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—— Abstract
Given n piecewise-linear unimodal functions fi,..., fn : R — R and an integer 1 < k < n, the Uni-
modal-Cost k-Median problem asks for k real numbers yi, . .., yx minimizing Z?:l mini <<k fi(yr)-

Let m be the number of breakpoints: the total number of affine-piece endpoint occurrences plus one
occurrence at a chosen minimizer of each function. We give an exact algorithm running in

O((m + nlogn)logm - min{k, logm+/klogm, logm - 20(Vlcek loglogm)}> .

The first term inside the minimum comes from a direct k-stage dynamic program. The other two
use the minimum-weight k-link path algorithms of Aggarwal et al. [2] and Schieber [12] for Monge
costs, replacing their O(1) edge-weight access by batched access to the implicit transition costs.
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1 Introduction

Let f1,...,fn : R = R be piecewise-linear unimodal functions with m breakpoints, and
let 1 < k < n. The Unimodal-Cost k-Median problem asks for k real numbers vy, ..., yx
minimizing

n
(I)(yh"'?yk Z min fl y’r

We use facility-location terminology as follows. A solution opens k facilities, where a
facility is a chosen real number y,.. A client is one input function f;. Assigning client i to
facility y, has service cost f;(y,), and each client is assigned to a facility of minimum service
cost among the chosen facilities. Thus @ is the total service cost of all clients. The classical
weighted k-median on a line corresponds to f;(z) = w;|x — 2| [7], while facility-location
models also include variants with opening costs or an unfixed number of facilities [5].

For the symmetric line model, dynamic programming goes back to Love [10]. Hassin and
Tamir [7] solve the general monotone-distance model in O(n?) time and the linear weighted
k-median case in O(kn) time, and Auletta et al. [3] independently obtain an O(kn) algorithm
for line k-median. Both algorithms assume O(1) time to obtain the value of the function at
a point.
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For a positive integer s, define
Tor = min{y/klogs, 20(Vlcekloglogs)y

Chen and Wang give accelerated algorithms for linear costs w;|z — z;|: weighted k-median
on a line in O(nT,, 1 logn) time and the uniform case in O(nT), ;) time. With an additional
facility setup cost at each candidate location, their algorithm for this linear model runs
in O(nT,log”n) time [4]. Wang and Zhang [13] study the related but different line-
constrained setting in the plane, where facilities lie on a prescribed line and clients are
ordered by projection onto that line. These symmetric and line-constrained results rely
on an ordered setting: after sorting the clients, optimal assignments are consecutive. The
Unimodal-Cost 2-Median problem was introduced by Yu et al. [15], motivated by binary
splits of categorical features under the mean-absolute-error criterion in CART; their algorithm
runs in O((m + nlogn)logm) time, and the column-minimum primitive of Section 4 is built
on their matrix search.

Several location models with asymmetric or nonstandard distances are related to ours.
Drezner and Wesolowsky [6] study single-facility minisum and minimax models under asym-
metric rectilinear and Euclidean distances; Plastria [11] studies Fermat-Weber problems
under quasimetrics and semidirected networks; Jackson et al. [8] study one-sided directional
k-median. Woeginger [14] exploits Monge structure in a linear-network proxy-placement
problem, and Lin and Xue [9] study k-median under graded distance matrices.

Contributions

We give an exact algorithm for Unimodal-Cost k-Median running in time
O(min {k(m + nlogn)logm, (m+ nlogn)Th, i log? m}) ,

where n is the number of input functions and m is the number of breakpoints. The bound is
the minimum of the following three upper bounds:

O(k(m + nlogn)logm) (Theorem 7): a direct k-stage dynamic program.

O((m + nlogn)log®m - v/kTogm) (Theorem 10).

O((m + nlogn) log® m - 20(Vlegkloglogm)y (Theorem 11).

For k = 2 the bound matches the previous best bound for Unimodal-Cost 2-Median [15].

The algorithm has two ingredients. The first is a reduction to a minimum-weight k-link
path problem on the sorted breakpoints whose edge cost C'(u, v) is the marginal cost of making
breakpoint v available after breakpoint u. The classical consecutive-interval formulation fails
for asymmetric costs (Section 3), but this marginal cost is Monge, including the edges leaving
the source (Theorem 2). The second is batched access: we do not know how to evaluate a
single entry of C quickly, but the column minima of a row-shifted submatrix of C' can be
computed in near-linear time by extending the matrix search of Yu et al. [15] (Section 4),
and the dynamic program as well as both k-link path frameworks access C' only through
such batches.

2 Preliminaries

A function f : R — R is unimodal if there exists z € R such that f is nonincreasing on
(=00, 2] and nondecreasing on [z, 00). Every such z is a minimizer of f. It is piecewise-linear
if it is affine between consecutive points of a finite sorted set and on the two outer rays.
Throughout the paper, fi,..., f, are piecewise-linear unimodal.
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Let 1 <--- < x,, be the breakpoints: the sorted multiset obtained by taking all affine-
piece endpoint occurrences of every f; and inserting, for each 7, one additional occurrence at
a chosen finite minimizer of f;. Let p; € {1,...,m} be the index of the occurrence added for
i. The u; are pairwise distinct by construction (one inserted occurrence per function), even
if the underlying coordinates x,, coincide with other ;. Thus m equals the total number of
affine-piece endpoint occurrences plus n, and the sequence f;(x1), ..., fi(zm) is nonincreasing
up to z,, and nondecreasing from x,,.

