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—— Abstract

Pattern-avoiding permutations are a central object of study in both combinatorics and theoretical
computer science. In this paper we design a data structure that can store any size-n permutation 7
that avoids an arbitrary (and unknown) fixed pattern = in the asymptotically optimal O(nlgsx)
bits, where s is the Stanley- Wilf limit of 7. Our data structure supports 7(i) and 7~ (i) queries in
O(1) time, sidestepping the lower bounds that hold for general permutations. Comparable results
were previously known only in more restricted cases, e.g., when 7 is separable, which means avoiding
the patterns 2413 and 3142.

We also extend our data structure to support more complex geometric queries on pattern-avoiding
permutations (or planar point sets) such as rectangle range counting in O(lglgn) time. This result
circumvents the lower bound of Q(lgn/lglgn) by Patragcu (STOC 2007) for the general case. For
bounded treewidth permutation classes (which include the above-mentioned separable class), we
further reduce the space overhead to a lower order additive term, making our data structure succinct.
This extends and improves results of Chakraborty et al. (ISAAC 2024) obtained for separable
permutations via different techniques. All our data structures can be constructed in linear time.
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1 Introduction

A permutation 7 = (71,...,7,) contains a permutation pattern m = (71, ..., mg) if there are
indices i; < --- < iy, such that 7;; < 7;, if and only if m; < 7, for all j,£ € [k], i.e., the

subsequence 7y, , ..., T;, of 7 is order-isomorphic to my,...,m; otherwise we say 7 avoids 7.

k

Pattern-avoiding permutations arise in varied contexts and have been intensively studied
for decades, both in combinatorics and in theoretical computer science (e.g., see [32, 10]).
For many concrete patterns m, the avoidance of w has natural alternative interpretations.
For example, in one of the earliest results in this area, Knuth [34, §2.2.1] showed that 231-
avoiding permutations are exactly those that are sortable with a stack. Monotone patterns
(subsequences) are ubiquitous, e.g., in the context of the Erd&s-Szekeres theorem. The

question we ask in this paper is:
Can pattern-avoiding permutations be compactly represented?
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One can obviously store a length-n permutation 7 by storing 7; for all i € [n], using
n[lgn] bits, essentially matching the information-theoretic lower bound. However, to turn the
representation into a useful data structure, one should support, preferably in constant time,
both 7(i) and 77 (i) queries (given i, return 7;, or given 4, return j such that 7; = i), and
perhaps other queries.! In other words, we would like to optimally compress a permutation
in a way that allows accessing it locally, without fully decompressing it upon each query.

A simple solution is to store both 7(i) and 771(i), for all i € [n], doubling the required
space. An improved scheme that uses (1 + ¢)nlgn bits, for any 0 < ¢ < 1, was given by
Munro, Raman, Raman, and Rao [36], supporting 7(i) and 771(4), and in fact, arbitrary
power-k queries 7¥(i), in time O(1/¢). Golynski [28] showed this tradeoff between space and
query time to be essentially optimal.

Data structures whose space usage is optimal up to a constant factor are usually called
compact; they have been studied extensively for storing permutations, trees, graphs, vectors,
and other objects (e.g., see the textbook by Navarro [37] for a broad survey).

Data structures with a stricter space requirement, having only a lower order additive
overhead, are called succinct. Munro et al. [36] also design succinct schemes for representing
permutations, i.e., using nlgn+o(nlgn) bits, but with query costs necessarily super-constant.

All the mentioned solutions are, however, too wasteful for storing pattern-avoiding
permutations. As the landmark result of Marcus and Tardos [35] shows, the number of
length-n permutations that avoid a fixed pattern is single-exponential in n; this has long been
known as the Stanley-Wilf conjecture.? This result is the main motivation for our work, as it
allows, in principle, a data structure with linear space. More precisely, denoting by Av,, ()
the set of length-n permutations that avoid 7, we have |Av, (7)| < s%, for a quantity s,
known as the Stanley- Wilf limit of m. Note that s, depends only on 7, and can be defined
as the limit s, = lim,, oo ¥/|Av,(7)| [2].3

A natural goal is then to store a m-avoiding permutation 7 compactly, i.e., in the
asymptotically optimal space of O(lg |Av,,(7)|) = O(nlgs,) bits, while supporting 7(¢) and
771(i) queries in time independent of n and 7. In addition, the data structure that stores 7
should be efficient to construct (ideally, in linear time). The reader may notice, that a data
structure with these properties would allow sorting pattern-avoiding permutations in linear
time. It follows from the Marcus-Tardos bound and a classical result of Fredman [25] that a
linear number of comparisons are sufficient for this task; however, an algorithm with actual
linear running time (i.e., also including the overhead needed to find the comparisons) is far
from obvious and was found only very recently [38]. The data structure we aim for can thus
be seen as a strengthening of this sorting result; to arrive at it, however, we will need a
rather different set of techniques.

For some specific patterns 7, permutations avoiding 7 have rigid structure. For instance,
231-avoiding permutations are preorder-sequences of binary search trees, and this underlying
tree-structure can be used rather straightforwardly to compactly represent them.

Recently, Chakraborty, Jo, Kim, and Sadakane [16] gave a succinct data structure for
the slightly more general class of separable permutations, supporting constant-time 7(¢) and
771(i) queries. Separable permutations are defined by the avoidance of the patterns 2413

1 We use the notation lg(x) = log,(x), [k] = {1,...,k}, and we often write permutations inline, e.g., 231

for (2,3,1). Both 7; and 7(¢) indicate the same value, but the latter is used when referring to queries.
2 The result, by Marcus and Tardos [35], also builds on work by Fiiredi and Hajnal [26], and Klazar [33].
3 The growth rate of s, as a function of k = |r| is far from fully understood, it is known [24] that

Sx € 20(F) for all m, and sp € 29(}“1/4) for some 7.
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and 3142 [15]. These permutations also have a natural binary tree representation (they can
be recursively constructed via the sum and skew sum operators [15, 16, 8]) and Chakraborty
et al. exploit this structure to build their efficient representation.

