quantum property test-
ing [42], which studies efficient quantum algorithms for testing properties of quantum objects
and extends classical distribution testing (see e.g., [11]) to the non-commutative setting.
This problem is also closely connected to the verification of quantum devices, such as Qg
and @1, which prepare the corresponding quantum states pg and p;. In (tolerant) quantum
state testing, one seeks to design efficient quantum algorithms that determine whether pg is
2/s-far from or 1/5-close to p; with respect to a chosen closeness measure, typically the trace
distance, which is induced by the ¢; norm.

Importantly, the trace distance is one of the most widely used measures of closeness
because it plays a central role in several research areas: quantum hypothesis testing and state
discrimination [30, 31], information-theoretically secure quantum cryptography [5, 48, 47],
classical and statistical zero-knowledge [50, 62, 63], and certification and benchmarking [21, 4,
17]. Beyond the ¢; norm distance, namely the total variation distance and the trace distance,
(tolerant) closeness testing between probability distributions or quantum states with respect
to the ¢, norm distance, for instance,

1
Ta(po,p1) = 5llpo = pilly,  where |[Allq = tr(|A]*)"/*,
2

has also been studied in [54, 36]. Interestingly, for all real « > 1 for which T, (po, p1) is a
distance metric, a dichotomy emerges:
In the ¢ norm case, the sample complexity, namely the number of samples drawn from the
distributions, scales polynomially with the support size of those distributions [53, 12, 32].
A similar phenomenon holds for quantum states: the number of state copies required
scales polynomially with the dimension or rank of the states [4].
For all real « > 1, the sample complexity becomes independent of the support size [54].
Analogously, rank-independent query and sample complexity upper bounds for estimating
the quantum ¢, distance, defined via the Schatten norm, were also obtained in [36].

However, the case a = co remains mysterious. On the classical side, the support-size-
independent (and thus dimension-independent) sample complexity upper bounds in [54]
already include this endpoint case. On the quantum side, however, the operator-norm-distance
case is still listed as an open problem in [36]:

What are the query and sample complexity upper bounds for estimating the operator
norm distance T, (o, p1)? Can one obtain such bounds in a rank-independent manner,
similar to the classical setting, or is rank dependence unavoidable?

Why is it important to study the operator norm distance? While the trace distance
(a = 1) serves as the most important case in the quantum ¢, distance hierarchy, defined via
the Schatten norm, the operator norm distance (o = 00), namely

1
Too(p07p1) = §||p0 - pl“oo’

is the most relaxed notion of closeness precisely because it is the endpoint of the hierarchy,
and thus may be viewed as another particularly important case. The operator norm distance
captures the largest spectral deviation between two states, and therefore arises as a closeness
measure in quantum state tomography [10, 64, 1], as well as an intermediate analytic tool that
can sometimes be converted into trace-distance guarantees in [26]. This spectral viewpoint is
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also closely connected to compressed-sensing and low-rank recovery approaches, which allow
high-dimensional states to be reconstructed from far fewer measurements [35, 25]. Beyond
measuring the closeness between states, related operator-norm notions also play an important
role in quantum process and unitary tomography [29] and in quantifying the precision of
Hamiltonian simulation [7, 28].

In this work, we provide an affirmative answer to these questions on estimating T (po, p1)-
We next present our main results and discuss their significance.

1.1 Main results
We start by stating our first main result, where T(po, p1) = Ta=1(po, p1) = % tr|po — p1]:

» Theorem 1 (Optimal quantum estimator for the trace and operator norm distances when
one state is pure, informal). Given quantum query access to the state-preparation circuits of
two n-qubit quantum states, denoted by p and |Y)Xv|, without prior knowledge of which input
circuit prepares the pure state, the quantum query complexity for estimating T(p, |WX|) or
Too(p, [PY)XY]) to within additive error e is O(1/¢).

Here, the lower bounds in Theorem 1 follow directly from the corresponding quantum
query lower bounds for estimating T(|¢o)(vo], |11 )¥1]) and Too (|10 )00l, [101)(¢1]) to within
additive error e in the case where both states are pure, established in [55, Theorem V.2]
and [36, Theorem 22(1)], respectively.

» Theorem 2 (Quantum estimator for the operator norm distance, informal). Given quantum
query access to the state-preparation circuits of n-qubit quantum states py and py, there exists
an explicit quantum algorithm that estimates Too(po, p1) to within additive error € with query
complexity 6(1/63/2), where 6() suppresses poly-logarithmic factors.