The breakpoints and the p; are built in O(mlogm) time from unsorted endpoint lists.
Each f; is stored by its endpoint list and affine pieces, so evaluating f;(x,) takes logarithmic
time by binary search and constant amortized time during the scans used below.

Write Q := {p1,...,un}t C {1,...,m} for the set of minimizer indices; |Q| = n. For
integers L < R, the index interval [L : R] is the set {L,L +1,...,R}; for K = [L : R]
write || = R— L+ 1. Then |Q N K| = |{i: u; € K}| < min(|K|,n), and disjoint intervals

partitioning {1,...,m} induce a partition of Q.
It’s obvious that the optima are on breakpoints. We therefore seek 1 < vy < -+ < v <m
minimizing ®(x,,,. ..,y ). Since k < n < m, repeated facilities in an optimum with at

most k distinct facilities can be supplemented by unused breakpoint indices, and adding
facilities cannot increase min, f;(x;).

3 Reduction to minimum-weight link paths

Classical algorithms for the simpler, symmetric version of the k-median problem reduce to
minimum-weight link paths with Monge costs. The setting is a weighted complete directed
acyclic graph on ordered vertices 1,...,m: for every u < v there is an edge u — v of weight
W (u,v). The edge weights form a triangular matrix W, and we use the graph language
and the matrix language interchangeably: a path visits an increasing sequence of vertices,
its links are its edges, and each link weight is an entry of W. A k-link path is a path with
exactly k edges. In the fixed-endpoint form, the minimum-weight k-link path problem asks
for

l=vyp<vr<---<vpg=m

minimizing Z:f:l W(vr_1,vy). A matrix W is Monge if W (uy,v1) + W (ug,v2) < Wuy,ve)+
W (ug,v1) for all u; < ug and v; < wy. This is the convention called (concave) Monge. For a
triangular matrix defined only on pairs u < v, Monge means the same inequality for every
uy < ug < vy < ve. When W is Monge, Aggarwal et al. [2] give an O(m+/klogm +mlogm)-
time algorithm and Schieber [12] gives an m - 20(logk loglogm)_time algorithm for k =
Q(log m), both assuming each entry of W is available in O(1) time.

3.1 Symmetric case

Classical line k-median dynamic programs sort clients by their locations or minimizers
and work on intervals of consecutive clients [10, 7, 3]. Let the sorted clients be 1,...,n.
In the graph above, take the vertices to be 0,...,n; the edge i — j represents assigning
the consecutive interval of clients 7 + 1,...,j to one facility, and its weight B(i,j) is the
one-facility optimum for that interval. Thus a k-link path 0 = iy < i; < --- < ix = n has cost
Zle B(iy—1,1,), where each summand is the one-facility cost for one consecutive interval of
clients. We call this the consecutive-interval formulation. Chen and Wang [4] use it. For sorted
client locations z1, ..., z, and nondecreasing distance penalties ¢y with fy(x) = ¢¢(|x — 24|),
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the edge weight can be written as B(i, j) = min; {1<i<; Ei:iﬂ o0(|ze — 2¢|). Symmetry is
what makes this formulation work. If the cost of serving client ¢ at x is f;(x) = ¢;(|x — 2;|)
with ¢; nondecreasing, then for two chosen facilities a < b, the clients that prefer a over b lie
to the left of the clients that prefer b over a. Thus the assignment boundary between adjacent
facilities is ordered on the line, and the objective can be written as a sum of one-facility costs
for consecutive client intervals.

3.2 Asymmetric case

Unfortunately, with asymmetric unimodal costs, this ordered-assignment argument is no
longer available. Sorting clients by minimizer does not determine how they compare two
facilities: the client’s preference between a and b is the sign of f;(a) — f;(b), and this sign
depends on the shape of f; on both sides of its minimizer, not only on the location of that
minimizer. A client whose minimizer lies between two others can prefer a farther facility if the
relevant side of its function is flatter, or reject a nearer facility if that side is steeper. Hence
clients assigned to one selected facility need not form a consecutive interval in minimizer
order.
Here is a concrete failure of the interval weights B. For ¢ € R and L, R > 0, write

L(c—1z), z<g,
R(zx—c¢), z>c

h&L,R(x) = {

Let kK = 2 and let the four clients be

f1 = ho1,4, f2=hi31, fz =hou3, fa=hsa.

The minimizers are ordered as 0, 1,2,3. The two facilities 0 and 3 give value
min{ f1(0), /1(3)} + -+ + min{f4(0), f4(3)} =0+2+2+0=4,

with clients 1 and 3 served by 0 and clients 2 and 4 served by 3. This assignment is not
consecutive in minimizer order. If one instead uses consecutive-interval edge weights after
sorting by minimizer, the three possible partitions into two intervals have values

(1} {2,3,4}:5,  {1,2}|{3,4}:6,  {1,2,3}|{4}:5.

Thus the consecutive-interval formulation gives value at least 5, although the true two-facility
objective is at most 4 (Figure 1).

