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—— Abstract

For fixed sets o, p of non-negative integers, the (o, p)-domination framework introduced by Telle
[Nord. J. Comput. 1994] captures many classical graph problems. For a graph G, a (o, p)-set is a set
S of vertices such that for every v € V(G), we have

(1) if v € S, then |[N(v) NS| € o, and

(2) ifv ¢ S, then |[N(v)N S| € p.

Algorithms and lower bounds for the decision, optimization, and counting versions of finding (o, p)-
sets on bounded-treewidth graphs were systematically studied [van Rooij et al., ESA 2009][Focke et
al., TALG 2025]. We initiate the study of a natural partial variant (o, p)-MINPARDOMSET of the
problem, in which the constraints given by o, p need not be fulfilled for all vertices, but we want to
find a set of size at most k that maximizes the number of vertices that are satisfied in the sense that
they satisfy (1) and (2) above.

Our goal is to understand whether (o, p)-MINPARDOMSET can be solved in the same running
time as the nonpartial version, or whether it is strictly harder. Formally, we consider nonempty finite
or simple cofinite sets o and p (simple cofinite sets are of the form Z>.), and we try to determine
the smallest constant c¢,,, such that there is a ¢}, - n°®) time algorithm for the problem if a tree
decomposition of width tw is given. We obtain matching upper and lower bounds on ¢, , for every
such fixed o and p under the Primal Pathwidth Strong Exponential Time Hypothesis, and establish
whether the partial problem is harder than the nonpartial variant. For some sets o and p, the
more general (o, p)-MINPARDOMSET has the same complexity as the nonpartial special case (e.g.,
for DOMINATING SET), while for other choices, the partial version is significantly harder (e.g., for
PERFECT CODE).
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1 Introduction

Treewidth is one of the most-studied notions of capturing how tree-like a graph is, with
significant algorithmic and graph-theoretic applications (see, for example, [28, Chapter 7]).
Many graph problems can be solved in polynomial-time on trees, and similarly, many
problems admit polynomial-time algorithms on graphs of bounded treewidth [9,11,12,25,
28,29,43,81,85,87,89]. In fact, it is well-known that any graph problem expressible in
(extensions of) monadic second-order logic can be solved in polynomial time on graphs of
bounded treewidth [5,25], which captures a large number of natural graph problems such as
HaMmiLTONIAN CYCLE, ¢-COLORING, and even optimization problems like VERTEX COVER.
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Showing that a problem can be solved in polynomial-time on graphs of bounded treewidth
is often a standard application of dynamic programming techniques or algorithmic meta-
theorems. However, improving the running time and obtaining optimal dependence on
treewidth can be challenging. Let us illustrate this using the case of DOMINATING SET, one
of the most fundamental algorithmic problems studied on graphs. On graphs of bounded
treewidth, the initial algorithm by Telle and Proskurowski [85] solves the problem in time
9™ . |I|°M) | where tw is the width of a tree decomposition that is provided with the input I.
Later, the running time was improved to 4™ - |I|9() [1,2], and finally even 3% - |I|9(}) [89)
using the technique of Fast Subset Convolution [7]. Can we expect further improvements in
the future? More generally, for any graph problem that has single-exponential dependency
on the treewidth, what is the smallest ¢ such that the problem can be solved in ¢ - [I|9(1)?

Lokshtanov, Marx, and Saurabh [71] initiated a line of research aimed at addressing
questions of this form, providing the first answers about the optimal dependence on treewidth
for problems such as DOMINATING SET, INDEPENDENT SET, and MAX CuT. All of these
problems can be solved in time ¢™ - |I |O(1) for some problem-dependent constant ¢, but
they show that an algorithm running in time (¢ — &)™ - |I|°) would refute the Strong
Exponential Time Hypothesis (SETH) [19,58]. Many further results showing lower bounds
for problems on graphs of bounded treewidth under the SETH have appeared in the literature
[4,10,14,15,26,29-36,39,40,49,54-56,62,63,67-69,73,74,77-79]. These results usually confirm
that the known algorithms for the studied problem are already essentially optimal, or reveal
that there are cases where new nontrivial algorithmical insights are needed to match the
lower bounds. In this line of work, it is a standard assumption that the tree decomposition
is supplied as part of the input, as one wants to separate the complexity of computing such
a decomposition from the complexity of solving the graph problem on such a decomposition.

However, even though the SETH is the standard complexity conjecture used in the field, it
is not universally accepted to be true. Recently, Lampis [67] introduced the Primal Pathwidth
Strong Exponential Time Hypothesis (PWSETH), partly to obtain more plausible lower
bounds for the parameter pathwidth (and hence also for treewidth). The primal graph of a
formula of k-SAT contains a vertex for each variable, and two vertices are connected by an
edge if they appear together in some clause.

» Hypothesis 1.1 (PWSETH [67, Conjecture 1.1]). For any € > 0, no algorithm can solve
3-SAT in time (2 — )P - |I|°0), even when the input I contains a path decomposition of
width pw of the primal graph of the input formula.

