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—— Abstract

Metric decompositions are a fundamental tool in the design of algorithms involving distances. We

study fast algorithms for sampling from probabilistic metric decompositions of n-point sets in £o
and /2 spaces of high dimension d. For {~, we design a padded-decomposition algorithm that runs
in time O(nd?), which is near-linear in 7, and achieves padding parameter O(logn). Our algorithm
constructs a new sparse neighborhood cover that is based on geometric properties of /o [Indyk,
JCSS’01], and utilizes recent reductions between covers and decompositions [Conroy and Filtser,
STOC’25]. For £2, we design a separating-decomposition algorithm that achieves near optimal

14+o(1

separation O~(\/ logn) in almost-linear time n ). Our bounds improve over known algorithms

with similar running time by a factor Q(y/logn), and the techniques have additional applications to
spanners and nearest-neighbor search.

2012 ACM Subject Classification Theory of computation — Computational geometry; Theory of
computation — Sparsification and spanners

Keywords and phrases Metric Spaces, Separating Decomposition, Padded Decomposition
Digital Object Identifier 10.4230/LIPIcs.ESA.2026.95

Funding Robert Krauthgamer: Work partially supported by the Israel Science Foundation grant
#1336/23.
Asaf Petruschka: Supported by an Azrieli Foundation fellowship.

Acknowledgements We thank an anonymous reviewer for useful comments.

1 Introduction

Metric decompositions are fundamental algorithmic primitives when dealing with data that
involves distances. Informally, a decomposition refers to a probabilistic partition of the
points into low-diameter clusters, such that close-by points “tend” to be clustered together.
Decompositions are a very useful tool in divide-and-conquer algorithms, which first handle
each low-diameter cluster separately, and then combine the solutions into a global one. These
decompositions have numerous applications, including metric embeddings [8, 50, 25, 35, 41,
22], approximation algorithms for cut problems [43, 24, 19], vertex sparsification [15, 18, 44,
32, 21], spanners, distance oracles and routing [1, 46, 17, 26, 23, 27], parallel algorithms for
linear algebra [11, 48], fast algorithms for single-source shortest paths [9, 42], and spectral
graph theory [33, 10].

Modern applications are scaling rapidly, and current datasets are often massive and
high-dimensional. As exceeding linear time significantly is simply prohibitive, this creates a
strong demand for fast algorithms. Prior work on fast algorithms for metric decompositions
has addressed graph metrics, whereas we study the geometric setting of points in R%. This
line of work aims to match the optimal quality bounds but using algorithms whose running
time is close to linear (in the input size).
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Fast Metric Decompositions in High Dimension

We consider two classical notions of probabilistic metric decompositions: separating
decompositions (also known as Lipschitz decompositions) and padded decompositions, defined
as follows. Let (X, dx) be a metric space. For a partition P of X, we call each element of P
(which is a subset of X) a cluster, and we denote by P(z) the cluster containing point z € X.
The partition P is called A-bounded if every cluster in it has diameter at most A > 0, i.e.,
the distance between every two points in the same cluster is at most A.

» Definition 1.1 (Separating Decomposition [8]). A distribution D over A-bounded partitions
of X is called an («, A)-separating decomposition if

dX (l‘, y)
X P <q - —>7
ve,ye X, PriP@)#Pu)lsa-—
» Definition 1.2 (Padded Decomposition [50, 34, 20]). A distribution D over A-bounded
partitions of X is called a (3,0, A)-padded decomposition if

VreX,y€0,0,  Pr[B(z,7A) CP(x)] e,

where B(x,r) :={y € X | dx(x,y) < r} is the closed ball of radius r > 0 around x.

We note that some literature uses variants of these definitions; for example, it is common to
define padded decomposition using only the case v = 22 and then ¢ is not needed. Under our
definitions above, every (3,4, A)-padded decomposition is also a (max{3, 51}, A)-separating

decomposition. To see this, consider z,y € X; if dx(z,y) > dA then Pr[P(x) # P(y)] <

1< 450 otherwise, Pr(P(x) # P(y)] < Pr{B(z,dx(@,y)) £ P(x)] <1 - e #552 <
B W. An earlier connection established in [40, Theorem 2.2] shows that even a (3,4, A)-

padded decomposition only for the case v = % implies a (48, 2A)-separating decomposition

for the same metric.

We study finite datasets X of size n = |X| that lie in R? equipped with the £, or /3
norm (which we denote by ¢¢ and ¢¢). We focus on the high-dimensional regime, namely
d > w(logn), in which case running time that is exponential in d is prohibitive, as it is
super-polynomial in n. For ease of presentation, we use the following terminology. A
padded-decomposition algorithm of quality ¢ > 1 is an algorithm that, given a metric space
(X,dx) and a diameter bound A > 0, outputs a partition sampled from a (3,9, A)-padded
decomposition with max{3, '} < ¢. The analogous definition regarding (o, A)-separating
decomposition requires o < q. Throughout, the notation O( f) hides a polylogarithmic factor
in f. The term near-linear in f refers to O(f), whereas almost-linear refers to fl1o);
they usually refer to running time, in our case mostly with respect to n, with polynomial
dependence on d.