In a similar way, Chakraborty et al. also design a data structure for storing Bazter-
permutations, although with polylogarithmic query times. Baxter permutations are not
defined using classical pattern-avoidance, but via the concept of vincular patterns. They also
admit a certain tree-representation (by min-/max- Cartesian trees), which is used in [16].
These techniques are quite specific to separable and Baxter permutations. For general
pattern-avoiding permutations a straightforward hierarchical structure is not apparent, and
Chakraborty et al. leave open the question of efficiently representing other pattern-avoiding
classes. Our main result addresses this question generally, for arbitrary avoided patterns.

» Theorem 1. Any permutation T of size n that avoids a pattern 7 can be represented in
O(nlgsy) bits, supporting 7(i) and 7=1(i) queries in time O(1). Moreover, the representation
can be constructed in O(nlgs,) time.

To achieve this result, we use a balanced decomposition (partitioning or gridding) of
permutations, related to merge sequences in the low twin-width regime. A related technique
was introduced in [8], and we adapt and refine it here for the task at hand, also giving an
efficient method for constructing it. The decomposition is fairly general, and we believe that
given its strong balancedness properties, it may have further applications.

Our data structure also supports, in time O(1) and with negligible (sublinear) overhead,
a host of other queries. These include (interval) range minimum (given ¢ and j, return the
smallest element in 7;,...,7;), next smaller (given i, return the smallest index j > 4, such
that 7; < 7;), and all their symmetries.

Like other related works, we use the Word RAM model with ©(lgn) word-length, space
usage is however measured in bits, not words. We assume 7 to be fixed (i.e., not depending
on n), but we emphasize that the query times do not hide a dependence on 7. In the space
and construction time bound we also make the optimal lg s, factor explicit. We note that
for the space bound the O-notation only hides a factor of two in the leading term, and an
additive sublinear (in n) term of the form O, (n/lg"/*n). Importantly, the avoided pattern =
is not known during construction and operation, and only 7 is given as input.

Halving the constant factor in the space bound, and thus making the data structure
succinct, is a challenging open question. We achieve this for the case of bounded treewidth
permutation classes, which include separable permutations as a special case.

More precisely, to each permutation 7, one can associate a graph G, called its incidence
graph. The vertices of G, are the pairs (i,7;) and vertex (¢, 7) is connected to the vertices
(i+1,7(i+1),(@—1,7(i—1)),(77 G +1),5+1),(t71(j — 1), — 1) whenever these are
well-defined. The treewidth of G, is then referred to as the treewidth of 7. This natural
complexity measure of permutations has played an important role in pattern matching
algorithms (e.g., see [1, 7]).

» Theorem 2. Any permutation T of size n and treewidth t € O(1) that avoids a pattern m
can be represented in nlg s, + o(n) bits, supporting (i) and 7=1(i) queries in time O(1).
Moreover, the representation can be constructed in Oy(n) time.

When 7 is separable, its treewidth is known to be at most 7 [1], so Theorem 2 applies.
Note however, that since separable permutations are defined by two avoided patterns, the
sy constant for either of those would not capture the best possible constant factor in the
space bound. However, we can extend Theorem 2 to any supermultiplicative class C of
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permutations of bounded treewidth, for a space bound of 1g|C,| + o(n) where C,, denotes
the set of length-n permutations in €, thus obtaining a succinct structure also for separable
permutations. Here, supermultiplicative means that for any ¢, j we have |C;1;| > |C;| - |€;].
Note: separable permutations are counted by the Schroder numbers [43], so their succinet
data structure uses n - 1g (3 + 2v/2) + o(n) ~ 2.54n bits. As in the case of Theorem 1, we
can also support interval range minimum, next smaller, and similar queries in O(1) time.
Previously, succinctly supporting these operations was only known for the separable special
case [16], where some of the operations needed ©(lglgn) time.
We note that the query times in Theorem 2 depend on neither ¢ nor |r|.

Adaptivity to pattern-avoidance. Our result can be seen as an algorithmic strengthening of
the Stanley-Wilf, Marcus-Tardos [35] bound, turning it into an efficient data structure. This
fits in a broader line of work studying the algorithmic consequences of pattern-avoidance,
of which Knuth’s stack-sorting result is an early example. Fine-grained complexity bounds
for pattern-avoiding inputs were obtained for several algorithmic problems. These include:
searching in binary trees with rotation [17, 18, 8], the k-server and the traveling salesman
problems [8], factorization [11], permutation pattern matching and counting [15, 1, 29, 7, 27,
22], approximate counting [5, 39], and sorting [38].

Our data structure for storing permutations has further algorithmic applications. In
particular, it can be extended to support geometric queries such as (rectangle) range minimum,
or (rectangle) range counting, with the definition of patterns naturally extended from
permutations to point sets (under a general position assumption). Our results show that
pattern-avoidance in the input allows for speed-ups in these natural and well-studied problems.

In rectangle range minimum, we ask, given integers a,b,c,d € [n], for the smallest
i € [c,d], such that 771(i) € [a,b]. This is more general than (interval) range minimum where
only left and right boundaries are given, and where sophisticated constant-time solutions
exist [30, 9, 6, 23]. It is also natural to consider symmetric queries, i.e., we can ask, given
integers a, b, ¢, d € [n], for the largest i € [c,d], such that 7=1(i) € [a, b], or for the smallest or
largest index ¢ € [a, b, such that 7(i) € [¢,d]. In range counting, we ask, given a,b,c,d € [n],
for the number of distinct indices i € [a, b], for which 7(3) € [c, d].

