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—— Abstract

Matroids, particularly linear matroids, have been a powerful tool for applications in parameterized
complexity, both for algorithms and kernelization. In particular, they have been instrumental in
speeding up or replacing dynamic programming. Delta-matroids are a generalization of matroids that
further encapsulate structures such as non-maximum matchings in general graphs and various path-
packing and topological structures. There is also a notion of linear delta-matroids (represented by
skew-symmetric matrices) which carries significant expressive power and enables powerful algorithms.
We investigate parameterized complexity aspects of problems defined over linear delta-matroids,
or with delta-matroid constraints. Our initial analysis of basic intersection and packing problems
reveals a different complexity landscape compared to the more familiar matroid case. In particular,
there is a stark contrast in complexity between the cardinality parameter k and the rank parameter
r. For example, finding an intersection of size k of three linear delta-matroids is W[1]-hard when
parameterized by k, while far more general problems (such as finding a set packing of size k that
is feasible in a given linear delta-matroid) are FPT when parameterized by the rank r of the
delta-matroid. In fact, we extend the recent determinantal sieving procedure of Eiben, Koana, and
Wahlstrom (TheoretiCS 2025) into a process that sieves a given polynomial for a monomial whose
support is feasible in a given linear delta-matroid, parameterized by r. This is a direct generalization
of determinantal sieving.

Second, we investigate a curious class of problems that turns out to be FPT parameterized by k,
even on delta-matroids of unbounded rank. We begin with DELTA-MATROID TRIANGLE COVER — find
a feasible set of size k that can be covered by a vertex-disjoint packing of triangles (i.e., sets of size 3)
out of a given triangle collection. For example, this allows us to find, in a graph, a packing of K3’s
and K>’s with the maximum possible number of edges, parameterized above the matching number of
the graph (note that this problem is NP-hard, unlike the problem of finding such a packing covering
a maximum number of vertices, which is tractable). As applications, we resolve the FPT status of
CLUSTER SUBGRAPH and STRONG TRIADIC CLOSURE parameterized above the matching number.
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FPT Algorithms over Linear Delta-Matroids

1 Introduction

Matroids capture a notion of independence across many domains — from linearly independent
sets in vector spaces to spanning forests in graphs. Formally, a matroid is a pair M =
(V,T) where T C 2V, called independent sets, satisfies () € Z, downward closure, and the
augmentation ariom:

if A,B €T and |A| < |B]| then there exists x € B\ A such that AU {z} € Z.

A maximal independent set is called a basis. Matroids date back to Whitney [33] and are
ubiquitous in computer science. A central class is linear matroids, represented by a matrix
over a field F, where independence corresponds to linear independence of columns.

Matroids admit strong algorithmic meta-results. Two classics are MATROID INTERSEC-
TION, i.e. finding a common basis in two matroids, and MATROID PARITY: given a matroid
M = (V,Z) and a partition II of V into pairs, find a maximum-cardinality independent set
that is a union of pairs from II. MATROID INTERSECTION is polynomial-time solvable for
arbitrary matroids, while MATROID PARITY is NP-hard in general but polynomial-time on
a class of matroids including linear matroids [23, 24]. For background, see Oxley [27] and
Schrijver [28].

Linear matroids have also been a powerful tool in parameterized complexity, via the
representative sets method [10, 25] and related kernelization results for graph separation
problems [19, 20, 21, 31]. More recently, extensor coding [6] and determinantal sieving [9]
provide algebraic sieving procedures for generating polynomials, filtering for monomials
whose support forms a basis of a given linear matroid and generalizing earlier monomial
sieving methods [3, 4].

Delta-matroids

Delta-matroids are generalizations of matroids, defined and initially investigated by Bouchet
in the 1980s [5] although similar or equivalent structures were introduced independently by
other researchers; see Moffatt [26] for a survey. A delta-matroid is a pair D = (V, F) where
F C 2V is a collection of subsets called feasible sets, subject to the symmetric exchange
axiom:

for all A, B € F and « € AAB there exists y € AAB such that AA{z,y} € F.

where A denotes symmetric difference. Unlike matroids, feasible sets of a delta-matroid can
have different cardinalities and are typically not closed under taking subsets. Consequently,
some standard problems are naturally phrased differently; for example, DELTA-MATROID
INTERSECTION asks for any common feasible set rather than one of maximum size.

