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—— Abstract

Bit vectors with support for fast rank and select are a fundamental building block for compressed

data structures. We close a gap between theory and practice by mapping a design space of promising
data structures, analyzing it, and experimentally evaluating a promising region. The result are
implementations of rank and select data structures for bit vectors with worst-case constant query
time, leading practical performance, and a space-overhead reaching below 1%. For difficult inputs,
we are ~ 8 times faster than the best previous implementations.
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1 Introduction

Succinct data structures represent data in space close to the information-theoretical minimum
while still supporting efficient queries. To this end, we frequently need the ability to count
(rank) and locate (select) bits in a binary sequence, or bit vector. These operations are simple
to define yet surprisingly powerful: Given a length-n bit vector v[0..n) € {0, 1}", we have

count 1-bits up to position ¢

—
rank, (i) = Z;;g v[j] and ranke (i) = i — ranky (), and

select, (i) = argmin;(rank,(j) = i) — 1 for x € {0,1}.

locate i-th x-bit, i.e., first xz-bit with rank

Static bit vectors with rank and select support are fundamental building blocks for succinct
and other space-efficient data structures. For example, a tree with n nodes can be encoded
as a 2n-bit vector [17] such that, using rank and select, many operations like navigation in
the tree can be supported [27]. Bit vectors are also central for supporting space-optimal
constant-time range minima [9]. A sorted sequence of n integers from a universe of size u
can be represented using n[2 + log | bits and then efficiently accessed via rank and select
queries on a bit vector [5, 6]. Bit vectors also have applications in full-text indexing [8, 11],
computational geometry [4, 7, 24, 25], and data analysis [1] in the form of wavelet trees [16].
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From a theoretical perspective, bit vectors are well understood. Rank and select queries
can be supported in constant time [3, 17] provided we are willing to spend additional
space © (nloglogn/logn) [13]. There are practical implementations of rank that closely
follow the theoretical considerations and nicely align with architectural features like vector
instructions [14, 12, 21, 33]. However, there is a large gap between theory and practice when
we want to support select. The best theoretical constructions [13, 31] do not look promising
for a direct implementation. They are underspecified or only achieve low space overhead
for superastronomical input sizes. Practical implementations [33] have considerable space
overhead (more than needed for rank) both in concrete numbers and when extrapolating
into asymptotic behavior. They also exhibit non-constant worst-case query time [21, 34].
This suggests that the design space for select data structures has not been systematically
explored, leaving potentially better designs undiscovered.

Our Contributions. We present a framework based on summary trees and sample trees

that makes this design space explicit (Section 2). We develop select data structures with

loglogn

oz ) in addition to the rank data structure

constant-time queries that require space o (n

with its © (nlogl#) space lower-bound. To highlight the unexplored parts of the design

log
space, we express existing select data structures in its context (Section 3).

Finally, we explore the design space using design choices supported by our theoretical
analysis (Section 4). Our experimental evaluation shows that our new data structures
outperform the previous state-of-the-art. On the tested range of different input distributions,
our implementation provide an interesting space-time trade-off while being at least 8 times
faster on difficult inputs (Section 5). Here, a similar performance is only achieved by a data
structure that requires 60 times more memory. Additionally, our data structures support
rank and select queries for both 0- and 1-bits, whereas most competitors support only select
queries for 1-bits despite requiring a similar amount of memory.

Preliminaries. Throughout this paper, we assume that all rank and select data structures
are built for bit vectors of length n containing m 1-bits. We use log x for the base-2 logarithm
and 4..j is shorthand for the integer range {3,...,j}. We also use this notation for ranges in
arrays, e.g., v[i..j] = v[i]...v[j] and v[i..j) = v[i]...v[j — 1].

We analyze algorithms in the random access machine (RAM) model [32]. Here, a
wide range of operations can be executed in constant time on O(logn) bits. For example,
popent(v[i..i + w]) (short for population count) returns the number of 1 bits in v[i..i + w)
and can be computed in constant time for w € O(logn). In practice, modern hardware
amplifies this word-parallelism through the availability of vector registers of width up to 512
bits. We also frequently use bit-packing, i.e., the most elementary way to store integers in
the range 0..U — 1 space-efficiently by representing them as [log U]-bit binary numbers.

2 A Simple Framework for Rank and Select Data Structures

We begin by establishing notation for rank and select data structures, largely following
prior work [17, 21, 33, 34]. The surprisingly simple but powerful core of the framework is a
hierarchy of implicit contiguous intervals of the underlying bit vector. We call these intervals
blocks. For these blocks, we store auxiliary information (but no interval boundaries) to enable
constant-time rank and select queries.
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Figure 1 Structure of a 3-level summary tree including the path of a rank; (i)-query.

We use the hierarchy of blocks to define a framework that unifies previous approaches
based on summary trees (for constant-time rank queries, Section 2.1) and sample trees (for
constant-time select on top of summary trees, Section 2.2).The framework then enables a
parameterized analysis of the space required for constant-time select queries based on the
height of the summary and sample trees, and the size of the blocks (Section 2.3).