The spanner approach. Fast algorithms for metric decompositions have already been
devised for graphs. Specifically, for input graphs G with m weighted edges, there are O(m)—
time algorithms for padded (and separating) decomposition of optimal quality O(logn) [47,
7, 48, 16]. Thus, a natural approach is to approximate (X,dx) by a spanner Gx, which is a
sparse graph on the vertex set X, and find a decomposition of this graph Gx. State-of-the-art
constructions of geometric spanners [26, 23, 5, 36, 38, 49] yield surprisingly strong results.
While this approach serves as a good baseline, it has some limitations. First, the intermediate
step (constructing a spanner) may be overly restrictive and thus preclude achieving a tight
quality bound. Specifically, one factor going into the overall quality of the decomposition
is the spanner’s stretch, which is often log®n for some fixed ¢ > 0. Second, by passing to a
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Table 1 Comparison of metric decompositions for n-point metrics, focusing on the quality
achieved in time that is polynomial vs. almost-linear vs. near-linear in n (ignoring the dependence
on d which is polynomial).

Metric ~ Decomposition Time Quality Reference
general padded polynomial O(logn) 8]
graph padded near-linear O(logn) [47]
padded polynomial O(logn) 8]
4 padded almost-linear  O(logn - log* d) via spanners [38] + [47]
*~ padded near-linear O(log®?n -log*d)  via spanners [38] + [47]
padded near-linear O(logn -loglogd)  Theorem 1.3
separating polynomial O(v/logn) [14]
I separating almost-linear ~ O(y/Tog n) Theorem 1.4
separating near-linear O(logn) via randomly shifted grid

graph representation, we effectively “forget” the geometric properties of (X, dx) and instead
treat it as an arbitrary n-point metric, for which the optimal quality is O(logn) even for
sparse graphs [8], and this factor propagates into the overall quality of the decomposition.
To illustrate this issue, observe that for X C ¢4, the spanner approach can achieve at best
quality O(logn), even though a separating decomposition of quality O(y/Iogn) is known to
exist [14]. We seek to circumvent these limitations by leveraging the dataset’s geometry
directly.

The shifted-grid approach. Another standard approach for fast construction of separating
decompositions in Eg spaces is to partition the dataset using a randomly shifted grid. This
approach can be implemented in O(dn) time and yields a decomposition of quality O(d),
which is suboptimal for the high-dimensional regime d = w(logn). This approach can
nevertheless be used in ¢4, even when d = w(logn), because the dimension can be reduced to
O(logn) by the JL lemma [31]. A technical issue that arises is that the JL map has a small
failure probability, which might affect the correctness of the procedure (e.g., for very close-by
points). We resolve it by verifying in near-linear-time that the decomposition has succeeded;
see the proof of Theorem 1.4 for details. Perhaps a lesser-known fact is that the shifted-grid
approach can be used in £ even when d = w(logn), despite the impossibility of dimension
reduction in this space [12, 39]. To construct an (O(logn), A)-separating decomposition,

set the grid sidelength to =2

TTog- For every pair of data points z,y, the probability they

llz—yllx
A

are separated by the grid is at most O(logn) , and the probability they are clustered

Jo—
together is at most n= =" The crux is that even though the ¢;-diameter of a grid cell is

larger than A, the diameter of a cluster is actually determined by the data points it contains;
each pair of data points whose distance exceeds A is clustered together with probability at
most %, and thus by a union bound over all pairs, with high probability, no such pair is
clustered together.

We proceed to describe our results, which are also summarized in Table 1 in comparison
to known or baseline bounds.

95:3

ESA 2026



95:4
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£oo metrics. Our main result is a near-linear-time padded-decomposition algorithm for £,

with near-optimal quality O(logn). We prove the following in Section 2.

» Theorem 1.3. There is a padded-decomposition algorithm for n-point metrics in €%, that
achieves quality O(logn - loglogd) in running time O(nd?).

Note that by a classical result of Matousek [45], every n-point metric embeds into £
with distortion O(1/¢),! and this implies, by a result of [8], that some n-point metrics in
0 require quality Q(elogn). For fixed € > 0, our Theorem 1.3 nearly matches this lower

142¢)). For comparison with the baseline, current o(n?)-time

bound (with running time O(n
spanner constructions [38]? have stretch roughly O(log* d) = O(log* n), and thus a baseline
padded-decomposition algorithm only achieves a far worse quality O(log5 n).

The algorithm of Theorem 1.3 goes through the closely-related notion of sparse neigh-
borhood cover [6, 7] (for formal definition see Definition 2.1), which was recently shown to
yield a padded decomposition [16], and is also of independent interest. Indeed, we provide
in Section 2.4 an application of our sparse neighborhood cover to fast spanner construction

(with near-optimal stretch-size tradeoff) in ¢4 for d = ne.

£ metrics. Our result for /5 is an almost-linear-time algorithm that achieves near-optimal

quality, namely O(y/logn). When the algorithm’s parameters are tuned to run in near-linear
time, the algorithm essentially amounts to applying the folklore shifted-grid approach.

» Theorem 1.4. Fiz 0 < p < 1. There is a separating decomposition algorithm for n-point
metrics in (3 with quality O(\/;f1 log nloglogn) and running time O(n't? + d?n). The
algorithm is Las Vegas, meaning that with high probability it reports a partition sampled from
a separating decomposition, and with the remaining probability it reports “Fail”.