3.3 Our reduction

Our reduction uses a different order and a different edge weight. We sort the breakpoints
and charge the objective to adjacent selected breakpoints. The edge u — v represents the
marginal cost of making x, available after x,,. This removes the need for the symmetry-based
consecutive-interval property: the path formulation only uses the unimodality of each f;
along the selected breakpoint sequence.
Using 0 as a dummy index, define the aggregate two-point cost M by
n
M(0,0):=> fi(z,) (1<v<m)
i=1

and

M(uav) = Zmln{fz(xu)a fz(xv)} (1 Su<v< m)

i=1
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Figure 1 A two-facility instance (k = 2) on which consecutive intervals fail. The clients fi1 = ho,1,4,
fo = hi,3n, f3 = hoa,3, fa = hs,a,1 have minimizers 0, 1,2, 3. Facilities 0 and 3 (dashed) attain
objective 0 4+ 2 + 2 + 0 = 4; each dot marks the smaller of a client’s two values, and the tag — 0
or — 3 beneath a minimizer gives that client’s serving facility. In minimizer order the serving
facilities read 0, 3,0, 3, so the assignment {f1, fs} | {f2, f1} interleaves and matches no split into two
consecutive intervals; the three consecutive splits cost 5,6, 5.

For 1 < u < v < m, define the marginal edge cost C(u,v) := M (u,v) — M(0,u); for the
dummy index, set C(0,v) := M (0,v). Define a directed acyclic graph on vertices {1,...,m},
with an edge u — v of cost C(u,v) for every u < v. A feasible solution is an increasing
sequence of vertices, and its cost can be charged to adjacent pairs in this graph. For fixed
indices v < -+ < vy, each sequence f;(Zy,), ..., fi(Zy,) is unimodal: as the selected vertices
pass the minimizer of f;, the values first do not increase and then do not decrease. Hence
the contribution of f; is the value at the first selected vertex plus, for each adjacent pair, the
decrease obtained when the next selected vertex is better:

k
12122]6 fi(xo,) = fi(xy,) + g(min{fi(xvr—l)7 Ji(xo,)} — fi(xvr—l))'

After summing over i, the first term depends only on v1, and every summand depends only on
the adjacent pair (v,_1,v,). Thus minimizing over v; < - -+ < v is a minimum-weight path
problem with a free endpoint and exactly k selected vertices. Equivalently, add the dummy
index 0 as a source vertex and an edge 0 — v of cost C'(0,v) = M(0,v) for every vertex

v € {1,...,m}. The source is not counted; after the source edge, a path is an increasing
sequence of vertices v; — --- — vy, with initial cost C(0,v1) and edge costs C(u,v) for
1 <u < v <m. It selects the h vertices vy, ..., v, and has cost
h
C(0,v1) + Z C(vp—1,vy).
r=2
For h = k, this cost is ®(xy,,..., %y, ). The endpoint is minimized over all vertices; forcing

the path to end at vertex m would force z,, to be selected. (Section 5.2 converts this free
endpoint into a fixed one with a sentinel construction.)

It remains to show that the transition cost C' is Monge, including the edges leaving the
source: the k-link path frameworks of Section 5.2 exchange path prefixes, so they use the
Monge inequality also for pairs of edges whose earlier edge leaves the source. The first step is
the following single-function inequality. Theorem 3 of Yu et al. [15] gives total monotonicity
for My (u,v) := min{f(z,), f(x,)} on the triangular domain u < v; here we need the stronger
Monge inequality, extended to the dummy index 0.
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» Lemma 1. Let f: R — R be piecewise-linear unimodal and let 1 < --- < x,,, be any
sorted real sequence. Define Mg(u,v) = min{f(zy), f(zy)} for 1 < u < v < m, and
M (0,v) := f(xy) for 1 <v <m. Then, for all 0 < u; < up < v1 < vy,

My (uy,v1) + My(ug,v2) < My(ur,v2) + My(ug,vr).

Proof. Let z € R be a minimizer of f and let p € {0,...,m} be maximal with z, < z; set
xo = —oo and f(xg) := +o00. Then M;(0,v) = min{f(x¢), f(z,)}, indices at most p lie on
the nonincreasing side of f, and indices greater than p lie on the nondecreasing side. Fix
0 < wuy <ug < vy <wvy. There are five possible positions of the cut p: p < u; (Case 1),
up < p <ug (Case 2), us < p<w (Case 3), v1 <p<wvy (Case 4), and p > vo (Case 5). If
u; = 0, Case 1 cannot occur because p > 0, and the other cases read with f(x,,) = +oc.
We settle the cases in order of difficulty.

Case 1 (p < uq). All four indices are greater than p, so f is nondecreasing across them:
f(xy;) < f(ay,) for all j, k, whence each My(u;,vi) = f(xy,;). Both sides of the Monge
inequality equal f(zy,) + f(zu,)-

Case 5 (p > v3). All four indices are at most p, so f is nonincreasing across them and
each My (uj;,vi) = f(2y,). Both sides equal f(zy,) + f(2u,)-

Case 2 (u1 < p < w2). Then ug,v1,vy all lie on the nondecreasing side, so f(x,,) <
f(xo,) < f(xy,) and My(ug,v1) = My(ug2,v2) = f(xy,). These two cancel between LHS and
RHS, reducing the Monge inequality to My(uq,v1) < My(uq,v2); min is nondecreasing in
each argument and f(z,,) < f(Zy,)-

Case 4 (v1 < p < w2). Symmetrically, ui,us2,v; all lie on the nonincreasing side, so
f(xu,) = fzu,) > fzy,) and My(ur,v1) = My(ug,v1) = f(x,,). These cancel, reducing
Monge to My (u1,vs) > My (u2,v2), which holds because f(xy,) > f(xu,).