2.1 Summary Trees: Enabling Constant-Time Rank Queries

We now describe summary trees, a constant-time rank data structure for a bit vector
v[0..n) € {0,1}" that is a generalization of a commonly used design, e.g., [17, 31, 21, 33, 34].

Structure. A summary tree consists of at least two levels £ = O(1), numbered ¢..1, where
the root is the £-th level. On level ¢, the bit vector is partitioned into blocks of size b;, so
that the j-th block covers v[j - b; .. (j+1) - b;). To obtain a tree-like structure, we require that
each block at level ¢ 4+ 1 is the union of exactly d;y; blocks at level ¢, giving the recursive
relation b; 11 = d;y1 - b;. For each block j, the summary tree stores auxiliary information
accessible via d;(j). The main difference between most constant-time rank data structures is

the representation of the data, which we describe in more detail in Section 3.

Auxiliary Data. For constant-time rank queries, we store the following information: On
the root level £, we store for each block j the number of 1-bits preceding it: 0,(j) =
popent(v[0..5 - bg)). On every other level ¢ < £, we store for each block j the number of
1-bits within its parent block that precede block j. Let 5/ = |j - b;/b;+1] be the index of the

parent block at level ¢ 4+ 1. Then, 6;(j) = popent(v[j’ - biy1..7 - bi)).

Answering a Rank Query. To answer ranks(p), we descend through the levels from root to
base, see Figure 1. At each level i, we determine the block j; = |p/b;] containing position p
and accumulate 9;(j;). At level 0, it remains to count the 1-bits in v[jo - bg .. p), an interval of
at most by bits. A block size of by = ©(logn) allows this count to be computed in constant
time using word-parallelism. Thus, we can answer rank queries in constant time.

8:3
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» Lemma 1. Given a bit vector of length n, a summary tree with by = O(logn) and
d; = ©(logn/loglogn) for all i = 2..L with £ = O(1) (i) can be constructed in O(n/logn)
time, (ii) can answer rank queries in O(1) time, and (iii) requires O(nloglogn/logn) space.

Proof. To compute a summary tree, we require the number of bits per block on level 1, which
we can compute in O(n/logn) time using word-parallelism. Afterwards, we only have to
scan the information of these blocks once per level, i.e., a constant number of times. Hence,
the overall construction time is O(n/logn).

To answer a rank query, we only access the information of one block per level, which
we can do in constant time. The block can also be identified in constant time. Since
ranko(p) = p — rank,(p), we can answer all rank queries in constant time.

We now analyze the space requirements. On level 1, for each block j, we can ex-
press 41(j) in O(loglogn) bits. There are O(n/logn) such blocks, hence, level 1 requires
O(nloglogn/logn) bits of space. For all levels i = 2..£ — 1, we store relative counts. On
each such level, the number of bits increases by the factor d;. However, the number of blocks
decreases by the same factor. Thus the most space is needed for level 1. At the root level,
we store absolute counts requiring O(logn) bits each. The number of blocks at the root level

)2

is O (n%). Hence, the space for the root level is O (n%) bits, which is

dominated by the space for level 1. |

Support for Select Queries. Select queries cannot be answered in constant time on the
whole bit vector using just a summary tree. However, we can answer them within any block
in constant time, given the correct root-level block. We call blocks at root level super blocks.

» Lemma 2. Given a super block j that contains the p-th bit, a summary tree as defined in
Lemma 1 can answer selecty (p) in O(1) time.

Proof. The auxiliary data suffices for fast select in a super block. Starting at the root level
block containing the p-th bit, whenever we are in a block at level ¢, we only have to consider
one of its d; = O(logn/loglogn) covered blocks at level i — 1. The maximum count, i.e.,
the number of 1-bits covered by a block is at most O((logn)%/(loglogn)t~1) and can be
represented using O(loglogn) bits. Thus, all these counts can be represented in O(logn)
bits, allowing us to search through them in O(1) time using word-parallelism [33]. On level
1, a block has size ©(logn), allowing O(1) search time using word-parallelism. <

This allows us to identify the child block that contains the searched bit for a select query,
but does not address the identification of the initial super block containing the p-th bit.

Smaller Summary Trees. We can also consider summary trees with 0 or 1 level. In
both cases, we cannot support constant-time rank queries. A 0-level summary tree stores
the positions of all 1-bits. This is sufficient for constant-time select, but cannot achieve
succinctness. A 1-level summary tree means that we have blocks of size ©(logn) and only
relative information, i.e., the count of 1-bits within each block. Here, we can support
constant-time select (but not rank) when we know the super block containing the queried bit.

2.2 Sample Trees: Enabling Constant-Time Select Queries

Super blocks are the blocks at the root level of a summary tree. By Lemma 2, given the super
block that contains the p-th 1-bit, we can answer selectq(p) in constant time. To identify this
super block, we sample super block indices at increasingly finer resolution in a sample tree.
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Figure 2 Structure of a 2-level sample tree. When the distance between two super blocks is > «,
every 1-bit is sampled in level 1.

