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—— Abstract

In this paper, we introduce a new data analysis problem that aims to decompose a set of univariate

time series into a small set of k base curves of length at most [ such that the sum of Fréchet distances
of the time series to a “Fréchet combination” of the base curves is minimized. Here, a Fréchet
combination allows to combine individually scaled base curves using a k-dimensional traversal. We
call the problem of finding a set of optimal base curves the Fréchet decomposition problem and we
consider two variants: (a) the base curves can be arbitrary curves of bounded length and (b) the
curves come from a given finite set of candidate curves. We think of the Fréchet decomposition
problem as a Fréchet variant of principal component analysis. For the case of a single base curve we
develop a (1 + €)-approximation algorithm for the Fréchet decomposition problem. Additionally we
give an exact algorithm for the projection distance problem that asks to compute the distance of
one given time series to a given set of k base curves. This allows us to design an exact algorithm for
the Fréchet decomposition problem for general £ when curves come from a fixed candidate set.
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1 Introduction

A fundamental problem in exploratory data analysis and forecasting is to decompose a given
signal into its (most important) components. Several methods for this problem are known,
including principal component analysis (PCA; also known as Karhunen-Loewe transform
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or empirical orthogonal functions [31, 24, 43]), complex principal component analysis [26],
independent component analysis [28], functional principal component analysis etc. One
drawback of principal component analysis is that it cannot deal effectively with individual
temporal distortion that may happen for a relevant pattern across the input time series.
One reason why this may happen is that the signal is not sampled uniformly, but one
could also think of physical effects that could lead to such a behaviour. For example, in
the area of oceanography, one of the main factors in sea surface height analysis [39] is a
change that corresponds to summer/winter, and so depending on the location on the planet,
the underlying signal may be shifted. Some variants of PCA like the complex principal
component analysis, are able to find temporal shifts of patterns in the input [26]. However,
this comes at the expense of an intrinsic indeterminacy that complicates the interpretation
of the results. Kernel PCA [32] can be viewed as addressing similar needs. There are kernels
for variants of the Fréchet distance [38] and DTW [17, 16]. However, a fundamental problem
with this approach is that the decomposition exists only in lifting to a high-dimensional
feature space, and there is no reverse mapping from the feature space back to the input space.
This is also called the preimage problem [25]. Otherwise classical techniques like spectral
analysis [35], wavelet analysis [37] are used to determine patterns with respect to a single
time series, which makes them unsuitable for our setting.

In the statistics literature, so-called function registration aims to find suitable warping
functions for the input time series to optimize the fit to a template or reference function
as a preprocessing step to a (functional) principal component analysis [42, 36]. This is
usually done for each input time series individually by solving a regression problem and is
sensitive to the choice of the template function. Sometimes pairwise alignments are used; refer
to [41] for a recent survey. More recent approaches combine the fitting of alignments with a
principal component analysis [29, 30]. However, these approaches typically lack convergence
guarantees, not to mention a rigorous running time or complexity analysis.

This paper aims at developing new techniques to decompose a signal into components in
a setting where the basic components that shape the signal can be stretched or compressed
in time. The Fréchet distance is well-equipped to handle such distortion. Building upon the
work on clustering of time series [21, 10, 14, 9, 34, 13, 12, 19], we are aiming at developing a
signal decomposition technique that uses the Fréchet distance.

More concretely, assume we are given a set X = {x1,...,x,} of time series. For example,
each could be a time-ordered sequence of measurements of the same time-varying signal
at a specific location. We are looking for k base signals by, ..., b, that can explain all x;
simultaneously. In other words, we think of x; as being generated by the k base signals and
noise. One simple way to phrase this problem is to say the z; can be generated by a linear
combination of the b;, and we have Gaussian error. In this case, one would try to find k base
curves by, ..., b, that minimize

n

(w17~--=wk)

k
min ||z; — ij by 12
i=1 j=1

The latter problem can be solved using principal component analysis.

In our case, even though we are measuring the same underlying process, we must also take
into account the situation that the same signals appear in a different form (for example, they
might be delayed or distorted). We therefore introduce a problem formulation that allows
for distorted signals, based on the (discrete) Fréchet distance. The discrete Fréchet distance
between two signals x = (z1,...,2,) and y = (y1,-..,Ym) is defined as the minimum over
all aligned traversals of  and y (where one can either advance on z or y or both) of the
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maximum distance of the matched entries. It can be easily extended to a multidimensional
traversal between an input time series x; and k weighted base curves w;b; where w; denotes
the weight of the i-th base curve b;. Let B denote such a set of k£ base curves. We develop a
notion of the span under the Fréchet distance, denoted with spang(B), which is a set that
contains all time series that can be formed as the weighted sum of elements of B under
combined traversals. Let dp(z;,spang(B)) denote the standard Hausdorff-extension of the
distance to the set spanp(B). We can think of this as a distance to a projection onto this
set. Then our goal will be to find a set of k base curves B that minimize

ZdF(l'z',SpanF(B))-

i=1

We will refer to the problem of finding B as the Fréchet Decomposition Problem. More
details will be given in Section 3.

