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Abstract
Byte-Pair Encoding (BPE) is a widely used method for subword tokenization, with origins in
grammar-based text compression. It is employed in a variety of language processing tasks such
as machine translation or large language model (LLM) pretraining, to create a token dictionary
of a prescribed size. Most evaluations of BPE to date are empirical, and the reasons for its good
practical performance are not well understood.

In this paper we focus on the optimization problem underlying BPE: finding a pair encoding
that achieves optimal compression utility. We show that this problem is APX-complete, indicating
that it is unlikely to admit a polynomial-time approximation scheme. This answers, in a stronger
form, a question recently raised by Zouhar et al. [42].

On the positive side, we show that BPE approximates the compression utility of the optimal pair
encoding to a worst-case factor between 0.333 and 0.625. Our results aim to explain the ongoing
success of BPE and are, to our knowledge, the first rigorous guarantees on its compression utility
that hold for all inputs.
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1 Introduction

A common step in the modern natural language processing (NLP) application pipeline is
tokenization: given an input text, the task is to partition it into tokens, i.e., frequently
occurring consecutive groups of symbols. The main goal is to identify semantically meaningful
units (words or subwords) in order to facilitate higher level tasks (e.g., translation or text
generation) [29, 1]. As this goal is difficult to directly optimize for, tokenization is usually
solved heuristically, or formulated as a different but closely related task: data compression.
Indeed, the dictionary-encoding of tokens reduces text length; the amount of compression
is easy to measure, and was found to be a good predictor of the quality of tokenization for
downstream tasks, e.g., for translation accuracy [14] or language model performance [16]. It
is thus natural to study tokenization with the proxy optimization goal of compression utility.

Byte-Pair Encoding (BPE), introduced by Gage in 1994 [12], is a commonly used heuristic
for tokenization. It proceeds by repeatedly identifying the most frequently occurring pair of
symbols and replacing all occurrences of this pair with a new symbol, thereby shortening the
text.1 The new symbols, together with the pairs they replace, are stored in a lookup-table,
which allows the reconstruction of the original text. In typical applications, the number

1 The special cases of overlapping copies of a pair and ties in frequency will be discussed later.
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of new symbols (and thus the size of the lookup-table) is fixed upfront, and the goal is to
achieve the best compression within this budget. The symbols of the resulting (shortened)
text correspond to the tokens of the input. Figure 1 shows an example of the encoding of a
text by BPE.

BPE has become a de-facto standard in NLP applications, widely employed in machine
translation [35, 41, 8, 14, 17] and in the preprocessing stage of training large language
models [6, 27, 38, 32, 25, 40, 26]2. Besides its effectiveness, the popularity of BPE is likely
due to its simplicity and computational efficiency, when compared with more sophisticated
or linguistically motivated methods (e.g., see [5, 34]). A careful implementation of BPE has
a total runtime that is linear in the input length, for an arbitrary number of replacement
rounds. In addition, a BPE-encoded representation can support efficient random access and
pattern-matching on the original text, which is important in some applications [36].

Given the popularity and good empirical performance of BPE, there is a surprising lack
of rigorous guarantees for the quality of its output. In this paper we study the problem of
compressing a text (a string s over some alphabet Σ) by successive encoding of pairs (strings
of length two). Adopting the framework of approximation algorithms [39] we study how well
BPE, as a natural greedy heuristic, approximates this problem. Our optimization goal is
to maximize compression utility, i.e., the reduction in text length, within k pair-encoding
rounds, where s and k are given as the input (we precisely define this problem – optimal pair
encoding – later in this section). In applications of BPE the value of k is informed both by
domain knowledge (the size of the dictionary we aim to meaningfully extract) and system
constraints (the afforded memory footprint), it is thus natural to fix k upfront.

Our problem definition closely resembles the one recently introduced by Zouhar et al. [42]
for the same task. This abstract setting presents a challenging algorithm design problem and
allows a clean theoretical analysis of BPE. Note however, that we necessarily ignore some
practical aspects and optimizations of BPE-variants (e.g., special treatment of whitespace
and punctuation or language-specific rules [32, 1]).

An algorithm A for optimal pair encoding has approximation ratio α ≤ 1, if the compres-
sion utility of A is at least α times the optimum for all inputs (s, k). The greedy step of BPE
is locally optimal, and thus, for k = 1 it achieves optimal compression. For k > 1, however,
simple examples show that BPE may not achieve optimal compression (see Figure 1).

As our main complexity-result, we show that optimal pair encoding is APX-complete.
This means (informally) that no polynomial-time algorithm can approximate it to a factor
arbitrarily close to 1, unless P=NP. On the positive side, we show that BPE achieves an
approximation ratio α, with 0.333 < α ≤ 0.625. We note that previously no constant-
approximation guarantee was known for BPE or other algorithms. The question of whether
optimal pair encoding is NP-complete was raised recently by Zouhar et al. [42]; our result
settles this question in a stronger form.

Before precisely stating our results, we review some further related work and give a formal
definition of the problem and the algorithms that we study.

Related work. BPE has its origins in text compression, in particular, the class of grammar-
based compression methods or macro schemes, e.g., see [37, 22, 7, 28] for surveys. (The
encoding obtained by BPE can be seen as a restricted kind of context-free grammar or
string straight-line program.) A compression method closely related to BPE is Re-Pair [24].
Re-Pair differs from BPE in that its number of replacement rounds k is not fixed; instead, it

2 See also https://github.com/google/sentencepiece and https://github.com/openai/tiktoken.
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aabaaaba → XbXaba → YXaba → Zaba

aabaaaba → aXaaXa → YaYa → ZZ

Figure 1 Input s = aabaaaba encoded by BPE merge sequence (aa → X, Xb → Y, YX → Z) (above).
An optimal encoding by the merge sequence (ab → X, aX → Y, Ya → Z) (below). Here, the difference
is due to an unlucky tie-breaking; we show later that BPE can be far from optimal even if there are
no ties.

performs replacements as long as they achieve a saving (i.e., as long as some pair appears
in at least two disjoint copies). Re-Pair is widely used, e.g., in bioinformatics, and several
variants and practical improvements of it have been proposed [23, 15, 13, 11].