Case 3 (uz < p < v1). Set aj := f(xy,) and b; := f(z,,); then a; > ap (both on the
nonincreasing side) and b; < by (both on the nondecreasing side). The function g(x) :=
min{aj, z} — min{aq, 2} has value 0 on (—o0, as], © — ag on [as,a1], and a; — as on [ai, 00);
since a1 > ag, g is nondecreasing, so g(by) < g(b2). Expanding, min{a, b1} + min{as, by} <
min{as, b1} + min{ay, ba}, which is My (u1,v1) + My(ug,ve) < My(ug,v1) + Mg(ui,v2). <

We next prove that the transition cost is Monge.

» Theorem 2. Let f1,..., [, be piecewise-linear unimodal with breakpoints x1 < -+ < Xy,
and let

Clu,v) = ;min{fi(xu%fi(xv)}—g filzy) (I<u<v<m),  C0,v)= ;fi(xv).

Then the edge cost C' is Monge, including the source row: for every 0 < wuy < ug < vy < v,
C(u,v1) + C(ug,ve) < C(uy,v2) + Cluz,vy).

Proof. Each summand min{ f;(z,), fi(z,)}, extended to u = 0 by My, (0,v) = fi(z,), is
Monge by Lemma 1. Summing the four-point inequality over i gives, for every 0 < u; <
ug < v1 < g,

M(ul,vl) + M(Ug,vg) < M(ul,vg) + M(UQ,Ul).
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Set ¢(0) := 0 and o(u) := M(0,u) for 1 <u < m, so that C(u,v) = M(u,v) — o(u) for every
0<u<v<m. Then

C(uy,v1) + C(ug,v2) = M(uy,v1) + M(uz,vs) — o(u1) — o(usg),

and the same row-shift term o(uy) 4+ o(ug) is subtracted from the right-hand side. Thus the
Monge inequality for M gives the Monge inequality for C. <

4 Column-minimum primitives

All row/column minima of an r x ¢ Monge matrix (one minimum per row) can be computed
in O(r + ¢) time, i.e. linear in the matrix dimensions rather than in its rc entries, assuming
O(1) access to each entry [1]. The fast minimum k-link path algorithms of Section 3 are built
on this kind of batched access. In Chen and Wang’s line-median setting [4], preprocessing
gives a single-entry oracle for the interval edge weight B(,j) in O(logn) time, and in O(1)
time for the uniform case. However, for our transition cost,

Clu,v) = Zmin{fi(wuL fi(wo)} = Z fi(za),

direct evaluation of one entry scans the input functions, and we do not know a preprocessing
scheme that makes individual entries fast enough.

However, the three algorithms we care about — the direct dynamic program of Section 5.1
and the two k-link path frameworks of Section 5.2 — access the Monge matrix only through
three higher-level primitives: COLUMNMIN, PATH, and DECISION. This section describes
how to compute them quickly.

The primitives need the values M (0,v) for all breakpoints v, both as the row shifts inside
C and as the source-edge costs C'(0,v). They are not a bottleneck: they are the values of
the pointwise sum of the input piecewise-linear functions on the breakpoints, and can be
computed once within the O(mlogm) preprocessing.

The selected-vertex count of a path is the number of vertices in {1,...,m} on it, excluding
the source. We use one of two tie-breaking rules, fixed per computation: when a minimum is
attained by several paths with the same value, keep the minimum selected-vertex count, or
keep the maximum selected-vertex count.

For 7 € R, let G, be the penalized graph on the vertices {0,1,...,m} with an edge u — v

of cost C(u,v) 4+ 7 for every 0 < u < v < m; by Theorem 2, its costs are Monge for every 7.

A path 0 — v1 — -+ — vy in G, has selected-vertex count h.

For an interval K = [L : R], an initial vector A : K — R U {+o0}, and 7 € R, let
H(K, A,7) be the graph with source sk, vertices K, source edge sx — v of cost A(v) for
every finite A(v), and edge u — v of cost C(u,v) + 7 for every L < u < v < R. The finite
entries of A may carry a predecessor pointer and a selected-vertex count, and in H(K, A, T)
the selected-vertex count of a path is counted cumulatively from this metadata: a source
edge sk — v carries the predecessor pointer and selected-vertex count stored with A(v), and
every internal edge u — v appends v and increases the selected-vertex count by one.

The finite support of a vector A : K — R U {+0o0} is the set of indices v € K at which
A(v) is finite. Every offset and initial vector used below has finite support equal to an index
interval.

79:7
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» Definition 3. We use the following primitives.
COLUMNMIN(K, a): for an interval K = [L : R] C {1,...,m} and a row-offset vector
a:[L:R—1] = RU{+oco} whose finite entries form an index interval, return, for every
L<v<R,

U) := Lrgnlibrév{a(u) + C(u,v)},

together with an argmin predecessor u when the minimum is finite. If the finite entries
of a are stored with selected-vertex counts and a tie-breaking rule is specified, then the
predecessor is chosen among the rows attaining U(v) according to that rule.

PATH(K, A, 7): for an interval K = [L : R], an initial vector A : K — RU {400} whose
finite entries form an indez interval, and a scalar edge penalty T € R, return, for every
v € K, the shortest-path value from sk to v in H(K, A, 1), together with a predecessor
and the selected-vertex count determined by the tie-breaking rule.

DECISION(T): return the selected-vertex count of a shortest path in G, from 0 to the last
vertex m. Under minimum-count tie-breaking, return the minimum such count among
shortest 0 — m paths; under maximum-count tie-breaking, return the mazrimum such
count.