Structure. A sample tree consists of at least two levels £ = O(1), numbered £..1, where
level ¢ is the root. Each level ¢ has a sample rate a;, with ag>--->az>a; = 1. On level 4,
the sample tree stores the super block index of every a;-th 1-bit. Here, o;(j) denotes the
j-th sample at level i. Two consecutive samples 0;(j) and o;(j+1) on the same level define a
range of r = 0;(j+1) — 0;(j) super blocks that together contain all 1-bits between the two
samples. We distinguish two cases based on a threshold oo = O(1):

r < « (small range): Search through a constant number of super blocks and answer select

query within it in constant time using the summary tree (Lemma 2).

r > « (large range): Recurse into the next level, with its finer samples within this range.
On level 1, we have a; = 1, so the super block can be read off directly, see Figure 2.

» Observation 3. There are at most L = n/(a-by) large ranges, since each large range spans
at least o super blocks covering at least o - by positions.

Answering a Select Query. To answer select; (p), we start at the root level £ and determine
the two consecutive samples that enclose the p-th 1-bit, i.e., j = [p/ag|. If the range
07(j+1) — 04(j) is small, we identify the super block directly. Otherwise, we descend to the
next level and consider only the samples between the two enclosing samples at the level
above, repeating the same case distinction. We do this recursively, until we find a small
range. At level 1, the super block index is stored explicitly.

Once the super block is identified, we answer the select query within it in constant time
using the summary tree (Lemma 2). Since the sample tree has £ = O(1) levels and each level
requires constant time, the overall query time is O(1).

2.3 Space Analysis: Mapping a Design Space for Select Data Structures

Using our framework, we can now identify useful configurations with respect to the number
of levels of the summary tree and sample tree. First, we assume that each sample in the
sample tree uses one word w of space, i.e., the samples are not compressed.

8:5
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» Theorem 4. For a bit vector of length n, a constant-time rank and select data structure
with £ € O(1) levels of sample tree and £ € O(1) levels of summary tree requires

O (]oglogn)(ﬁfl)(lfl/z)
n =
(logn)t—1-£/¢

) bits of space on top of the space needed for the summary tree.

Proof. We first consider the required storage space as a function of various parameters. Let
w = O(logn) denote the number of bits we use to encode a reference to a super block or to
a sample on the next level. At the root level, we store m/a; such references in space wm/ag,
one for every ag-th of the bit vector’s m 1-bits. In each subsequent level of the sample tree,
there are at most L = n/(ab;) large ranges (Observation 3). This takes space wLa;y1/a; at
level i. Using an {-level summary tree with by = O(logn) and degrees d; = O(logn/loglogn)
leads to superblock size B = by = (d;)*~1 - b1 = Q((logn)t/(loglogn)t~1). Note that the base
case a; = 1 as required for a constant time query. For the sampling rates in the higher levels
1 > 2 we choose a uniform hierarchy a; = aéﬁl. This leaves as as the only free parameter,
which we now choose space-optimally. We get space wm/(az)*~! at the root level and space
wLay = wnag/(aB) at all lower levels. We now set as such that both values are the same.

_ _ =

Solving a“{”l = “722 yields ay = {/">aB. Thus, total space consumption is fwm (mZB) 7,
2

Substituting the super block size B, the number of 1-bits m < n, and w = O(logn) into the

yields the claimed asymptotic space bound. |

By bit-packing, we obtain the following tighter space bound.

» Theorem 5. For a bit vector of length n, a constant-time rank and select data structure
with a 2-level (or 3-level) sample tree and £ € O(1) levels of summary tree requires

(loglogn)&—1)/2 (loglogn)(2£-2)/3
n———————1, or (On
(log n)@_l)/Q (10g n)(2§_1)/3

)) bits of space

on top of the space needed for the summary tree.

We prove this theorem in Section 4, where we give a detailed description of the bit-packing
necessary to accomplish these space-bounds.

The Design Space. In Table 1, we summarize the results. We omit non-succinct configura-
tions as well as configurations that would lead to higher query time (due to an increased
number of levels) than other configurations that already achieve space o(nloglogn/logn).

Among the uncompressed configurations, three seem particularly interesting as they
minimize the asymptotic space-overhead for a value ¢ + ¢, i.e., the total number of tree
levels to be traversed. “2+3” has the smallest number of levels that achieves succinct
space-overhead. “3+3” “almost” matches the space-overhead of the rank data structure, and
“34+4” gets the smallest overhead among configurations with 7 overall levels. Balancing the
number of levels of each type seems to be best; extreme cases do not work well. For £ = 1,
no succinct configuration exists while for ¢ < 3, no configuration beats the overhead of the
rank data structure. Among the configurations with word-packed samples, we get a similar
picture. The main difference is that optimal configurations use one summary tree level less
than comparable uncompressed configurations.
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Table 1 Space overhead O(n - table entry) of select data structures with ¢ levels of sample tree
and / levels of summary tree. Bold entries have the lowest space-overhead for given ¢ 4+ ¢. The
uncompressed entries are from Theorem 4. The compressed entries are from Theorem 5.