The central question of grammar-based compression is to find a minimal grammar that
generates a given text. This task is known to be NP-hard, as well as hard to approximate [37, 7]
(by some constant factor). The best known approximation ratio for the grammar-based
compression of an input of length n is O(log n) [33, 19]. The approximation ratio of Re-Pair
is at most O((n/ log n)2/3) and at least Ω(log n/ log log n) [7, 3, 18]. Note that these results
relate the size of the obtained grammar to that of the minimal grammar, where the latter
can be of a more general form than what Re-Pair (or BPE) can produce.

Navarro and Russo [30] show a different kind of theoretical guarantee for Re-Pair, namely
that its cost approximates the order-t entropy of the input, for a certain range of t and
alphabet size. Furuya et al. [11] bound the gap between runs of Re-Pair with different
tie-breaking. These results relate to a different measure of optimality, compressed length
instead of reduction, are thus not directly comparable to ours (we discuss these criteria in
detail later); nevertheless, a construction from [11] turns out to be useful in our context.

Closest to our work is the recent paper of Zouhar et al. [42], which initiated the formal
study of BPE and optimal pair encoding that we also largely follow in this paper, apart from
small notational differences and a more general problem formulation. Using the theory of
submodular functions, they relate the approximation ratio of BPE to a certain parameter
(total backward curvature) that depends on the unknown optimum. Zouhar et al. observe an
empirical bound on this quantity, however, without giving any worst-case guarantees.

Problem definition. We consider strings (sequences of symbols) over some alphabet Σ and
denote concatenation of strings a and b by a · b, omitting the · when clear from context.
We denote the length of a string s by |s|, the i-th symbol of s by s[i], and the substring
s[i] · s[i + 1] · · · s[j] by s[i : j]. We thus have s = s[1 : |s|].

A replacement rule is a function replacex→y that transforms a string s by replacing all
occurrences of the string x in s with the string y. Formally, replacex→y(s) = s if s does not
contain x, and otherwise replacex→y(s) = s[1 : i − 1] · y · replacex→y(s[i + |x| : |s|]), where i

is the smallest index for which s[i : i + |x| − 1] = x.
A sequence of replacement rules R = (R1, . . . ,Rk) with Ri = replaceaibi→ci

, where ai, bi, ci

are symbols, is called a merge sequence of length k. Denoting s′ = (Rk ◦ · · · ◦ R1) (s), where
◦ is the function composition, we refer to |s′| as the compressed length, and |s| − |s′| as the
utility of R for s. In words, s′ is obtained from s by applying the sequence of replacement
rules R1, . . . ,Rk. We refer to the i-th step, i.e., the application of Ri as the i-th merge. We
sometimes use the term full merge to emphasize that no copies of aibi remain after the
operation.

ESA 2026
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abcd | bc | bcda | cd | cdab | da | dabc | ab → XY | Z | ZT | Y | YX | T | TZ | X

abcd | bc | bcda | cd | cdab | da | dabc | ab → XZ | Y | YT | Z | ZX | T | dXc | X

Figure 2 Input s = abcd | bc | bcda | cd | cdab | da | dabc | ab, where | denotes a distinct symbol for
each occurrence. An optimal OPE encoding of s (above) with utility OPT(s, 4) = 12. An optimal
OMS encoding of s (below) with utility OPTm(s, 4) = 11. The OMS solution is obtained via the
merge sequence (ab → X, bc → Y, cd → Z, da → T).

Given the resulting encoded (compressed) string s′, we can recover s by applying the
sequence of reverse transformations R′ = (R′

k, . . . ,R′
1) to s′, with R′

i = replaceci→aibi
. The

symbols ci, for all i ∈ [k], are assumed to be new, i.e., not appearing in s or in (Rj ◦ · · · ◦ R1) (s)
for j < i. Indeed, if ci already appears in the string, then the replacement aibi → ci may not
be unambiguously reversible.

We can now formulate our main optimization problems. Given a string s and an integer
k > 0, find a merge sequence R of length k, of maximal utility for s (or equivalently, of
minimal compressed length). We denote this optimal utility as OPTm(s, k), and call the task
of computing it the optimal merge sequence (OMS) problem.3 Note that maximizing
compression utility and minimizing compressed length are equivalent for exact computation,
but not necessarily for approximability.

We also define a more general optimization problem where we do not require to replace
every occurrence of a pair. Formally, a partial replacement rule R∗

i = replace∗
aibi→ci

can
be any function that satisfies replaceci→aibi

(replace∗
aibi→ci

(s)) = s for all s. In words, R∗
i

replaces some occurrences of aibi with ci. A sequence of partial replacement functions
R∗ = (R∗

1, . . . ,R∗
k) is a partial merge sequence. Denoting s′ = (R∗

k ◦ · · · ◦ R∗
1) (s), we define

utility and compressed length of R∗ analogously to merge sequences. Notice that s can be
recovered from s′ identically to the case of merge sequences.

The optimal pair encoding (OPE) problem asks, given a string s and an integer
k > 0, to find a partial merge sequence R∗ of length k, of maximal utility for s. We denote
this optimal utility as OPT(s, k).