An optimal quality bound O(y/logn) was established in [14] without an explicit analysis
of its algorithmic efficiency. A naive algorithmic implementation of their proof runs in time
O(n® 4 dn), which can be improved to O(n? + dn) using standard methods, as explained
in [51, Section 2]. However, their more sophisticated improvement of the running time
to O(n'®' + dn) using Locality Sensitive Hashing (LSH), claimed in [51, Section 3], is
unfortunately flawed.

We remark that Theorem 1.4 implies also a fast separating-decomposition algorithm for
£, metrics, p € (2,00], by just applying known results of [36, 38, 49]. These results employ
a sequence of mappings that essentially reduce the problem of constructing a separating
decomposition in ¢, to the same problem in . We can simply replace the algorithm of [14]
for /5 with ours, and thereby speed up the overall running time.

The proof of Theorem 1.4 is a surprisingly simple reduction to the low-dimensional setting
for Eg,, for which we use a separating-decomposition algorithm of Andoni and Indyk [2]. In
a nutshell, the reduction divides the coordinates into blocks of a carefully chosen length
and works on each block separately. We additionally show in Section 3.1 that the same
simple idea can be applied also to the nearest-neighbor search problem (NNS), yielding new
deterministic and space-efficient data structures.

L A metric space (X, dx) embeds into a metric space (Y, dy) with distortion k > 1 if there exist a function
f:X =Y and s > 0 such that for all z,y € X, { -dx(z,y) < dy (f(z), f(y)) < s-dx(z,y).

2 We note that [49] show the existence of spanners in £oo with size O(n) and stretch O(y/Iogn log? d),
but their running time is not analyzed.
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2 Padded Decomposition in £%

This section proves Theorem 1.3 by presenting our padded-decompositions algorithm for a
dataset X C ¢4 . We use dx to denote the induced metric on a subset X C ¢4 . The closed
ball of radius r > 0 around z in X is denoted Bx (z,7) :={y € X : ||z — y|loo < r}. We also
abbreviate Bya (z,7) as Boo(, 7).

2.1 Sparse Neighborhood Covers

Our algorithm goes through a sparse neighborhood cover [6], which is a deterministic coun-
terpart of padded decomposition, defined as follows.

» Definition 2.1 (Neighborhood Cover). A collection C of subsets of X (called clusters) is a
(8, s, A)-neighborhood cover if the following hold:
(Cluster Diameter) Each cluster C € C has diameter at most A.
(Covering) For each x € X there exists a cluster C € C such that Bx (z, %) cc.
(Sparsity) Fach x € X is contained in at most s clusters from C.

A common way to construct a neighborhood cover of sparsity s is to take s independent
partitions drawn from a padded decomposition. Recently, Conroy and Filtser [16] showed
that the other direction also holds: Given a (3, s, A)-neighborhood cover, one can generate
a (O(Blogs), Q(%), A)-padded decomposition. Using their reduction, our main technical
contribution is a fast algorithm for sparse neighborhood covers in ¢4 , which, in fact, covers

the dataset with “continuous” axis-aligned rectangles in R%.

» Definition 2.2. An axis-aligned rectangle in R is a set of the from R = I, x --- x I, where
each I; is an interval in R. (We allow intervals of all forms [a,b], (a,b], [a,b), (a,b).) The
width of R is the length of the longest interval among Iy, ...,15. Note that the intersection
of two axis-aligned rectangles is another axis-aligned rectangle (or empty), and every ball
Boo(x,7) in €L, is an avis-aligned rectangle of width 2r.

» Theorem 2.3. There is an algorithm that, given dataset X C % of size | X| = n, diameter
bound A > 0 and parameter 0 < p < 1, outputs a collection R of azis-aligned rectangles with
associated cluster collection C(R) = {C(R) := X N R}rer such that the following properties
hold true. For s =0O(n’ - p~tlogn) and B = O(p~*loglogd):

(Diameter) Each rectangle R € R has width at most A.

(Covering) For each x € X, there is covering rectangle R € R such that Be(z, %) CR.

(Sparsity) Each x € X is contained in at most s rectangles from R.
In particular, the clusters collection C(R) forms a (8, s, A)-neighborhood cover of X. The
algorithm is deterministic and runs in time O(n**? - p~1d?logn).

We now focus on the proof of Theorem 2.3; later, in Section 2.3, we explain how it is used
through the reduction of [16] to get the padded decomposition algorithm of Theorem 1.3.

Terminal reduction. The algorithm is based on a terminal reduction procedure. Given a
set of terminals T" within X, this procedure constructs a sparse collection of rectangles which
covers a large fraction of the given terminals, leaving the uncovered ones as the new, smaller
terminal set. The formal guarantees are stated in the following lemma:

» Lemma 2.4 (Terminal Reduction). There is an algorithm Cover(D, X, T, p), whose input
consists of axis-aligned rectangular domain D = I, x --- x I; C R?, dataset X of n points
from D, terminal set T C X of points with £.,-distance more than 1 from the boundary of
D, diameter bound A > 0, and parameter 0 < p < 1.