It is worth noting that the quantum query complexity lower bound ©(1/¢) in Theorem 1
also applies to Theorem 2, and thus our upper bound leaves only a square-root gap. Moreover,
the quantum query upper bound in Theorem 2 is strictly better than the corresponding
upper bounds known for every real @ > 1, and is in fact super-quadratically better except for
the case of a = 2. Indeed, for even integers o > 2, the standard upper bound is O(1/e%),
following directly from [9, 18]; whereas for general real a > 1 (including odd integers o > 3),
the best known upper bound is O(l / ea+1+ﬁ) as shown in [36]. These comparisons further
support the view that the operator norm distance, as the endpoint of the quantum £, distance
hierarchy, is its easiest case.

Prior to this work, there are two classes of known approaches that can be used to estimate
the operator norm distance given state-preparation circuits:

General case: The operator norm distance between two quantum states can be estimated

directly by quantum state tomography in the operator norm distance, whose current

best approach is due to [1, Theorem 45] with query complexity 6(d /€), where d = 2™ is
the dimension of the quantum states and e is the desired precision. In comparison, our

estimator in Theorem 2 with query complexity 6(1 / 3/ 2) removes the dependence on d.

In particular, when the state-preparation circuits are of size poly(n) (which is usually
assumed when considering the computational complexity of quantum state testing, e.g.,
[62, 49]) and € > 1/poly(n) (e.g., ¢ = 0.1 is a constant), our estimator in Theorem 2
runs in time poly(n), whereas the approach based on [1] runs in time exp(n), therefore
achieving an exponential speedup.

When one state is pure: In this case, the operator norm distance is equivalent to the
trace distance (up to a constant factor). There are quantum estimators for trace distance
given in [56, 57] and the current best query complexity is O(r/€2) due to [57], where r

71:3

ESA 2026



71:4

On Estimating Operator Norm Distance

is the larger rank of both quantum states. When one state, say pog, is pure, the trace
distance estimator has query complexity 6(rank(p1) /€?). In comparison, our estimator
in Theorem 1 with query complexity 6(1 /€) removes the dependence on the larger rank.
In particular, when the state-preparation circuits are of size poly(n) and € > 1/ poly(n),
our estimator in Theorem 1 runs in time poly(n), whereas the approach based on [57]
runs in time exp(n) (note that r can be as large as d = 2"), therefore achieving an
exponential speedup. When both states are pure, there are optimal quantum estimators
for trace distance [55, 19] with query complexity ©(1/¢) and our estimator in Theorem 1

reproduces their results.

It should be noted that our results in Theorems 1 and 2 further lead to new quantum
sample complexities of estimating the operator norm distance by the quantum sample-
to-query lifting method recently developed in [58, 59, 52, 13]. Specifically, Theorem 1
implies a sample complexity of ©(1/¢?) for estimating the trace distance when one state is
pure (see Theorem 17), which (i) reproduces the result in [60] when both states are pure
and (ii) matches the sample complexity lower bound in [55, Theorem B.2]; Theorem 2
implies a sample complexity of O(1/€3) for estimating Too(po, p1) (see Theorem 20), which
exponentially improves the prior tomography-based approach due to [14, Theorem V.4] with
sample complexity O(d/e?).

Let QSD, denote the promise problem of testing the closeness between quantum states
with respect to the operator norm distance, namely, deciding whether T (pg, p1) is at least
2/5 or at most 1/5.%1 We also consider the following restricted variants ONEPUREQSD o,
and, more generally, ONEPUREQSD,, for the quantum /¢, distance, in which at least one of
po and p; is pure; and PUREQSD, in which both states are pure.

When the state-preparation circuits have polynomial-size descriptions, the quantum
algorithms in Theorems 1 and 2 run in time polynomial in n. Therefore, in the white-
box input model, these query complexity upper bounds imply polynomial-time quantum
algorithms, i.e., BQP upper bounds, for the corresponding promise problems, improving the
prior QMA upper bound sketched in [36, Footnote 8]. Combining these upper bounds with
the BQP-hardness results established for PUREQSD,, when 1 < a < oo in [36, Theorem 21],
and using the fact that the trace distance and the operator norm distance correspond to the
two endpoints of the quantum ¢, distance hierarchy, we obtain the following corollaries:

» Corollary 3. QSD, is BQP-complete.
» Corollary 4. For every o € [1,00], ONEPUREQSD,, is BQP-complete.

1.2 Proof techniques

We begin by explaining the intuition behind our quantum estimators for the operator norm

distance. One natural approach is based on phase estimation and proceeds as follows:

(1) Apply an appropriate version of phase estimation,? constructed based on a unitary
dilation of A == (pg — p1)/2,> to a state supported on the top eigenspace of A, which
corresponds to the largest eigenvalue Apax(A).

See Definition 8 for a formal definition.

For example, an approach with query complexity O(\/&/ €) is known in [2, Lemma 50] based on phase
estimation, equipped with appropriate versions of Hamiltonian simulation and quantum minimum
finding, where d is the dimension of A.