While the OMS problem is perhaps more natural, OPE is more general, and as shown in
Figure 2, it can indeed be stronger (i.e., it is sometimes worth not merging every occurrence
of a pair). Most of our results in this paper apply to both problems.

Byte-pair encoding (BPE). BPE solves both problems (OPE and OMS) as follows. Starting
with the input string s, it performs k locally optimal full merge steps, always choosing a
pair whose replacement maximizes compression utility. Formally, for input (s, k), it outputs
R = (R1, . . . ,Rk), where Ri = replaceaibi→ci

. Denoting s(0) = s, and s(i) = Ri(s(i−1)) for
i ∈ [k], each ci is a new symbol, i.e., not occurring in s(j) with j < i, and for i = 1, . . . , k,
the pair aibi is chosen so that |Ri(s(i−1))| is minimal.

3 Apart from slightly different notation that is more convenient for our arguments, the OMS problem is
identical to the problem defined by Zouhar et al. [42].
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With careful data structuring, identifying aibi and performing Ri can be done in linear
total time over all k merge steps, e.g., see [36]. In this paper, we ignore such implementation
details and focus on the total utility of BPE, i.e., |s| − |s′|, where s′ = s(k). We denote this
quantity as BPE(s, k). Notice that BPE(s, k) ≤ OPTm(s, k) ≤ OPT(s, k) clearly holds.

We remark that a number of choices allow for small variation in the definition of BPE
(and partly of OPTm): (1) when choosing a pair to replace, in case of a tie in utility, we pick
the pair that appears first; (2) the utility of a chosen pair may be smaller than its number of
occurrences in case of overlaps (e.g., the pair aa appears twice in aaa, but only one of its
copies can be replaced) – one could pick by number of occurrences, instead of utility; and
(3) in case of such overlapping pairs, we do the replacements left-to-right, e.g., aaa → Xa,
whereas aaa → aX would also be a valid choice.

Overall, the effect of these design decisions appears negligible. Our results hold unchanged
regardless of the tie-breaking strategy for (1). As for (2) and (3), the implementation we
chose appears better motivated than the alternatives, but our results can easily be adapted
to the other variants; see also [24, 42] for discussion.

Our results. As defined, OPE and OMS are natural string compression problems (maximiz-
ing compression utility), and BPE is a straightforward greedy heuristic for both. Surprisingly,
no worst-case guarantee is known for BPE or for any other algorithm solving OPE or OMS.

Zouhar et al. [42] raised the question of whether the OMS decision problem is NP-hard.
Our first result, shown in § 2 answers this question in a stronger form. We show that both
OMS and OPE are in fact APX-complete, ruling out the existence of a polynomial time
approximation scheme (PTAS), unless P=NP.

▶ Theorem 1. OPE and OMS are APX-complete.

The fact that the number k of merge-steps is part of the input is crucial; for fixed values
of k a polynomial-time exact algorithm is easy to derive. The APX-hardness also holds
for the problem of minimizing compressed length, as well as for some other variants of the
problem, as discussed in § 2.

As for BPE, we analyze its approximation ratio for compression utility, showing in § 3:

▶ Theorem 2. BPE approximates OPE with a ratio of α, where 1/3 ≤ α ≤ 0.625.

Closing this gap is an intriguing open question. Note that the result also implies an
approximation of OMS with the same or better ratio, as well as that OPT and OPTm are
within a constant factor of each other. Unlike the hardness result, this guarantee does not
transfer to the dual optimization problem of minimizing compressed length. In particular,
we show in § 4 that BPE cannot achieve a constant approximation for this measure.

▶ Theorem 3. The BPE approximation ratio for OPE or OMS compression length is Ω(n).

While our main focus is on the BPE algorithm, we find the OPE optimization problem
of independent interest. We give in § 5 a simple algorithm we call EvenOdd, that achieves an
approximation ratio of 0.5. We stress that despite this guarantee, on typical inputs BPE
appears to behave better than EvenOdd and the latter should be seen as a proof of concept.

▶ Theorem 4. EvenOdd is a linear time 0.5-approximation for OPE.

The following four sections are dedicated to the proofs of Theorems 1–4. In § 6 we
conclude with a list of open questions.

ESA 2026
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2 Hardness of Approximation

In this section we show that the optimal merge sequence (OMS) problem is APX-complete,
proving part of Theorem 1. The APX-completeness of OPE is based on similar ideas and is
completed in Appendix A. As we show in § 3, both OPE and OMS are in APX (i.e., admit a
constant-factor approximation), it just remains therefore to show APX-hardness. We do so
via an L-reduction (linear reduction, see [31]) from maximum cut in cubic graphs.

In maximum cut, given an undirected graph G = (V, E), the task is to partition the
vertex set V into two parts, such as to maximize the number of edges between the two parts.
Maximum cut is NP-complete [20], and its optimization version is APX-complete [31] even
when restricted to input graphs in which every vertex has degree exactly three [2].

Our reduction is from such (cubic, undirected, unweighted) instances G = (V, E) of
maximum cut.

Assume V = {v1, . . . , vn} and associate a symbol ℓi to each vertex vi ∈ V . We construct
a string s by concatenating, for each edge {vi, vj} ∈ E in arbitrary order, a string sij , with
i < j. Then, we append for each vertex vi ∈ V four copies of a string si. Finally, we append
20n copies of a padding string s0. These strings are defined as follows, with product signs
indicating concatenation:

sij = #ℓi##ℓj# | #ℓj##ℓi# |,
si = ℓi#ℓi |,
s0 = ## |,

s =
∏

{vi,vj}∈E
i<j

sij ·
∏

vi∈V

sisisisi ·
20n∏
t=1

s0.