» Theorem 3. Any permutation T of size n that avoids a pattern m can be represented in
O(nlgsy) bits, supporting rectangle range minimum and rectangle range counting queries in
O(lglgn) time. Moreover, the representation can be constructed in O(nlgs,) time.

In computational geometry, orthogonal range searching and its variants are among the
best studied problems [42, §40]. For rectangle range counting in the plane, classical range-tree
based data structures achieve O(nlogn) space and O(logn) query time. In the Word RAM
model, assuming O(lgn)-bit words and polynomial-size coordinates, the query time has
been improved to O(lgn/lglgn), with O(n) words of space [20, 31]. Patragcu [40] showed a
matching lower bound on the query time in the cell-probe model, even assuming O(n 1go(1) n)
space. Our result circumvents this lower bound using the special properties of the input.
Surprisingly, both rectangle emptiness and rectangle range minimum are solvable, in general
point sets, with O(lglgn) query times and O(nlglgn), resp., O(nlg® n) words of space [19];
for these tasks our result only improves the space and preprocessing time bounds.

Sorting and compact data structures. Data structures for restricted classes of permutations
have also been considered by Barbay and Navarro [4, 3]. The families of inputs they study
come from classical adaptive sorting, e.g., permutations with few contiguous sorted runs
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or interleaved sorted runs, where the space- and time bounds depend on the distribution
of run lengths. An input that consists of £ — 1 interleaved sorted sequences clearly avoids
m = k,...,1, our results thus subsume these cases. Moreover, permutations with few
contiguous runs form a supermultiplicative class of bounded treewidth, our results thus imply
a succinct data structure in this special case.

The connection between adaptive sorting and compact data structures observed in these
works has also more broadly inspired our work. As mentioned already, efficient compact
data structures yield efficient adaptive sorting algorithms; the reverse, however, is not known
to hold generally, and has only been established in some special cases [3]. Thus, the recent
linear-time sorting algorithm for pattern-avoiding permutations [38] naturally suggested
the question of whether a compact data structure exists for this broad family of inputs,
affirmatively answered by Theorem 1.

Bounded twin-width permutations and matrices. Twin-width is a recently emerging
complexity measure for permutations, graphs, as well as more general structures [29, 13, 14].
Although we mostly avoid terminology related to twin-width to keep the presentation
self-contained, our results and techniques closely relate to this concept.

In particular, it is known that a permutation 7 that avoids 7, as well as its matrix M.,
have twin-width at most 207 [29, 24]. We could therefore directly use a recent compact
data structure for storing low twin-width matrices, by Pilipczuk, Sokotowski, and Zych-
Pawlewicz [41]. While it represents a more general class of objects, this data structure
would fall short of our goals in several aspects: its query times are O(lglgn), it supports
only a subset of the queries we consider, and it takes superlinear time to construct. More
importantly, the O-notation in the space and query-time bounds involves an exponential
dependence on twin-width; in our setting that would mean a doubly-exponential dependence
on |x|. In contrast, in our data structure the query times are independent of 7 and the space
bound involves an optimal lg s, € O(|r|) factor. Nonetheless we adopt some terminology
related to matrix-divisions from [41], and note some similarity in techniques, particularly
in the proof of Theorem 3. In turn, our results also extend to storing permutations of
bounded twin-width since every permutation of twin-width d avoids a certain pattern of length
(d+1)2 [29].

» Corollary 4. Any permutation 7 of size n and twin-width d € O(1) can be represented in
O4(n) bits, supporting (i) and 7=1(i) queries in time O(1). Moreover, the representation
can be constructed in Og4(n) time.

A related recent result is that m-avoiding permutations can be expressed as a composition
of O, (1) many separables [11]. Thus, by concatenating data structures for these separable
permutations, one could represent a m-avoiding permutation, supporting some of the queries
that we consider; in this way, however, the construction time, as well as space- and query
time bounds would involve a doubly-exponential dependence on |7r|. We especially stress that
our data structure supports queries in O(1) time independent of the twin-width.

High-level description of our techniques. At a high level, our main data structure de-
composes a permutation at two different levels of granularity. One can think of these levels
as “merging” groups of neighboring rows or columns of the input permutation (viewed as
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a matrix), where the groups are of roughly equal, and carefully optimized size.* Due to
the pattern-avoiding properties of the input, both levels of the decomposition have strong
sparsity as well as balancedness properties (as defined in §2, Lemma 5).

We briefly describe how a (i) query is answered (a 7 1(i) query is analogous, as essentially
all parts of our data structure are also stored in a duplicate, transposed form); we describe
the details in §3. We first locate the vertical strips of the decomposition where i falls, as
well as the precise offsets within these; for this we use succinct tree and bitvector structures
that allow navigating the levels of the decomposition.

Going from column- to row-coordinates, i.e., computing 7; from ¢, poses multiple chal-
lenges. As a key step, we store the sub-permutations induced by each vertical strip of the
decomposition; this can be done compactly due to the fact that these permutations are
themselves pattern-avoiding, and thus, the overall number of distinct permutations that arise
can be tightly bounded. However, collapsing a vertical strip of the matrix into a permutation
loses the precise row-coordinate, so at first we can only get partial data from this structure:
the index of the cell into which the entry (7;,4) falls in a sparse representation of the column,
and the rank of the point within the permutation induced by its cell.

A separate data structure connects the cells at different levels of granularity and ultimately
allows us to identify the horizontal strips of the decomposition where (7;,17) falls. We convert
the indices of these strips into their global vertical position by again using the succinct tree
and bitvector structures. Finally, to obtain the precise vertical offset of the point within its
horizontal strip, we consult a data structure that stores the permutations within horizontal
strips, built analogously to those for vertical strips. This yields the value 7; in O(1) time.