In words: every edge carries the same penalty 7, and the three primitives ask for
cheapest penalized paths in G,. COLUMNMIN extends known path values by one edge, for
all destinations in one batch; it takes no penalty argument, since a one-edge extension adds
the same 7 to every candidate, which the caller adds to the output. PATH extends by any
number of edges, returning all penalized shortest-path values from a common source; it is
computed by iterating COLUMNMIN (Theorem 5). DECISION is one PATH call on the whole
penalized graph that reports only how many vertices a cheapest penalized 0 — m path selects
(Theorem 6).

» Theorem 4. Let f1,..., [, be piecewise-linear unimodal with m breakpoints, and let
Q ={p1,...,pn} be the set of minimizer indices. Then COLUMNMIN(K a) can be computed
in time O((|K| +|Q N K|log|Q N K|)log|K]).

n .

Proof. Yu et al. search the matrix M (u,v) = )_,_; min{f;(x,), fi(z,)} over a rectangular
index range by divide and conquer [15]: the minimum of the middle line is found by
an amortized sweep, and by monotonicity of the argmins the search recurses on the two
complementary quadrants, in time O((|K|+|Q N K|log|Q N K|)log |K|) on ranges inside
K. We modify this search in three ways. First, their algorithm reports the minimum entry
of the range; we record the middle-line minimum computed at every node of the recursion
instead. Every column of K is a middle line at exactly one node, so this returns the minimum
and an argmin of every column within the same bound. Second, we add the offset: the
searched entries are a(u) + C(u,v) = M (u,v) + (a(u) — ¥, fi(zu)), where the parenthesized
row offset is available in O(1) time per access from the vector a and the precomputed sums,
and its finite entries form an index interval, so the search runs on that interval of rows. A
row offset preserves the Monge inequality (it cancels from both sides, as in the proof of
Theorem 2), hence also the argmin monotonicity that drives the recursion, and it adds O(1)
per accessed entry to the sweeps. Third, count tie-breaking compares (a(u) + C(u,v), c(u))
or (a(u) + C(u,v), —c(u)) lexicographically, where ¢(u) is the selected-vertex count stored
with a(u). The second coordinate depends only on the row. By the Monge inequality the
difference (a(uz) + C(uz,v)) — (a(u1) + C(u1,v)) is nonincreasing in v for uy < ug; hence
a strict win of the later row persists at all later columns, a tie between two rows resolves
by the count identically at every column where it occurs, and the lexicographic argmin is
monotone in the column. The matrix search therefore applies unchanged. <
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The bound is local: the | K| term pays for the rows and columns of the submatrix, while
the |Q N K|log|Q N K| term pays only for the functions whose minimizer indices lie in that
submatrix.

The matrix search never materializes the submatrix; it reads entries of C only along
monotone sweeps of the row and column indices, inside the divide and conquer. Along such a
sweep the aggregate » . min{f;(z.), fi(z,)} is maintained incrementally: each input function
changes which of its two endpoints is the cheaper one at most once as an index advances,
so over the sweep the running sum is updated in O(1) amortized time per accessed cell,

using the precomputed M (0,v) =, fi(x,) and the function-sum data structure of Yu et al.

[15]. A function whose minimizer index lies outside the swept interval is monotone there
and contributes a single endpoint value already folded into the precomputed sums; only the
|@ N K| functions whose minimizer lies inside the interval can switch and need individual
attention. This is why the cost in Theorem 4 is governed by |K| and |@ N K| rather than
by the O(]K|?) entries. It is also why a single entry C(u,v) is not evaluated in constant
time in isolation: a constant-size interval is cheap only because at most a constant number
of functions can have a minimizer inside it, the rest being accounted for in bulk by the
precomputed sums.

» Theorem 5. Let fy,..., f, be piecewise-linear unimodal with m breakpoints, and let
Q ={u1,...,pun} be the set of minimizer indices. Then PATH(K, A,T) can be computed in
time O((|K|+|QN K|log |Q N K]) log? |K|). For K = [1:m)] this is O((m+nlogn) log®m).

Proof. The shortest-path values in H (K, A, 7) satisfy

P(L) = A(L),  P():= min{A(v), Jmin (P(u) +C(u,v) + T)} (L<v<R),
<u<v
with the empty minimum equal to +0o. The term A(v) is the source edge sx — v; the
second term chooses the last internal edge u — v.

The computation is defined by divide and conquer. For K = [L : L], it returns P(L) :=
A(L). For K = [L : R] with L < R, let ¢ := |[(L + R)/2]. The left subproblem is
PATH([L : ¢], Al{1:¢], T), where A|[1.q denotes the restriction of A to [L : c]. For its returned
values P(u), define a : [L: R —1] = RU {400} by

400, c<u<R.

a(u) = {P(u), L<u<e,

Let U be the output of COLUMNMIN(K, a). For ¢ < v < R, define
At (v) == min{A(v), U(v) + 7},

with the predecessor and selected-vertex count coming from the term that attains the
minimum, increasing the count by one when the term is U(v) + 7. The right subproblem is
PaTtH([c+1: R], AT, 7).

We prove by induction on | K| that this computation returns the shortest-path values in
H(K, A, T), stores the predecessor and count metadata, and returns finite entries forming
either the empty set or a suffix of K. If L = R, the recurrence gives P(L) = A(L), and the
finite support is either empty or {L}. Otherwise, by induction, the finite entries returned by
the left subproblem form an index interval; hence the row offset a satisfies the precondition
of COLUMNMIN.