AV 3 4 5 >7
9 9 - (log log rzt]l A;I(»;;h;j.;n)l‘s (I(»;;M;gn)Q o
@ (log n)0-5 (logn)1 (logn)1-5
w0
° 3 (log log n)0-66 (log log n)1-33 (log log n)2 - o
o} (log n)0.33 (lugn)l (l()gn}l'GG
g 4 (’Iug\uglf)o‘75 \Inglugl{)l‘5 o o o
g (log r7)0‘5 (1(»};)7)1‘25
L 5 (log log 1)0-8 o o o o

Hr);;n]O‘G
T 9 (log log )98 (loglog n)! (loglogn)!-3 o o
,_‘é (lr)gu]o"-r’ H();;u‘]l (log /7:)1'5
8 3 (log 1oz 7)068 (100160 1,)1-33 - - (log log n)® 31]
_6 (log )T (log n)1'66 [i\u}\’ll:)l
3 (log log n)°
oglogn) - o o

z 4 — et~ [13]

3 Related Work

Previous work can be described using our framework as it also uses constructs similar to
sample trees and summary trees. Golynski [13] uses rank information comparable to 2 levels
of summary tree and 4 levels of compressed sample trees using complicated asymptotic
settings for the tuning parameters. This configuration has both asymptotically higher space-
overhead and needs one more level than our configuration with £ = 3 and £ = 2. Even the
uncompressed version with ¢ = 4 and £ = 2 achieves lower space-overhead with the same
number of levels. We view this as an indication that our approach of optimizing with flexible
tuning parameters has considerable advantages. Raman et al. [31] use the “opposite” corner
of the configuration space compared to Golynski [13] yet achieve the same lower bound. Our
solution with ¢ = 2 needs considerably fewer summary tree levels.

While the original constant time rank data structure [17] requires just O(nloglogn/logn)
bits of space in addition to the bit vector, it utilizes two sample tree levels in addition to a
lookup table. This results in poor practical performance. Providing faster and more space-
efficient rank (and select) data structures has been an active line of research [12, 14, 18, 26, 33|
culminating in data structures requiring just 3.5 % space-overhead [21, 34].

The first constant time select data structure [3] requires O(n/ loglog n++/nlognloglogn)
bits of space in addition to the bit vector. It is considered impractical due to its high constants.
The work on practical select data structures shows a clear space-time trade-off ranging from
very fast [33] to space-efficient [21, 34]. SIMD has been shown to be useful in practice to
speed up queries in the summary tree [29]. The currently fastest select data structures by
Vigna [33] use two sample tree levels. Similar designs with larger space-overhead have been
long known [28]. Most of these select data structures do not provide constant time query
support due to not sampling every position at the last level of the sample tree. For more
information on practical rank-select data structures, we refer to Section 5.

We briefly mention additional results for completeness. These results concern dynamic,
compressed, or information-theoretically optimal representations. First, there is a lower
bound of Q(logn/loglogn) amortized time for rank and select queries on dynamic bit
vectors [10]. A length-n bit vector with m 1-bits requires at least S = [log ()] bits of
space. The most space-efficient compressed representation of a bit vector with constant time

8:7
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rank and select queries requires S + O(n/poly logn) bits of space [30]. In practice, the RRR
encoding is frequently used. Here, a bit vector with constant time rank and select support
can be encoded in S + O(nloglogn/logn) bits of space [31]. Some select data structures,
e.g., [3], use an additional optimization: if a range at any level is sufficiently large, the super
block of every 1-bit in that range is stored immediately. Furthermore, the bit vector and
rank/select data structure can also be interleaved to enhance cache-locality [23].

4 Engineering Lower Bound Matching Select Data Structures

We now describe the bit-packing necessary to achieve the space-bounds given in Theorem 5.
Here, we focus on the concrete representation of the data, as we describe the select query
algorithm in Section 2.2. To this end, we first consider the simpler 2-level variant (Section 4.1)
before extending it to the more complex 3-level sample tree (Section 4.2). Our initial
descriptions give an abstract view before discussing implementation details (Section 4.4).

4.1 Word-Packed 2-Level Sample Tree

On level 2, we sample every as-th 1-bit. For the j-th sample, we store a tuple o2(j) = (0, )
consisting of the offset of the super block o2(j).0 and the count of previously occurring large
ranges 02(j).¢ with the same bit-width, i.e., whose offsets require the same number of bits to
represent. The offset is the position of the super block. For example, suppose the j-th sample
has a large range r = 09(j + 1).0 — 02(j).0 > a. Then, we store the count of previously
occurring large ranges with sizes 7 with [log7] = [logr]. We call [logr] the bit-width of
the range. On level 1, we sample every 1-bit up to the (j + 1)-th sample. For each of those
samples, we store the position of its super block as offset relative to the offset o5(j).o.

Storing the Data. These counters ¢ help us to address the samples at level 1 in the
word-packed representation. For each possible bit-width of a large range, i.e., for all
w = [log a]..[logn], we have one distinct array B, in which we store all samples with a
corresponding bit-width consecutively (B,, for bottom level). Then, when answering a query,
we can access the corresponding sample: Let the j-th sample have a large range with bit-width
w and o3(j).£ = k. Then, all corresponding samples on level 1 are in By, [k - as..(k + 1) - az).
We store the entries of the level 2 in T (for top level), see Figure 3.