Given the state-preparation circuits of p and |1))#)|, or oracle access to these circuits, one can efficiently
construct a unitary dilation of A via the techniques of Linear Combination of Unitaries (LCU) [15, 6]
and purified density matrix [40]. See Lemma 10 for an explicit construction.
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(2) Repeat the same construction for —A, and then take the maximum of the two resulting
estimates, thereby obtaining an estimate of omax(A) = max{Amax(A), Amax(—A)}.
However, in general, preparing such a state in the top eigenspace appears to require additional
witness information. Consequently, this approach seems to yield only a QMA upper bound,
as sketched in [36, Footnote 8]. To turn this idea into an actual efficient algorithm, we must
therefore resolve two issues: (i) find a quantum state with sufficiently large overlap with the

top eigenspace of A; and (ii) identify the appropriate version of phase estimation.

The input states provide a warm start when one state is pure. We first address the former
issue in the setting where one state is pure, and our construction even extends naturally to
estimating the trace distance. Previous optimal quantum query and sample algorithms for
estimating the trace distance between two pure states [¢)g) and |1)1), developed in [60, 55]
(and implicitly in [19]), rely crucially on the following identity, which is implicit in [20] and
can be viewed as capturing the two-dimensional geometry of pure states:

T(|voXvol, [91)(w1]) + F(|9o)thol, [1 ) ])* = 1. (1)

Since the square of the fidelity, F(|1oXvol, [11)X11])?, between pure states is simply the
overlap |{1g|t1)]? and the largest singular value of [to)tbg| — |th1 )11 | is

Tmax(|Yo)vo| — [1)¢1]) = V1 = [(dolth1)[?,

we obtain the following identity relating the trace distance and the operator norm distance:

T([¢oXtol; [1)Xv1]) = omax([$oXtbo| = [d1)Wr]) = 2 - Too([$0)Xth0l, [h1)11])- (2)

While Equation (1) is specific to the case in which both states are pure, the coincidence
between the trace distance and the operator norm distance in Equation (2) extends to the
more general setting in which only one state is pure, as proven in [37, Theorem 18(2)]:

T(p, [¥)b]) = 2 - Tos (ps [0XW)- 3)

Therefore, in the single-pure-state setting, estimating the trace distance is equivalent to
estimating the operator norm distance. We now show that there exists a quantum state with
sufficiently large overlap with the top eigenspace of A, as established by our single-pure-state

warm-start lemma (Lemma 12), which shows that |¢) itself already provides a warm start.

Indeed, assuming without loss of generality that po = |¢}| and p; = p, the state |¢)) has
squared overlap at least 1/2 with the eigenvector |v,) corresponding to the unique positive
eigenvalue Apax(A), and therefore the largest eigenvalue, of A:
1 1
2
3 > 2+ A > 3. (4)
Combining this warm start with an appropriate version of phase estimation, we obtain

the O(1/€e) quantum query complexity upper bound, matching the pure-vs.-pure case in [55].

The underlying reason is essentially a rank-one perturbation phenomenon: since p is positive

semidefinite, the restriction of A to the subspace orthogonal to |¢) is negative semidefinite.

Consequently, any eigenvector corresponding to a positive eigenvalue must have substantial
overlap with [¢), and in particular A has ezactly one positive eigenvalue when A # 0. This
fact also explains the intuition behind Equations (2) and (3).

Furthermore, the proof of this warm-start lemma relies crucially on the fact that p? < p,
which becomes an equality when p is pure. Therefore, the bound in Equation (4) is tight, and
is already saturated when both the states are pure. In this sense, this rank-one perturbation
phenomenon can be viewed as a natural counterpart to Equation (1) when the assumption
that both states are pure is relaxed to the case where only one state is pure.

71:5
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From naive phase estimation to maximum phase estimation. To resolve the latter
issue, one might first consider the naive approach of combining Kitaev’s standard phase
estimation [33] with Hamiltonian simulation, such as that in [7]: namely, one simulates ¢4
and recovers an extremal eigenvalue of A from the corresponding eigenphase. While this
approach is conceptually natural, it is not well suited to our setting. Indeed, estimating an
eigenvalue to within additive error e in this way requires resolving phases to precision O(e),
and thus using simulation time ¢ = ©(1/¢). Implementing such a long-time evolution then
incurs an additional factor proportional to ¢, yielding only a 5(1 /e?)-type quantum query
upper bound, which is quadratically worse than the optimal bound in Theorem 1.

The right choice, instead, is to work with a unitary dilation of A and then apply maximum
phase estimation [41] (see also Lemma 14) after qubitization [40] (see Lemma 13 for the
specific version we need). Under the resulting monotone correspondence between eigenvalues
and eigenphases, the largest eigenvalue of A is converted into the largest eigenphase of the
associated unitary. Hence, the problem becomes that of estimating a maximum phase from a
state having nontrivial overlap with the top eigenspace.