Note that the symmetric-exchange axiom is a relaxation of the matroid basis exchange
axiom, which requires choosing x € A\ B and y € B\ A (i.e., the two elements must
come from different sets). In fact, when every feasible set has the same cardinality (as in a
matroid’s family of bases), the two axioms coincide. In addition, the family of independent
sets of a matroid also satisfies the symmetric-exchange property. Consequently, both the
bases and the independent sets of any matroid form delta-matroids. Another prominent
example arises from graph matchings. Let G = (V| E) be a graph and define

F = {F CV | G[F] admits a perfect matching }.

Then D = (V, F) is a delta-matroid, called the matching delta-matroid of G. A useful special
case starts with a partition II of V into disjoint pairs. Let Gy be the graph with vertex set
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V and edge set II; its matching delta-matroid Dy is the pairing delta-matroid of II. Here a
set F' C V is feasible if and only if it contains either both elements of every pair or none, i.e.,
no pair is broken. Pairing delta-matroids will serve as building blocks in our constructions.

Even this simple delta-matroid cannot be represented by any matroid. Take V =
{x1, 2}, x2, 24} with pairs {1, 2} and {x2,z5}. In Dy the only feasible 2-element subsets
are {z1, 2} and {z2, 24}, while mixed pairs such as {z1, 22} are infeasible. If these two sets
were the bases of a matroid, the basis-exchange axiom would compel at least one mixed pair
(e.g., {z1, 22} or {z1,25}) to be a basis as well, contradicting the definition of Dr. Hence
pairing (and matching) delta-matroids lie strictly beyond matroids.

Analogously to matroids, there is also a notion of linear delta-matroid. A matrix A is
skew-symmetric if AT = —A. Let A be a skew-symmetric V x V-matrix, and define

F = {F C V| A[F] is non-singular }.
Then D = (V, F) is a delta-matroid, denoted by D = D(A). For S C V, define
FAS = {FAS|FeF}.

Then DAS = (V, FAS) defines a delta-matroid, the twist of D by S. Twisting by the full
ground set yields the dual of a delta-matroid: D* = DAV. In particular, for the matching
delta-matroid of a graph G = (V, E), the dual has feasible sets S C V such that G — S has a
perfect matching; we call this the dual matching delta-matroid of G. It is straightforward to
verify that twisting preserves the symmetric-exchange axiom, and hence the class of delta-
matroids is closed under twists. A delta-matroid is called linear if it admits a representation
D =D(A)AS for some skew-symmetric matrix A. We call this a twist representation.

Examples of linear delta-matroids include basis delta-matroids of linear matroids, twisted
matroids (being the twists of basis delta-matroids of linear matroids) and matching delta-
matroids, the latter represented via the famous Tutte matriz of G. Again, see Moffatt [26]
for more background and applications. In addition, slightly more generally, one may consider
projected linear representations of delta-matroids, which includes independence delta-matroids
of linear matroids.

Finally, as with matroids, delta-matroids come with algorithmic meta-results. There is
a signed generalization of the greedy algorithm that finds a maximum-weight feasible set
precisely for delta-matroids. On the other hand, while the natural generalizations DELTA-
MATROID INTERSECTION and DELTA-MATROID PARITY are NP-hard in general, both become
tractable on linear delta-matroids. More precisely, the problems are usually defined as follows.
In DELTA-MATROID INTERSECTION, the task is to find any common feasible set F' in two
delta-matroids Dy and Dy, without any requirement on |F|, and in DELTA-MATROID PARITY
the task is to find a feasible set F' in a delta-matroid such that a minimum number of pairs
are broken in F'. Since delta-matroids are not normally closed under taking subsets, this
definition of DELTA-MATROID INTERSECTION is already a non-trivial problem. These versions
are tractable on linear delta-matroids due to a result of Geelen et al. [11], recently improved to
O(n*) time by Koana and Wahlstrom [17]. The natural variant MAXIMUM DELTA-MATROID
INTERSECTION, where |F| is maximised, was raised by Kakimura and Takamatsu [16], and
appears harder. It was only recently solved by a randomized algorithm [17]. See the latter
for a deeper overview of algorithms for linear delta-matroids. In summary, although they
are less known, delta-matroids (and especially linear delta-matroids) generalize many of the
useful aspects of (linear) matroids.