95:5
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It outputs a new terminal set T C T such that |T*¥| < |T| — |T|*~?, along with a
collection R of axis-aligned rectangles with associated clusters C(R) = {X N R}ger, such
that each rectangle in R is contained within the domain D, and the following hold:

(Diameter) Each rectangle R € R has width at most A.

(Covering) For each x € T \ T*", there is some R € R such that By (z, %) C R, where

ﬁ — O(loglpogd)'

(Sparsity) The collection R can be partitioned into at most log |T| + 1 sub-collections,

where each sub-collection consists of pairwise-disjoint rectangles.
The algorithm is deterministic and runs in O(n - d?log |T|) time.

Theorem 2.3 follows by repeated invocations of Lemma 2.4, as follows:

Proof of Theorem 2.3. By scaling the dataset, we may assume that A = g = O(%).
Define M = max,cx {7/} and set the domain as D = [—(M +2), M + 2]¢. The algorithm
works in terminal reduction steps. Initially, Tp = X. In step 4, apply Cover(D, X, T;_1, p)
of Lemma 2.4 to obtain new terminal set T; C T;_; and rectangle collection R;. The process
halts at the first step k& where T}, = 0. Since |T;| < |T;_1] — |T;—1]*7* and |T| = n, we have
k=0(n*-p=1) (see [6, Claim 3.3]). Welet R =Rq U --URy.
(Diameter) Lemma 2.4 ensures that every rectangle in every R; has width at most A.
(Covering) Let € X, and consider the last step ¢ such that « € T;_1\T;. Then Lemma 2.4
implies that there is some R € R, such that By (z, %) = Boo(z,1) C R.
(Sparsity) Lemma 2.4 ensures that each point € X belongs to O(logn) rectangles from
each R;, and hence only to O(klogn) = O(n” - p~!logn) rectangles overall.
Each of the k = O(n” - p~1) invocations of Lemma 2.4 takes O(n - d*logn) time, so the total
time is O(n'** - p~1d?logn). <

2.2 Proof of Lemma 2.4

The main remaining part is thus proving Lemma 2.4. To this end, we utilize powerful tools for
¢4 that were presented by Indyk in his work on the Nearest-Neighbor Search problem [29].

Informally, Indyk proved that given a finite terminal set in <, one can either (a) find
a dense box (i.e., £5-ball) of small radius that contains many terminals, or (b) find an
axis-aligned hyperplane that has only few terminals close to it, and bisects the rest of the
terminals in a roughly balanced way.

» Definition 2.5. Let T C ¢, and o, 3,7 € [0,1] such that a+ 3+~ = 1. An (a,,7)-
separator of T is an axis-aligned hyperplane H;(t) = {x € R? | x; =t} such that:

T :={xeT|x; <t—1} is of size |TL| = «|T,

Th:={zeT|t—1<z <t+1} is of size |Tu| = B|T|,

Tp:={xeT|t+1<uz} is of size |Tx| = ¥|T.

» Lemma 2.6 (Restatement of [29, Lemma 1]). Given a set T C ¢ and parameter 0 < p <1,
there is an O(d|T|)-time algorithm whose output is one of the following options:

1. (Separator) An («, B8,7)-separator of T such that o,y > ﬁ and o' =P 4417 > 1.

2. (Dense Box) A point z* € T such that, for r = O(%), we have |Byp(z*,r)| > @

» Remark 2.7. In [29], the inequality in the separator case is logﬁ% (@) < p, which is

equivalent to 8 < v/(1+r) — ~_ This implies our inequality:
l=a+B+y<at+y/0) <atyl7P <al™P 44177

(where the middle inequality utilizes the fact that 1/(1+ p) > 1 — p).
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We are now ready to give the algorithm of Lemma 2.4. The basic idea is to ap-
ply Lemma 2.6 on the given terminal set, and recurse according to its output. If we
get a dense box, we just add it (or, more precisely, its intersection with the domain) to the
rectangle cover and recurse on the remaining, uncovered terminals. If we get a separator, we
“give up” on covering the few terminals in the middle (namely, include them in 7™¢%), and
recurse on the left ones and on the right ones.

Algorithm 1 Algorithm Cover(D, X, T, p)

Input: rectangular domain D, dataset X C D, terminal set 7' C X, parameter 0 < p < 1.

Output: new terminal set 7", rectangle collection R.

Base Case: If T'= ), return (0, 0).
Recursive Step: Apply Lemma 2.6 on T with parameter p.

1. Case 1: If found («, 3,7)-separator H;(t) such that o,y > 75 and o' =P 44177 > 1.

Compute the sets Ty, Ty, Tz corresponding to H;(t) (see Definition 2.5).
Define Dy, ={z € D | z; <t} and Dy = {x € D | x; > t}.

Compute Xy = DN X and Xg = DgN X.

Let (17", Ry) < Cover(Dy, X1, T, p) and (Tg¥, Rg) < Cover(Dg, X, Tx, p)-
Return (7™ := TP U Ty UTR®¥, R := Ry U Ry).