» Theorem 6. For a bit vector of length n, a constant-time rank and select data structure
with a 2-level sample tree and £ € O(1) levels of summary tree requires

O ( (loglogn)&—1)/2
ALY A

(logn) &7 ) bits of space.

(log n)t )
(loglogn)&—1 J*
Additionally, there can be at most L = 5 large ranges. Thus, on root level 2, we need

O(log %) bits for the offset and O(log L) bits for the count of preceding large ranges. On the

Proof. When considering an ¢-level summary tree, a super block has size B=06 (

lower level 1, we store the offsets of the super blocks of all as consecutively sampled 1-bits

per large range. For a large range of size r > «, this requires O(as logr) bits of space.
Combining both levels yields an overall space of S = = (log 5 +log %) + ZiL:1 aslogr;

az
bits, where m is the number of 1-bits. Since the sum of the sizes of all large ranges is at most

n and due to the concavity of the logarithm, we get S < 27 log 5 + J5 a2 loga. Minimizing

m_«
n log o

over as by setting the derivative to zero yields ay = \/2 Blog(%), resulting in space

O(ny/'&™). Substituting B = @(%) yields the claimed bound. <
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Figure 3 Path of a select; (i)-query in a word-packed 2-level sample tree.

4.2 Word-Packed 3-Level Sample Tree

For the word-packed 3-level sample tree, we use the same techniques, i.e., counting bit-widths
of ranges and storing offsets, but there is a major complication. When analyzing the space of
the 2-level variant, we assume all counters oa(-).£ reach their maximal value L = n/(a - by).
For the 3-level case, this is only feasible on level 3. At level 2, there might be too many
samples to consider all previous ranges of the same bit-width for each sample. Thus, we
have to reconsider how we store these counters at level 2.

Level 3 (Top). On level 3, we sample every as-th 1-bit. For the j-th sample, we store a
triple o3(j) = (0,4, ¢€). As in the 2-level case, o is the offset of the super block and ¢ is the
count of previous large ranges with the same bit-width. The additional entry € is the space
(in bits) required to store local counters in the next level, i.e., the bit-width of the samples
at level 2 for a large range of size r is w = [logr| + e. We store the first-level entries in T.

Level 2 (Mid). For every large range on level 3, we sample every as-th 1-bit on level 2. We
call these samples within the same large range on level 3 a mid-group. For the j-th sample,
we store a tuple o2(j) = (o', ¢). Here, o' is the offset of the super block containing the sample

relative to the offset stored in the corresponding block on level 3 and c¢ is a local counter.
The counter is local, as it counts only the large ranges at level 2 within the same mid-group.

For samples with bit-width w, these tuples are stored in the family of arrays M,,, where
w = [logr] + € as defined above (M for middle level).
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Since the global count is required to answer queries correctly, we also store global counters,
but just one for each mid-group. Let 7/ be the size of a large range at level 2 and w’ = [log 1]
it’s bit-width. Next, let 1’ be the maximum bit-width within a mid-group. Then, we
can restrict the feasible bit-widths of the samples on level 1 to [log «]..@'. We store these
counters in the family of arrays Cy (for counter) that is indexed by the maximum bit-width
within the mid-group. Finally, we need fast access to the global counters. To this end, we
require, for each mid-group, its maximum bit-width %’ and its index A among all preceding
mid-groups with the same maximum bit-width. These two values are stored in the family of
arrays P,, indexed by the bit-width of the mid-group (for pointer to the global counter).

Level 1 (Bot). For every large range on level 2, we sample every 1-bit (a3 = 1). We call
these samples within the same large range on level 2 a bot-group. For the j-th sample, we
store only the offset o1(j) = 0’ of the super block containing the sample relative to the offset
stored in the corresponding block on level 2. Let w’ be the bit-width of the large range on
level 2 corresponding to the bot-group. Then, we store the sample in B, (for bottom level).

Answering a Query. We now show the path of a select; (¢)-query through the word-packed 3-
level sample tree, see Figure 4. Starting at level 3, we access the information of the j = |i/as]-
th sample 7[j] = (0,4, €) which contains the queried bit. Assuming the range of the sample
is 7 > «a. Then, the bit-width of the sample on level 2 is w = [logr] + €. On level 2, we

a
find the sample containing the é-th 1-bit in M., [ =2 + (imodasz)/as ] = (0,c¢).
as N————
~~ sample in mid-group

start of mid-group
Again, we assume that the sample has a large range of size r’. Thus the samples on level 1

have bit-width w’ = [log7’]. It remains to identify how many preceding bot-groups with the
same bit-width w’ exist. We already know the value of the local counter c¢. To access the
global counter, we determine the maximum bit-width @’ in the mid-group and the count h
of preceding mid-groups with the same maximum bit-width. Both values are stored in P, [£].
Finally, we get the global counter C' for the bit-width w’ from the array Ciy:

C =Cylh (@' — [log a]) + w' — [log a] ].
—_—— —_——
counter per maximum bit-width  index of bit-width within range

Then, we can access the offset on level 1 in B, [as(c + C) + i mod as] = o”. The i-th bit
is in the (0 + o’ + 0”)-th super block. The concrete position within the super block is then
determined using the summary tree. If at any point we do not find a large range, we return
the sum of all previously found offsets.