Consequently, in the single-pure-state setting, the warm-start lemma (Lemma 12) provides
exactly such a state with constant overlap, and this is precisely what enables the maximum-
phase-estimation primitive to recover Apax(A), and hence both T (p, [ )v]) and T(p, |1 )¥]),
within additive error € using O(1/¢€) queries, as stated in Theorem 1.

The input states provide an eigenvalue-scaled overlap. While the same version of phase
estimation can also be used to estimate the operator norm distance in the general setting,
the key remaining issue is to identify a quantum state with sufficiently large overlap with
the top eigenspace of A = (py — p1)/2.

To this end, rather than using the input states py and p; directly, we work with their
purifications [ig) and |¢). Let I_L(HA&)X denote the projector onto the top eigenspace of A,
which may have rank greater than 1 since the top eigenvalue of A need not be unique. Then,
the overlap between |¢)p) and this eigenspace, defined via the Euclidean vector norm |||z, is

(1 @I o) |5 = tr (&L p0). (5)

It is also worth noting that Equation (5) already captures the warm-start phenomenon in
the single-pure-state setting (cf. Lemma 12). Indeed, when py = |1 )}v)| is pure, Equation (4)
immediately yields the following constant-overlap bound:

1
(& @) o)l = tr (12kp0) > 5. (6)

When neither pg nor p; is pure, however, this constant-overlap argument from Equation (6)
no longer applies. Instead, using the projection identity anAa)XAHI(nAa)X = Amax(A)1, together
with the overlap formula in Equation (5), we obtain the weaker but fully general lower bound
established in our top eigenspace overlap lemma (Lemma 18):

(1T [wo) || = 2tr (TELA) = 2Amax (A) tr(ITE)) > 2Amax(A). (7)

max max max

Consequently, unlike in the single-pure-state setting, there is in general no constant-
overlap warm start. Since the overlap guarantee in Equation (7) scales only with 2Apax(A),
the success probability of a single run can be as small as O(e) at the target precision. To
boost the success probability to a constant, say 2/3, we therefore combine this procedure
with amplitude amplification and estimation [8] (as in maximum phase estimation [41]).
This subtlety incurs an additional multiplicative factor of O(1/1/€), leading to the desired
quantum query upper bound O(1/€3/2) in Theorem 2.
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1.3 Discussion and open problems

A natural question is whether our warm-start lemma (see Lemma 12) can be extended to a
more general setting. Here, we provide a simple example showing that such a warm start
already fails for a pair of rank-two states, thereby revealing an immediate obstruction:

pd" = (1= n)|OX0] +7[1)1] and  p{" = (1 —n0)|0)0| +n[2)2|-

A direct calculation shows that T (p(()n)7pgn)) =7/2 and T(p(()n),pgn)) = 1. Moreover,

the extremal positive and negative eigenvalues of p(()n) — p(ln) are 1 and —m), respectively,

with the corresponding eigenvectors |1) and |2). Consequently, the overlaps between these
eigenvectors and the input states are <1\p(()") |1) =n and <2\p§") |2) = n. Since 1 can be chosen
arbitrarily small, there is no constant ¢ > 0 such that every pair of rank-two states admits
an extremal eigenvector of pg — p; with overlap at least ¢ with one of the input states, or
even with a linear combination of them. This motivates our first open problem:
(i) Can one characterize the largest family of mixed states for which one can still prepare
a state that has constant overlap with the top eigenspace of pg — p1?

A second direction concerns optimality. Our current bounds in Theorem 2 for the general
setting still leave a square-root gap, leading to the following question:
(i) Can the quantum query and sample complexity of estimating the operator norm
distance be made optimal? More generally, can analogous optimal results be achieved
for estimating the quantum ¢, distance for real oo > 1 [36]7

1.4 Related works

Quantum state tomography has been studied with respect to trace distance, fidelity (Bures
distance), Frobenius distance (Hilbert—Schmidt distance), and operator norm distance in the
literature [27, 44, 14, 1, 46, 51, 45]. The closeness testing of quantum states, also known as the
quantum state certification, was studied with respect to trace distance, fidelity, ¢5 distance,
and /3 distance in [4, 22]. The tolerant closeness testing, which is equivalent to closeness
estimation, was studied for trace distance, fidelity, and ¢, distance in [16, 61, 23, 56, 57, 34, 38].

2 Preliminaries

We assume that the reader is familiar with the basics of quantum computation and quantum
information. For background on these subjects, we refer to the standard textbook [43].