1.1 Related work

There is extensive literature on the complexity of computing the Fréchet distance. Computing
the distance for two curves of complexity m takes roughly O(m?) time both for the discrete
and the continuous version [3, 2]. This is optimal under the strong exponential time
hypothesis [6, 1], even for 1-dimensional curves [8, 11] and it holds even if we allow a (small)
constant approximation.

Related to our problem is a variant of the discrete Fréchet distance, which optimizes over
all possible translations [33, 27, 4, 7]. Here, the state of the art is by Bringmann et al. [7]
who give a O(m4'66"') algorithm and complement this result with a lower bound of m*—¢
conditioned on the strong exponential time hypothesis.

Closely related to our work is the problem of clustering time series data. Driemel et
al. [21] defined the (k,{)-clustering problem for time series as follows: Given a set P of n
time series of complexity at most m and parameters k,! € N find k center time series of
complexity at most [, such that (a) the maximum distance of an element in P to its closest
center time series or (b) the sum of these distances is minimized. Variant (a) is referred to as
(k,1)-center and (b) as (k,!)-median. Under the continuous Fréchet distance, they developed
near linear time (1 + ¢)-approximation algorithms for both clustering variants, assuming
€,k, and [ are constants. They complement these algorithmic results with hardness results,
showing that both (k,l)-median and (k,!)-center are NP-hard under continuous Fréchet
distance. Approximating (k,!)-median for polygonal curves in arbitrary dimensions was
recently studied by Buchin et al. [12]. Cheng and Huang give the first (1 + ¢)-approximation
algorithm for (k,!)-median under continuous Fréchet distance in d > 1 [14]. Both clustering
problems are also NP-hard under the discrete Fréchet distance and even for the case k =1 [9]
[10]. Nath and Taylor [34] then developed a (14 ¢)-approximation algorithm for (k,[)-median
under discrete Fréchet distance, which runs in polynomial time. Driemel et al. recently
developed a near-linear time approximation scheme for (k,{)-median clustering under discrete
Fréchet, assuming that k and [ are constant [19].

Buchin and Rohde [13] designed the first coreset construction for (k,)-median under both
variants of the Fréchet distance, where the size of the coreset has logarithmic dependence on
the number of input curves. Recently, Cohen-Addad et al. introduced a new technique for
coresets yielding an input-size-independent coreset for (k,!)-median [15].
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1.2 Results & High Level Approach

The main conceptual contribution of this paper is the introduction of the Fréchet Decom-
position Problem (Problem 1, Section 3) for which we obtain two main algorithmic results
that hold for n time series of complexity at most m, approximation parameter € > 0 and
complexity [ of the k base curves. In the following, we assume that [, k and ¢ are constants.
a (1 + ¢)-approximation algorithm with O(n? -+ nm) running time for the Fréchet Decom-
position Problem for & = 1 (Corollary 21), and
a (1 + e)-approximation algorithm with O(nm + |C|*n) running time for the Fréchet
Decomposition Problem when the set of base curves is taken from a given finite set of
candidate curves C for constant k > 1 (Corollary 25).

We consider the setting that & = 1 in Section 4. Here we give a constant-factor ap-
proximation algorithm with running time O(n?m) for Problem 1 (Theorem 17) and extend
this algorithm to a (1 4 €)-approximation algorithm with running time in O(nm*® + n?m)
(Theorem 20). To achieve this result, we exploit that the problem definition allows us to
control the infinity norms of the base curves and input time series, which is expressed by the
key Lemmas 9 and 10. For the case k = 1, this allows us to show that either weight 1 or —1 is
a constant approximation with respect to the optimal weight if the base curve and input time
series are normalized appropriately. We then compute the minimum-error I-simplifications of
the (appropriately normalized) input time series and choose the simplification that minimizes
a simplified variant of our objective function where weights are restricted to {—1,1} to get
a constant approximation for the Fréchet decomposition problem with & = 1. This is then
further refined to a (1 4 €)-approximation by discretizing the area around the vertices of the
constant approximation with an appropriately chosen grid.