In this paper, we investigate parameterized complexity aspects of problems on linear and
projected linear delta-matroids, in the same vein as the work on linear matroids surveyed
above. The representative sets theorem over linear matroids has recently been extended to
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linear delta-matroids, with some initial applications to kernelization [32], but the applicability
of delta-matroid tools for FPT algorithms has so far not been pursued. Our purpose is to
push this forward. In Section 2, we introduce the delta-matroid analogues of the classical
intersection, parity, and set-packing problems such as g-DELTA-MATROID INTERSECTION, ¢-
DELTA-MATROID PARITY, and DELTA-MATROID SET PACKING, and investigate parameterized
complexity with respect to the solution size k£ and the rank r. We develop a delta-matroid
sieving algorithm generalizing the determinantal sieving [9]. We essentially show that a
problem of this type is FPT when this sieving can be applied, and W[1]-hard otherwise. In
Section 3, we discuss DELTA-MATROID TRIANGLE COVER. While the delta-matroid sieving
algorithm cannot be applied, we show by related methods that DELTA-MATROID TRIANGLE
COVER is FPT. We use this insight to settle open questions on CLUSTER SUBGRAPH and
STRONG TRIADIC CLOSURE [7, 12].

2 Delta-matroid intersection and packing problems

Subsection 2.1 formulates the delta-matroid variants of intersection, parity, and set packing
and states our full parameterized complexity landscape. Subsection 2.2 recalls the algebraic
encoding of set families by multivariate generating polynomials, and discusses polynomial
constructions over delta-matroids. Subsection 2.3 introduces the delta-matroid sieving
framework that filters these polynomials; it generalizes determinantal sieving from matroids
to delta-matroids and is the key algorithmic ingredient behind our positive results.

2.1 Problem definitions and our results

We introduce the ¢-DELTA-MATROID INTERSECTION and DELTA-MATROID SET PACK-
ING problems, generalizing DELTA-MATROID INTERSECTION and DELTA-MATROID PARITY.
Among others, we consider the following problems.

¢-DELTA-MATROID INTERSECTION: Given ¢ delta-matroids Dy = (V, F1), ..., Dy =

(V, F,) and an integer k € N, is there a set of cardinality k that is feasible in D; for every

i€ [q]?

¢-DELTA-MATROID PARITY: Given a delta-matroid D = (V| F), a partition P of V into

blocks of size ¢, and an integer k € N, is there a feasible set that is the union of k blocks

from P?

DELTA-MATROID SET PACKING: Given a delta-matroid D = (V| F), a partition P of V,

and an integer k € N, is there a feasible set F' in D, |F| = k, which is the union of blocks

from P?
Note that in ¢-DELTA-MATROID PARITY all blocks have size ¢, so asking for k blocks is
equivalent to asking for a feasible set of size ¢gk. In DELTA-MATROID SET PACKING blocks
may have varying sizes, and we parameterize by |F'|. We use the following shorthand: DDD
INTERSECTION refers to 3-DELTA-MATROID INTERSECTION; DDM INTERSECTION refers to
the special case of 3-DELTA-MATROID INTERSECTION where D3 is a matroid; and DIIM
INTERSECTION refers to the case where D; is an arbitrary delta-matroid, D5 is a pairing
delta-matroid for a partition II, and D3 is a matroid. In other words, DIIM INTERSECTION
is DELTA-MATROID PARITY with an additional matroid constraint. Throughout, we assume
that all matroids and delta-matroids are linear (or projected linear) with representations
given in the input over some common field F.

The classical problems LINEAR DELTA-MATROID INTERSECTION and LINEAR DELTA-
MATROID PARITY correspond to the special case where ¢ = 2 and where there is in addition no
cardinality constraint k on the solution, and were solved by Geelen et al. [11]. For the variant
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where ¢ = 2 and the cardinality constraint is present, only a randomized polynomial-time
algorithm is known [17] (even if we replace the constraint |F| = k by asking |F| to be
maximized).

The matroid versions of these problems are all FPT for linear matroids when parameterized
by the solution cardinality k for any ¢ (and more generally FPT when parameterized by
k+q) [6, 9, 25]. The most powerful method here, at least for representations over fields
of characteristic 2, is the recent method of determinantal sieving [9], which forms the
inspiration for our algorithms; see below. In particular, for matroids represented over a field
of characteristic 2, ¢-MATROID INTERSECTION can be solved in O*(2(¢~2%) time, g-MATROID
PARITY in O*(27%) time, and MATROID SET PACKING in O*(2*) time [9]. Results over other
fields are somewhat slower, but still single-exponential.

For delta-matroids, we find a more intricate picture. The rank of a delta-matroid
D = (V, F) is the cardinality of a largest feasible set in D. We consider the above problems
both parameterized by k and by the rank r. For matroids, this distinction makes no difference
— given a linear matroid M = (V,Z) of rank r and a parameter k, via a truncation operation
one can construct a linear matroid M’ = (V,Z’) of rank k, which retains all independent sets
of cardinality at most k from M. Furthermore, this can be done efficiently with a maintained
linear representation [22, 25]. Thus, over matroids, parameterizing by r is no easier than
parameterizing by k. However, for delta-matroids, the distinction turns out to be highly
significant. Unlike matroids, delta-matroids are not closed under taking subsets, and the
naive analogue of truncation — keeping only feasible sets of size at most k — does not in
general yield a delta-matroid. Thus, bounding the rank interacts with the structure in a
fundamentally different way than for matroids.