The right initial vector also satisfies the finite-support precondition. If the left subproblem
returns no finite value, then the finite entries of AT are exactly the finite entries of A restricted
to [c+1: R]. Otherwise U(v) is finite for every ¢ < v < R, and the finite entries of A" are
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all of [c+ 1 : R]. Thus the finite entries of A" form an index interval. The returned finite
entries are the empty set or a suffix of K: if the left support is empty this follows from the
right subproblem, and otherwise the left suffix is followed by all of [c+ 1 : R].

For correctness at v € [c+ 1 : R], the shortest path either uses its last internal edge from
[L : ¢] (captured by U(v) + 1), uses its last internal edge from [¢+ 1 : v — 1] (captured by
the right subproblem with initial vector A™), or uses the source edge sx — v (captured by
A(v)). The case v € [L : ] is the left subproblem.

For the running time, write work(K') for the total time the computation spends on interval
K: the COLUMNMIN(K, a) call together with its two recursive calls, so that

work(K) = work([L : c]) + work([c+ 1 : R]) + O((|K| + |Q N K|log |Q N K|)log |K]).

Unrolling the recurrence over O(log|K|) depths gives disjoint subintervals at each depth
with Y, [J] < |K|and ), |QNJ| < |QNK]|. For every subinterval J, |Q N J|log|QNJ| <
QN Jllog|QN K|, s0 ), |QNJ|log|QNJ| <|QN K|log|Q N K|. Thus each depth does
O((|K|+|Q N K|log |Q N K|)log |K|) work, and summing over the O(log |K|) depths gives
the stated bound.

Each COLUMNMIN call returns both the optimal value and an argmin u*, chosen under
the requested count tie-breaking when values are equal. If a transition chooses u*, the
selected-vertex count is the count stored at u* plus one; if it chooses A(v), the stored count
of A(v) is retained. The comparison with A(v) uses the same tie-breaking rule and costs
O(1). <

» Theorem 6. Let fi,..., [, be piecewise-linear unimodal with m breakpoints. Then
DECISION(7T) can be computed in time O((m + nlogn)log® m).

Proof. Set
A;(v) :=C(0,v) + T,

store selected-vertex count 1 with every entry, and run PATH([1 : m], A, 7). The graph
H([1 : m], A7, 7) is exactly G,, identifying s[;.,,) with the source 0, so the value returned
at vertex m is the shortest-path value from 0 to m. The stored count is initialized to 1
and increases once per appended vertex, so the same tie-breaking rule returns the required
selected-vertex count. The time follows from Theorem 5 on K = [1 : m]. <

5 Applications of the primitives

5.1 Direct dynamic program

» Theorem 7. Unimodal-Cost k-Median on n piecewise-linear unimodal functions with m
breakpoints can be solved in time O(k:(m +nlogn)log m).

Proof. Define

Dy (v) :=C(0,v) 1 <v<m),

Di(v) == 1rgrhir<1v{Dt,1(u) +C(u,v)} (2<t<k, 1<v<m),

—~

with the empty minimum equal to +o0o. Here D;(v) is the best path value using t vertices
and ending at v: the term C(0,v) is the one-vertex cost, and C(u,v) is the marginal cost of
appending v after u. Therefore the reduction in Section 3 gives the optimum as min, Dy (v).
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By induction, the finite entries of D, are exactly [t : m|: this is true for D, and the
recurrence has a finite predecessor for v exactly when v > t. Therefore, for ¢t > 2, the
transition for columns 2,...,m is exactly COLUMNMIN([1 : m], a) with a(u) := D;_1(u) for
1 < u < m, while D;(1) = 400 by the empty minimum. The finite entries of a form the
index interval [t — 1 :m — 1]. Since @ N [1 : m] = Q, one stage costs O((m + nlogn)logm).
Over k — 1 stages this is O(k(m + nlogn)logm). The argmin predecessors returned by
COLUMNMIN recover an optimal index tuple (v1,...,vg) in the same time. <

The k = 2 case. Taking k = 2 recovers the running time of Yu et al’s Unimodal-
Cost 2-Median algorithm [15]: here Dy(v) = ming<y,<,{C(0,u) + C(u,v)}, so the optimum
min, D2 (v) is a single COLUMNMIN([1 : m], a) call with a(u) := C(0, u), followed by a linear
scan. The cost is O((m+mnlogn)logm), matching their bound. Thus COLUMNMIN is exactly
the 2-median primitive, and Theorem 7 solves k-median by iterating it k¥ — 1 times.

5.2 Path algorithms

Finding an unconstrained shortest path is easy: it is a single PATH computation. The hard
part is forcing the path to have exactly k links. Aggarwal et al. [2] and Schieber [12] solve
this count-constrained problem, and share one idea. Fix a penalty 7 and pass to the penalized
graph G,: a minimum-weight path there trades its true cost against 7 times its link count,
so increasing 7 decreases the link count of the cheapest path. Searching for a penalty at
which some shortest path uses exactly k links solves the count-constrained problem through
unconstrained penalized computations, a Lagrangian relaxation of the count constraint. The
two frameworks differ only in how they search. We reuse that scaffolding unchanged and
supply every access to the graph through the primitives of Section 4.

Both frameworks fix both endpoints of the path, and their correctness rests on this: the
existence of an optimal penalty is proved through the convexity of the minimum k-link path
weight in & [2, 12], and the exchange argument behind that convexity compares paths with a
common endpoint. Our path formulation instead has a free endpoint, and for free endpoints
this convexity can fail for general Monge costs. We therefore make the endpoint fixed with
a sentinel: we tilt every function upward after the last breakpoint, so that one additional
rightmost breakpoint is a facility that no client ever uses.