Here, # is a single fixed symbol, and | denotes a distinct symbol for each occurrence.
Setting k = n+1, we take OPTm(s, k) to be the optimal utility of the resulting OMS instance.
Notice that the construction takes polynomial time.

We first show that G has a cut of size at least c if and only if OPTm(s, k) ≥ 30n + c, i.e.,
if there is a merge sequence of length k, of at least the given utility for s. This already implies
the NP-hardness of the problem and sets the stage for proving hardness of approximation.

(⇒) Consider a cut of G, i.e., a partitioning (S, V \ S) of V with c edges across the cut.
We construct a merge sequence of length k (recall that a merge replaces every occurrence of
a pair with a new symbol). We first merge #ℓi for every vi ∈ S, and ℓi# for every vi ∈ V \ S.
Notice that each merge step achieves utility 10 (6 from the sij corresponding to the three
edges incident to vi, and 4 from the si strings), for a total of 10n. Then, we merge ##,
which achieves utility c + 20n. To see this, notice that, after the first n merges, one of the
two ## pairs remains in a string sij exactly if the corresponding edge {vi, vj} is in the cut,
and otherwise no such pair remains in sij . The term 20n is from the padding string s0. This
adds up to a utility of 30n + c as claimed.

(⇐) Consider a merge sequence R of length k, of utility 30n + c for s. We call the merge
sequence well-formed, if it includes merging the pair ##, and for each vi ∈ V exactly one of
the pairs ℓi# and #ℓi; moreover, the merge ## appears last. We show that it is sufficient
to consider well-formed merge sequences.

▷ Claim 5. If R is not well-formed, then we can find (in polynomial time) a well-formed
merge sequence R′ of the same length with utility at least as large as the utility of R on s.
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Proof. Observe that any new symbol introduced in a merge encodes a substring of s. Since
pairs other than ## occur at most 10 times in s, a string different from ## can also occur
at most this many times. Thus, any merge other than ## can have utility at most 10.

Recall that any well-formed merge sequence has utility at least 30n, by the earlier
correspondence to an arbitrary cut, possibly of size zero. So, if R does not merge ##, then
its total utility is at most 10(n + 1) < 30n and we can replace R by an arbitrary well-formed
merge sequence of larger utility. Assume therefore that ## is merged by R.

Suppose R is not well-formed, and that there exist t indices (for some t > 0) i1, . . . , it ∈ [n]
such that none of the two pairs ℓij #, #ℓij are merged by R, for all j ∈ [t]. Instead, there
must be exactly t “bad” merges, which can be of the types listed below. We show that
removing the t bad pairs from R and adding the missing pairs ℓij

#, for all j ∈ [t], we obtain
a merge sequence R′ of larger utility on s.

Since R′ contains the set of merges of a well-formed sequence, each newly added pair
contributes a utility of at least 7. This is because the pair appears once in each of the
three relevant strings sij , in copies that do not overlap with ##, and thus contribute to the
utility. (Note that we did not yet assume anything about when the ##-merge happens.) An
additional utility of 4 comes from the four copies of si. As we add the pairs to the end of the
merge sequence, they do not reduce the utilities of other merges.

To finish the proof, we argue that the removal of each “bad” merge from R decreases
utility by at most 6; as the remaining merges are unaffected, we obtain an overall increase
in utility of at least one for each bad merge. Bad merges that deviate from a well-formed
merge sequence can be of the following types:
1. A merge involving the symbol | : this yields a utility of one, by construction.
2. A merge involving a new symbol (not part of the original s): such a merge corresponds

to a substring of s of length at least three. Of all such substrings, those involving | occur
at most once, #ℓi# occurs 6 times, ##ℓi and ℓi## occur 3 times, and ℓi#ℓi occurs 4
times, for all i; there are no further cases (longer substrings also cannot occur more than
6 times). Thus any such merge can yield utility of at most 6.

3. A merge of ℓi# after #ℓi has already been merged, or a merge of #ℓi after ℓi# has
already been merged: assuming that bad merges of the first two types have been removed
already, this yields utility at most 6. To see this, observe that for all such pairs, initially
there are 6 copies in sij strings and 4 copies in si strings, and the 4 copies in si have
been destroyed by merging the other pair.

Finally, we argue that merging ## last cannot decrease utility. Indeed, any reduction in
utility, i.e., a copy of ## that is destroyed by an earlier #ℓi- or ℓi#-merge made possible by
postponing ## to the end, is offset by the additional utility of that merge. ◁

Suppose that R is well-formed (otherwise, transform it according to Claim 5). From R,
compute a cut (S, V \ S) of G by letting S be the set of vertices vi ∈ V where merge #ℓi is
in R. Consider the string sij for an edge {vi, vj}. Notice that we can achieve a total utility
of 5 for this string if and only if one of vi and vj was placed in S and the other was not,
i.e., if the edge contributes to the constructed cut. Otherwise, both #ℓi and #ℓj , or both
ℓi# and ℓj# are merged, and a utility of at most 4 is achievable for sij , as both ## pairs
overlap with the two other pairs.

Of the total utility of at least 30n + c we obtain 20n in the s0-strings, 4n in the si-strings,
with 6n + c remaining for the sij-strings corresponding to the 3n/2 edges of G. By the above
calculations these can contribute exactly 4 · 3n/2 = 6n plus the size of the constructed cut,
which must therefore be at least c. This concludes the reduction for NP-hardness.