Extensions. To support the geometric queries (Theorem 3), we precompute more information
at each level of the decomposition, from which rectangle-statistics can be reconstructed.
For the original two-level decomposition, this would require too much space. We therefore
construct O(lglg n) levels instead, carefully controlling their granularity and branching factors
between consecutive levels. In this way, the amount of data stored at each level is kept small,
with the running time bounded as O(lglgn). We provide a brief sketch in § 3, see full version
for the complete treatment.

For permutations of bounded treewidth (Theorem 2) we again use only two levels of
the decomposition. However, we avoid separately storing both horizontal- and vertical
strips. Instead, we decompose the permutation into components — groups of cells in the
decomposition that contain input points and that are connected by visibility. Components
can reach multiple horizontal and vertical strips, and they contain all input points in those
strips. Low treewidth guarantees that they are of bounded size; the two properties together
allow storing sufficient detail for each component, which makes it possible to convert between
row- and column-information. We refer to §4 for more details with the complete argument
in the full version.

Open questions. For our main result (Theorem 1), we leave open the question of a factor-
two improvement in the space bound, i.e., whether the scheme can be made succinct. This
factor is inherent in our design, due to the need to store both column-, and row-permutations,
even for answering just 7(7)-queries.

4 We note that our data structure significantly differs from previous schemes for storing general permuta-
tions, that are typically based on the cycle-structure of the input.
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For our geometric data structure (Theorem 3), can the cost of range counting queries
be improved to O(1), or is there a non-trivial lower bound, or optimal trade-off result? In
geometric applications, weighted versions of range searching/counting are often considered.
Incorporating weights in our solution is problematic, since we store parts of the input only
up to isomorphism. Informally, if we supported weights in full generality, then these could
“encode” arbitrary permutations, and the classical lower bounds would apply.

Can efficient compact representations be obtained for other interesting classes of per-
mutations, not defined by pattern-avoidance? More broadly, can a compact data structure
for a family C,, of permutations be obtained whenever sorting in O(lg|C,,|) time is possible?

2 Preliminaries

Permutation pattern-avoidance. A permutation 7 = (7,...,7,) can be bijectively mapped
to an n X n (permutation) matrix M, where the 7;-th entry of the i-th column is 1 for all
i € [n] and all other entries are 0. We refer to matrix entries by row first and column second,
ordering top to bottom and left to right. We often refer to a l-entry (7;,4) as a point.

The statements “matrix M, contains/avoids matrix M,” are interpreted naturally to
mean “7 contains/avoids 7”. A general 0-1 matrix M contains M, or simply M contains 7,
if M, can be obtained from M by deleting rows and columns and changing 1-entries to 0.
Otherwise we say that M avoids M, (or simply 7).

For a permutation 7, we denote by ex,(n), the maximum number of ones in an n X n 0-1
matrix that avoids 7. Marcus and Tardos [35] showed that ex,(n) is linear in n, for every
fixed m. More precisely, there exists a quantity c, so that every n x n 0-1 matrix M with
at least ¢, - n one-entries contains m. The optimal value ¢, is known as the Fliiredi-Hajnal
limit of m, after the earlier conjecture [26], and can be defined as ¢, = lim,,_,o exx(n)/n.
It is known that the Fiiredi-Hajnal limit and the Stanley-Wilf limit (defined in §1) are
polynomially related; concretely, Cibulka [21] showed s, = Q(Ci/ N No(A).

Divisions and coarsening. Let M be an n X n 0-1 matrix. Let R = (I1,...,I;) be a
partition of [n], i.e., [;U---UI, = [n] and I4,. .., I} are pairwise disjoint contiguous intervals.
Similarly, let € = (Ji, ..., Jir) be a partition of [n]. We refer to (R, C) as a division of M;
intuitively, intervals in R, € capture neighboring sets of rows and columns in M that are
merged together. The resulting matrix M’ = M (R, C) is defined as follows: for R, C as above,
M’ has k rows and k' columns, and entry M'(,7) is 1 if at least one entry M (x,y) with
x € I; and y € J; equals 1, and M'(i, j) is 0 otherwise. When clear from the context, by the
i-th row, resp., j-th column of the division (R, C) we refer to the submatrix of the original
matrix M defined by the rows I;, resp., by the columns J;. Accordingly, the height of the
i-th row is |I;], i.e., the number of rows of the original matrix that are merged into row ¢ of
M'. Similarly, the width of the j-th column is |J;|. By M|[I;, J;] we refer to the submatrix
of M at the intersection of rows indexed by I; and columns indexed by J;; we call this the
cell (i,7) of the division (R, C). A cell is non-zero, if it has at least one non-zero entry. We
illustrate some of these concepts in Figure 1.

We say that a division (R',C’) is a coarsening of (R, C) if R’ can be obtained from R
by successively replacing neighboring intervals by their union, and if € can be similarly
obtained from €. In this case, we also say that (R, Q) is a refinement of (R',€’).