» Lemma 8. Let f1,..., f, be piecewise-linear unimodal with breakpoints x1 < -+ < x,,.
Set A := 1+ maxi<;<, max{fi(z1) — fi(xm), 0} and define the tilted functions

fi(z) = fi(z) + X - min{max{z — 2,0}, 1}.

Then each f] is piecewise-linear unimodal with the same chosen minimizer as f; and two
additional affine-piece endpoints, at T, and at x,, + 1; moreover f! = f; on (—o0, x| and
fl@m + 1) > fi(z) for every i and every x € [x1,x,y,]. Consequently, for every nonempty
finite S C [x1,Zpm),

n

Zyesu{wm+1} me Fily

Proof. The tilt A min{max{z — x,,,0}, 1} is nondecreasing, piecewise-linear with affine-piece
endpoints ,, and z,, + 1, and vanishes on (—o0, 2,,]. The chosen minimizer z; of f; is a
breakpoint, so z; < Z,,; adding a nondecreasing function that vanishes on (—oo, z,,] keeps
f! nonincreasing on (—o0, z;] and nondecreasing on [z;,00), and f] = f; on (—oo, z,,]. For
x € |21, Zm], unimodality gives f;(z) < max{f;(x1), fi(zm)}, while
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filwm +1) = filem + 1) + A = filwm) + A > max{fi(21), fi(zm)},

using that f; is nondecreasing on [x,,,00) and the choice of A. Hence for nonempty S C
[1, Ty], the minimum of f/ over S U {z,, + 1} is never attained at the sentinel, and on S
the tilted and original functions agree. |

Run the reduction of Section 3 on the tilted instance. Its breakpoint list is the old
list plus, for each function, one endpoint occurrence at x,, and one at x,, + 1, so it has
m'” :=m + 2n < 3m breakpoints and the same minimizer-index count n; the last index m”
has coordinate z,, + 1 and serves as the sentinel. The tilted instance is built in O(m) time
after the preprocessing of Section 2, and we write C for its transition cost, which is Monge

including the source row by Theorem 2.

» Lemma 9. The minimum weight of a (k + 1)-link path from 0 to m" in the graph of
Section 8 on the tilted instance equals the Unimodal-Cost k-Median optimum, and an optimal
path yields an optimal set of k facilities in O(m) additional time.

Proof. A (k+1)-link path from 0 to m” selects k interior vertices and the sentinel. Let T" be
the multiset of interior coordinates at most x,,, and let OPT denote the k-median optimum.
Every selected coordinate is either in T" or equals z,, + 1, so by the identity of Section 3
the path costs ), mingeru(q,,+13 fi(y). If T # 0 this equals ), minyer fi(y) > OPT by
Lemma 8, since |T'| < k and adding facilities cannot increase the objective; if T = ) the cost
is Y. fl(xm +1) > >, fi(z1) > OPT. Conversely, an optimal solution consists of & distinct
original breakpoint indices (Section 2); appending the sentinel index m” gives a (k + 1)-link
path from 0 to m” of cost OPT by Lemma 8. From an optimal path, the coordinates in T,
padded to k facilities as in Section 2 when |T| < k, form an optimal solution. <

Both frameworks access the graph in two ways, which our primitives supply on the tilted
instance. A relazation is a batched computation min,{a(u) + C(u,v)} over a row interval
and a later column interval, that is, a COLUMNMIN call after padding the offset vector
with +oo. A penalized decision at 7 computes the link counts of minimum-weight 0 — m”
paths in G, under both tie-breaking rules, that is, two DECISION(7) calls. Every weight the
frameworks compare at a candidate penalty 7 has the form of a true cost plus 7 times a link
count; the counts stored by our primitives supply these link counts, since a path from the
source with h selected vertices has exactly h links. The frameworks’ exchange arguments
rewire a crossing pair of edges and use the Monge inequality to certify that the total weight
does not increase [2, 12]; the earlier edge of a crossing pair can leave the source, which is
why Lemma 1 and Theorem 2 include the source row.

» Theorem 10. Unimodal-Cost k-Median on n piecewise-linear unimodal functions with m
breakpoints can be solved in time O((m + nlogn)log? m+y/klog m).

Proof. Let g := m + nlogn. If & < logm, Theorem 7 gives O(kglogm) C
O(glog® my/kTogm), so assume k > logm. By Lemma 9 it suffices to find a minimum-
weight (k + 1)-link path from 0 to m” on the tilted instance; since m” = O(m) and the
minimizer-index count is still n, we keep writing m and ¢ for its parameters.

Use the guide algorithm of Aggarwal et al. [2] with stage size b := [m+/logm/k]
(their stage size is min{m+/logm/k, m}, which equals m+/logm/k since k > logm). The
algorithm partitions the m vertices into m/b intervals of b consecutive vertices and runs one
stage per interval, keeping an interval of candidate penalties 7 that contains an optimal one
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and over which every comparison it makes is invariant. Within a stage it (i) computes, for
each vertex of the stage’s interval, a minimum-weight penalized path whose last edge leaves
the prefix of vertices before the interval; such paths take one of two link counts [2], so this
is O(1) relaxations per stage whose row offsets are values of minimum-weight paths with
a fixed link count on the prefix, spanning at most [1 : m]; (ii) computes, inside the stage’s
interval, candidate paths for each attained link count, one local relaxation per count, which
over all stages telescopes to O(k) relaxations; and (iii) localizes 7 by O(logm) penalized
decisions. The offset vectors in (i) and (ii) are finite exactly on the vertices reached by a
minimum-weight path with the given link count, and those vertices form an index interval [2],
so every relaxation satisfies the precondition of Definition 3. A relaxation inside one stage
spans an interval J of O(b) indices and costs O((|J|+|QNJ|log |QNJ|)log|J|) = O(blog® m)
by Theorem 4 and |QN.J| < |.J|; a decision costs O(glog® m) by Theorem 6; a prefix-anchored
relaxation spans at most [1 : m| and costs O(glogm). The comparisons among already-
computed candidate values that the parametric search resolves are lexicographic comparisons
of value-count pairs at the endpoints of the penalty interval, O(1) each and O(kb) in total.
Therefore the costs are

O(kblog®m), O((m/b)glog3 m), O((m/b)glogm).