Parameterized by k, we find a dividing line where some problems, including DDM
INTERSECTION, are FPT given representations over a common field F, whereas others,
including DDD INTERSECTION, are W/[l]-hard. This holds even for very simple delta-
matroids.

» Theorem 1. DDD INTERSECTION is W/[1]-hard parameterized by k even for linear delta-
matroids represented over the same field.

On the other hand, if we parameterize by the rank r, then we recover all positive cases
from the matroid case, and with matching running times.

» Theorem 2. The following problems are FPT over linear delta-matroids and matroids
provided as representations over a common field.
DDD INTERSECTION parameterized by r = rank(Ds3), with a running time of O*(2")
over characteristic 2 and O*(2°()) otherwise.
More generally, - DELTA-MATROID INTERSECTION parameterized by r, where r is the
mazimum rank of Dy, i > 3, with a running time of O*(219=2") over characteristic 2 and
0*(2°0Un) otherwise.
q-DELTA-MATROID PARITY and DELTA-MATROID SET PACKING parameterized by the
rank r of the delta-matroid, with a running time of O*(2") over characteristic 2 and
0*(2°M) in general.
DDM INTERSECTION and DIIM INTERSECTION, parameterized by the cardinality k, with
a running time of O*(2F) over characteristic 2 and O*(2°%)) in general.
More generally, DELTA-MATROID INTERSECTION and DELTA-MATROID PARITY with an
additional ¢ — 2 matroid constraints, parameterized by q and the cardinality k, with a
running time of O*(2(9=2*%) over characteristic 2 and O*(2°0%)) in general.
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Intuitively, we treat the first two delta-matroid layers by encoding them into a Pfaffian-based
generating polynomial, and then use sieving to enforce feasibility (in rank r or size k) for the
remaining matroid and delta-matroid constraints. In all cases, the algorithms are randomized
and use polynomial space over characteristic 2 but exponential space otherwise.

Finally, we note a problem of COLORFUL DELTA-MATROID MATCHING that will be used
later in the paper. In this problem, we are given a delta-matroid D = (V,F), a graph
G = (V, E) with edges colored with k colors, and an integer & € N. The task is to find a
feasible set F' € F, |F| = 2k such that G[F] has a matching with & distinct edge colors. This
reduces to DIIM INTERSECTION.

» Theorem 3. COLORFUL DELTA-MATROID MATCHING on linear delta-matroids can be
solved in O*(2F) time if the representation is over a field of characteristic 2 and in O*(20(%))
time otherwise.

2.2 Multivariate generating polynomials

Our algorithms rely on an algebraic encoding of combinatorial families by (multivariate)
generating polynomials. Let V be a ground set and F C 2" a family of sets. Associate an
indeterminate x, with every v € V' and write X = {z, | v € V}. Over a field F we define

P(X) = ZCS H-T'ua

SeF veS

where each coefficient cg € F \ {0}. Here we do not insist on cg = 1: for decision problems
only the support of P matters, and allowing arbitrary non-zero coefficients sometimes allows
for an efficient evaluation of P.

Suppose P can be evaluated in polynomial time. (This can be true even if there are
exponentially many terms in the monomial expansion of P.) By the Schwartz-Zippel lemma,
a degree-d polynomial over F is zero at a uniformly random evaluation point with probability
at most d/|F|. Hence, by working in a sufficiently large extension field of F one can test
whether F = ) by evaluating P(X) at random points.

As a simple example, we discuss perfect matchings in bipartite graphs. Let G = (UUW, E)
be bipartite and fix a field F. Introduce a variable z, for every edge e € E and define the
Edmonds matriz by

Al | Tyw ifuw € F,
u,w| =
0 otherwise.

Expanding the determinant,

det A = Yo sen(®) [ wurcs

m: U—W bijective uclU

we obtain a generating polynomial whose monomials correspond exactly to perfect matchings
in GG. Because determinants are computable in polynomial time, evaluating det A at random
points yields a simple randomized algorithm for testing the existence of a perfect matching.
Here, cg can be +1 or —1. Forcing cs = 1 would require computing the permanent, which is
#P-hard.