ESA 2026
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We next turn the argument into an L-reduction [31], thus showing the APX-hardness of
OMS. Let OPTc denote the maximum cut size for graph G, and let OPTm = OPTm(s, k) be
the maximum utility for the OMS instance resulting from the above reduction. It remains to
show that there exist positive constants α and β (independent of the input G) so that, for
all sufficiently large G:
1. OPTm ≤ α · OPTc, and
2. for every feasible solution of the OMS instance (s, k) of utility u we can obtain, in

polynomial time, a cut of G of size c, with | OPTc −c | ≤ β · | OPTm −u |.

Part 1. is immediate: since G is cubic with n vertices, it has 3n/2 edges, and we can add
up the lengths of the different parts as |s| = 3n/2 · 14 + n · 4 · 4 + 20n · 3 = 97n, which upper
bounds OPTm; on the other hand, from the well-known lower bound on the maximum cut
(half the number of edges) we have OPTc ≥ 3n/4, implying the inequality for α = 130.

For Part 2., consider a merge sequence R of utility u for (s, k). If R is not well-formed,
we use the transformation of Claim 5 to obtain a well-formed merge sequence R′ for (s, k) of
utility u′ > u. Otherwise let u′ = u and R′ = R. Now, as R′ is well-formed, we interpret it
as a cut of size c in G, where, by the earlier reduction, c = u′ − 30n. Moreover, by applying
this argument to the optimal OMS solution, we obtain a cut of size OPTm −30n. As we
have shown earlier that OPTm ≥ 30n + c′ for every cut c′, our cut must be maximal and
OPTc = OPTm −30n. We thus have | OPTc −c | = | OPTm −u′ | ≤ | OPTm −u |, proving the
inequality for β = 1.

This completes the APX-hardness of OMS. In Appendix A we extend the argument to
show the APX-hardness of the OPE problem.

Two small remarks are in order. First, we note that the APX-hardness also applies
to the compressed length minimization version of OMS (and OPE); in the above hard
instance the input length is |s| = 97n, and OPTm(s, k) ≥ 30n. Thus, a (1 + ε)-approximation
for |s′| = |s| − OPTm(s, k) would also yield a (1 − ε′)-approximation for OPTm, with
ε′ = ((97 − 30)/30) ε ≤ 2.24 ε.

Second, we could restrict the OMS (and OPE) problems such as to only allow merging
pairs of original input symbols, and not pairs involving new symbols. (Equivalently, all
resulting tokens would be of length at most two; note that the BPE solution does not conform
to this restriction.) Since in the above reduction optimal merges involve only input symbols,
our APX-hardness results immediately transfer to these restricted variants.

3 Approximation ratio of Byte-Pair Encoding

In this section we study the approximation ratio of BPE for the OPE problem, showing
constant upper and lower bounds for this ratio, proving Theorem 2.

Upper bound. Consider the string s = abaacaaba | aca, with a merge sequence of length
k = 4. Suppose BPE first performs the merge aa → X, resulting in the string abXcXba | aca.
As now each pair occurs at most once, subsequent merges can only shorten the string by 1, for
a total utility of 5. Consider now the alternative merge sequence (ac → X, Xa → Y, ab → Z,
Za → T) resulting in TYT | Y, with utility 8, and a ratio of 5/8 = 0.625.

To enforce that BPE merges aa first, we can concatenate t copies of s · #, and a final
aa. The utility of BPE is now (without relying on favorable tie-breaking) 5t + 1, whereas
the alternative merge sequence yields 8t, for a ratio arbitrarily close to 0.625. Notice that
while we claimed the result for OPE, the upper bound (more strongly) applies to OMS (i.e.,



L. Kozma and J. Voderholzer 80:9

for the ratio BPE(s, k)/ OPTm(s, k)), as the alternative encoding above is given by a full
merge sequence. Determining whether a construction with worse ratio exists for BPE is an
intriguing open question.

Lower bound. We now show our main theoretical guarantee for BPE, a lower bound
of 1/3 on its approximation ratio. We show this bound (more strongly) with respect to
OPE. Consider an optimal (possibly partial) merge sequence R∗ = (R∗

1, . . . ,R∗
k), where

R∗
i = replace∗

aibi→ci
for i ∈ [k]. Let s′ be the string resulting from applying R∗ to input s.

Recall that OPT(s, k) = |s| − |s′|.
In order to relate BPE(s, k) and OPT(s, k), we first introduce a simpler quantity that

upper bounds both.
For a string s of length n, a set of t indices {i1, . . . , it} ⊆ [n − 1] is a pair packing, if the

pairs starting at the given indices of s do not overlap and are all equal as strings. Formally,
|ij − ik| ≥ 2 for j, k ∈ [t], and s[i1 : i1 + 1] = · · · = s[it : it + 1]. A k-packing is the union of
k disjoint pair packings, i.e., no index appears in more than one of the pair packings. We
refer to a largest possible k-packing as the optimal k-packing and denote its size by Pk(s).
We remark that Pk(s) can be computed in polynomial time, but this is not needed in our
current study.

▶ Lemma 6. For s′ obtained from s by applying an arbitrary (partial) merge sequence R∗ of
length k, we have |s| − |s′| ≤ Pk(s).

Proof. We create a k-packing from s and R∗, of size |s| − |s′|. To do this, it will be useful
to map every occurrence of a symbol during the application of R∗, to the substring of s

which is encoded by the symbol. For a string c let decode(c, 0) = c, and for i ∈ [k] let
decode(c, i) = decode(replaceci→aibi

(c), i − 1). Observe that every occurrence of ci after the
application of R∗

i encodes a unique copy of decode(ci, i) in s, these copies do not overlap,
and decode(ci, i) = decode(ai, i − 1) · decode(bi, i − 1).