4.3 Space Analysis (3-Level)

We first show the required space for arbitrary sampling rates ag and as (Lemma 7). Then, we
optimize these parameters regarding space consumption (Lemma 8). Finally, in Theorem 9,
we show that with these sampling rates, we achieve the space bound we gave in Theorem 5.
To reduce visual clutter, we use B = b, as the size of a super block. Detailed proofs can be
found in Appendix A.
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c Level 3
selecty (1) > ;= |i/as|——
—_——

position in root level + _
T | | | (o, 1,0),2.9)

r=0—oand w= [logr|+e

r>a

range is large? ~— — — — — > TEBIENO

— -/ + (imod asz)/as
~—~— —_——

start of mid-group  position in mid-group

/ / Level 2

position of pointer to global counters

% :

Y N (7] I

return o + o

h- (@ —[loga]) + [logr'| — [loga]

start of global counters  position in global counters

(c+C’) + i mod as
——

start of bot-group  position in bot-group

/ / Level 1

return o+ o + o”

Figure 4 Path of a select:(i)-query in a word-packed 3-level sample tree.
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» Lemma 7. Up to lower order terms, a word-packed 3-level sample tree requires space

S <t (logg —&-logG—Hoglog%) +
ag

level 3

L : L L
G||log—=+1 logL+2a—310ga—+logloga—+logG + Las log a,
G as G G N——

level 1

level 2
where L = & is the mazimum number of large ranges (Observation 3), t = % is the number
of samples in level 3, and G = min{L,t} the maximum number of mid-groups.

» Lemma 8. To minimize the space of a word-packed 3-level sample tree (Lemma 7) when
using a {-level summary tree, the optimal choices for az and as are:

. (loglog n)&-1)/3 . (loglog n)&-1)/6
a3 =0 <B(log )27 and a5 = O \/E—(log)(f—Q)/G .

» Theorem 9. A word-packed 3-level sample tree on top of a L-level summary tree requires
o) (log log n)<2ﬁ72)/3
construction of the summary tree.

bits of space and can be constructed in the same time needed for the

4.4 Implementation Details

We implemented the word-packed ¢-level sample trees as well as f-level summary trees for
¢ = 2.3 and £ = 2..4. This gives us empirical results for the asymptotically lowest space
overheads for given £ + ¢, i.e., the starting points for a more structured exploration of the
design space for select data structures indicated by our framework (Table 1).

4.4.1 Engineering Word-Packed Sample Trees

Our implementation of the sample trees is very close to their theoretical descriptions in
Sections 4.1 and 4.2, leaving only a few details to describe here. On the root level (level 3 or
2), we store all samples in a 64-bit word each. This limits us to bit vectors of length 264~¢,
where € is the maximum number of bits necessary to store the local counters on level 2. This
is a reasonable limitation, as we have shown that é = [loglog ¢2] bits suffice (Lemma 7).

To store the entries with different bit-widths in the lower levels, we use arrays where
each element has bit-width w for w = 1..64. The underlying data is stored in 64-bit words.
To access one w-bit element, we have to read at most two 64-bit words. When possible, we
optimize this further for our use case by immediately returning two consecutive w-bit entries,
which we require to determine whether we have a small or large range. We implemented
different strategies for the computation of the sample rates a3 and as, which optimize the
required space, query time, or provide a trade-off. See Section 5 for empirical results. To
enable efficient division, we round the sample rates to the nearest power of two.

4.4.2 Select-Optimized Summary Trees

In the theoretical analysis, we always assume to have blocks of size b; = O(logn) on level
1 of the summary tree, as this allows us to answer rank and select queries within such a
block in constant time. On modern hardware, the operations necessary to do this efficiently
are available for 64-bit words. Our implementation supports b; € {512,1024,2048}. Smaller
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Figure 5 Structure of a summary tree as used by our implementation. We show the placement of
absolute and relative counts in shades of yellow and blue, resp.

values for by increase the size of the summary tree but do not increase the performance
of the rank/select query on the block measurably. These values are also common in other
implementations, e.g., [21, 34].

We now explain the 2-level case. For summary trees with more levels, we group and sum
counters as described in Section 2.1. By using 32-bit integers for the counters, we can find
the correct child block using the _mm256_cmpgt_epi32 SIMD instruction. On level 2, we
have by = 32 - b;. For each super block j, we use 64 bits to store d2(j), i.e., the count of
1-bits from the beginning of the bit vector up to that super block. On level 1, we now have
to store counts for 32 blocks. For every 3rd block, we store the absolute count. For every
other block, we only store the count of 1-bits within the block. This requires 12 bits for the
relative counts and 16 bits for the absolute counts, as by < 2'6 for b; = 2048 and the final
absolute count is for the 30-th block (followed by two relative counts), i.e., the maximum
absolute count is less than 2'6. All this requires 508 = 11-16 + 22 - 12 + 64 bits of space. For
memory access we use 512 bits, which is also the size of a cache line on most x86 systems.