Lampis [67] shows that the PWSETH is implied by the SETH, the Set Cover Conjecture [27],
and the k-Orthogonal Vectors Assumption (see, e.g., [91]), making lower bounds obtained
under it more plausible than those obtained under SETH alone. In the same work, Lampis
proves tight PWSETH-based lower bounds for several problems, including DOMINATING SET
parameterized by pathwidth, and shows that beating any of these lower bounds is equivalent
to disproving the PWSETH. Even though the PWSETH is quite recent, there are already
further publications presenting lower bounds under it [36,55,69]. All novel lower bounds we
present in this paper are under the PWSETH.

Domination-like Problems. The (o, p)-dominating set framework [84,85] generalizes a wide
range of classical graph problems by specifying desired neighborhood conditions through sets
o and p of integers. Formally, let o and p be two fixed sets of non-negative integers. For a
graph G, a (o, p)-set of G is a set S C V(G), such that

for all v € S we have that |[N(v) NS| € o, and

for all v € V(G) \ S we have that |[N(v) N S| € p.
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This flexible formulation captures many well-known problems. For example, a set S is a
dominating set if and only if it is a (Z>¢, Z>1)-set, a p-dominating set if it is a (Z>q, Z>p)-set,
a total dominating set if and only if it is a (Z>1,Z>1)-set, and an independent set if and
only if it is a ({0}, Z>()-set. We refer to Telle [84] for a more extensive list of properties that
can be expressed as (o, p)-sets. Problems related to this domination concept have played a
role in numerous publications since [13,17,21,22,37-39,41,42,46,47,49,52,57,61, 75, 86-89).

We are interested in the minimization problem (o, p)-MINDOMSET: given a graph G and
integer k decide whether G has a (o, p)-set of size at most k. Chappelle [22] shows that the
problem can be solved with single-exponential dependency on the treewidth when o, p are
ultimately periodic sets, but does not explicitly give or optimize the base of the running
time. Ultimately periodic sets capture, for example, finite and cofinite sets. As pointed
out by Focke et al. [38], for general cofinite sets, the complexity of (o, p)-MINDOMSET on
bounded-treewidth graphs is somewhat mysterious: it depends on the power of representative
sets, which is not understood very well (see also [50,74]). Therefore, we restrict our attention
to finite or simple cofinite sets (sets of the form Zx. for some integer ¢) in this work. Most
classical graph problems that can be expressed using the (o, p)-domination framework have
sets which are finite or simple cofinite. In fact, all problems given by Telle [84, Table I] as
examples for classical problems that the framework can describe have such sets.

To explain the concrete running times of the algorithms, we define some constants which
correspond to the largest state a dynamic programming algorithm requires for each set.

» Definition 1.2 (Constants s, and s,). Define

maxo if o is finite, p max p if p is finite,

So = and s, =

7 mino if o is simple cofinite, minp if p is simple cofinite.
Let s, , = max(s,, S5).

When o and p are both finite or simple cofinite, van Rooij [88] shows that (o, p)-
MINDOMSET can be solved in time (s, + s, + 2)™ - [I|°()) when a tree decomposition of
width tw is provided as part of the input I. This running time is seemingly optimal, as
the base corresponds exactly to the number of states in the natural dynamic programming
approach to the problem. However, Focke et al. [38] show that if the sets o and p satisfy
some additional combinatorial properties, then improved algorithms are possible.

The pair (o, p) is m-structured if o is a subset of some residue class modulo m, and p is a
subset of some residue class modulo m. While every pair (o, p) is 1-structured by definition,
Focke et al. [38] show that improvements over the previously best known algorithms are
possible when (o, p) is m-structured for some m > 2.

» Theorem 1.3 (Due to results of [38,88]). Let g, p be nonempty finite or simple cofinite sets.
When a tree decomposition of width tw of the input graph is provided as part of the input I,
the problem (o, p)-MINDOMSET can be solved in time
(86 + 5, +2)™ - [I|°M) when (a, p) is not m-structured for any m > 2,
(max(sy, s,) + 1) - [I|°M) when (o, p) is m-structured for some m > 3, or (o, p) is
2-structured and it is not the case that s, = s, is even,
(55 +2)™ - |19 otherwise, that is when (o, p) is 2-structured but not m-structured for
any m > 3, and s, = s, is even.

Are the upper bounds in Theorem 1.3 tight for every o and p? Focke et al. [39] show
that these algorithms are tight under the SETH when o, p are finite sets (and 0 ¢ p). Later,
the same result was proven under the PWSETH in the thesis of Schepper [82]. We complete
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the picture by extending the lower bound to every finite and simple cofinite set. While this
result establishes tight lower bounds for some fundamental problems where no such bounds
were known (e.g., p-DOMINATING SET, INDEPENDENT DOMINATING SET — see also [77] for
other open questions that we answer), it is secondary to our main contribution about the
partial problem variants. However, we need to have these results for (o, p)-MINDOMSET at
hand in order to be able to contrast them with our tight bounds for the partial problems.