Data structuring tools. We use as building blocks the following compact data structures.
Note that all these structures are static: once built, they are not modified. While we omit
discussing the details of their construction, this takes linear time for all components and is
subsumed by the O(nlgs,) time necessary for sorting the input 7.
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Ji Ja J3

Figure 1 Permutation matrix M of size 11 x 11 (left) with division (R, €) and M (R, C) (right),
with R = (I1, I, I3), C = (J1, J2, J3), and cell M[Is, J2] framed. Here, I1 = [1,5],J1 = [1,3],12 =
[6,8], J> = [4,8],Is = J3 = [9,11]. Dots correspond to l-entries, empty spaces to O-entries.

sparse bitvector: stores values B[1],...,B[n] € {0,1}, supporting in O(1) time the
operations:

rank(B,7): number of 1-bits in BJ[1,...,1],

select(B,7): smallest j such that the number of 1-bits in BJ[1,...,j] is i.
The data structure uses nH + o(n) bits, where H is the empirical entropy of the bitvector,
ie, H=plg 1% +(1-p)lg ﬁ, where p is the fraction of 1-bits in BJ[1,...,n]; notice that
0 < H < 1. For possible implementations with these parameters, we point to [37, §4]
and references therein.
tree: rooted, ordered tree with n nodes, supporting the following operations in O(1) time:

parent(v): parent of node v,

child(v,4): 4-th child of node v,

childRank(v): number of siblings to the left of node v,

leafSelect(i): i-th leaf from the left,

leafRank(v): number of leaves to the left of node v, omitting the leaves in subtree of v.
Standard implementations using 2n + o(n) bits can be found in [37, §8].
function: a mapping A — B, with A = [|A|] and B = [|B|], with |B| assumed to fit in a
machine word. The space requirement of a standard implementation is |A| - [lg|B]|] bits.

Main structural lemma. An important ingredient of our data structure is the following
decomposition of a permutation (matrix). As mentioned, this decomposition is related
to merge sequences of low twin-width permutations (e.g., [29]), significantly adapted and
extended for our purposes.

» Lemma 5 (Balanced Decomposition). Let 7 be a non-trivial permutation with Firedi-Hajnal
limit ¢, and let M be a w-avoiding n X n permutation matriz.
For integer parameters 1 < my < mg < --- < my < n, there exist divisions (R1,C1),...,
(Re, Cp) of M such that:
(a) The division (R;, C;) is a coarsening of (Ri11,Ciy1) for each i € [¢ —1].
(b) M(R;,C;) has exactly m; rows and columns.
(c) Each row in R; and each column in C; has height, resp., width at most 40 - n/m,.
(d) Each row and each column in M(R;, C;) has at most 10c, non-zero cells.
(e) Fach row in R; and each column in C; is obtained from merging at most 40 - m;1/m;
rows of Riy1, resp., columns of Ciyq, fori e [£ —1].
Moreover, the divisions (R1,C1),...,(Re, Cp) can be computed in time O((lgcr +1) -n+cy -
Zle m;) even if m and its Firedi-Hajnal limit ¢, are a priori unknown.
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Due to space constraints, we defer the proof of Lemma 5 to the full version. A weaker
statement of a similar flavor was obtained in [8]. In particular, Lemma 5 differs in enforcing
an exact number of columns and rows in part (b), an additional balancedness condition
between the layers in part (e) and a very efficient implementation.

3 Compact data structure for pattern-avoiding permutations

In this section, we describe the main data structure referred to in Theorem 1. Let 7 be an

input permutation of length n, and let M = M, be its corresponding permutation matrix.

To simplify presentation, we omit floor and ceiling operators, and assume n is larger than
some unspecified constant. Due to space constraints, some minor details are omitted here;
refer to the full version for a complete treatment.

The data structure is based on two non-trivial levels of the balanced decomposition
(Lemma 5). We set £ = 2 and find a decomposition with the parameters 1 < m; < mg <n
where m; = n/lg*n and my = n/y/Ign. We sometimes refer to the resulting divisions
(R1,Cq) and (Ro, C2) as the coarse-, resp., fine division, and we refer to their cells as 1-cells,
resp., 2-cells. We now list the components and their space requirements. Refer to Figure 2.

A. Column and row trees Tc,Tr. The column tree Tc and the row tree Tr capture the
merges of the rows, resp. columns that yield the divisions of the balanced decomposition.

More precisely, the root of T corresponds to [n], i.e., the set of all columns, the my
children of the root (level-1) correspond to the columns in the coarse division (Ry, 1), the
mz nodes on level-2 of the tree correspond to the columns in the fine division (Rq, C2), where
if node x is a parent of node y, then the column of z contains the column of y, and the
ordering of siblings is the same as the ordering of columns in the matrix. The construction
of the row tree Tg is entirely symmetric. Both T and T are represented using the succinct
tree implementation mentioned in § 2, allowing rich navigation queries. The number of nodes
in both trees is 1+ m + ma, the space requirement is thus O(n/+/Ign) C o(n).

B. Column and row indices I, Ir. The column index 1o is a bitvector over the n columns
of the matrix M, with 1-entries for the start of each column in the fine division, i.e., I¢[i] =1
if a column of Gy begins at the i-th column of M, and I¢[i] = 0 otherwise. Given an index
i € [n] of a column in M, we can find the index of the €3 column containing it using a
rank query over Ic. Conversely, given a column index in Gy, we can find its start index
in M with a select query over Io. Analogously, we store a bitvector Ir over rows of the
original matrix M, marking the start of each row in Re. Both bitvectors have size n with
ma = n/+/Ign non-zero entries, their space requirement using the implementation from §2 is
thus o(n).

C. Column permutations colPerm. We store, for each Cy-column C of M the permutation
of the |C| points of M that fall into C. Although not sufficient to get the exact row position
for the entry in column 4 (which would immediately solve the 7(i) query), it allows us to
identify the rank of the non-empty 2-cell containing the queried point, and relative rank
information of the point within this 2-cell. More precisely, colPerm invoked on a Cs-column
maps a column offset & to an index ¢ (the non-zero cell index where the query falls), and a

value v, the number of 1-entries that fall into the same cell ¢, below the queried point (7;,1).