In Figure 5, we show the structure of the summary tree. The first 64 bits store the level
2 data. Next, we store eleven 16-bit values followed by twenty-two 12-bit values for the
(absolute and relative) counts of level 1. During a select query, we can determine the closest
absolute count using the SIMD instruction _mm256_cmpgt_epil6. Then, we only have to
look at the corresponding two 12-bit values. To extract those, we only have to shift and mask
three bytes. Additionally, we use 16 bits to explicitly store the number of 1-bits preceding
the first block within a super block, even though this value is always 0. While this wastes
space, it removes one branch during querying.

5 Experimental Evaluation

Our experiments ran on an Intel Core i7-11700 with 8 cores with 80 KB L1 and 512 KB
L2 cache (per core), and 16 MB L3 cache and 64 GB RAM. The system runs Rocky Linux
v9.5. Code is compiled using rustc 1.94.0. Results on an AMD EPYC CPU are given in
Appendix B.
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Performance vs. Space Overhead (Intel)
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Figure 6 Time-space trade-off (log-log scale) for fill-degree 50 % on bit vectors of length 10'° bits.
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Figure 7 Query performance for different fill-degrees on a uniform bit vector of length 10'° bits.

Experimental Setup. We use two types of synthetic random inputs called uniform and
hard. For the uniform inputs, we use a uniform distribution to set each bit to 1 with a
user-specified probability. This probability is the fill-rate of the bit vector. The bits to query
are also chosen uniformly at random. For the hard inputs, we take a uniform input and
determine 10 equidistant intervals of size 5 - 10°. All bits within these intervals are set to
0. To make these instances hard, the queries are chosen uniformly at random but limited
to small parts of the bit vector right behind an interval. This simulates queries in sparse

regions, even though the bit vector is not sparse. Our fill-rates are in the range 5 %..95 %.

Sparser bit vectors are better suited to compression techniques, which are outside the scope
of this paper, e.g., [2]. Our measurements are the median of three runs. Each reported time

is the average time of 10M queries within such a run. We ran our experiments in two settings.

In the sequential case, only one CPU core is active at all times. In the parallel case, all 96
CPU cores are running the same experiment in parallel simulating memory congestion. We
measure the time until all cores have finished. For each setting, we compute the latency,
where queries depend on another and the loop time, where all queries are executed without
dependency, allowing the CPU to pipeline instructions.

Implementations. We evaluated our implementations of the word-packed 2- and 3-level
sample tree with a 2-level summary tree using blocks of size 512, 1024, and 2048 at level 1
of the summary tree. Since this paper focuses on select queries, we compare ourselves with
the current state-of-the-art select data structures that are not clearly dominated by other
implementations [22]. Highly engineered recent rank-only data structures [15] will generally
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be faster than our rank and select data structure. We therefore do not evaluate the rank
performance. In our evaluation, we include:

simple-0/1/2/3/4 [33] state-of-the-art select;(-)-only data structures from sux-rs,

select9 [33] fast rank and select;(-) data structure, and

pasta-flat [21] space-efficient rank and select data structure reimplemented in Rust.
Note that select;(-)-only data structures do not support selecty(-)-queries and have no support
for rank at all. This reduces the memory requirements by limiting the supported queries.

Experimental Results

In the space-time plots (Figure 6), we can see that our data structures can achieve very
low space overhead with a quite limited performance penalty. Even with below 1 % space
overhead, we are within the same ballpark performance. This is a much smaller space
overhead than all the other implementations. Smaller blocks at level 1 of the summary tree
are detrimental to the performance, as they increase the memory overhead resulting in more
contention on the cache, see results for a CPU with larger cache sizes (Appendix B).

Our new data structures dominate select9 which is the only competitor with worst-case
constant time select. In particular, we vastly reduce space overhead while having much lower
latency for easy instances. The loop times are similar. Compared to pasta-flat, we have
similar latencies and slightly worse loop times for easy instances while being faster for hard
instances. The simple data structures have similar latencies than ours for easy instances and
better loop times. But, they are slow for hard instances and do not support rank queries.

The query performance is not strongly influenced by the fill-degree. In Figure 7, we see
that in the sequential case, the latency remains rather stable. The independent queries get
slightly faster for some configurations of simple. When running the experiments in parallel,
this effect is more prominent.