» Main Theorem 1. Let 0, p be nonempty finite or simple cofinite sets with 0 ¢ p. Then,
unless the PWSETH 1is false, for any € > 0, and even when the input I contains a path
decomposition of width pw of the input graph, there is no algorithm that can solve the problem
(o, p)-MINDOMSET in time

(86 + 85 +2— &)™ - |I|1°0) when (o, p) is not m-structured for any m > 2,

(max(s,, s,) + 1 — )P - [I|°M) when (o, p) is m-structured for some m > 3, or (a,p) is

2-structured and it is not the case that s, = s, is even,

(55 +2— )P - |I|OM) otherwise, that is when (o, p) is 2-structured but not m-structured

for any m > 3, and s, = s, is even.

Partial Optimization Problems. For a minimization problem where the goal is to find a
solution of at most a certain size that satisfies every constraint, we can consider the natural
relaxation where the goal is no longer to satisfy every constraint, but rather a specified
portion of it. This relaxation introduces new algorithmic and combinatorial challenges.
Various partial optimization problems have been studied both from the perspective of exact
and parameterized algorithms, as well as approximation and heuristics [6,16,23,24,44, 53,
59,76, 83,90]. For example, for DOMINATING SET the partial problem means looking for
a set of size at most k that dominates at least ¢ vertices, or for VERTEX COVER finding
a set of vertices of size at most k that covers at least ¢ edges. These problems known
as PARTIAL DOMINATING SET and PARTIAL VERTEX COVER have received considerable
attention [3,8,18,20,45,48,51,60,64, 65, 72].

Our Contribution. In this paper, we initiate the study of the natural partial variant of
the (o, p)-MINDOMSET problem on graphs of bounded treewidth. We begin by defining the
appropriate notion of domination, which we refer to as satisfying vertices.

» Definition 1.4. Let o and p be two sets of non-negative integers. Let G be a graph and
S CV(G). A vertex v € V(G) is satisfied (by S relative to (o,p)) if:

1. whenv € S, then [N(v)NS| € o,

2. when v ¢ S, then |[N(v) N S| € p.

A vertex v € V(G) that is not satisfied is called violated (by S relative to (o, p)).

Next, we formally introduce the partial problem variant (o, p)-MINPARDOMSET.

(0, p)-MINPARDOMSET

Input: Graph G, integers k and ¢

Question: Is there a set S C V(G) such that S has size at most k and at most ¢
vertices are violated by S relative to (o, p)?

We study (o, p)-MINPARDOMSET on graphs of bounded treewidth for sets o, p which
are nonempty finite sets, or simple cofinite sets. Observe that the problem generalizes
(o, p)-MINDOMSET, in which one looks for a set that satisfies all vertices. So, (o,p)-
MINPARDOMSET is at least as hard as (o, p)-MINDOMSET. The main question we want to
answer is whether this hardness is strict.
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For a given o and p, is the partial problem (o, p)-MINPARDOMSET strictly harder on
bounded-treewidth graphs than the corresponding (o, p)-MINDOMSET problem?

We answer this question by a complete characterization of the complexity of (o, p)-
MINPARDOMSET for every nonempty o and p that are finite or simple cofinite: we provide
an algorithm and show that it is tight under the PWSETH.

Moving from (o, p)-MINDOMSET to (o, p)-MINPARDOMSET does not always result in a
harder problem. Let us illustrate this for PARTIAL DOMINATING SET. We can observe that,
similarly to DOMINATING SET, a dynamic programming algorithm on a tree decomposition
needs to consider three states for a vertex v: (1) v is unselected with no selected neighbor
so far, (2) v is unselected with a selected neighbor, and (3) v is selected (see also [60]).
Furthermore, Fast Subset Convolution can be performed similarly to DOMINATING SET [89],
resulting in running time 3% - |7|9M) [70] (earlier, a 4™ - |T|9() algorithm was presented by
Roayaei and Razzazi [80]). The observation about the number of states can be generalized to
the p-DOMINATING SET problem, which is (o, p)-MINDOMSET with ¢ = Z>¢ and p = Z>,,.
Both for the partial and nonpartial variant, we need to keep track of p + 2 states: vertex v
is selected, vertex v is unselected with ¢ = 0,...,p — 1 neighbors, or vertex v is unselected
with at least p neighbors. With these states it is possible to solve the problem in time
(p+2)™ - |1|°M using fast convolution algorithms. Note that the important observation
that the number of states for p-DOMINATING SET is the same in the partial and nonpartial
versions was already made by Liu and Lu [70], even though the running time they obtain is
worse than (p + 2)™ - [I|°() due to inefficient handling of join nodes.

The situation changes when at least one of ¢ or p is a finite set. If, say, o is finite, then
in the nonpartial problem a selected vertex v can have s, + 1 = max o + 1 possible states:
vertex v can have 0, ..., max o selected neighbors. On the other hand, in the partial problem,
we need an additional “overflow” state to express the case when the vertex has already at
least max o + 1 selected neighbors, making it violated (and no amount of further selected
neighbors can make it satisfied). Thus, it seems that whenever o or p is finite, we need one
extra state and have a corresponding increase in the running time. We confirm this intuition.