Since m/b = O(y/k/logm), the second term is O(glog? m+/klogm) and dominates the third.
Also O(kblog® m) = O(mlog® my/kElogm) C O(glog® my/kTogm). At the optimal penalty
the algorithm has minimum-weight 0 — m/ paths with the minimum and the maximum link
count, and combines them into a minimum-weight (k + 1)-link path by one path swap [2] in
O(m) time; the stored predecessors recover the selected vertices, and Lemma 9 converts the
path into k facilities. <

» Theorem 11. Unimodal-Cost k-Median on n piecewise-linear unimodal functions with m
breakpoints can be solved in time O((m + nlogn) log? m - 20(V/legk loglog ™).

Proof. Let g := m + nlogn. If k < logm, Theorem 7 gives O(kglogm) C O(glog®m), so
assume k > logm. Then loglogm < logk, so logm = 2logloem < 9y/logk loglogm. any factor
polylogarithmic in m is 20(V1egk loglogm) and will be absorbed into the final bound. By
Lemma 9 it suffices to find a minimum-weight (k + 1)-link path from 0 to m” on the tilted
instance; as before we keep writing m and g for its parameters.

Schieber’s algorithm [12] runs k/¢ stages for a parameter £. Stage ¢t computes the maximal
vertex range [L; : Ry], with Ly > R;_1, on which the minimum-weight penalized paths from
the source have exactly t£ links, together with the values of those paths, by O(logm) binary-
search iterations. Each iteration runs one penalized decision on the whole graph plus one
recursive computation with target count O(¢) on an auxiliary graph: a source whose edge
to each vertex carries the value of the cheapest penalized path anchored in [L;—; : Ri—1],
followed by an interval J; of consecutive vertices starting at R;_1 + 1; the auxiliary costs
are Monge including the source row [12]. Schieber bounds the size of the largest auxiliary
interval of stage t by 2(R; — R¢—1) [12], so writing m; := |J;| for that largest size, telescoping
gives Y, my < 2m.

In our implementation, a penalized decision is two DECISION(T) calls, at O(glog® m) by
Theorem 6. The relaxation building the anchored values of stage ¢ spans at most [1 : m]
and costs O(glogm); its offsets are the exactly-((t — 1)¢)-link path values, finite on all of
[Lt—1 : Re—1], so the precondition of Definition 3 holds. The recursive computation is the
same count-constrained problem one level down: its internal edge costs are the restriction of
C to J; and its source-edge values form an initial vector with interval support, so all of its
primitive calls are PATH and COLUMNMIN calls on subintervals of J;.
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Inside the recursion we charge count-obliviously: on an interval J with |J| = m’ we bound
|Q N J| <m/, so each primitive call on J costs O((m’ +m’logm’)log® m’) = O(m'log® m’).
Let S(m/, k) be the resulting cost of the recursion on an interval of m’ vertices with target
count k’. The stage structure one level down is identical, so
/

k
S(m' k") < clogm/ (E’ m’ log® m’ + ZS(mQ,Z’)) ) ng <2m’,
t t

which is Schieber’s Section 3.1 recurrence with the linear unit m’ replaced by m’log® m’. His
induction uses only his choice of ¢, the bound ), m; < 2m/, and a base case k' = O(1),
which for us is O(1) COLUMNMIN stages seeded with the initial vector, as in the proof of
Theorem 7, at cost O(m/log® m/). Since 3=, m}log® m} < 2m/log® m’, the unit replacement
goes through, and the recurrence solves to S(m’, k') = m’log® m’ - 20(V/10gk’ loglogm),

At the top level, the O((k/f)logm) iterations cost O(glog? m) each for the decisions and
the anchored relaxations, plus the recursions, for a total of

ke
0] (lz glog® m) +O(log m)z S(my, ) =0 (/z glog® m) —|—O(m log* m-20(V1egt bglogm)).
t=1

Choose £ := [klogm -2~ VIesk logloem] If the ceiling is 1 then klogm < 2VIesklogloem 44
the first term is at most glog? m-2VIogkloglogm. oiherwige k/¢ < 2Vicekloglosm /166m gives
the same bound. The second term is glog?m times log? m - 20(V1eg¢loglogm) "4 since
¢ < k, the polylogarithmic factor is absorbed as noted above. Finally, at the optimal penalty
a minimum-weight (k + 1)-link path is assembled by one path swap [12] in O(m) time, and
Lemma 9 converts it into k facilities. |

» Corollary 12. Unimodal-Cost k-Median on n piecewise-linear unimodal functions with m
breakpoints can be solved in time

O((m—f—nlogn) logm~min{k, log m~/klogm, 10gm~20(\/1°gkl°g1°gm)}).

Proof. Take the best of Theorem 7, Theorem 10, and Theorem 11. |
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