In Section 5, we give an exact algorithm for the Fréchet Projection Problem (Problem 2,
Section 3) that computes the cost of a set of time series with respect to a given set of base
curves. To do so, we start with a dynamic programming approach to solve a variant of
Problem 2, where the weights are fixed. To extend this to the weighted setting, we construct
an arrangement of hyperplanes such that for each weight vector in the same cell of the
arrangement, it holds that the dynamic program takes the same sequence of decisions. Given
a cell, we can then construct a linear program, based on the corresponding sequence of
decisions in the dynamic program, to find the best weights in the given cell. By doing so
for each cell in the arrangement, we obtain an algorithm that has running time O(m?2k+2-)
(Theorem 23). This algorithm then leads to an exact algorithm for the Fréchet Decomposition
Problem in the setting where the set of base curves must come from a given finite set C. The
running time of the algorithm is in O(|C¥nm?2*+2:5) (Corollary 24).

We combine the results of both sections with a dimension reduction result of Driemel et
al. (Theorem 2 in [19]) that allows us to improve the dependency on m in the running times.

2 Preliminaries

We represent a time series of length m as an m-dimensional vector x € R™ over the reals
and refer to m as the complexity of the time series.

In the following, we will introduce the discrete Fréchet distance. To do so we start with
the standard definition that uses the notion of traversals.

» Definition 1 (traversal). Given two time series © = (T1,...,%m) € R™ and y =
(y1,-..,y) € Rl a traversal T is a sequence of index pairs (i,7) € [m] x [I] satisfying:
1. T starts with pair (1,1)



A. Driemel, J. Hockendorff, I. Psarros, and C. Sohler

2. T ends with pair (m,1)
3. if (i,5) appears in T, it can only be followed by either (i,5+1),(i+1,7) or (i + 1,5+ 1).
If a pair (i,7) appears in T, we say that x; and y; are matched in traversal T'.

Next, we state an alternative notation that uses matrices to model the traversals, which was
introduced in [19]. Here, a traversal is encoded by special matrices that map an I-dimensional
vector x to a t-dimensional space by copying some of the entries of v while keeping their
relative order. These traversal matrices are defined as follows.

» Definition 2 (traversal matrices). M € {0,1}*! is a traversal matriz if it satisfies:

1. The rows of M are standard unit vectors,

2. M(1,1) =1,

3. M(t,1) =1, and

4. For rows i € [t — 1] and columns j € [l — 1] it holds that if M(i,5) = 1 then either
M@GE+1,j+1)=10or M(i+1,j)=1. Ific[t—1] and j = £ then M(i+1,5) = 1.

For ¢,1 € N we denote with M} the set of all traversal matrices of dimensions (¢,1). A
pair of traversal matrices (M,,, M;) has matching dimension for two time series € R™ and
y € R!, if there is ¢ € N such that ¢ > max(m,l), M,, € M!,, and M; € M!. When the
dimensions ¢ and [ are clear from the context, then we will not mention M} explicitly. Note
that one can represent any traversal of x = (x1,...,2,) and y = (y1,...,¥;) by a pair of
traversal matrices (M,,, M;) of matching dimension. Additionally the ¢-dimensional vectors
M,, - (1,2,...,m)T and M; - (1,2,...,£)" denote the index of the entry of z and y that is
mapped to the corresponding entry in the t-dimensional vectors M,z and My, respectively.
This allows us to identify (M,,, M;) with a sequence T" of index pairs whose r-th entry is
the pair (i,5) where i is the r-th entry of M,, - (1,2,...,m)T and j is the r-th entry of
M- (1,2,...,1). One obtains a traversal by removing multiple neighboring occurrences of
pairs (4, 7) from the sequence T’. For a traversal matrix M of dimensions (¢, m), we will call
the vector M - (1,2,...,m)T the traversal identifier of M.

» Definition 3 (Discrete Fréchet distance). Given time series v € R™,y € R! the discrete
Fréchet distance dp(x,y) between x and y is defined as

dF(:E7y) = min ||me - Mly”oo )

where the minimum is over all pairs of traversal matrices M,,, M; with matching dimension.
As a standard extension we define for any set’ Y C |,y R!

dp(z,Y) = min dr(z,y).

We introduce the notion of the Fréchet span of a set of time series Y = {y1,...,yx}. The
span consists of all summations of time series that are formed from vy, ..., ys by applying
traversal matrices of matching dimension to each ;.

» Definition 4 (Fréchet closure). Let y € R, the Fréchet t-closure of y is defined as
closure,(y) = {My | M € M;}.