See Figure 3.
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Tc

O(1g% n)

3 O(VIgn)
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Figure 2 Decomposition of an n x n permutation matrix M with a (coarse) division (R, C1)
that is a coarsening of a (fine) division (R2, C2). Column and row trees T¢, Tr and column and row
indices I¢, Ir illustrated. A 2-cell and corresponding nodes in Tr and T¢ highlighted.

The cell index c¢ refers to the c-th non-zero cell in the column, its domain is thus [10c.],
by Lemma 5(d). We also store the inverse mapping denoted colPerm ™! that maps (¢, v) to k.

Recall that there are my = n/y/Ign columns in €y and the column width is at most
w = 40/Ign by Lemma 5(c). Storing colPerm explicitly for each column would be too costly,
we therefore implement a scheme that (i) stores the permutation of 1-entries that fall into the
column, together with the partitioning of entries into cells, and (ii) uses global precomputed
tables for each permutation up to isomorphism, for space efficiency.

The number of possible permutations of points induced by l-entries in a column is
S sk € O(s¥). (We use the fact that the permutation induced by the column is also
m-avoiding.) The permutation is augmented with data about how many of the (up to) w
entries fall into each of the (up to) 10¢,; non-zero cells of the column. We refer to the
permutation together with its augmentation as a gridded permutation. Notice that the
number of possible distinct gridded permutations is O(s¥ - w!%).

Let we = |C] denote the width of column C (we < w). To implement colPerm for C,
we store the index to the gridded permutation of length we in the column, this requires
Mg s@c] + [lgw!®%] < welg sy + 10c, lgw + 2 € we lg s, + Ox(Iglgn) bits (the first term
is for the permutation, and the second for the gridding augmentation). This adds up, over
all columns, to nlgs,; + o(n), accounted for in part D. As a refinement, for any subclass
C C Av(m), each column of width we can be encoded in 1g|Cy. | + Or(lglgn) bits; summing
over all columns yields 1g|C,,| + o(n) bits, provided € is supermultiplicative.

Recall that we need to map column offset k to cell index ¢ and vertical rank v of the entry
within its cell. This mapping has domain [w] and range [10c¢,] X [w]. Storing it explicitly
thus requires O(wlg(c,w)) bits, and O(c,wlgw) for its inverse mapping. As we have at
most O(sPw!%~) such structures, their total space requirement is O(s¥w!% - (wlg(c w) +
crwlgw)) C o(n).
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1 (c,v) =colPerm(k)

k = colPerm™(c, v) (c/,r) = rowRank(j, c) ¢’ = parentCell(j, ¢)

7
/

J c
— (¢,v) = rowPerm(k) L
k k = rowPerm (¢, v)
] P N S B !
A B e T T
¥ C
(&

Figure 3 Left: column and row permutation mapping and their inverse. Value k is the absolute
offset of the query within the column or row; c refers to the c-th non-zero cell within column or row
(non-zero cells are shaded gray); v is the vertical rank of the query within its cell, i.e., v entries in
cell are below query point.

Right: rowRank method: the c-th non-zero cell of the j-th column is the ¢’-th non-zero cell of the r-th
row; parentCell method invoked for a Ci-column C': the c-th non-zero 2-cell in the j-th Ca-column in
C is in the ¢’-th non-zero cell of C.

D. Recursive column structure G¢. This component is the crucial part of the data structure
that allows converting from column to row data. It is a tree structure over the columns
similar to T, but storing more detailed column-information from the input matrix M.

Similarly to T¢, the root of G¢ corresponds to [n], i.e., the set of all columns, and the
my children of the root (level-1) correspond to the columns in the coarse division (R, Cy),
and the ms nodes on level-2 correspond to columns in the fine division (R, C2). As we need
to store other information at the nodes, we do not provide the flexible navigation methods
that T offers. Instead, we only navigate the tree top-down, with the query subColumn(j)
that gives a pointer to the j-th subcolumn of the current node. More precisely, for the
root, subColumn(j) points to the j-th column in €y, and for a level-1 node corresponding to
a Cr-column, subColumn(j) points to the column in Gy that is the j-th within the current
Ci-column. Level-2 nodes (leaves) do not allow subColumn queries.

The key components of the interface are the methods rowRank(j, ¢) and parentCell(j, ),
supported at both the root and level-1 nodes of the tree structure, and the method colPerm,
supported at the leaf (level-2) nodes. See Figure 3.

The first of these, rowRank(j, ¢) refers to the c-th non-zero cell of the j-th subcolumn of
the column associated to the current node. Recall that both ;- and Cs-columns consist

of cells, of which at most 10c, are non-zero, and we identify the c-th such non-zero cell.

The call rowRank(j, ¢), returns a pair (¢/,r) that give row-information about the identified
cell. More precisely, when called at the root, we find out that the identified 1-cell is the
¢/-th non-zero cell in the r-th Ri-row. When called at a level-1 node, we find out that the
identified 2-cell is the ¢’-th non-zero cell in its Ro-row, and that this row is the r-th among
the Ro-rows within its parent Ri-row.

The second method, parentCell(j, ¢) similarly identifies the ¢-th non-zero cell of the j-th
subcolumn of the column associated to the current node, and returns ¢, indicating that the
coarser cell containing the current cell is the ¢”’-th non-zero cell within its column. Notice,
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that this method is only useful when called at a level-1 node, where we learn about the 1-cell
containing the current 2-cell. If called at the root, the coarser cell containing the 1-cell is
necessarily the entire matrix.

Finally, for level-2 nodes (i.e., columus of the fine division C3) we support the operation
colPerm that returns a pointer to a column permutation structure (as described in part C).