6 Conclusion and Future Work

We present a new framework to classify rank and select data structures, mapping a previously
unexplored design space and presenting concrete implementations in a promising region. Our
data structures outperform the current state-of-the-art on hard inputs and provide a good
space-time trade-off otherwise. Most notably, our data structures are more space-efficient
while supporting rank and select queries. Future work includes further compressing both the
rank and select data structure and the underlying bit vector.
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A  Proof for Space Analysis of 3-Level Sample Trees (Section 4.3)

Proof of Lemma 8. We consider the parts of the space S that depend on a3 and ay. We
have S(as) =tlog  + tlog L + 2Lazlog o + tlog L + Llog L = 3log "'z + Velsa _n_/ae

a mB
We minimize it by solving S’(as3) = 0, which results in af = (%1&;&310% )3 =
O((Blog 2)2/3) = O(BM) We do the same for ag, i.e., S(az) = (2% + ay) log «
B (logn) &2/ )- 2, L.€., 2 @ 2) 10g &.
We solve S’(asg) < 0 which results in al = +/2as. <

Proof of Lemma 7. To simplify calculations, we assume that storing elements in a range
0..U —1 requires log U bits, ignoring rounding up to [log U] as required for word-compression.
This is admissible as a more detailed calculation only adds lower order terms to the space
consumption.
We now start with level 3. For each of the ¢t samples, we store the offset of the super
block in log 5 bits. The counter ¢ can only count up to G and thus requires log G' bits of
as

space. Last, local counters at level 2 can count at most up to o, thus requiring at most

e <log Z—z bits of space. We store this information using loglog Z—z bits.

For level 2, the mid-group require Zle Z—zwg bits of space in total, where wy is the
bit-width of the samples within group g. Let r be the size of the large range on the first
level corresponding to a mid-group ¢g and ¢ the maximum local counter value in that group,
then wy = logr + log é. Due to the concavity of the logarithm, the first term is maximized

if there are many “small” large gaps, i.e., r4 = o for all mid-groups g. However, there can
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be at most G = min{L, ¢t} mid-groups. We have G < t, because each mid-group originates
from a sample in the first level, of which there are t. We also have G < L, because there can
occur at most L large ranges in the top level. Fortunately, both cases can be represented
elegantly by a single expression for the size of large range, namely aL/G. Note that if G = L
it correctly reduces to a, whereas for G =t it correctly reduces to aL/t.

For each mid-group g, we store the maximum bit-width in the mid-group w/g and the
count h, of preceding mid-groups with the same maximum bit-width w;. This requires

GlogG + Zle loglog 1y, bits of space. The start of the counters is at most G, i.e., the

number of mid-groups. We do not further consider w;, as it enters only as lower-order term.

Finally, we consider the space for the global counters. For each mid-group, these counters
require Zle (15 — [log o] +1) log L bits of space. We can maximize the sum by maximizing

121;. However, the gaps at level 2 can never be greater than the gaps at level 1. Therefore,

the sum is maximized for 12); = %

On level 1, we sample every 1-bit within large ranges ' at level 2. The stored offsets then

require log 7’ bits of space each. There are at most s entries in level 2 that have a large range.

Therefore, the space for level 1 is at most as Zle log 7}, where 7} is the size of the i-th large
range at level 2. This is maximized for r} = « for all 4, yielding the claimed size. |

Proof of Theorem 9. We bound the space of the sample tree by considering all addends
(Lemma 7) separately and using the space—optimal choices a3 and a3:
*

S =0( tlog% + tlogl +t10glog—+ LB 4+ LlgL + Lai ).

*

Eml) EqM(m m Equ:t\;; ) Eqm5) Eq“;’:;‘ ©
tlog % =0 <(Z§ log ;) =0 (n(long/?:/?’) =0 (n (l?iz)i;ggnzﬂf) (1)
Hlog L — ( n ) Equation (1) (n (l?ﬁ)?i;g;%;j;m) (2)
o{awatn ) =0(ie ) " o (uEADZT) s

* 1 1 (£-1)/3 log1 (2¢-2)/3
L35 of . [plomlos =R 0 (ogiog "
al B\7 (logn)&2/3 (logn)2t=1)/3

B n B (log logn)“‘l) B (log 1Ogn)(2£—2)/3
LlogL = O(E log E) = O<n(logn)(51) =0|n (logn)(ﬂ*l)ﬁ

* ¥\ Fauation (4) (loglog n)(2-2)/3
La; =0 (L\/CTS> - 0o (n (log n)(2-1)/3 (6)

Analogous to the uncompressed case (Theorem 4), the construction time of the word-

packed 3-level sample tree is bounded by the maximum number of entries in one of its level.

(loglog n)(2k—=2)/3 <
(logn)(2k—1/3 )

Therefore, we can compute it in time O (n

B Additional Experimental Results

We additional ran experiments on a much more potent 96-core AMD EPYC 9684X with
64 KB L1 and 1 MB L2 cache (per core), and 1152 MB L3 cache equipped with 1536 GB (24x
64GB) DDR5-4800 memory. See Figures 8 and 9 for the results. The overall statements
regarding space-time trade-offs remain the same.

8:19

ESA 2026
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Performance vs. Fill-Degree (AMD)
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Figure 8 Query performance for different fill-degrees on a uniform bit vector of length 10'° bits.
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Performance vs. Space Overhead (AMD)
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Figure 9 Time-space trade-off (log-log scale) for fill-degree 50 % on bit vectors of length 10'° bits.
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