It is the set of all Fréchet expansions to vectors of length t. The closure is the union of the
t-closures over all t € N.
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» Observation 5. The discrete Fréchet distance between x and y can be written as the
minimum £~ distance between the two closures of x and y:

dp(z,y) = teiI{Il{ |2 — 9lloc | & € closure,(z),q € closure,(y)}

» Definition 6 (Fréchet span). For Y = {y1,...,yx} C R!, we define the Fréchet span of Y
as the set of linear combinations of the elements of the closures of y; € Y.

k
spanp(Y) = U U {szxl | z; € closuret(yi)}

weRF teN \i=1
Later in the paper, we will use the concept of minimum-error /-simplification, which can
be computed in O(Imlog(m)log(m/1)) time as in [5] and is defined as follows.

» Definition 7 (minimum-error I-simplification). A time series 2’ € R! is a minimum-error
I-simplification of a time series x € R™, if for any time series y € R!, dp(z,2") < dp(z,y).

We will further utilize the following theorem of Driemel et al. [19] to reduce the complexity
of the input time series to improve the running times of our results.

» Theorem 8 ([19]). Let ¢ € (0,1) and I € N be constants. There exists a constant
do = do(g,1) such that for arbitrary m € N and input time series x € R™ one can compute
in time O(mlog2 m) a time series z € R% such that for all y € R,

(1 —¢e)dp(z,y) <dp(z,y) < (1+e)dp(z,y).

Hyperplane arrangements. A hyperplane is a set {x € R? : (a, ) = b} where a € R?\ {0}
and b € R. A half-space is a set {x € R?: (a,2) < b} where a € R\ {0} and b € R, and an
open half-space is a set {x € R? : (a,x) < b} where a € R?\ {0} and b € R. An arrangement
A(H) of a finite set H of hyperplanes in R? is a partition of R into cells: a d-dimensional cell
in A(H) is a maximal connected region of R? not intersected by any hyperplane in H. Unless
otherwise stated, we refer to d-dimensional cells as cells. A cell F of A(H) can be described
by a sign vector in {—1,+1}#I which is defined with respect to a fixed orientation of each
hyperplane: each h € H partitions R? into three regions: h, and the two open half-spaces
determined by it; one of them is arbitrarily assigned to +1 and the other one is assigned to
—1. For a cell F of an arrangement A(H), cl(F') denotes its closure.

3 Problem statement

Our goal is to decompose our set of input time series into base curves (plus error). For a set
of base curves B = {by,...,b;} C R!, the error associated with an input curve z is equal to
the distance between = and the Fréchet span of B, spang(B). Our goal is to minimize the
sum of such errors over all input curves. This is formalized as follows.

» Problem 1 (Fréchet Decomposition). Let k,1 > 1 be integers. Given a set P C R™ of n
time series, find a set B C R! of k base curves that minimize
cost(P, B) = Z dp(z,spang(B)).
zeP
A closely related, but likely simpler problem asks for the “projection” of a given input
time series x to a fixed set of base curves.

» Problem 2 (Fréchet Projection Distance). Let x € R™ be a time series and B = {by,..., by}
be a set of time series from R', where k and | are fized integers. The projection distance
problem is to compute dp(x,spang(B)).
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4 (1 + e)-approximation for finding a single base curve (k = 1)

In this section, we present an algorithm achieving a (1 + ¢)-approximation for the Fréchet
Decomposition problem with & = 1. Our approach begins by computing a constant approx-
imation, which is subsequently refined to obtain a (1 + ¢)-approximation. Missing proofs of
this section can be found in the corresponding section of the full version of the paper [20].

We begin our exposition with the algorithm that computes a constant approximation.
Algorithm 1 first computes minimum-error I-simplifications of the (appropriately normalized)
input time series and chooses the simplification that minimizes a simplified variant of our
objective function where weights are restricted to {—1,1}. The first goal of this section is to
prove correctness and bound the running time of Algorithm 1.

Algorithm 1 Constant-approximation algorithm for finding a single base curve.

1: procedure ConstantApprox (P C R™,[ € N)
2: for each z € P do

3: Yz <— minimum-error [-simplification of —

Tzlloo
4 min <— oo

5 for each z € P do

6: ¢ 2 ep llzlloc - mingeg—1,13 dF(Hzﬁoovw'ym)
7.

8

9

if min > ¢ then
min <— ¢
Y < Yz
10: return y

We begin with two lemmas that show the effect on the cost after either scaling the base
curves or the input time series. Note that while these are stated for general k, we will only
use them for k = 1.

» Lemma 9. Given time series v € R™ and B = {by,...,bx} C R with | < m. Let
B e (R\{0})* and B' = {B1b1, ..., Brbx} then it holds that

dp(x,spanp(B)) = dp(x,spanp(B’)).