Generating polynomials on linear matroids and delta-matroids

The example of bipartite perfect matchings can also be phrased as a matroid intersection
problem: a perfect matching is a set of edges that picks exactly one edge incident to each
vertex in U and in W, i.e., a common basis of two partition matroids on the edge set E. More
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generally, we can build generating polynomials for intersections of linear matroids. Recall
that a linear matroid on a ground set V of rank k is represented by a matrix A € FF*V; a

subset I C V is independent if and only if the columns indexed by I are linearly independent.

To build a generating polynomial for the intersection of two such matroids over the same
field F, let Ay, Ay € FF¥V be their representations. By the Cauchy-Binet formula,

det(A4147) = Y det Ay[,, B] det Ay, B,
Be(Y)

where (Z) is the family of k-element subsets of V' and A[-, B] denotes the submatrix consisting
of the columns in B. Introduce the diagonal matrix X = diag(z,)ycr. Then det(A; X AL) is
a generating polynomial whose monomials correspond exactly to the common bases of the
two matroids. Indeed, expanding the determinant via Cauchy—Binet gives

det(A; XAT) = Z det A [-, B] det As]-, Hxv
pe() =

We further extend this construction to two linear delta-matroid intersections, building on
the work of Koana and Wahlstrém [17]. As mentioned above, a delta-matroid D is linear if it

admits a twist representation D = D(A)AS, where A € FV*V is a skew-symmetric matrix,

and S C V. They gave an alternative representation based on contraction as D(A’)/T. For
a delta-matroid D = (V, F) and T C V, the contraction by T, denoted by D/T, is defined
as (V\T,F/T), where

F/T = {F\T|FeF,TCF}.

They showed that twist and contraction representations are polynomial-time interconvertible.

While they are equivalent, the contraction representation seems more suitable for algorithmic
tasks. Among other things, they developed a randomized polynomial-time algorithm for
LINEAR DELTA-MATROID INTERSECTION, essentially by showing that a generating polynomial

for two linear delta-matroid intersections can be evaluated in polynomial time. In this paper,

we observe that their linear representation constructions give rise to a generating polynomial
that is useful for all algorithmic tasks listed in Theorem 2. In fact, the result is remarkably
generic. Given two linear delta-matroids Dy = (V, F;) and Dy = (V, F3), represented over
a common field and a set S C V, define variables X = {x,; | v € V,i € {1,2,3}}. In
polynomial time, via a Pfaffian construction, we can evaluate a polynomial

Ps(X) = > FFLE) T wen I 2o I 2o

FieF,FoeFy: F1 AF>=S veFNS veEF>NS vEFINFy

where f(F1, F») is a non-zero constant for each Fy and F». For our purposes, the key point
is that Pg can be evaluated in polynomial time, and its monomials encode pairs of feasible
sets with F;AF, = S. For example, if we are interested in intersection problems, then we
can evaluate this for S = () and get a generating polynomial in the variables x,, 3.

2.3 Sieving over generating polynomials

Multivariate generating polynomials are useful not only for randomized polynomial-time
algorithms but also for designing (randomized) FPT algorithms. A canonical example in
the literature is k-PATH: given a graph G and k € N, decide whether G contains a simple
path on k vertices. Since k-PATH generalizes HAMILTONICITY, we cannot hope to evaluate a
generating polynomial that encodes only k-paths in polynomial time. We consider a relaxation
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to k-walks. For each i € [k], construct the V| x [V] matrix A; with A;[u,v] = ye, v, if
(u,v) € E(G) and A;[u,v] = 0 otherwise. Then the (u,v)-entry of W = A1 Ay--- Aj_1,
denoted Wu,v], is a generating polynomial (in the y-variables) for all walks of length k — 1
from u to v. Now replace each variable y(y v),i DY Y(uv),i Tv, and finally multiply the result
by z,. A simple k-path exists if and only if, in the polynomial, there is a multilinear
monomial of degree k in the z-variables (i.e. no variable x, appears with exponent greater
than 1). This “multilinear detection” framework was introduced by Koutis [18] and refined
by Williams [34], who obtained an O*(2¥)-time algorithm using group-algebra techniques.
Subsequently, Bjorklund et al. [2, 3] gave an arguably simpler approach over characteristic-2
fields:

» Lemma 4 (Multilinear sieving [2, 3]). Let P(X) be a polynomial over a set of variables X
over a field F of characteristic 2. There is a randomized algorithm that, in time O*(2%) and
polynomial space, tests if P(X) contains a multilinear monomial of degree k.