The implementation is recursive. Each node stores its precomputed query answers
followed by variable-length pointers to its children’s memory regions. The crucial observation
is that the total size of a level-1 column’s children (all O(1g*?n) level-2 subcolumns) is
O(lg s, - 1g% n) bits, so each child pointer fits in O, (Iglgn) bits. The precomputed rowRank
and parentCell answers and the pointers each take (’)W(lg7/4 n) bits per level-1 node, giving
lgsy - w+ (’)W(lg7/4 n) total per node. Summing over all nodes, the entire structure takes
Ig sx - n + Ox(n/1g"/* n) bits, making this the space bottleneck of the data structure.

E. Recursive row structure G and row permutations rowPerm. This component is
fully symmetric to parts C and D with rows and columns swapped. The interface provides
subRow(j) navigating to the j-th subrow, colRank(j, ¢) returning the column identity and
rank of the c¢-th non-zero cell of the j-th subrow, parentCell(j, ¢) returning the containing
coarser cell, and rowPerm /rowPerm ™' mapping (for Ry-rows) between row offsets and (cell
index, within-cell rank) pairs. The implementation and space analysis are identical, giving
nlg sy + o(n) bits in total. Storing both the column and row structures accounts for the
factor of two in the leading space term.

Implementation of 7(i) and 7—'(4) queries. We now describe the implementation of the
main operations. The rank and unrank (7(i) and 71(4)) queries are symmetric. We thus
give textual description only for the former, with pseudocode in Figure 4.

Given i, i.e., a column index of the (unknown) permutation matrix M., we find using
rank and select over I the starting index s; € [n] of the column in €3 where ¢ falls, the index
s of this column within Gy as well as the relative position (offset) s3 within this column
(clearly, s; + s3 = 7). Note that if the columns of the division were of equal width, then we
could compute these values by simple arithmetic, this, however is not guaranteed.

The column in G that contains ¢ corresponds to the s-th leaf of the tree T¢. Using the
tree interface, we find the rank sy of this leaf among its siblings, and rank s; of its parent
among its siblings. (In other words, the (fine) column containing i is the s-th in Gy, and
so-th within the coarser column of €; that contains it. The coarser column is s;-th in €1.)

We next navigate in the column structure G¢ to the si-th child of the root and the so-th
child of that node, using subColumn queries, i.e., to the Cs-column containing the query point.
The Cs-column is stored as a column permutation and we can identify, using the column
offset s3, the cell index ¢o and within-cell vertical rank v. This means that entry (7;,4) is in
the co-th non-zero 2-cell in its Ca-column and this cell has v entries below (74, 4).

Using the rowRank and parentCell queries on the €;-column with the cell index ¢y we just
found, and indicating that our Cs-column is the so-th of its parent, we obtain three values.
These are ¢}, indicating that the 2-cell where the query point falls is the c5-th non-zero cell in
its Ro-row; ro, meaning that this row is the ro-th within its parent Ri-row, and ¢;, indicating
that the 1-cell where the query point falls is the ¢;-th non-zero cell in its C;-column. Using
rowRank on the root, we can now determine that the 1-cell containing the query point is in
the r1-th Ri-row.

Using the row indices 71 and ro we navigate the row tree T to find the leaf corresponding
to the Ro-row containing the queried element. By querying its global leaf rank we identify
the Ro-row r where the query falls. Querying I'r we compute the exact vertical offset r; of
the row r (i.e., the starting coordinate of this row within the matrix).
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Input:

Output: 7(1)
s < I¢.rank(i) > Find column rank
s; < Ic.select(s) > Column start index
S3 < 1 — 8; > Offset within column
col < T .leafSelect(s) > Find relative column ranks

s2 < Tc.childRank(col)

s1 « Tc.childRank(T¢.parent(col))

root < G¢.root > Navigate column structure
coly < root.subColumn(s1)

coly < coly.subColumn(sz)

(c2,v) < coly.colPerm(s3) > Cell id and rank-within-cell read from column permutation
(ch,r2) < coli.rowRank(ss2,ca) > Cell id and relative row rank
c1 < coli.parentCell(sz, c2) > Parent cell id
(cy,r1) < root.rowRank(s1,c1) > Find coarse row
root <— G r.root > Navigate row structure

rowy <— root.subRow(r1)
rowsy — Towi.subRow(rs)

3 4 rows.rowPerm™!(ch,v) > Column offset read from row permutation
row < Tr.child(Tr.child(Tg.root, r1),r2) > Find fine row
r < Tr.leafRank(row)

r; < Ir.rank(r) > Row start index

return r; + r3

Figure 4 Implementation of the ¢ — 7(¢) query.

It remains to compute the exact vertical offset within the row. For this we navigate
GRr using r1, 79, to find the row permutation containing the query point. From this row
permutation, using the vertical rank v and the horizontal index ¢} of the 2-cell among
non-zero cells, we obtain the exact vertical offset r3 within the row.

Our global vertical offset (and the answer to the query 7(7)) is now obtained by adding
r3 to r;. As all steps take O(1) time, the overall cost of rank (as well as unrank) queries is
O(1), independent of w. The bound of 2nlg s, + o(n) on the space usage follows from the
description of the components.

Other operations. Range minimum, next smaller, and related queries can all be supported
with o(n) additional space and O(1) time. The key idea is the same in each case: precompute
query answers within individual fine columns/rows and within coarse cells (whose small size
keeps the tables sublinear), then combine at most a constant number of precomputed answers
to resolve the global query. See the full version for details.