Proof.
k
dp(z,spanp(B)) = min__ [[Mo-x— > w;- M; - bjlls
wi,...,wEER -
Mo, My,...,My, j=1
k 3;
=  min ||M0-x—2:wj-Mj-J-bj||Oo
wi,...,wEER - Bj
Mo, Mz,...,Mj J=1

= min__ [[My-x—> M- B bjlle
wi,...,wE ER -
Mo, Mz,...,Mj J=1

k
= omin_[[My-z =Y wh- My B byl
wh,...,wy ER -
Mo, Mj,..., My, J

= dp(z,spang(B’)) <
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» Lemma 10. Given time series v € R™ and B = {by,...,b} C RY with | < m. For any
a € R\ {0} it holds that

dp(x,spang(B)) = idp(a -z, spanp(B)).

o
Proof.
k
dF(x,SpanF(B)) = min HMO L= ij . Mj . b_]”oo
w1,..., WL ER ‘
Mo, M;,..., My, j=1
« k o
= i — - My - —Z M2 b,
wl,.r.r.l,lulzlkeR Ha 0 . wy 7 ]”OO
Mo,My,...,M; Jj=1
1 k
= Tal 0 g o Mo = 3wy My by
‘Ck| W1 ,..., Wk ER '
Mo, My,...,My j=1
k

1

= min a'M'x—Zwl<-M»~b<

‘a| wi,...,w, ER H 0 = J J JHOO
Mo, My,...,M}

= ‘%'dp((%x,spanp(B)) <
We will utilize Lemma 9 and Lemma 10 to assume without loss of generality that all input
time series and base curves have their infinity norm realized by a non-negative value, since
we can always multiply them by —1 without changing the cost. Additionally, by Lemma 9,
we will assume in the following that the base curves have £, norm 1.
Next, we make an observation on lower and upper bounds of the discrete Fréchet distance
by identifying the value pairs that have the smallest and largest differences. In the following,
for v = (v1,...,v,) € R" we will write max(v) = maxj<;<, v; and min(v) = minj<;<, v;.

» Observation 11. For time series x € R™, b € R! and w € R it holds that
dp(xz,wb) < max{| max(z) — min(wb)|, | min(xz) — max(wd)|}, and
dp(xz,wb) > max{| max(z) — max(wb)|, | min(x) — min(wb)|}.

Note that since a time series v gets flipped by multiplying it with a negative weight w € R,
it holds w max(v) = min(wv) and w min(v) = max(wv).

To show that Algorithm 1 is correct, we first consider the problem of finding the weight
that minimizes dp(x,w - b) for fixed z € R™ and b € R'. Note that if ||b]|c = 0, any
weight minimizes dp(x,w - b) regardless of . On the other hand, if ||z||c = 0 then weight
0 minimizes dp(x,w - b), since = has to be all zeroes. We will therefore only consider time
series  and b with ||2||so, ||b||cc # O.

Now we show that any optimal weight is contained in an interval with its boundaries
depending on |||/ and ||b]|co-

» Lemma 12. For time series x € R™ with ||z||co = max(x) and b € R! with ||b|| s = max(b)
it holds that

—2[[#floo 2[2 o0

argmindg(z,w - b) C , .
weR ||bHOO ||bHOO

Next, we show that the weight Hi\lz gives a constant approximation for the best non-

negative weight.
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» Lemma 13. For time series x € R™ with ||7| s = max(z) and b € R! with ||b] = max(b)
it holds that

dp <1.7|.’17||00 ~b> <2 min dp(z,w-b).

16| 0o wER>(

Next, we investigate non-positive weights. Here, we first show that an additive error can
occur when a positive weight is used instead of a corresponding negative weight.

» Lemma 14. Given time series x € R™, b € R!, and a non-positive weight w € R<g, it
holds that

dp(z,[w|-b) < dp(z,w-b) +2- |w|-[b]le-

We can now show that using either —1 or 1 as weight is a constant approximation for
any weight if = and b are scaled in a certain way through Lemmas 9 and 10.

» Lemma 15. Given time series x € R™ and b € R! such that ||2]|sc = ||b]|cc = max(z) =
max(b), it holds that
min dp(x,w-b) < 10mindp(z,w - b).

we{—1,1} F( )< wER w )

By scaling the input time series to satisfy the condition of Lemma 15 we have to deal with
weighted distances. The next lemma shows that we can find a constant factor approximation
among the simplifications of the scaled input time series with respect to a modified variant
of the objective function.