Let us now formally state our main results. To describe the running time of our algorithm,
we define some constants based on ¢ and p, which again have a direct correspondence to the
largest states required for o, p in the dynamic programming algorithm. The superscript p
refers to “partial”, in order to distinguish the constants from s, and s,.

» Definition 1.5 (Constants s and sP). Define
b maxp+ 1 if p is finite, maxo + 1 if o is finite,
sh = and sb =

min p if p is simple cofinite, min o if o is simple cofinite.

Po— P gP
Let sf , = max(sh, sh).

Our first main result about the partial problem is an algorithm for (o, p)-MINPARDOMSET.

» Main Theorem 2. Let o, p be fized nonempty finite or simple cofinite sets. Then, there is an
algorithm that can, when given a graph G and a tree decomposition of G of width tw as input
I, decide, for every k,¢ € [0,|V(G)|] at the same time, whether there exists a set S C V(G)
of size exactly k violating evactly { vertices relative to (o, p), in time (s5 + sb +2)™ - |7]°M),

We then show that under the PWSETH these algorithms cannot be improved, unless
0 € p, in which case the empty set is a trivial optimal solution to the problem.
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Table 1 Comparison of the tight running times for the nonpartial and partial minimization
variants for several classical domination-like problems. Polynomial factors in the input size are
hidden. The bounds for the nonpartial variant stem from Theorem 1.3 and Main Theorem 1, the
bounds for the partial variant from Main Theorems 2 and 3. Most problems of this table are taken
from [84, Table I].

Problem Name ‘ o ‘ p ‘ Nonpartial ‘ Partial
DOMINATING SET Zso | Z>1 3™ 3™
p-DOMINATING SET (p > 1) Zso | Zsp | (p+2)™ | (p+2)
PERFECT CODE {0} | {1} 2m 5™
PERFECT DOMINATING SET Zso | {1} 3™ 4™
ToTAL DOMINATING SET Z>1 Z>1 4w 4w
TOTAL PERFECT DOMINATING SET {1} | {1} 2™ 6™
WEAKLY PERFECT DOMINATING SET {0,1} | {1} 4™ 6™
INDEPENDENT DOMINATING SET {0} | Z»: 3™ 4™
DOMINATING p-REGULAR SUBGRAPH (p >0) | {p} | Z>1 | (p+3)™ | (p+4)™

» Main Theorem 3. Let 0, p be nonempty finite or simple cofinite sets with 0 ¢ p. Then,
unless the PWSETH is false, there is no algorithm that can solve the problem (o,p)-
MINPARDOMSET in time (s + sb +2 — )P - [T|°M) for any € > 0, even when a path
decomposition of the input graph of width pw is provided as part of the input I.

When both ¢ and p are simple cofinite, for example for the p-DOMINATING SET problem,
we see that the algorithms for the partial and nonpartial variant have the same running time.
On the other hand, comparing Theorem 1.3 and Main Theorem 3, we can see that when
at least one of o, p is finite, then the running time for the partial version is strictly higher
than the running time for the nonpartial version. We provide a comparison of the obtained
running times for a variety of classical problems in Table 1.

A particularly striking example is the case of o = {1}, p = {1}, where the problem (o, p)-
MINDOMSET can be solved in time 2% - |I|9(1) [38], but (o, p)-MINPARDOMSET requires
time 6™ - |7|°(1). We identify two main reasons for these differing running times.

Overflow states are needed for finite sets. As discussed above, if a set 7 € {0, p} is

simple cofinite, there is no difference in the state set needed for the partial and nonpartial

variants (we have s, = s?). On the other hand, if 7 is finite, then the size of the state set
for the partial variant is larger than for the nonpartial variant (we have s? > s,). This
indicates that we have to pay an additional price for each finite set.

Structured sets are irrelevant. For m-structured sets (o, p) (with m > 2) the

algorithm by Focke et al. [38] is based on a parity argument that can significantly reduce

the number of subproblems that need to be considered. However, if some vertices of the
graph are violated in the solution, then this combinatorial argument no longer holds.

Hence, the running time difference is especially large for m-structured sets (o, p).

Main Theorem 3 is proven in technical reduction chains, and these proofs represent the
main bulk of the work done for this paper. In Section 2, we present an overview of the used
techniques.

2 Technical Overview

We will now give an overview of the technical ideas used to obtain our results.
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2.1 The Algorithm

For our algorithmic result, we utilize standard dynamic programming procedures, similar to
those given in [38,49] for other variants of (o, p)-dominating set. Using typical notation for
these types of problems, we introduce certain state sets.

» Definition 2.1 (State Sets for the Partial Problem). Let o, p be nonempty finite or simple
cofinite sets. We define the set of p-states for the partial problem as R, = {po, ... ’pS?}’ and
the set of o-states for the partial problem as S, = {00,...,05 }. We denote the set of all
states for the partial problem as A, = S, URp.

When 7 is a finite set, the state T, is called an overflow-state.