Recently, this multilinear detection approach has been extended to the linear matroid
via the technique called determinantal sieving [9]. At a high level, the sieve is a polynomial
transformation that filters monomials by making those with “bad” supports cancel out over
characteristic 2 fields. Given a generating polynomial P for F, the Schwartz-Zippel lemma
allows us to test whether F is empty in randomized polynomial time. Given a linear matroid
of rank k, determinantal sieving essentially allows us to test whether F contains a basis
in randomized O*(2%) time, when P is defined over a field of characteristic 2. We call the
support of a monomial m the set of variables that appear in m (equivalently, those with
non-zero exponents).

» Lemma 5 (Basis sieving [9]). Let P(X) be a polynomial in variables X over a field F of
characteristic 2, and let M = (X,Z) be a rank-k linear matroid represented over F. There
is a randomized algorithm that, in time O*(2%) and polynomial space, decides whether the
monomial expansion* of P(X) contains a multilinear term of degree k whose support is a
basis of M.

Applying basis sieving with a uniform matroid of rank k, where all sets of size at most k
are independent, we recover the multilinear sieving. The striking feature of determinantal
sieving is that this step from the uniform matroid to an arbitrary rank-k linear matroid
incurs no extra exponential time. Prior to [9], only partition matroids were known to admit
such algorithms [4].

From matroids to delta-matroids

We extend Lemma 5 to the richer setting of linear delta-matroids. Given a generating
polynomial for F over a field of characteristic 2 and a linear delta-matroid D whose rank is r,
our new algorithm decides, again in randomized O*(2") time and polynomial space, whether
F contains a feasible set in D. Remarkably, this additional expressive power costs only a
polynomial factor over the matroid case.

» Theorem 6 (Delta-matroid sieving). Let P(X) be a polynomial in variables X over a field
F of characteristic 2, and let D = (X, F) be a rank-r linear delta-matroid represented over F.
There is a randomized algorithm that, in time O*(2") and polynomial space, decides whether
the monomial expansion of P(X) contains a multilinear term whose support is a feasible set
of D.

1A monomial expansion is the expression obtained after fully expanding every product into a sum of
monomials.
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To prove Theorem 6, we introduce a sparse representation for rank-r linear delta-matroids,
in which the underlying matrix A has only O(rn) non-zero entries. We work with the
contraction representation D = (V, F) = D(A)/T [17], which has the useful property that
A[V] = O, so the most non-trivial structure is confined to T". As in determinantal sieving [9],
we construct a carefully designed polynomial and apply the inclusion-exclusion principle
to filter desired terms. However, since we are working with skew-symmetric matrices, we
must use Pfaffians instead of determinants to express feasibility. To achieve this, we use
a Pfaffian-based construction (a delta-matroid analogue of determinantal sieving) together
with inclusion-exclusion.

Lemma 5 and Theorem 6 also extend to fields of characteristic other than 2, but with
three caveats: (1) the process uses exponential space, (2) the process works over an arithmetic
circuit, not via black-box access, and (3) the running time increases to O*(2°("). As in
the characteristic 2 case, we use another ad-hoc argument to obtain Pfaffians instead of
determinants.

Summary

All results in Theorem 2 over characteristic-2 fields are obtained by applying Theorem 6 to
generating polynomials. A rule of thumb for packing and intersection problems is:

If the problem can be reduced to Theorem 6 then it is FPT; otherwise W[1]-hard.

Thus, for example, DDD INTERSECTION is hard with parameter k£ because there is no rank
bound on Dy, Do, D3, but becomes FPT when parameterized by r = rank(D3), whereas
DDM INTERSECTION is FPT since the matroid layer can be truncated to rank k. See full
version [8] for details.

3 Delta-matroid triangle cover with applications

Motivated by graph-theoretic applications, we study a relaxation of 3-DELTA-MATROID
PARITY that turns out to be FPT. Let D = (V,F) be a linear delta-matroid and let
T={T,...,Tm} C (‘;) be a family of triples (triangles). We say that S C V is covered
by triangles if some disjoint packing 7' C T satisfies S C V(T") := Upcr T. We do not
require S to be partitioned by 7”: triangles in 7’ may intersect S in one or two vertices.
Given k € N, DELTA-MATROID TRIANGLE COVER (DMTC) asks for a feasible set F' € F of
size k that can be covered by triangles.

» Theorem 7. DMTC can be solved in O*(k°®)) time over a linear delta-matroid.