» Lemma 16. Given a set of time series {x1,...,2,} CR™, pammeters a,...,an € R\{0},

andl € N, let V' € argminbeRl S Jail mingeq_1 1y dp (2w - b) and y; be a minimum-

error l-simplification of *L, where j € arg min;ep, Minge(-1,1} dr ( ,W - b’). Then,

a; )

n oy n
: in dp(—,w-y; | <3 : in dp (=, w-V
iz:; |al| wEIP—u},l} F (ai > W yj) - ; |az| wer?*nll,l} F < e >

Z

We are now ready to analyze Algorithm 1. We use the fact that Algorithm 1 normalizes
all the input time series to the same /., norm, which allows us to prove the following theorem
by combining Lemma 15 and Lemma 16.

» Theorem 17. Given n time series P C R™ and | € N then Algorithm 1 computes in time
O(n®*ml) a 30-approxzimation for the Fréchet decomposition problem with k = 1.

Proof. Let b* € argminycpi Y, p Minyer dp(z,w-b) be an optimal solution for the Fréchet

decomposition problem with k¥ = 1. By Lemma 9 we can assume that [|b*| = max(b*) = 1.

Let y be the time series returned by the algorithm. We show that y is a 30-approximation as
follows. By Lemma 10, we obtain

T
mindg(x, w- T oomlnd w min dp(——
3 (o) = 3 el i de Q) < 3 el g A

Next, by Lemma 16,

7w:g)

medp(x w-y) <3m1nz |z]]oc min dp(iwwb)
ferd wel{-11} " [[z]loo
x
<3 T min dp(——,w - b"),
S ol L min | de(— )

zEP
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and, by Lemma 15 and Lemma 10,

x
i : < i —_— ) = 1 . b* .
mgepglelﬁdp(x,w y) < 3OIE€P|\9C||OO$€1%CZF(HIH ,w-b") 301561:)5161%(1}?(.1',111 b*)

The minimum-error I-simplifications of the time series can be computed in time O(nlm)
[5]. Finding the best time series among the simplifications takes O(n?ml) time. <

Our next step is to show that we can further improve the quality of the solution to an
approximation ratio of 1+¢e. We show now that for an optimal base curve b*, any time series
inducing a small cost is either near b* or near —b*.

» Lemma 18. Given a set of n time series P C R™, let b* € R! be an optimal base curve
and V' € R! be a time series with cost A’. Then,

404
min  dp(b,w-b*) < 07
we{—1,1} Z:EGP |20

Now, given a time series b’ € R! which is either near to b* or —b*, we can discretize the
area around its vertices by an appropriately chosen grid and enumerate all possible near time
series; one of them is guaranteed to be sufficiently close to b* (or —b*), therefore providing an
approximate solution whose approximation factor is controlled by the side-length parameter
of the grid. To compute the cost of a time series we make use of the following claim, which
is implied by Theorem 23 in Section 5.1.

> Claim 19. Given a set of time series P C R™ and a time series b € R', one can compute
cost(P,{b}) in time O(m*51?).

This procedure is described in Algorithm 2 and its performance is stated in Theorem 20.

Algorithm 2 1 + c-approximation algorithm for finding a single base curve.

1: procedure EpsilonApprox (P C R™, [ €N, ¢ € Ryg)
2: ¢ + ConstantApprox(P, 1) > Algorithm 1
3 A" + cost(P, {c})
4 X<+ eplzlleo
£ A’
5: 5 < @ . 7 , )
6: i< [ei— 298+ 2% ] for i € [[]
7 €« (Ui Si N Gs), where Gs = {i- 6 | i € Z}
8 Let ' € argming . cost(P, {b}) be arbitrary
9 return v’

» Theorem 20. Given n time series P C R™ and parameter | € N, ¢ € Ry, let b* be
an optimal solution for the Fréchet decomposition problem with k = 1. Then Algorithm 2
computes in time O (é)l -O(nm*°12) + O(n*ml) a time series b’ € R' such that

cost(P,{b'}) < (1+¢) - cost(P, {b*}).

Proof. By Theorem 17 it holds that A’ € [cost(P,{b*}),30cost(P,{b*})] and
Constant Approx(P, 1) computes ¢ in time O(n?ml).
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By Lemma 18, there exists w € {—1,1}, such that

40A’
dp(c,w-b") < =————.
ZxEP HxHoo
Hence, all vertices of b* or —b* lie in intervals S; := |¢; — LA/,Q + oA ,
D e lollse > ep Izl

where ¢;, 7 € [I] are the vertices of ¢. Let C be defined as in the algorithm, which is the area
of interest discretized by a grid with side length §. The algorithm returns the time series o’
in C! that minimizes the cost. Lemma 18 and the construction of C imply that there exists
a time series b € C' such that ||b — b*||c < 6. For z € P, let w} € argmin, e dr(z,w - b*).
The cost of b’ is then upper bounded as follows:

cost(P, {b'}) < cost(P, {b}) (1)
= Z mindp(x,w - b)
zeP

weR

< Z dp(z,w} - b)

zeP

<3 (dp (@, wh - 0%) + dp (W} - b w} - b)) 2)
xeP

< cost(P, {b*}) + Z wio
reP

< cost(P, {0°}) +28 ) [l2llc 3)

zeP

< cost(P, {b*}) + ;—OA’ (4)

< (1 +¢)cost(P,{b*}),

where in (2) we use the triangle inequality and in (3) we use Lemma 12.