2. Case 2: Else, found z* € T such that |Br(z*,r)| > |2ﬂ for r = O(%).

Let (T™",R’) + Cover(D, X, T \ Br(x*,1),p).
Define Ryey = Boo(z*, 7+ 1) N D, with associated cluster C(Rpey) = X N Ryey-
Return (7™, R := R’ U {Ruew })-

Correctness. 'We prove the correctness of Cover(D, X, T, p) by induction on |T'|. The base
case |T| = 0 is trivial, so we assume |T| > 0 from now on, and denote the output of
Cover(D, X, T, p) by (T™¥,C). Note that the induction hypothesis applies to all recursive
invocations of Cover. Indeed, in Case 1 we invoke it with terminal sets of size (1 — a)|T| and
(1 —)|T|, and in Case 2 with a terminal set of size < |T'|. Furthermore, in both cases, the
terminals in the recursive call all have /., distance of more than 1 to the boundary of the
domain in this call.

Diameter. The fact that each rectangle in R has width O(%) is immediate by induction:
In Case 1 we do not add any new rectangles other than the ones recursively constructed. In
Case 2, we add one more rectangle of width < 2(r +1) = O(%).

Covering. Letxz € T\T™" and we should show there is some R € R such that Bo(z,1) C R.
We start with Case 1, and denote by H;(t) the («, §,v) separator of this case. We have
that T\ %% = T\ (TF" U Ty U TE¥), so either z € T, \ T or o € Ty \ T2, If the former
(resp., latter) holds, then by induction, there is R € Ry (resp. R € Rg) s.t. Boo(z,1) C R.
Next, consider Case 2. Suppose first that x € Br(z*,r). In this subcase, we argue that
the newly added rectangle Ryey = Boo(2*,7 4+ 1) N D contains Bo, (2, 1). Indeed, since x € T,
its {o-distance from the boundary of D is more than 1, so this follows by triangle inequality.

95:7
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Finally, suppose x € (T'\ Br(x*,r)) \ T™". Recall that 7" is the new terminal set returned
by the recursive call Cover(D, X, T \ Br(z*,r),p), so by induction, there exists R € R’ that
contains By (x,1).

Sparsity. We now show that R can be partitioned into at most log|7T'| + 1 sub-collections,
each consisting of pairwise-disjoint rectangles.

First consider Case 1. Note that rectangles in Ry (resp., Rg) are contained within Dy
(resp., Dg) because they were returned by invoking Cover with domain Dy, (resp., Dg). By
induction hypothesis, both Ry and Ry can be partitioned into at most log|T| + 1 sub-
collections of pairwise-disjoint rectangles, and we can concatenate the i-th sub-collection of
Ry with the i-the sub-collection of Ry to obtain the i-th sub-collection of R.

For Case 2, we add one more rectangle Ry, to the recursively constructed R’. By
induction, the latter can be partitioned into at most log |T \ Br(z*, r)‘ +1 <log @ +1=
log |T'| sub-collections of pairwise-disjoint rectangles. So, we simply put Rpe, in a new
sub-collection {Ryey}-

Terminal reduction. To conclude the correctness proof, we show that |7°| < |T'| — |T|'~*.

In Case 1, we have

(1) = |72 + |13
< (|| = |1TL*7) + (|Tz| — | TR ) by induction hypothesis,
= (@+ DT = (@' +)TIF as |TL| = o|T|, |Ta] = |71,
<|T|—|T|*~° asa+vy<1,and o' + 4177 > 1.

In Case 2, denote B := Br(xz*,r).

|T™| < (|T| — |B|) — (IT| - |B)*~* by induction hypothesis,
< [T] = (IBI'"* + (7| = B)'™") using |B| > [B|'~",
<|T|—(|B| +|T| —|B|)** by sub-additivity of f(z) = 2!~
= |T] = |T]*~".

Running time. Finally, we analyze the running time of Cover(D, X, T, p). Consider the
recursion tree of the algorithm, where each node is associated with an instance of dataset X’
and terminal set 7”. The work done inside this node consists of applying Lemma 2.6, which
takes O(d|T’|) < O(d|X'|) time, and spending another O(d|X’|) time to partition X’ into
X{, X} or to compute By (z*,r) and the rectangle Rpe, with its associated cluster C(Rpey).
Note that the datasets of instances from a given level ¢ of the recursion tree are disjoint
subsets of X, so the total time spent in each level i is O(| X]| - d).

It thus remains to bound the depth of the recursion tree by O(dlog|T|). For this, we
assert that the instance of a node in depth ¢ has terminal set of size at most (1 — 25)[T,
which means that the leaves (with terminal sets of size 0) must have depth O(dlog|T|). The
assertion follows easily by induction on %, using the fact that o,y > 4—1d in Case 1, and that
Brp(z*,r) > @ > L|T| in Case 2.

This concludes the proof of Lemma 2.4. <
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2.3 From Neighborhood Cover to Padded Decomposition

We now explain the details of the reduction from our rectangle-based sparse neighborhood
cover to padded decomposition, which gives the proof of Theorem 1.3.

The reduction is a slight modification of the one by [16] to ensure fast running time. The
main point is the following: Given a (8, s, A)-neighborhood cover C, the reduction of [16]
uses the “boundary distances” d¢(x) = minye x\c{dx (z,y)} defined for every point z € X
and cluster C' € C to construct an (O(8log s), ﬁ, A)-padded decomposition. However, this
“discrete” definition of d¢ is problematic for us to compute in less than O(n?) time. To
overcome this, we utilize the fact that our clustering is in fact induced by intersections with
“continuous” axis-aligned rectangles in R%, which allows to redefine the values d¢(z) while
preserving all their important properties.