The most obvious structural simplification of DMTC would seem to be to assume that
we are looking for a set F' € F that is precisely partitioned by triangles. However, this
defines 3-DELTA-MATROID PARITY, which is W[1]-hard. Indeed, the approach of applying
delta-matroid sieving (Theorem 6) fails. Hence DELTA-MATROID TRIANGLE COVER inhabits
an interesting spot of being “just barely” tractable. Indeed, it can be shown that DELTA-
MATROID K4 COVER, where F is to be covered by sets of cardinality 4, is W[1]-hard.

3.1 High-level Overview of our FPT Algorithm

Our algorithm for DELTA-MATROID TRIANGLE COVER seamlessly combines combinatorial
and algebraic techniques, ultimately reducing the problem to COLORFUL DELTA-MATROID
MATCHING, which can be solved via delta-matroid sieving. On the algebraic side, we introduce
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a new delta-matroid operation, termed £-projection, which generalizes the classical matroid
truncation operation and appears promising for kernelization [32]. On the combinatorial
side, we use arguments reminiscent of the sunflower lemma to effectively reduce triangles to
(colored) pairs.

Technical overview

Assume there exists a triangle packing 7 = {T1,...,T,} that covers an unknown feasible
set F. For illustration, we assume that F' is partitioned by T, i.e., F' = UTeT T. Classical
color coding [1] lets us find (with probability 1/k°®*)) a coloring of V' into p blocks Vi,. ..,V
such that each packed triangle T; is contained in its block V;. We further refine every block
into three parts V; = V; 1 UV, 2 UV, 3 so that T; intersects V; ; for all j € [3]. Henceforth, we
will assume that each triangle lies inside V; for some ¢ and intersects each part V; ;. Let v; ;
denote the unique vertex of T; N'V; ;. This refinement step costs 20(k) time.

We then classify the vertices as flowery or non-flowery. A vertex is flowery if it belongs
to many pairwise disjoint triangles; otherwise it is non-flowery. Because ||J 7| € O(k) in
general (the triangles are disjoint and |7| < |F| = k), we can afford to guess whether v; ;
is flowery or not in 2°%) time. By definition, a flowery vertex can always be covered by
a triangle. This is an argument often used in the kernelization for HITTING SET and SET
PAckiING. Unlike these classical problems, however, we cannot simply delete a flowery vertex,
since it may or may not be part of F. Even worse, there can be £2(n) flowery vertices (within
each block V; ;), and we cannot afford to choose which of the flowery vertices should be part
of F. To circumvent this issue, we introduce a delta-matroid operation called ¢-projection
defined as follows. Let D = (V, F) be a delta-matroid, X C V', and ¢ € N. The ¢-projection
of D to V'\ X is defined by D|, X = (V \ X, F|¢X), where

FloX = {F\X|FeF,|[FNnX|=1(}

We also show that a linear representation of ¢-projection can be computed in randomized
polynomial time. With ¢-projection at hand, we can handle a block V; ; containing a flowery
vertex v; ; by applying 1-projection with X = Vi{cj,
in V; ;. This is essentially correct because a flowery vertex can be covered “for free” and the
fact that v; ; is part of F' is now encoded in the delta-matroid. Note that this is possible
without knowing which particular flowery vertex is selected — thanks to ¢-projection!

On the other hand, assume that v; 3 is non-flowery. Then the triangles in 7 that cover
v; 3 form a graph with bounded vertex cover S, and since v; 3 € F', one member of S must
be in (7. This allows us to make a local guess for every vertex v € V; 3 of the form if
ve T then w, € T, for some second vertex w,. This leaves some case work (e.g., we
guess whether v; 3 is flowery; and if not, then for the case v = v; 3 we guess whether w, = v; 1
or w, = v; 2, and whether w, € F or not), but for every case we can use ¢-projection to
eliminate one class V; ; for every i from the delta-matroid. At this point, the remaining
problem can be reduced to COLORFUL DELTA-MATROID MATCHING, which can be solved by
sieving methods as above.

where Vlf ; 1s the set of flowery vertices v

3.2 Graph-theoretic applications

We showcase two graph-theoretic applications. The first is CLUSTER SUBGRAPH: given a
graph G and integer ¢, decide whether G contains a cluster subgraph (each component a
clique) with at least £ edges. Although NP-hard [29], it admits an O*(9%) algorithm [14].
We examine the sharper above-guarantee parameter k = £ — MM(G), where MM(G) is the
matching number of G (every matching is a cluster subgraph). The parameterized complexity
of this variant was open [7].
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Figure 1 A maximum strong set (thick lines) which does not induce a cluster graph.

» Theorem 8. CLUSTER SUBGRAPH can be solved in O*(k°®) time for k = £ — MM(G).