Throughout the paper, we use the following notation. First, for any positive integer n,
let [n] := {1,2,...,n}. Second, O(f) stands for O(f polylog(f)), whereas Q(f) stands for
Q(f/ polylog(f)). Finally, for a matrix A, the Schatten a-norm is defined by

Al = (A1) ™ = (sr( (1)) "

2.1 Closeness measures for quantum states
We begin by defining the trace distance:

» Definition 5 (Trace distance). Let pg and p1 be two quantum states on the same Hilbert
space. The trace distance between pg and py is defined by

1 1
T(po, p1) = 5llpo — p1ll1 = 5 tr(|lpo — p1l)-
2 2
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Next, we define the operator norm distance, a quantity that has also been used in [26, 1],
where the corresponding definition is only implicit, while an explicit formal definition is given
as a special case of [36, Definition 2.3]:

» Definition 6 (Operator norm distance). Let pg and p1 be two quantum states on the same
Hilbert space. The operator norm distance between py and py is defined by

1 1
Toc(po, p1) = 5llpo = pill = 5 max{Amax(po = p1)s Amax(p1 = po)}-
Here, Anax(A) denotes the largest eigenvalue of the matriz A.

Notably, the operator norm distance arises as the endpoint case (o = 00) of the quantum
¢, distance [36], which generalizes both the trace distance (a = 1) and the Hilbert-Schmidt
distance (o = 2) via the Schatten norm. In addition, both the trace distance and the operator
norm distance are distance metrics, and hence satisfy the triangle inequality, as stated in [36,
Lemma 2.4] (see also [3, Proposition 1.16]).

Moreover, the inequalities that relate the operator norm distance to the trace distance
were established in [36], as stated in Lemma 7. Interestingly, when one of the states is pure,
the trace distance is exactly twice the operator norm distance.

» Lemma 7 (T, vs. T, adapted from [36, Theorem 4.2(2)]). Let pg and p; be quantum states
on the same Hilbert space. Then, the following bounds hold:

2 Too(po, p1) < T(po, p1) < 2min{rank(po), rank(p1)} - Teo(po, p1)-

Furthermore, when po = |¢)X9| and p1 = p, the inequality becomes an identity:
2 T ([0XY1, p) = T(|¥X¥, p).

2.2 Closeness testing of quantum states via state-preparation circuits

We first define closeness testing for quantum states with respect to the quantum ¢, distance,
which generalizes the QUANTUM STATE DISTINGUISHABILITY PROBLEM (QSD) introduced
in [62, Section 3.3], as stated in Definition 8. We denote this promise problem by QSD,[a, b]
and also consider the following two restricted variants:

» Definition 8 (Quantum State Distinguishability Problem with Schatten a-norm, QSD,,
adapted from [36, Definition 17]). Let Qo and Q1 be quantum circuits acting on m qubits
(“input length”) and having n specified output qubits (“output length”), where m(n) is
polynomial in n. Let p; denote the quantum state obtained by running Q; on the state |0)®™
and tracing out the non-output qubits. Let a(n) and b(n) be efficiently computable functions.
The task is to decide whether:

Yes: The pair of quantum circuits (Qo, Q1) satisfies To(po, p1) = a(n);
No: The pair of quantum circuits (Qo, Q1) satisfies To(po, p1) < b(n).

Furthermore, we consider two restricted versions:

(1) PUrREQSD: Both pg and p1 are pure states, and the input length may be larger than the
output length.

(2) ONEPUREQSD: At least one of pg and p1 is a pure state, without prior knowledge of
which input circuit prepares the pure state.

In this work, we consider the purified quantum access input model, as originally introduced
in [62], in both white-box and black-box settings:
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White-box model: The input of the problem QSD,, consists of descriptions of quantum
circuits Qg and @ that are polynomial-size. In other words, each circuit description
consists of a polynomial number of one- and two-qubit gates.

Black-box model: Instead of having explicit circuit descriptions, one is given only query
access to Qp, Q;E, controlled-Qy, and controlled—Q;E, for b € {0,1}. For convenience, we
use “a query to Q" to refer to a query to Qp, QZ, controlled-Qp, and controlled—Q;E.

In addition to query complexity, which is defined in the black-box model, sample complezity
refers to the number of state copies of pg and p; required to test the closeness between these
states with respect to the chosen closeness measure.

2.3 Quantum algorithmic toolkit

We will use the notion of unitary dilation, which may be viewed as an error-free version of
block-encoding with normalization factor 1 [40, 24].

» Definition 9 (Unitary dilation). Let A be an n-qubit operator on subsystem A with || A]|eo < 1.
An (n + m)-qubit unitary operator U on subsystem AB is said to be a unitary dilation of A
with m ancillary qubits, if IUIL = Ax ® |0)0|g, where Il = Ipn ® |0X0|g.

» Lemma 10 (Unitary dilation from state-preparation circuits). Given quantum unitary oracles
Qo and Q1 that prepare the purifications of two unknown quantum states py and p1, respec-
tively, we can implement a unitary dilation Un of A = (po — p1)/2 using 1 query to each
of controlled-Qq, controlled-Q, and their inverses. Moreover, if each of Qo and Q1 uses a
ancillary qubits, then Ua uses (2a + 1) ancillary qubits.