From now on, assume Theorem 2.3 was applied with diameter bound A and parameter
p to be chosen later, let R be the resulting rectangle collection, and C(R) the resulting
cluster collection which forms a (3, s, A)-neighborhood cover with 3 = O(p~!loglogd) and
s = O(n?p~llogn). Let x € X and R € R with corresponding cluster C(R). We define
Jo(r)(z) as the £-distance between x and R?\ R. Formally, let R =I; x --- x Iz, where
the interval I; C R has boundary points a; < b;. Then,

do(ry(z) = inf{l|lz — Yl : y € R?\ R} = max {0, Z‘_r{ﬁn . {min{z; — a;,b; — xl}}} (1)
Note that we can compute all of the nonzero values in {d¢(g)(z) : 2 € X,C(R) € C(R)} in
just O(n-s-d) = O(n'** - p~'d) time, since dc(g)(x) can be nonzero only if  belongs to the
rectangle R, and there are at most s such rectangles in R. This is the crucial point where
we use the fact our neighborhood cover C(R) is induced by intersections with axis-aligned
rectangles to allow fast computation.

We now use these values to define the padded decomposition exactly as in [16]. Let
Texp(A) be Ehe truncated exponential distribution with parameter A\, with density function

de NF

9(2) = 7%= for z € [0,1]. For every cluster C € C(R), we sample (independently)

dc ~ Texp(2 + 2s), and define the function fo : X — R by

fe(z) =éc - % + dc ().

Define the partition P = { Po}cec(r) where each point x € X joins the cluster Po such that
fe(x) is maximized.

First, we show that P can be computed in just O(n-s-d) time. Fix z € X, and let R, be
the rectangles in R that contain z, which are at most s. We claim that x can only join Po
if C = C(R) for some R € R,, so we only need to compute s values of fo(z) to determine
which Pc contains x. This is seen by the observing the following:

By the covering property, some R € R, contains B (z, %), so fory() = Oc(ry(z) > %.

On the other hand, if x ¢ R, then O¢(g)(z) = 0, and hence fo(ry(z) < % w.p. 1.

Note that the above argument showed that Pe(ry € C(R) C R. Hence, the diameter of
Pc(r)y is at most the width of R, which is at most A, so P is indeed A-bounded.

The proof of the padding property from [16] can be applied verbatim. This is because
the only property of the values d¢(x) used by [16] for this proof is the triangle inequality

|0c(z) — 0c(y)| < dx(x,y) = || — y||co, which also holds for our definition in Equation (1).

We thus obtained that P is indeed a partition sampled from a (O(8log s), ﬁ, A)-padded
decomposition. The running time is dominated by computing the rectangle neighborhood

cover in Theorem 2.3. Choosing p = l‘j{golT“i” completes the proof of Theorem 1.3.
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2.4 Application: Spanners in ego

A spanner with stretch t > 1 for a finite metric (X, dy) is a weighted graph G = (X, E, w)
with edge weights w(u,v) = dx(u,v) whose shortest-path distances dg satisfy dx(z,y) <
da(z,y) <t-dx(x,y) for all z,y € X. The main quality measure for spanners is the tradeoff
between the stretch and the sparsity (i.e., number of edges |E|). Neighborhood covers are
well-known to yield spanner algorithms [6, 7, 26]. In our case, by applying the algorithm
of Theorem 2.3 with O(log D) different diameter bounds, where Dx = % is
the aspect ratio of the metric (X, dx), we obtain the following.

» Theorem 2.8. There is a deterministic algorithm that, given dataset X C (% of size
| X| = n with aspect ratio Dx, and parameter 0 < p < 1, outputs a spanner for (X,dx)
with stretch O(p~loglogd) and sparsity O(n**?p~tlognlog Dx). The algorithm runs in
O(n'*trp=Ltd?lognlog Dx) time.

The proof is a standard argument, included in Appendix A for completeness. We remark
that, while we mainly focused on neighborhood covers as a tool for padded decompositions,
there is a relaxed notion of such covers with average sparsity guarantee which is enough to
yield spanners. In the average sparsity variant, the property that each x € X is contained in at
most s clusters is replaced by > - [C] < n-s. For this relaxed notion, our Theorem 2.3 can
be slightly improved to achieve s = O(n” logn), removing a p~! factor, and this improvement
propagates to the sparsity and running time of Theorem 2.8.

We omit the full details, and only sketch the argument as follows: Adapt the Cover
algorithm so that instead of “giving up” on the middle Ty, it includes it in both recursive
calls on the left and on the right. In this case, just a single invocation of Cover produces all
of the clusters C. The analysis of the running time and the sparsity is by bounding the depth
of the recursion tree and the total size of instances in each of its levels, similarly to [29].

3 Separating Decomposition in £

This section proves Theorem 1.4 by providing a separating-decomposition algorithm with
quality O(y/logn) that runs in almost-linear time. A central component in the proof is a
powerful decomposition technique for the entire ¢4 space from [2, Section 3], which runs in

exponential time in the dimension of the space, as follows.