In a partial solution, each vertex is assigned one of these states. If a vertex is selected it has
a o-state, if it is unselected it has a p-state. The subscript of the state describes the number
of selected neighbors the vertex has. Observe that we have [Ap| = s + sP + 2, which forms
the base of the running time in Main Theorem 2.

We proceed by dynamic programming on a nice tree decomposition, for a node ¢, X; is
the bag of ¢, and V; is the set of vertices introduced in and below node ¢. For a node ¢ and a
vector U € Ag(f, we say that « has a matching partial solution of size k violating ¢ vertices if
there is a set S C V; such that:

|S\ X¢| =k, and

S violates exactly ¢ vertices of V; \ X;, and

for any v € Xy, 4[v] is a o-state if and only if v € S, and when @[v] = 7., we have that

¢ = min(z, sP), where z is the number of neighbors that vertex v has in S\ X;.

For each node t, and each possible solution size and violation number, we have a table
entry T[k, £], whose task is to store the set of all vectors of A;(t that have a matching partial
solution for ¢ of size k violating ¢ vertices. Using fast convolution algorithms by van Rooij [88],
one can compute these table entries in time [A,|™ - |I|°())| which yields Main Theorem 2.

2.2 The Lower Bound

Next we describe the main framework of the lower bound, which is the far more technical
part of our contribution.

2.2.1 The Three-Step Framework

On a very high level, our strategy follows a line of work in the domain of tight lower bound
for dynamic programming algorithms [26,39,49,73,74]. In these results, a certain design
pattern has emerged, which we also follow. Typically, the proof is by reduction from k-SAT,
or an appropriate CSP variant. If our goal is to rule out the existence of (¢ — )P - ||
time algorithms, then it is convenient to start the reduction from a CSP problem with

domain size ¢, for which Lampis [66] provides a lower bound of the correct form under SETH.

In these reductions, the pathwidth pw of the graph of the output instance needs to be
roughly the number n of variables of the input CSP instance. Typically, the construction
starts by introducing an n x m grid of state-vertices, where m can be arbitrarily large. Any
two consecutive columns of state vertices are connected by low-pathwidth gadgets, ensuring
that the constructed graph has pathwidth roughly n.

Given a solution of the constructed instance a state is assigned to each state vertex v
based on the role that v plays in the solution. For the problem (o, p)-MINPARDOMSET the
state is determined by whether v is in the solution and by the number of selected neighbors
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it has in the gadgets connecting the column of v to the previous column. Thus, the states of

the n vertices in a column can be interpreted as a variable assignment of the source CSP

instance with n variables and domain size |A,|. To obtain a correct reduction, the gadgets
connecting the columns need to enforce two properties:

1. Each column must express exactly the same assignment.

2. The assignment satisfies the input instance.

To ensure the first property, the gadgets between columns ¢ and ¢ + 1 need to “copy” the

states of the vertices in column ¢ to column ¢ 4+ 1. Furthermore, given that the number m of

columns can be made arbitrary large without changing the pathwidth, it is convenient to
require that the gadgets between columns 7 and 7 + 1 ensure that the i-th constraint of the
source CSP instance is satisfied.

For every fixed o and p, we need to be able to construct gadgets that are responsible for
the tasks described above. However, when designing gadgets of different types, at some point
it is easier to observe and prove that we are able to construct every gadget (in a well-defined
sense). Formally, we introduce a new, more general problem where the input contains a
set of “relations”: additional constraints on certain subsets of vertices. By exploiting the
additional power of these relations the lower bound is proved for this more general problem.
Then, the relations are systematically replaced by gadgets.

Instead of having one large reduction, we can use a framework that splits the reduction
into three steps, each having a clear individual goal. Let P be the problem one wants to
show a lower bound for.

1. A new problem P’ is defined. Problem P’ is a variant of P, in which the input instance
contains a list of relations that introduce additional constraints a solution must fulfill.
For example, in the (o, p)-domination problem, a relation can constrain a subset X of
vertices, restricting which combinations of vertices of X can be selected in a solution. We
refer to problem P’ as the intermediate problem or the problem with relations. A lower
bound is shown for problem P’ using a grid-like construction.

2. The relations of the problem P’ are replaced by a set of much simpler relations.

3. Finally, the simple relations are replaced by gadgets that simulate their behavior in a
reduction to problem P.

This framework was used by Curticapean and Marx [26] to show a lower bound for
counting the number of perfect matchings of a graph. Later, the framework was used for
edge-selection problems [73,74]. Finally, Focke et al. [39] and Greilhuber et al. [49] utilize
this approach for (o, p)-domination problems.

2.2.2 Challenges

We are using the same framework for our problem. We can profit from the fact that the first
two steps are already somewhat well-understood for (o, p)-domination problems. However,
we still face multiple challenges which make the application of the framework far from
straightforward, one of them requires a novel spin on step 1.