The proof of Lemma 10 can be found in the full version [39, Section 2.3].

Quantum sample-to-query lifting. We mention the quantum sample-to-query lifting method,
which enables us to convert quantum query complexity to quantum sample complexity. This
lifting method, used implicitly before in [23, 57], was pointed out in [58] and later refined
in [59, 52]. Here, we use the version in [52].

» Lemma 11 (Quantum sample-to-query lifting, adapted from [52, Theorem 1.5] and [13,
Corollary 1.4]). For any quantum algorithm A that uses q queries to the state-preparation
circuits of some unknown quantum states, there is another quantum algorithm A’ using O(q?)

samples of those unknown quantum states such that the output distribution of A’ is 0.99-close
to that of A.

3 Efficient quantum algorithms for estimating trace and operator
norm distances when one state is pure

This section focuses on the setting in which one of the two input states is pure. We first prove
a structural warm-start property specific to this case in Section 3.1, then combine it with
qubitization (Lemma 13) and maximum phase estimation (Lemma 14) to derive a quantum
query algorithm in Section 3.2. Finally, the sample upper bound follows immediately in
Section 3.3.
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3.1 The input states provide a warm start when one state is pure
We begin with the structural statement that makes the single-pure-state setting easier:

» Lemma 12 (Single-pure-state warm-start lemma). Let p be a quantum state, and let |1)v)|
be a pure state on the same Hilbert space. Define the Hermitian operator A = (|¢)Xv¢| — p)/2.
Then either A =0, or A has the unique positive eigenvalue equal to ||Alleo. If |v4) is the
unique unit eigenvector corresponding to this eigenvalue, then

9 1 1

> -+ Ao > =.

s 932 > 3 + Al > 2
Moreover, equality holds when p is also pure and A # 0.

Proof. For every pure state 1)) orthogonal to |¢), we have

(WHAfpt) = =@ plyt) /2 <0, (8)
since p is positive semidefinite. Hence, the restriction of A to II;, namely

I, AL, where I} =1 — |¢)Xv|,

is negative semidefinite. It follows that the positive eigenspace of A has dimension at most
1: indeed, if |¢1) and |¢p3) were two linearly independent positive-eigenvalue eigenvectors,
then some nonzero linear combination of them would be orthogonal to |¢), contradicting
Equation (8).

If A had no positive eigenvalue, then A is negative semidefinite, namely A < 0. Since
tr(A) = 0, this would force A = 0. Therefore, if A = 0, then A has the unique positive
eigenvalue, say 7 > 0. Since A is traceless, its negative eigenvalues sum to —7, and hence
each of them is at least —7. Because A is Hermitian, we obtain:

7= [|Alls. (9)
Now let |vy) be the unique unit eigenvector corresponding to the eigenvalue 7. We have:
Aloy) =rloy) and 2-Aloy) = (Glog)l) — ploy). (10)

Since p is positive semidefinite and tr(p) = 1, we have 0 < p < I, and hence p? < p.
Therefore, Equation (10) implies the following;:

o) I3 = (vilp®lvy) (11a)
< (i |plog) = [(@log)* — 27, (11b)

On the other hand, a direct calculation shows that

llplo-e) 5 = ll{lor) ) — 2rlvs) (12a)
= [($lvs) | + 47 — dr|(Qlos) . (12b)

Consequently, combining Equations (9), (11), and (12) gives
20[Afloo +1 =27 +1 < 2[(loy) [, (13)

which establishes the desired bound after rearranging the terms.
To see the equality condition, note that if p = |¢)(¢| is pure, then the identity p? =
|} p| = p, and it follows that both Equations (11) and (13) become identities, as desired. <«
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3.2 Quantum query algorithm when one state is pure

Beyond presenting the main result of this section, we need the following lemmas. We begin
with the following version of qubitization that converts eigenvalues of the Hermitian operator
into eigenphases of an associated unitary dilation in a form suitable for phase estimation:

» Lemma 13 (Qubitization for unitary dilation). Let U be an (n+a)-qubit unitary dilation of an
n-qubit Hermitian operator H. Denote Il = [0)0|®**®I,,, R = 2l1—I,,+,, and W = URU'R,
where I, denotes the n-qubit identity operator. Let |v;) be a unit eigenvector of H with
eigenvalue \; € [—1,1], i.e., H|v;) = \j|v;) for each 1 < j < 2". Denote |¢;) = [0)®* @ |v;).
If |\j| < 1, then define
Uly;) — Ay, 1 )
) = A2 A'Jf”, 6 = 5 (1) F il ),

and the following holds:
L T0¢y) = [¢), ;) = 0, Ulthy) = Ajlvy) + /1 = Av5).
2. Let 0; = arccos(A;) € (0,7), then
W ;) = cos(20;)]45) + sin(20;)|v; ),
W) = —sin(20;)[1;) + cos(26;) 145 ),
Wig3) = e=2|67).
If [Nl =1, then Ulp;) = Aldby) and Wij) = |ib;).
Moreover, let P == ran(Il) = span{ |¢;): 1 <j<2"}, Q = UP = ran(UNIUT), and
M = (P+ Q)+, whereran(A) == { A|z): |z) € dom(A) }, then every nonzero vector |¢) € M
is an eigenvector of W with eigenvalue 1, i.e., Wlp) = |¢).

Tt is noteworthy that, compared to the qubitization in [40], our version of qubitization
requires no ancillary qubits and produces a different rotation angle. The detailed proof of
Lemma 13 can be found in the full version [39, Section 3.2].

» Lemma 14 (Quantum maximum phase estimation [41, Lemma 4.3]). Let v € (0,1). Suppose

we have a d-dimensional unitary U with unknown eigenvectors |¢1),...,|dq) and associated
eigenphases 61, ...,04 € (0,21 — 2¢). Suppose we also have a state preparation unitary S
such that

d
S10) =3 ayl6)le).

where 3o g, a;j|? > ~2 and |p;) are arbitrary (normalized) states. Then there exists
a quantum algorzthm MaxPhaseEst(U, S, ¢,7) that uses at most O(1/7) queries to S, and
O(log(1/7)/~e) queries to U, and with probability at least 0.99 outputs 6 such that |0 —0Omayx| <
€. Moreover, if X:J:ej:enmjozﬂ2 < 42, then with probability at least 0.99, |0 — 0;] < ¢ for
some j.

» Lemma 15. For a pure state [¢)Xv| and a state p, it holds that

Too ([N ) = Ama (W’Xﬁ"’)

More generally, we have
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Proof. Let A = ([Y)}¢)| — p)/2. If A =0, the lemma holds trivially. If A # 0, by Lemma 12,
A has a unique positive eigenvalue equal to ||A||o. The sum of all negative eigenvalues of A
(with multiplicities) is equal to —||Al|s due to tr(A) = 0. Therefore, no negative eigenvalue
is less than —||A||s, which implies that Apax(A) > Amax(—A). <

3.2.1 The quantum query algorithm

Now we establish the main result of this section:

» Theorem 16. Given quantum query access to the state-preparation circuits Qo and Q1 of
quantum states pg and p1 with the promise that one of the two states is pure, there exists an
explicit quantum algorithm that estimates T(po, p1) and Too(po, p1) to within additive error
e, using O(1/€) queries to Qo and Q.

We present the formal algorithm corresponding to Theorem 16 in Algorithm 1. The full
proof of Theorem 16, including the correctness and performance analysis of Algorithm 1, is
provided in the full version [39, Section 3.3.1].

Algorithm 1 Operator norm distance estimation when one state is pure.

Input: (n+a)-qubit unitary oracles Qo and Q1 that prepare purifications of n-qubit quantum
states pp and p;, precision € € (0,0.1).

Output: An estimate of T (po, p1)-

: Denote A = (pg — p1)/2 and R = 211 — I,, 12412, where II := |0}0|®(2¢+2) & T,,.

: for k € {0,1} do
Construct an (n + 2a + 2)-qubit unitary dilation Uy, of Ay = (I — (—=1)kA)/2.
Construct a qubitization unitary Wy, = U, R(Ua,)'R.
0k), MaxPhaseEst(—Wa, , I2at+2 ® Qk, €/2, 7), where v = 1/2.

end for

Opnax max{ég?;x, ér(rgx}

return A < 1 — 2 cos((m — émax)/2).

® DT R w e

3.3 Quantum sample algorithm when one state is pure

» Theorem 17. When one of the quantum states pg and p1 is pure, there is a quantum
algorithm that estimates T(pg, p1) and Too(po, p1) to within additive error e, using O(1/€*)
samples of po and p1.

Proof. This is obtained immediately by Lemma 11 using the query complexity O(1/¢€) given
in Theorem 16, which gives the sample complexity O(1/¢2). <

4 Efficient quantum algorithms for estimating operator norm distance

We now turn to the general setting, in which neither input state is assumed to be pure. The
same overall strategy still applies, but the constant-overlap warm start from Section 3 is no
longer available and therefore must be replaced by a weaker overlap guarantee. In particular,
by combining the overlap lemma in Section 4.1 with the qubitization framework (Lemma 13),
we obtain general quantum query and sample algorithms for estimating the operator norm
distance, which are presented respectively in Sections 4.2 and 4.3.
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4.1 The input states provide an eigenvalue-scaled overlap

To handle arbitrary mixed states, we next prove a substitute for the warm-start lemma by
working with purifications of the input states. The resulting overlap bound is no longer
constant, but it scales with the top eigenvalue and is sufficient for the general algorithm.