» Theorem 3.1 ([2, Section 3]). There is a separating decomposition algorithm for n-point
metrics in (¢ with quality O(v/d) and running time O(n - 241984, The algorithm is Las
Vegas, meaning that with high probability it reports a partition sampled from a separating
decomposition, and with the remaining probability it reports “Fail”.

We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4. Assume first that d < O(logn). Essentially, this assumption is valid
due to the JL-transform [31], and we formally justify it at the end of the proof. Without loss
of generality, we may assume that A =1 (by rescaling), that p = Q(loén) (since a smaller p
does not improve the running time), and that p~! is an integer.

Arbitrarily partition the coordinates as Iy U---U I,-1 = [d], where each I; is of size
at most O(p - d). For every I; and = € X, let z[I;] denote the restriction of x to the
coordinates in I;, and let X[[;] = {z[[;] |z € X} C KQO(p'd). For each I;, apply Theorem 3.1
to sample a partition P; from a (O(v/p - d), \/p)-separating decomposition of X[I;], which
takes O(n - 27d108(pd)) — O(pltrloglogn) time, If one of the p~* applications of Theorem 3.1
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fails, we halt the algorithm and report “Fail”. Note that by a union bound, this step
succeeds with high probability. Finally, the partition P of X is defined as the common
refinement of all Py,...,P,-1. That is, two points z,y € X belong to the same cluster of P
iff P;(z[1;]) = P;(yll;]) forall 1 < j < p~ 1.

We move to analyze the correctness of the described algorithm.

Diameter. To show that P is 1-bounded, let =,y € X be points that were clustered together
by P; namely, for every 1 < j < p=', P;(z[[;]) = P;(y[L;]). Then, since every P; is
p-bounded we have

d t
lz = yl3 =D Ny — w5l = D _ll=lL] = ylLlI < p~" - (V) = 1.
j=1 j=1

Separation. Let x,y € X. Then, we have

-1

PrP(z) # P(y)] < Y Pr[P;(x[L]) # P; (yl1;))] by a union bound,
j=1
< pX:O(\/p-d)M by def. of P;,

j=1 VP

— 0(vd) Z [=[1;] = y[L]]|2

p—1
<o) [ Vot | S lall] = yL]I3 | by Cauchy-Sehwarz,
j=1

=0(yvp~tlogn) - ||z —yl2,

as required.

To conclude, for the case d = O(logn), we have shown a separating-decomposition
algorithm with quality O(y/p~!logn) that runs in time O(p~t-n!*trloglosn) So Theorem 1.4
for this case follows by rescaling p.

General dimension. To resolve the case of general d, apply a JL transform [31] to embed
the dataset X into Kg(log n), such that with probability at least 1 — %, the distance between
every two dataset points contracts or expands by at most factor 2. Then apply the preceding
algorithm with diameter bound A = A /4, obtaining within O(n'*#) time a partition sampled
from a separating decomposition with separation parameter & = O(\/ p~lognloglogn),

which induces a partition P of the original dataset X.

Outputting the partition P would cause some issues, even though the failure probability
of the JL transform is polynomially small. First, when it fails, clusters might not have
diameter bounded by A, whereas the output must be a A-bounded partition (with probability
1). Second, for close-by points, say within distance <« 7%, the separation probability is
dominated by that failure probability, which is not proportional to the distance. To solve
these issues, execute the following verification steps before outputting P (and if one of them

fails, we output “Fail”):
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1. Diameter verification: For every cluster C' € P, pick an arbitrary point x € C, and verify
that ||z — y|l2 < A/2 for all y € C. This can clearly be implemented in deterministic
linear time O(nd).

2. Close-pairs verification: This step outputs “Fail” or “Success”, with the following guaran-
tees, assuming that d < n without loss of generality:?

If some z,y € X with ||z — yll2 < & are separated by P, the output is “Fail”.
If all 2,y € X with ||z — y|l> < O(d*?) - & < O(%) satisty P(z) = P(y), the output
is “Success”. (In the contrapositive: if the output is “Fail” then some z,y € X with
|z — yll2 < O(£) are separated by P.)
This step essentially scans all the pairs whose distance is at most %, but relaxing this
threshold is by factor O(d*/?). It can be implemented in deterministic O(d?n) time by
applying hashing techniques of [13] for approximate near-neighbor search; see [51, Section
4] for a complete description.

We claim that both verification steps succeed with high probability. Indeed, the diameter
verification succeeds whenever the JL transform succeeds, in which case every cluster of P
has diameter at most 2A = A /2. As for the close-pairs verification, when the JL transform
succeeds, each pair z,y € X with ||z — y|j2 < O(%) is separated with probability at most
a- w < O(1/n?), so by a union bound, with high probability no such pair is separated
and the verification succeeds.