For each time series in C, we compute the total cost in time O(nm?*51?) using Claim 19.

The size of C isin O (é)l; hence, the overall running time is O (é)l -O(nm*P12)+0(n?*ml). <

By first applying Theorem 8 on the input time series we obtain the following Corollary.

» Corollary 21. Given n time series P C R™ and constants | € N and € € (0,1). Let b* be
an optimal solution for the Fréchet decomposition problem with k = 1. One can compute in
time O(n? + nm) a time series b’ € R' such that

cost(P,{b'}) < (1 +¢) - cost(P, {b*}).
5 Exact algorithms

5.1 Projection Distance Problem

In this section, we give an algorithm for the projection distance problem. Missing proofs of

this section can be found in the corresponding section of the full version of the paper [20].

We start by solving the problem for the case that the weight vector is fixed. Note that in
this case we can assume without loss of generality that the weight vector is the vector of
all 1s since we can scale each base curve by its optimal weight and use the resulting set
of base curves instead. We solve the problem using dynamic programming. Let x € R™
and by,...,b; € RL. For a vector v = (vy,...,v,) we will use v = (v1,...,v;) to be the
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i-dimensional vector that agrees with v on the first ¢ coordinates. Additionally for b; with
1 < j < k we use the notation (b;); to address its i-th coordinate. For the dynamic program,
we use D € R™*" to denote a multidimensional array of which each entry Dlig,i1,...,if]
will store the target value

k
min, o) = 3

Intuitively, the target value is the Fréchet distance of the prefix of x to the (unit weight)
span of the prefixes of the base vectors (cf. Observation 5). The subproblems solved by the
dynamic program are parametrized by the lengths of these prefixes. To define the dynamic
program computing these entries, we use the following recursion:

k

Dlig, ..., 1] = max { (hohlg)ner}{()k Dlio = ho, - - - yix = by, [@i, — ;(bj)ij|}v

where Hio,“.,ik = {(ho,...,hk) S {0,1}k+1 : ij — hj Z 1 for O S j S k} \ {(0,,0)}
is the set of possible movements among the involved time series and we set D[1,...,1] =
|z — Z?Zl(bj)ﬂ. We may abbreviate notation and write D[i] and H for i = (ig,...,ix).

The dynamic program is given in Algorithm 3. The proof builds upon the reasoning behind
the standard DP formulation of the discrete Fréchet distance computation in [23].

Algorithm 3 Solving the projection distance problem when the weight vector is fixed.

1: procedure Projection (x € R™ {by,... b} C R

2:  Initialize D C R™*"

3 for 7 € [m] x [I]* in lexicographical order do

4: if = (1,...,1) then

5 D[] = |1 = 35, (b

6 else

7 DIi) + max { minepr. D[i — B, lzs, — iy (b7)s, |}
8

return D

Given the computed array D of Algorithm 3 one can reconstruct optimal traversal
matrices with a standard dynamic programming technique by starting from the top-right
corner of D and tracing back to the origin, which decisions have led to the solution. Here
we only compute the optimal traversal matrices implicitly by constructing their traversal
identifiers to save space and time, since the explicit matrix construction is not necessary for
our purposes. The running time of this procedure is dominated by the computation of the
table D yielding the following theorem.

» Theorem 22. Given time series x € R™, by,... by € R!, one can compute in O((21)*m)

time,  traversal identifiers of traversal matrices My,..., My that minimize
k
[ Moz — Zj:l M;bj oo

We now solve the projection distance problem when the weights are not fixed.

» Theorem 23. Given a time series x € R™ and k time series B = {by,... b} CR!, one
can compute dp(x,spang(B)) in O(ka(2k+2'5)l%3) time.

Proof. Our algorithm initially constructs an arrangement of hyperplanes, such that each
cell of the arrangement defines a subset of R* corresponding to weight values that all lead
to the same sequence of decisions taken by Algorithm 3. Having such an arrangement then
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allows us to treat our problem in two steps: we compute the best traversal matrices within

each cell, and for each set of such traversal matrices we compute the best possible weights.