We charge each replacement aibi → ci, i.e., each unit of the compression utility, in the
order of their application in R∗, to a certain index of s. More precisely, charge the replacement
aibi → ci to the index in s of the last symbol of decode(ai, i − 1) in the location encoded by
the current copy of ai. Intuitively, we charge the merging of a pair to the location in s where
the “gluing” happens.

Observe that this index cannot be charged again in any step, since after replacement
aibi → ci, it points to a symbol “inside” decode(ci, i), that is not the last one, and future
merges cannot cause it to become a last symbol. The indices charged due to R∗

i are at
pairwise distance at least 2, for all i ∈ [k] (as otherwise two copies of decode(ci, i) would
overlap in s), and the pairs starting at the charged indices are equal as strings, as all consist
of the last symbol of decode(ai, i − 1) and first symbol of decode(bi, i − 1). It follows that the
set of indices charged during the entire process is a k-packing, thus, the total utility |s| − |s′|
is at most the size Pk(s) of the optimal k-packing. See Figure 3 for illustration. ◀

Notice that as a corollary of Lemma 6 we have OPT(s, k) ≤ Pk(s).

In the remainder of the section we lower bound the BPE utility in terms of the quantity
we defined, which, together with Lemma 6 will immediately imply the claimed lower bound
on the approximation ratio of BPE.

▶ Lemma 7. For all strings s and k ≥ 0 we have BPE(s, k) ≥ Pk(s)/3.
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aa aab aa b

Figure 3 Sequence of merges aabaaaba → aXaaXa → YaYa → ZZ → T shown as a tree (above) and
corresponding k-packing (below).

Proof. As before, s(0) = s and let s(k) = s′ denote the encoding obtained by BPE, with s(i)

resulting from s(i−1) (for i ∈ [k]) by a greedy merge step, as described in the definition of
BPE.

Let aibi be the pair merged by BPE when going from s(i−1) to s(i), for i ∈ [k], and
let B be a k-packing derived from the BPE merge sequence according to the process in
Lemma 6. Let B1 ∪ · · · ∪ Bk be the partitioning of B into the k pair packings corresponding
to the k merge steps of BPE. (When BPE does a replacement aibi → ci in s(i−1), then the
corresponding entry in Bi is the index of the last symbol of the substring in s encoded by
ai.) Note that |B| = BPE(s, k).

Let P be an optimal k-packing partitioned into k pair packings P1 ∪ · · · ∪ Pk, where
Pi contains starting indices of the pair xiyi in s for i ∈ [k]. Note that |P| = Pk(s). Also
note that pairs xiyi, xjyj from different pair packings are not necessarily distinct. For BPE,
however, pairs aibi, ajbj from different steps are in fact, distinct.

We iterate i from 1 to k, relating for each i the number of entries in Bi and the number
of entries in Pi. In each step we delete at most 3|Bi| elements from P. The set B is not
modified during the process. In the end, P will be empty, implying the claim.

We maintain two invariants:
I1 : After step i, the sets Pj for j ≤ i are empty.
I2 : After step i, no index x ∈ P is a neighbor of an index y ∈ Bj , for j ≤ i.

Two indices x and y are neighbors if |x − y| = 1.

Intuitively, I1 ensures that all elements of P are accounted for, and I2 ensures that pairs
s[x : x + 1] corresponding to x ∈ P can still be merged by BPE, as the two symbols forming
the pair did not take part in merges yet. Initially both invariants are trivially true.

Consider step i. For all elements x ∈ Bi, delete x and its neighbors x − 1 and x + 1 from
P. Note that we delete at most 3|Bi| elements in this way. Also note that this establishes I2
for the current step. It remains to verify I1. We distinguish two cases.

Case 1. If aibi = xℓyℓ, for some i ≤ ℓ ≤ k, then swap xiyi with xℓyℓ and Pi with Pℓ

(this is only necessary if ℓ ̸= i; also note that the swap does not affect I1, I2). Now, if Pi is
nonempty (after the deletions and swap), then take any element x ∈ Pi. Notice that BPE
could have also merged s[x : x + 1] in the i-th step, in addition to the pairs indexed by
Bi. This is because the pair equals aibi, it does not neighbor any pair merged by BPE in
the present or past rounds (by I2), and the pair itself was not merged before, as otherwise
x would have been deleted. This contradicts the definition of BPE, showing Pi = ∅, and
hence, I1.



L. Kozma and J. Voderholzer 80:11

Case 2. If aibi ̸= xℓyℓ for i ≤ ℓ ≤ k. Notice that in this case, P ∩ Bi = ∅ even before the
deletion (by I1), thus we could have only deleted the neighbors of Bi from P in the i-th step.
If, before the deletion, |Pi| > |Bi|, then BPE could have merged, instead of the pairs aibi

indexed by Bi, the pairs xiyi indexed by Pi, contradicting the definition of BPE. This is
because pairs s[x : x + 1] for x ∈ Pi do not neighbor any pair merged by BPE in the present
or past rounds (by I2), and were not merged before (as otherwise x would have been deleted).
Moreover, as Pi forms a pair packing, the pairs indexed by Pi are not neighboring each other
and could thus have been merged in one round of BPE.

Thus, |Pi| ≤ |Bi| and P ∩ Bi = ∅ (before the deletion). As we cannot delete entries of
Bi from P, we instead use our remaining budget of |Bi| deletions to delete the entries of Pi,
establishing I1.

After the k-th step, I1 implies that P is empty, proving the lemma. ◀

4 Lower bound for compressed length

In this section we show that for the dual optimization problem of OPE of minimizing
compressed length (instead of maximizing compression utility), the approximation ratio of
BPE is unbounded, and in fact, linear in the input size. This proves Theorem 3.