Challenges in step 1. Previous applications of the framework for (o, p)-domination problems
use the same definition for the intermediate problem. In this definition, a relation is a pair
(scp(R),acc(R)), where scp(R) C V(G) is the scope of the relation, and acc(R) C 25P(%) the
set of accepted selections. A solution S to the problem with relations must not only be
a (o, p)-set, but also for each relation R it must be the case that S Nscp(R) € acc(R). A
path decomposition of an instance of the intermediate problem is a path decomposition of
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the graph such that additionally for each relation R there exists a bag containing scp(R).
Moreover, the size of the scope of each relation that is used in the reductions should be
bounded by a constant. These two properties ensure that steps 2 and 3 do not increase the
pathwidth too much.

The first major challenge we face is about the difference between the partial and nonpartial
problem. The constructions used for step 1 in the literature [39,49] are for the nonpartial
problem, and thus a solution cannot violate any vertices. When dealing with the partial
problem, we have an increase in the running times due to the fact that overflow-states
are required for finite sets. We need to ensure that some of our state vertices can have
overflow-states in a solution, otherwise we would not get a higher base in the lower bound
than for the nonpartial problem. Hence, we must carefully create a construction in which
some state vertices are violated and correctly propagate their state. In particular, a priori it is
not clear why a violated state vertex should have its state propagate across the construction.

The second major problem is that the intermediate problem defined above is too powerful
when p is a simple cofinite set. It turns out that when p is simple cofinite, there are relations
which cannot be simulated by gadgets in a straightforward way. Therefore, we need to
work with a more restricted problem where acc(R) is assumed to be superset-closed for each
relation R. We can prove the required lower bound even for this significantly less expressive
problem, and the superset-closed relations can be simulated with appropriate gadgets.

Challenges in step 2. A HW_;-relation (hamming weight one relation) accepts a selection
from its scope if and only if it has size exactly one. Focke et al. [39] showed that (as long as
p # {0}) there is a reduction from (o, p)-MINDOMSET with arbitrary relations with bounded
arity to the problem using only HW_;-relations of bounded arity. While the reduction also
works for the partial problem (o, p)-MINPARDOMSET, it would not be helpful when p is
simple cofinite, since we cannot replace the HW_; relations by gadgets. We instead show that
superset-closed relations can be replaced by HW>;-relations, where a HW>; relation accepts a
selection from its scope if and only if it is nonempty.

Challenges in step 3. In step 3, we need to replace the simple relations (HW=; or HW>1) we
obtain after step 2 with gadgets. The construction of these gadgets is very specific to the
(0, p)-MINPARDOMSET problem and highly depends on the properties of the sets o and p.

The gadgets given in the literature [39,49] cannot directly be used here, since they are
for the nonpartial variant. Hence, the first major challenge we face in step 3 is that we must
create gadgets that can handle violations. Thus, the first step is to define gadgets such that
if the behavior is not as desired, then the gadget has to pay a “penalty” either in terms of
violated vertices or larger solution size. The correct form of the definition is not obvious:
in fact, we need to use two greatly different definitions for the two cases when p is finite or
simple cofinite (“robust” and “fragile” realizations, see Definitions 2.4 and 2.10).

2.2.3 The Reduction Chains

Let us now present the reduction chain of our lower bound in more detail. We will present a
“plan of attack” which illustrates which definitions and lemmas we use to handle steps 1-3 of
the framework. The reduction chain is different depending on whether p is finite or simple
cofinite. We focus on the partial problem variant and omit details about Main Theorem 1
in this overview. The two reductions in step 1 below start from a CSP variant for which
Lampis [67, Theorem 3.2] proves the required lower bound under the PWSETH.
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Set p is finite. We begin by covering the case when p is finite, as our reduction chain is
closer to the known approaches in this scenario.

Step 1. For our intermediate problem, we use the natural partial variant of the problem
with relations. A relation R is a pair (scp(R),acc(R)) where scp(R) is a vertex set and
acc(R) C 25P(),

(0, p)-PARDOMSET®

Input: Graph G, integer ¢, set of relations R
Question: Is there a set S C V(@) such that at most £ vertices of V(G) are violated by
S relative to (o, p), and for each R € R it holds that S Nscp(R) € acc(R)?

An instance of (o, p)-PARDOMSETx has arity d (or at most d), when |scp(R)| < d for each
R € R. A path decomposition of an instance of (o, p)-PARDOMSETy is a path decomposition
of the input graph G such that additionally for each relation R there is a bag that contains
scp(R).

Since (o, p)-PARDOMSETy is a partial variant of the intermediate problem used in the
literature [39], we can propagate the states of satisfied state vertices in essentially the same
way in our grid-like construction. However, changes are required since we also need to be
able to propagate the states of violated state vertices across the construction. This can
be achieved by only allowing certain vectors of states to be used. Formally, we show the
following intermediate lower bound for (o, p)-PARDOMSETR.

» Lemma 2.2. Let g, p be nonempty finite or simple cofinite sets. For any € > 0, there is a
constant d depending only on €, o, and p, such that if there is an algorithm that solves the
problem (o, p)-PARDOMSET® on instances of arity at most d, where a path decomposition
of width pw of the instance is provided as part of the input I, in time (|Ap| — )P - |711°Mm,
then the PWSETH is false.