» Lemma 18 (Top eigenspace overlap lemma). Let |1o) and |1p1) be (n+ a)-qubit purifications
of n-qubit quantum states py and py, respectively. Define A := (pg — p1)/2 and let HI(@)X be
the projector onto the top eigenspace of A, which corresponds to its maximum eigenvalue
Amax(A). Then, it holds that:

2
H (Hmax ® I )|¢0>”2 > 2)\max(A)~
Moreover, if Apax(A) > 0, then equality holds if and only if
rank(HféZ() 1 and anaxplﬂfrﬁ)x =0.

In particular, if po = |d)Xd| is pure, then equality holds if and only if p1 and |¢) are orthogonal.

Proof. Since |¢o) and |¢1) are purifications of py and p;, respectively, for any n-qubit
operator M acting on the system register, it follows that:

(il (M ® Ia)|yps) = tr(Mp;), i €{0,1}.

Therefore, we have

(A ® L) o) |3 = (ol (ML) ® L) o) (14a)
= tI‘(HgnA,L)XpQ) (14b)

On the other hand, since Hﬁﬁl)x projects onto the top eigenspace of A, which corresponds
to the eigenvalue Ay ax, we have

maxA AI_Imax - )‘ (A)Hgﬁl)x
Taking the trace gives
tr (ITRLA) = Amax(A) tr(ITE)). (15)
Since p; = 0 and A is a projector, we have tr (Hgﬁ)xpl) > 0, and hence
tr(T{Rkp0) > tr(TT5kpo) — tr(TLkp) (16a)
= tr(TLk (po — 1)) (16b)
= 2tr(IIE)A) (16¢)
= 2\ max(A) tr (I3 (16d)
Z 2)\max(A)~ (166)

Here, the third line follows by substituting A = (pg — p1)/2 into Equation (15), and the last
line uses the fact that tr(HEnAa)x) = rank (HEH%L) > 1, because H&Aa)x £ 0.

Combining Equation (14) and Equation (16) yields the desired overlap bound:

(T2 © L) [0} |5 = 2Amax (A).
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To see the equality condition in the case Apax(A) > 0, we examine when both inequalities
in Equation (16) are tight, which corresponds to the following conditions

tr(I{3hp1) =0 and tr(IIG)) = 1. (17)

max /Pl max

Therefore, the first condition means that p; has no support on the top eigenspace of A,
equivalently anAaL))(plﬂfrlAa)x = 0; while the second condition means that rank (Hl(lﬁl) ) =1.
In particular, when pg is pure, Equation (17) simplifies to the condition that pg = |[¢ )|

is orthogonal to p1, more precisely, (¢|p1|) = 0. <
4.2 Quantum query algorithm for estimating operator norm distance

We now present the main result of this section:

» Theorem 19. Given quantum query access to the state-preparation circuits Qg and Q1
of quantum states pg and py, respectively, there exists an explicit quantum algorithm that
estimates Too(po, p1) to within additive error €, using O(log(l/e)/e3/2) queries to Qo and Q1.

We now present the formal algorithm corresponding to Theorem 19 in Algorithm 2.
The detailed proof of Theorem 19, including the correctness and performance analysis of
Algorithm 2, is provided in the full version [39, Section 4.2].

Algorithm 2 Operator norm distance estimation.

Input: (n+a)-qubit unitary oracles Qo and ()1 that prepare purifications of n-qubit quantum
states po and pi, precision € € (0,0.1).

Output: An estimate of T (pg, p1)-
1: Denote A = (pg — p1)/2 and R = 2IT — I,, 49442, where I := |0}0|®(2¢+2)  T,,.
2: for k € {0,1} do
3: Construct an (n + 2a + 2)-qubit unitary dilation Ua, of Ay = (I — (—=1)kA)/2.
4 Construct a qubitization unitary Wa, = Ua, R(U4, ) R.
5 0%, « MaxPhaseEst(—Wa, , Izas2 ® Qk, € 7), Where 7 = \/e.
6 AN < max{0,1 — 2cos((m — O5)/2)}.
7. end for
8: return max{j\g?;x, Z\fﬁix}

4.3 Quantum sample algorithm for estimating operator norm distance

» Theorem 20. There is a quantum algorithm that estimates Too(po, p1) to within additive
error €, using O(log?(1/€)/€®) samples of po and p;.

Proof. This bound is obtained immediately by Lemma 11 using the query complexity
O(log(1/€)/€*/?) given in Theorem 19, which gives the sample complexity O(log®(1/¢)/€®).
<
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