The construction is essentially the same as the example used in [11, Thm. 3] to prove a
different property of Re-Pair.

Consider the string

s =
t∏

i=1
xiaayi ·

t∏
i=1

| xia ·
t∏

i=1
| ayi,

where t > 2, each occurrence of | is a distinct symbol, and a, xi, yi are symbols for i ∈ [t].
If we merge every occurrence of xia and ayi, the resulting string has length 2t+2t+2t = 6t

after 2t steps. So after 2t + (6t − 1) = 8t − 1 total steps, we have reduced s to a single symbol.
On the other hand, BPE will always start with aa, since it occurs t times, while every

other pair occurs at most twice. After merging aa, no pair occurs more than once in the
string, so every subsequent step has a utility of one. After merging aa, the length of the
string is 3t + 3t + 3t = 9t. So after 8t − 1 total steps, the resulting string will be of length
9t − (8t − 2) = t + 2.

Since |s| = 10t, it holds that t + 2 = |s|
10 + 2 ∈ Ω(|s|).

Notice that since all merges were full, the approximation lower bound also holds for the
OMS problem (in the compression length version).

5 Approximating Optimal Pair Encoding

In this section we give a simple algorithm that achieves a 0.5-approximation for the OPE
problem, proving Theorem 4.

For a pair xy, let freqxy(s) denote the number of occurrences of xy in s. Note that we
allow overlaps, e.g., freqaa(aaa) = 2. Let Fk(s) denote the total number of occurrences of the
k most frequent pairs in s (breaking ties arbitrarily, as this does not affect the total value).
Let x1y1, . . . , xkyk be such a set of most frequent pairs, and let I = {i1, . . . , iN }, where
N = Fk(s), denote the set of indices where they occur, i.e., s[ij : ij + 1] ∈ {xiyi | i ∈ [k]} for
all j ∈ [N ].
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↑
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↑
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↑
bc | a

↑
b → XY | Z | bYa | Y | YX | T | dXc | X

a
↑
b
A↑
c
↑
d | b

↑
c | b

↑
c
A↑
d
↑
a | c

↑
d | c

↑
d
A↑
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↑
a | d

↑
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↑
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↑
b → XY | Z | ZT | Y | YX | T | TZ | X

Figure 4 Encoding s = abcd | bc | bcda | cd | cdab | da | dabc | ab, where | denotes a distinct symbol
for each occurrence. The BPE encoding (above) with utility BPE(s, 4) = 10 via the merge sequence
(ab → X, cd → Y, bc → Z, da → T). Arrows show the k-packing solution derived from the BPE
merge sequence. The EvenOdd encoding (below) with k = 4 and utility 12. Arrows show the indices
of most frequent pairs, with crossed ones removed.

We can efficiently, i.e., in time O(|s|), compute a set I = {i1, . . . , iN } by enumerating
all pairs occurring in s and storing the indices of the k most frequent of them. Assume
that i1, . . . , iN are sorted increasingly. We then sparsify I, by removing neighboring indices,
through a single pass through s. More precisely, for each index of the form i2ℓ, remove i2ℓ

if i2ℓ = i2ℓ−1 + 1 or i2ℓ = i2ℓ+1 − 1. Let I ′ denote the indices in I remaining after this
process. Observe that I ′ has at least N/2 elements. As there are no neighboring indices
in I ′, the occurrences of pairs in s indexed by I ′ do not overlap, can therefore be merged
simultaneously. Notice that only k distinct pairs appear, so we obtain a valid OPE solution
of utility |I ′|. We call this the EvenOdd algorithm. The overall running time is clearly O(|s|).

Since |I ′| ≥ Fk(s)/2, and clearly, Fk(s) ≥ Pk(s) ≥ OPT(s, k), the theorem follows.

On some inputs, EvenOdd can have larger utility than BPE. Indeed, consider the earlier
example s = abcd | bc | bcda | cd | cdab | da | dabc | ab. With k = 4 merge rounds, BPE
achieves utility 10 due to the unfavorable tie-breaking, but as seen earlier, the maximum
utility of any OMS algorithm (regardless of tie-breaking) is at most 11. EvenOdd takes
the most frequent 4 pairs {ab, bc, cd, da} with 16 occurrences in s. After sparsification, 12
non-neighboring pairs remain and are merged, matching the OPE optimum utility of 12 on
this instance; see Figure 4.

We remark that the EvenOdd algorithm only merges input symbols (and not newly
introduced symbols), and thus, the decoded string of each symbol is of length at most two.
Note that, instead of removing even-ranked indices, we could, in polynomial time, find the
minimal set of indices whose removal makes the remainder non-overlapping (by a simple
greedy strategy). In the worst case, however, no algorithm in this class can improve the
approximation ratio 0.5.

Indeed, consider an input string s consisting of 2n identical symbols, followed by 2(k − 1)
pairwise distinct symbols. Setting k = log2 n + 1, the optimal pair encoding of s will
collapse the first 2n symbols to one, with utility 2n − 1. An algorithm that can only
merge input pairs can achieve a maximum utility of n on the first part of the string (in
one merge), and an additional k − 1 on the last part, yielding an approximation ratio of
(n + log2 n)/(2n − 1) = 0.5 + o(1). In this example, the optimal encoding coincides with the
one found by BPE, also showing a factor 2 − o(1) gap between BPE and input-symbol-only
algorithms, to the advantage of the former.