To see the connection to DMTC, assume that G is K4-free and that G has a perfect
matching. Then every clique has size at most 3, and the goal is to find a vertex-disjoint
packing of K3’s and Kj3’s with as many edges as possible, i.e., a collection of K3’s whose
deletion leaves a graph with a large matching number.? Intuitively, the vertices covered by
triangles form a set whose deletion leaves a perfect matching, and this feasibility condition is
captured by the dual matching delta-matroid. We show that this reduces to solving DMTC
over the dual matching delta-matroid of G. On the other hand, if G' contains a large packing
of Ky’s, then the instance is immediately positive. Thus, we may assume that G has a
set K of O(k) vertices such that G — K is Ky-free, and Theorem 8 follows by guessing its
interaction with the solution.

The second application is to STRONG TRIADIC CLOSURE, formalized by Sintos [30]. Let
G be a graph. We say that a 3-path (u,v,w) is closed if the edge uw exists in G. For a
graph G, an edge set S is said to be strong if every 3-path in S is closed. Note that the
shortcut edge uw is not required to exist in .S, only in G. Given G = (V| E) and ¢, the
STRONG TRIADIC CLOSURE problem is to find a strong edge set S C E with |S| > £. This
is based on the notion of triadic closure [13]. This problem is closely related to CLUSTER
SUBGRAPH as an edge set that induces a cluster graph is strong. However, not every strong
set induces a cluster subgraph (see Figure 1). It is known to be NP-hard [30] and FPT when
parameterized by £ [12, 14] with the fastest algorithm running in O*(¢99)) time [14]. Again,
we parameterize by k = ¢ — MM(QG).

Again, the Ky-free case turns out to be tractable: if G is Ky-free, then the solution S
must be a collection of strong paths and cycles, and in fact, it can be shown that there
exists an optimum where S consists only of strong cycles and Ks’s. Similarly to above, we
solve the problem by looking for a feasible set F' in the dual matching delta-matroid of G
such that F' can be covered by a collection of strong cycles, possibly of length Q(k). This is
significantly more complicated; e.g., as mentioned, DELTA-MATROID K. COVER is W[1]-hard
for any ¢ > 4. However, there are several cases, such as a cycle of length 3t, t € N, where
strong cycles can be replaced by triangles. We show that when such triangle replacement
fails, pairing constraints are powerful enough to solve the problem, and they can be encoded
in COLORFUL DELTA-MATROID MATCHING.

» Theorem 9. STRONG TRIADIC CLOSURE on Ky-free graphs can be solved in O*(k°"®))
time for k = ¢ — MM(QG).

2 The problem becomes polynomial-time solvable when the goal is to maximize the number of covered
vertices [15]. However, the edge maximization problem is NP-hard as it generalizes the perfect triangle
packing problem.
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Furthermore, as above, any K, in G immediately contributes to £ — MM(G), and we can
find a small modulator K so that G — K is Ky-free. Unfortunately, a full FPT algorithm
remained elusive; guided by the precise structure of solutions where our insights fail, we show
that the problem is W[1]-hard. Somewhat unexpectedly, the source of hardness stems not
from strong cycles but from a different aspect.

» Theorem 10. STRONG TRIADIC CLOSURE is W/[1]-hard when parameterized by k =
¢ — MM(G).

On the other hand, a counting argument shows that, although we do not get an FPT
algorithm, we can get a constant-factor FPT approximation simply by packing a modulator
K and ignoring all edges §(K) (those with exactly one endpoint in K) between K and G — K
in the solution, solving G[K] (exhaustively) and G — K separately. This yields an algorithm
that either shows that G has no strong edge set of size MM(G) + k or finds a strong edge set
of size MM(G) + Q(k) in FPT time.

» Theorem 11. There is a O*(kO®))-time algorithm for STRONG TRIADIC CLOSURE that
approzimates the above matching parameter £ — MM(G) within a factor of 7.

In addition, we generalize a result of Golovach et al. [12], who gave an FPT algorithm
for maximum degree 4, by showing that STRONG TRIADIC CLOSURE can be solved in time
O*(A9") for graphs of maximum degree A:

» Theorem 12. STRONG TRIADIC CLOSURE can be solved in O*(A°®¥) time, where A is
the mazimum degree of G and k = ¢ — MM(G).

Lastly, we remark that the question whether STRONG TRIADIC CLOSURE is FPT has been
asked repeatedly in the literature [7, Open Problem 5.4], [12]. The connection to CLUSTER
SUBGRAPH has also been observed [14]. We settle the status of both of these problems.
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