Finally, we show that when the algorithm reports P, it is indeed a partition sampled from
an (O(y/p~1lognloglogn), A)-separating decomposition. Observe that P is A-bounded
because by the first verification step every cluster has radius at most A/2. To verify the
separation probability, denote by V' the event that the verification succeeds, and by J the

event that the JL transform succeeds. Now consider z,y € X. If ||z — y|l2 > £, then

Pr[P(z) # P(y) A V]

Pr[P(x) #P(y) | V] =

Pr[V]
_ P{P(@) # P(y)
- Pr[V]
<O0(1)-Pr[P(z) # P(y)] as V happens w.h.p.
<0Q1) - (Pr[P(z) # P(y) | J]+Pr[J]) by law of total probability,
<o(1)-(a- M + %) as J happens w.h.p.
< o2k as o — yllo >

and if |z — y||> < & then clearly Pr[P(z) # P(y) | V] = 0. This concludes the proof. <«

3.1 Application: Deterministic Nearest-Neighbor Search

The c-approximate nearest-neighbor search (c-ANN) problem asks to preprocess an n-point
dataset P in a metric space (X,dx) into a data structure that can quickly answer the
following queries: given ¢ € X, report « € P satisfying dx(¢,z) < ¢- mingepdx(q,y). In
this section, we apply the simple “coordinate division” trick used in our proof of Theorem 1.4,
together with several ingenious ANN algorithms of Indyk, to prove the following.

» Theorem 3.2. For every 0 < € < 1, there is a deterministic O(e~2loglogn)-ANN for
n-point datasets in (3 or in (¢, with space O(e~1n'*e . poly(d)), query time poly(dlogn),
and preprocessing time poly(nd).

3 If d > n, apply Gram-Schmidt to reduce to a subspace of dimension < n in time O(n?d) < O(nd?).
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To the best of our knowledge, no known deterministic ANN for ¢4 or ¢¢ when d >> logn
achieves o(logn) approximation, poly(dlogn) query time, and O(e~'n'*< - poly(d)) space.
Furthermore, a recent reduction from [37] shows that Theorem 3.2 can be extended to €g for
every 1 < p < oo, at the cost of an additional e~ !1p@M)+loglogr factor in the approximation.

We now discuss the proof of Theorem 3.2. By employing a reduction from [28] (see also [3,
Section 3]), for every ¢ > 1, one can use poly(dlogn) deterministic c-ANNs for Hamming
space ({0,1}°0°8™) d;) to compute (in polynomial time) a deterministic O(c)-ANN in ¢4
or /¢, with at most a poly(dlogn) overhead in query time and space. Thus Theorem 3.2
reduces to proving the following lemma.

» Lemma 3.3. For every 0 < € < 1, there is a deterministic O(e~2loglogn)-ANN for n-point
datasets in Hamming space ({0,1}°0°8™) dy) with query time O(logn), space O(e~ n'*€)
and preprocessing time poly(n).

Proof. Let P C {0,1}°0°6™) he the given dataset. Divide the O(logn) coordinates of the
space into 7 = O(e™ 1) sets I, ..., I, each of size at most elogn. Let dproq denote the product
metric over {0,1}°0°8™) = {0 1}t x ... x {0,1}!", defined by

dproa(,y) 1= max dy(x{L;],y[1;]).
That is, dproa(,y) is obtained by considering the Hamming distance restricted to each
coordinate block I;, and taking the maximum. Clearly, % ~dy(x,y) < dproa(,y) < dy(x,y),
i.e., the identity mapping from ({0, 1}°0°8™) d,) to ({0,1}C0cen), dproa) has distortion at
most r = O(e™ ).

For each space ({0,1}5, dy,), construct a trivial I-ANN data structure of space O(21%i!) =
O(n¢) and query time O(1) that explicitly stores the answers to all possible queries. Further-
more, this 1-ANN also works for the priority version of the problem, where each point in the
dataset has a priority, and if there is more than one nearest neighbor, the one with smallest
priority should be reported.

We now appeal to a known ANN construction for product metrics, from [30, Theorem
1], and its slight space refinement in [4, Appendix A] (which require the aforementioned
priority version). These imply an O(e~!loglogn)-ANN for the dataset P, considered in
({0,1}00e8™) g4, with space O(e~'n'*€) and query time polylogn. We use this ANN
also for the original Hamming metric: Given a query ¢, the returned point x € P satisfies

dy(q,7) < 7dproa(q, ) < 7-O(€” " loglogn)-min dproa(q, y) < O(e™* loglogn)-min da(q, ),
ye ye

as needed. |
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A  Spanner Construction in £,

Proof of Theorem 2.8. Without loss of generality, assume min, yex [z — ylloc = 1 and
max, yex |2 — yllo = Dx, and let 8 = O(p~'loglogd). For every i € {1,...,log Dx + 1},
apply Theorem 2.3 with p and A; = 2°3 to obtain a (83, s, A;)-neighborhood cover C;, where
s = 0(n?p~tlogn). We construct the spanner by selecting an arbitrary point s from every
cluster C € C; and adding the edges {{z,sc} |z € C}.

The spanner’s sparsity follows immediately from that of the covers C1,...,Co(log Dy): for
each i, we add a linear number of edges per cluster C' € C;, and each point belongs to at
most s = O(n?p~tlogn) clusters. To verify the stretch, let x,5y € X and let i such that
lz — ylloo € [2¢71,2%). Let C € C; be the cluster covering z, meaning B(z,2?) C C. Since
lz — ylleo < 2%, y € B(z,2%) C C, so the spanner contains the path z — sc — y. The
diameter of C is at most 23, hence, the weight of this path is at most 278 < 48|z — y||e =
O(p~tloglogd)|z — Y| s, concluding the proof. <
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