Building the data structure. We briefly argue that the time to construct the data structure
of Theorem 1 is linear. The main task is that of constructing the decomposition; by Lemma 5,
this requires O(nlgc,) = O(nlg s,) time. A key step, both in constructing the decomposition
and in building the various components is that of sorting the input; after this step, points
of the input can be navigated both horizontally and vertically. By [38], sorting 7 takes
O(nlgs;) time. Constructing parts A and B clearly takes linear time. Storing the column
and row permutations (parts C, E) again relies on efficient sorting. This takes O(wlg sy)
time for a column (row) of width (height) w, adding to O(nlg s, ) overall. Tabulating the
permutations by size, isomorphism, and gridding, identifying and indexing the non-zero
cells, and collecting the answers for each query take time linear in the representation, using
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straightforward (but slightly tedious) data structuring. The construction of the recursive
row and column structures (parts D, E) and precomputation of rowRank, colRank, parentCell,
subColumn, subRow can likewise be achieved by straightforward navigation of the input and
its balanced decomposition structure; we omit a more detailed description.

Extension to geometric queries. Extension to complex geometric queries, e.g., rectangle
range counting is more challenging. For this task, we build a hierarchy of O(lglgn) divisions
with block sizes decreasing at a polynomial rate, alongside the two-level hierarchy of Theorem 1.
Queries decompose along the hierarchy, spending O(1) time per level for a total of O(lglgn).
The finest level of the new hierarchy coincides with (R, C3); at each coarser level the
branching factor is O(w'/6) for the current block width w.

We modify the original data structure in two ways. First, we extend the column and
row permutations with precomputed queries for rectangle point counts and cumulative cell
offsets within individual fine columns/rows; this requires only sublinear additional space
in the precomputed tables. Second, we build recursive column/row structures G, Gz of
O(lglgn) levels, where each node precomputes queries for cell emptiness, cell rank within a
subcolumn, and rectangle point counts over its children, all fitting in o(n) bits total (this is
possible due to the low branching factor). A rectangle counting query decomposes R layer
by layer through the hierarchy, spending O(1) time per level for a total of O(lglgn). Due
to the space constraints, the full construction (proving Theorem 3) is included in the full
version of the paper.

4 Bounded treewidth case

In this section, we give the main idea underlying the succinct data strucure for permutations
of bounded treewidth, establishing Theorem 2. A key concept we use, in the context of
balanced decompositions, is that of a component.

Given a division, we consider the graph whose vertices are the non-zero cells of the
division and two vertices are connected by an edge exactly if the two corresponding cells
are in the same column or row of the division. We refer to this graph as the graph of the
division, and to its connected components as the components of the division, see Figure 5.
The key observation is that if the treewidth of 7 is bounded, then we can find a balanced
decomposition similar to the one in Lemma 5, with the additional property that components
of the division are of bounded size. This is captured in the following result, with proof in the
full version.

» Lemma 6. Let o be a permutation of length n and treewidth t.
For integer parameters 1 < my < mg < --- < my < n, there exist divisions (R1,Cq1),...,
(R, Cp) of M such that:
(a) The division (R;,C;) is a coarsening of (Ri41,Cit1) for each i € [€ —1].
(b) M(R;,C;) has exactly m; rows and columns.
(c) Each row in R; and each column in C; has height, resp., width at most O(t - n/m;).
(d) Each component in (R;,C;) spans at most O(t) rows and columns.
(e) Each row in R; and each column in C; is obtained from merging at most O(t - mit1/m;)
rows of R;y1, resp., columns of C;y1, fori e [£—1].
Moreover, the divisions (R1,C1),...,(Re, Cp) can be computed in time Oy(n + Zle m;).
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Figure 5 Three components of a division; non-zero cells shaded gray, edges shown as thick lines.

Using Lemma 6, the data structure for storing a permutation simplifies. Instead of the
earlier separate row- and column- structures, we now build a single recursive structure based
on the components. Assuming bounded treewidth, components are sufficiently small to be
stored in a global, precomputed table. A component-permutation allows converting, for the
entries in the component, absolute column-information to row-information and vice versa.

More concretely, each component of the fine division (Rg,Cs) is stored as a gridded
permutation: the permutation of the input points inside the component, partitioned according
to the (at most O(t)) non-zero cells it occupies, split both horizontally and vertically. This
is in contrast to the column- and row permutations of §3, which are split only one way.
Consequently, from a column offset within the component we read off both the non-zero
cell where the queried point falls and its exact vertical offset within the corresponding row;
the symmetric query recovers a column offset from row-information. Since a component
occupies O(t) cells and every column of €y has width O(y/Ign), the number of distinct
gridded permutations of total width w is at most s¥ - J@O(t), so an index into a global
precomputed table of them takes wlg s, + O(lglgn) bits. As no two components share a
column of Cy — otherwise they would be merged — these widths sum to n, giving nlg s, 4+ o(n)
bits overall, while the table itself occupies o(n) bits.

The remaining parts mirror § 3. The single recursive structure, which we denote G, is a
three-level tree whose level-1 and level-2 nodes are the components of (R1, C1), resp. (Ra, Ca),
ordered by containment, supporting subComponent navigation together with the rowRank
and colRank queries. A rank query follows the same path as in §3: the column tree T and
index I supply the relative column ranks at both levels and the offset within the fine column;
descending G then locates the component containing the query, whose gridded permutation
resolves this offset into a non-zero cell and its within-row offset, while the accompanying
rowRank queries return the relative row ranks. These ranks in turn drive the row tree T
and index Ir to recover the absolute row position. Unrank queries are symmetric. The
saving of a factor two over Theorem 1 comes from the fact that a component fully spans its
own rows and columns, so all non-zero cells sharing a row or column with the queried cell
lie in the same component, and collapsing the component to a single permutation loses no
rank information. A single structure therefore suffices, whereas in the general case a column
permutation exposes only the rank within a cell, requiring a separate row permutation.

We remark in passing that the notion of component and the decomposition in Lemma 6
relate to the concept of component twin-width [12]. Loosely speaking, we compute a balanced
component twin-width decomposition, analogously to how Lemma 5 achieves a balanced
twin-width decomposition. Due to space constraints, the detailed description of the data
structure can be found in the full version.
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