To prove the lemma above, we provide a suitable reduction for each fixed e.

Step 2. Next, we simplify the used relations. Using a reduction by Focke et al. [39, Corollary
8.8], which also works for the partial problem variant, we get the following result.

» Lemma 2.3. Let 0,p be nonempty sets with p # {0}. There is a pathwidth-preserving
reduction from arbitrary instances (o, p)-PARDOMSETx with arity at most d to instances
(0, p)-PARDOMSETR with arity at most 2% + 1 that only use HW_1 -relations.

Step 3. All that remains is to find gadgets that can replace the HW_;-relation. For the
nonpartial problem and finite o, p, Focke et al. [39] show that there are graphs of constant
size which do the job. To replace a relation R on the vertices scp(R), they add a small gadget
to the graph that is connected to scp(R). This gadget does not provide any further selected
vertices to scp(R) in any (o, p)-set, but it ensures that exactly one vertex of scp(R) must be
selected. Unfortunately, we cannot directly use the gadgets given in the literature, as they
do not function correctly when vertices can be violated.

To overcome this, we build gadgets that are robust against violations. Intuitively, this
can be achieved by ensuring that if the gadget does not behave correctly, then there is some
additional price to pay.! We formally define the gadgets we utilize next.

! Note that in principle the idea of using gadgets that simulate relations with some notion of penalty
for undesired behaviors is not new. For instance, Marx et al. [73] use this approach for a class of edge
selection problems.
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» Definition 2.4 (Robust Realization). Let o, p be sets of non-negative integers. A pair (G,U),

where G is a graph and U C V(QG) realizes the HW_1-relation of arity |U| with penalty &, cost

tradeoff B, and cost v if the following properties all hold:

1. For any u € U, there exists a set S, C V(G) such that S, NU = {u}, S, N N((U) =0,
[Su \U| =, and S, violates no vertex of V(G)\ U.

2. For any set S C V(G) that violates at most £ vertices of V(G) \ U, it holds that S\ U
has size at least v — £ - 3.

3. Any set S C V(G) such that |SNU| # 1 violates at least one vertex of V(G)\ U or fulfills
[S\U| > ~.

4. Any set S C V(G) such that SN N(U) # 0 violates more than § vertices of V(G)\ U or
fulfills |S\U| >~v+ 4.

5. U is an independent set of G.

When replacing a HW_;-relation, the relation scope is identified with the set U of a fresh
copy of the robust realization gadget. So, the goal of such a gadget is ensuring that exactly
one vertex of U is selected, and that no vertex of N(U) is selected. Let us elaborate on the
definition. First, there is a small solution (selecting at most v vertices outside U), whenever
exactly one vertex u of U is selected. The solution also has the property that it selects no
vertex of N(U). This guarantees that whenever exactly one vertex of U is selected we can
extend the selection of U to this solution of the robust realization gadget without changing
the number of selected neighbors of vertices of U. On the other hand, if a solution is not
of this form, then we have to pay for it either in terms of larger solution size or number of
violated vertices. Specifically, the tradeoff value [ of the second property guarantees that
decreasing the solution size is possible only at the cost of some number of violated vertices.
The third property says that if not exactly one vertex of U is selected, then either there is a
violation or the solution size strictly increases. The fourth property states that selecting a
vertex in the neighborhood of U is even worse: it creates more than § violations or increases
solution size by more than ¢.

We show that these types of gadgets exist for arbitrarily large penalties §. Our construc-
tions can be seen as extensions of those given in the literature [39] that take solution sizes
into account and can also handle violations.

» Lemma 2.5. Let o be a nonempty finite or simple cofinite set, and p be a finite set with
0 ¢ p. Then, there is a non-negative constant (8, such that for any 6,d > 0 there exists a
pair (G,U) that realizes the HW_ -relation of arity d = |U| and cost v = O(9), with selection
penalty & and cost tradeoff 5. Moreover, such a pair (G,U) together with a path decomposition
of G of width O(d) can be computed in time polynomial in d + 4.

Now, we have all tools at our disposal for our final reduction to replace the HW_;-relations.

» Lemma 2.6. Let o be a nonempty finite or simple cofinite set, and p be a finite set with
0 ¢ p. There is a pathwidth-preserving reduction from (o, p)-PARDOMSETx using only HW_y
relations of arity bounded by a constant d to (o, p)-MINPARDOMSET.

Combining Lemmas 2.2, 2.3, and 2.6 now yields the result of Main Theorem 3 for the
case where p is finite.

Set p is simple cofinite. Unfortunately, we cannot use this approach for the case when p
is simple cofinite. The problem is that it is impossible to build robust realization gadgets
for relations of arity 2 or larger when p is simple cofinite. Indeed, by the first property of
these gadgets (G, U), there is a set S selecting exactly one vertex of U, no vertex of N(U),
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and exactly «y vertices of V(G) \ U that violates no vertex of V(G) \ U. Because p is simple
cofinite, we could simply take S, and add all vertices of U to it. This set S’ would then
still satisfy all vertices of V(G) \ U because the unselected vertices of N(U) cannot become
violated due to having even more selected neighbors, and clearly S’ still selects exactly
vertices of V(G) \ U. However, this violates the third property of the definition of these
gadgets, which states that any set that selects more than one vertex of U must violate
a vertex of V(G) \ U or select more than v vertices of V(G) \ U. Hence, we need a new
approach to handle the case when p is simple cofinite.