6 Conclusion and open questions

In this paper we studied the complexity of optimal pair encoding: the task of compressing
a string by replacing pairs with new symbols, such as to maximize the overall reduction
in length. We showed that the problem is APX-complete and that BPE, a popular greedy
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heuristic used in state-of-the-art LLM pretraining, achieves a constant-factor approximation.
Finding the best approximation ratio for the OPE or OMS problems, by BPE or by other
polynomial-time algorithms, i.e., closing the gaps between our bounds in Theorem 2, resp.,
Theorems 1 and 4 are the central remaining questions. In particular: is there an efficient
algorithm for OPE with approximation ratio above 0.5? Note that analyzing natural greedy
strategies for some other string problems turned out to be very difficult. For instance, the
famous greedy superstring conjecture [4] concerns a very intuitive string merging process, with
worst-case approximation ratio conjectured to be 2 but only proven to be below ≈ 3.396 [9, 10].

While the APX-hardness (Theorem 1) extends to the compression length, the approxima-
tion guarantee (Theorem 2) does not. The polynomial-time approximability of compression
length (for OPE or OMS, by any algorithm) is left open. In fact, as we lack a constant-factor
approximation for this problem (BPE does not achieve it, as shown in Theorem 3), we can
only claim its APX-hardness, not APX-completeness.

Our hardness result (Theorem 1) relies on an alphabet whose size increases with the input.
In recent follow-up work, Kastreva et al. [21] rule out the existence of a PTAS even with
constant-size alphabets, when compressing a collection of strings. Whether the guarantees of
BPE can be strengthened in the small-alphabet case remains an interesting question.
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A APX-hardness of OPE

In § 2 we showed that the OMS problem is APX-complete. We now show the same for the
the more general OPE problem (where partial merges are also allowed).

We follow the same reduction as in § 2, just adding a necessary extra step in the proof.
Recall that given a cubic, undirected, unweighted graph G, we construct a string s and an
integer k. We now take (s, k) to be an OPE instance. We claim that G has a cut of size at
least c if and only if OPT(s, k) ≥ 30n + c, where n is the number of vertices in G.

The forward direction is identical to the proof in § 2, as the constructed OMS merge
sequence also serves as a partial merge sequence for OPE.

For the reverse direction, consider a partial merge sequence R∗ of length k = n + 1,
of utility 30n + c for s. Claim 5 showed that a merge sequence R that is not well-formed
can be transformed into a well-formed one, while increasing its utility. We now extend the
argument to a partial merge sequence R∗. We show that we can transform R∗ into a full
merge sequence (with no partial merges) that is well-formed, and the remainder of the proof
in § 2 can go through unchanged.

▷ Claim 8. If R∗ is a partial merge sequence, then we can find (in polynomial time) a
well-formed (full) merge sequence R of the same length that achieves greater or equal utility
on s.

Proof. As pairs other than ## occur at most 10 times in s, we assume R∗ (at least partially)
merges ##, for otherwise the total utility would be at most 10(n + 1) < 30n, and any
well-formed merge sequence R would have larger utility.

Substrings of s containing | occur at most once, and substrings of length 3 occur at most
6 times; it follows that any (partial) merge involving | or a newly created symbol has utility
at most 6. Suppose there are t such partial merges in R∗. Remove them from R∗, and notice
that all remaining merges in R∗ can only involve pairs of the form ##, ℓi#, and #ℓi. Add
to the end of R∗, t full merges for pairs ℓi#, where no other merge involves ℓi. (As there
are n + 1 merges initially in R∗, and n symbols ℓi, there must be t such pairs.) Each added
merge has utility at least 7 (one from each copy of si, and one from each copy of sij or sij

that does not intersect another merged pair), so the total utility of R∗ has increased.
We now only have merges of the form ##, ℓi#, #ℓi in R∗, but some may be partial, and

for some ℓi, we may not have any of the two merges. If there are duplicate merges in R∗, i.e.,
more than one merge of the same pair, then we extend the first such merge to also perform
the replacements of the other merges of the same pair. After this, we can remove the later
duplicate merges (as they no longer have any utility), and replace them by some full merge
ℓj# where no other merge involves ℓj .

We then move ## to be the last merge in R∗. Notice that a partial merge sequence
where all merges involve only input symbols (as the case here) can be freely re-arranged
without changing utility. After we have moved ## to the end of R∗, we can turn it into a
full merge, as this can only increase the utility of R∗.

We next fix the cases where both pairs #ℓi and ℓi# are (partially) merged in R∗, for
some i. Suppose #ℓi appears first (the other case is symmetric). We remove, one by one, all
the replacements of ℓi#. In each copy of si there could be one such replacement in ℓi#ℓi,
which we can compensate by an additional replacement of #ℓi. In sij (or sji) strings there
can be overall at most 6 replacements of ℓi#, which we account as a loss. The total loss due
to removing ℓi# is thus at most 6. Now we add instead of ℓi# in R∗, a new merge ℓq#,
where no other merge involves ℓq. This new merge has utility at least 7 (as argued before),
without affecting other merges, and compensating the loss of 6. After doing this for each
pair, we end up with R∗ containing, for each i, exactly one of the merges #ℓi and ℓi#.
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Finally, we proceed inductively through R∗ from the end to the beginning and turn each
merge into a full merge. Suppose we are at the i-th merge step and for all j > i, the j-th
merge is full. Suppose the i-th merge is for #ℓq (the case ℓq# is entirely symmetric, and
thus omitted). We turn #ℓq into a full merge. Within a copy of sq, this can only increase
utility, as #ℓq does not overlap with any other merged pair. Within some sqq′ or sq′q, a
new replacement of #ℓq may only interfere with a later ## merge, but in this case we just
exchange one replacement by another, leaving the total utility unchanged. At the end of the
process all merges are full and we have turned R∗ into a well-formed merge sequence that we
call R. ◁
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