Let Mg, ..., M; be optimal traversal matrices and wy, ..., w; € R be optimal weights:
k
dp(x,spang (B)) = [|Mgz — Y w; M;bj|oo-
j=1

We start by defining hyperplanes that encode relations of distances between any vertex
of the input time series and any candidate (matched) vertex of its projection. Given
i=(io,...,ix) € [m] x [[]%,7 = Go, ..., jx) € [m] x [I]¥, for each o € {—1,+1} we define

k
Sa(imj) = {(wlv"'7wk) S Rk FTig — Zwy(by)ly =0 .13_70 Zwy }
y=1

and s(7, }) = {SU (i,7) | o e {-1, +1}}. Essentially, the arrangement of hyperplanes A(s(7, 7))
partitions R¥ into cells, such that any weight vector within the same cell induces the same
sign on x;, — Zzzl wy (by)i, — 0 - (x5, — Zzzl wy(by)j,), for any o € {—1,+1}, therefore
inducing the same sign on |z;, — 25:1 wy(by)1y| — |z — Zl;:l Wy (by)jy |

Next, we define the set of hyperplanes

S = U s(i, 7).

ijelmlx (i

For each cell F of the arrangement A(S) there exists a common ordering of the values
|z, — 2521 wy(by);,| over all i € [m] x [[]*. This implies that each cell F' of the arrangement
A(S) is a subset of R¥, for which, for any (wo,...,wy) € cl(F), the evaluations made by
Algorithm 3 in Line 7, throughout all iterations, are fixed. Hence, by the correctness of
Algorithm 3, there are traversal matrices My, ..., M} such that for any (wo,...,w;) € cl(F),
Moy, ..., M}, minimize ||Myx — Zle wiM;bi]|oo- Additionally, by the definition of S there
is a cell F* of A(S) such that M{,..., M; minimizes ||Myx — Zle w; M;b; || for any

(wo, ..., wk) € cl(F*). We then compute the minimizing weights of cl(F') as follows. Let
co,--.,CL be the traversal identifiers of Theorem 22, let ¢ be their common dimension,
and let My, ..., My be the corresponding optimal traversal matrices. Finally let Ip :=

{((co)ry---s(ck)r) | for r € [t]}. We have

k
Yw € cl(F): ||Mox — ZwiMibiHm = max . |y — ij

=1 (505---y1k)

Moreover, by the definition of S, for each cell F' of A(S), there is a uniquely defined function
or: [m] x [[J* = {~1,1} such that

k k

Yw € cl(F) : || Moz — ZMiwjbiHoo = max  op(ig,..., ) (i — ij(bj)ij).

im1 (20,--yik)EIR

Formally, we need to solve the following optimization problem:

min max UF(io,...,ik) . (LLDL'O _ij(bj)ij)-

wecl(F) (ig,...,ix)EIR
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This can be written as a linear program as follows:

objective: minr
reR

constraints: ¥(ig,...,ix) € Ir: op(io,..., k) (Tig — ij(bj)ij) <r
(wy,...,wg) € cl(F).

Doing so for each cell F' of A(S), we return the best weights w and My, ..., M} encountered
this way, implying the correctness. Note that the linear program is bounded, since by the
definition of op, the left-hand side terms of the constraint inequalities are non-negative;
hence r is non-negative.

Next, we analyze the running time of this procedure. The arrangement A(S) contains
O(m?21%¥) hyperplanes. Therefore, the number of cells is in O(m2k12k2) and S can be construc-
ted using the Algorithm of Edelsbrunner, O’Rourke, and Seidel [22] in time O(m2*2%”). For
each cell we apply Corollary 22, which requires O(2¥mi*) time. The running time needed to
find optimal weights of a cell is in O((km)*®) by [40] since the LP contains O(km) variables.
In total, this is O(m2* 125 (2kmik + (km)2%)) C O(2km(2k+2.5)12k%) <

5.2 Fréchet Decomposition Problem

The results of Section 5.1 imply a solution for the Fréchet decomposition problem when the
base curves are chosen from a predefined finite set of candidates C. By simply enumerating
all k-combinations from C', and computing their costs using Theorem 23, we obtain the
following result.

» Corollary 24. Let k and | € N be constants. Given a set of n time series P C R™, k € N,
a set of time series C C R' with |C| > k, we can compute a set of k time series B C C' that
minimizes cost(P, B) in time O (|C|Fnm?k+2:5).

By first applying Theorem 8 on the input, we obtain the following corollary.

» Corollary 25. Let k,l € N and ¢ € (0,1) be constants. Given a set of n time series
P C R™, a set of time series C C R! with |C| > k and B C C with |B| = k. We can
compute a set of k time series that approximates cost(P, B) within a factor of (1+¢€) in time
O (nm +|C|*n), where the O-notation hides terms that are polylogarithmic.
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