Step 1. Since we are unable to later replace HW_;-relations with gadgets, we cannot work
with arbitrary relations for the intermediate problem. Hence, we need to restrict the types
of relations we use. A relation R is superset-closed if for any r € acc(R) also any superset
r’" C scp(R) of r is in acc(R). We only allow such relations in the intermediate problem.

(o, p)-MINPARDOMSETR

Input: Graph G, integers k, ¢, set of superset-closed relations R
Question: Is there a set S C V(@) such that |S| < k and at most ¢ vertices of
V(G) are violated by S relative to (o, p), and for each R € R we have
S Nscp(R) € acc(R)?

An instance of (o, p)-MINPARDOMSETx - has arity d (or at most d), when |scp(R)| < d
for each R € R. A path decomposition of an instance of (0, p)-MINPARDOMSETR -, is a path
decomposition of the input graph G such that additionally for each relation R there is a bag
that contains scp(R).

Even when only allowing superset-closed relations, we still cannot easily replace them
with gadgets. We define a technical property of problem instances, being “good”, that we
additionally exploit to replace superset-closed relations.

» Definition 2.7 (Good Instances). Let (G,k,{,R) be an instance of the problem (o, p)-

MINPARDOMSETR . The instance is good if any set S C V(G) that fulfills all relations of

R fulfills B

1. |S| >k, and

2. there is a set D C S of size at least ¢, such that any v € D has more than max o neighbors
that are also selected by S.

Note that if o is cofinite, then max o = oo and hence the second condition can be satisfied

only if £ = 0, in which case the condition is vacuously true.

We then show the following lower bound for the intermediate problem.

» Lemma 2.8. Let o be a nonempty finite or simple cofinite set, and p be a simple cofinite
set. For any € > 0, there is a constant d such that if there is an algorithm that can
solve the problem (o, p)-MINPARDOMSET®-, on good instances of arity at most d, where a
path decomposition of width pw of the instance is provided as part of the input I, in time
(|Ap] —&)P - [I|°W) | then the PWSETH is false.

Step 2. Next, we show that we can reduce to problems that use simpler relations. A
HW>-relation accepts a selection from its relation scope if and only if it is nonempty.

» Lemma 2.9. There exists a pathwidth-preserving reduction from the problem (o, p)-
MINPARDOMSETR ., on instances with arity bounded by some constant d to the problem
(o, p)—MINPARDOMSETRD in which each used relation is a HW>-relation of arity at most d.
Moreover, if the input instance is a good instance, then the output instance is a good instance.
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Step 3. Finally, we replace HW>1-relations with appropriate gadgets. Ideally, we would like
to have gadgets which are similar to the robust realization gadgets we used for the case
when p is finite. In particular, the gadgets should have some vertex set U such that selecting
vertices of N(U) can be made arbitrarily bad. Unfortunately, it is not possible to create such
gadgets. For example, if o and p are simple cofinite, then selecting a vertex v compared to
not selecting it is never bad for the neighbors of v. Hence, we cannot have a large penalty
for selecting vertices of N(U). On the flip side, we can at least ensure that selecting a vertex
of N(U), or no vertex of U is somewhat bad: either a vertex of the gadget that is not in U
is violated, or the solution size is larger than it needs to be. This intuition is captured by
the next definition.

» Definition 2.10 (Fragile Realization). Let o and p be sets of non-negative integers. A pair

(G,U), where G is a graph and U C V(G) fragilely realizes the HW>1-relation of arity |U|

with cost vy, if it has all the following properties:

1. Any set S C V(G) that violates no vertex of V(G)\ U fulfills |S\ U| > ~.

2. For any nonempty U’ C U, there is a set S C V(G) such that SNU =U’, S wviolates no
verter of V(G)\ U, SN Ng(U) =0, and |S\ U| = 7.

3. Any set S C V(G) which selects no vertex of U, or selects a vertex of Ng(U) violates a
vertex of V(G)\ U, or has the property that |S\ U| > ~.

4. The set U is an independent set of G.

We construct such gadgets, and then use them in the following reduction. Note that the
reduction relies on the input instance being good, otherwise the much weaker guarantees
provided by a fragile realization gadget would not be sufficient.

» Lemma 2.11. Let o be a nonempty set, and p a simple cofinite set with 0 ¢ p. There is a
pathwidth-preserving reduction from good instances of (o, p)-MINPARDOMSET®, with arity
bounded by some constant d using only HW>1 -relations to (o, p)-MINPARDOMSET.

By combining Lemmas 2.8, 2.9, and 2.11, we obtain Main Theorem 3 when the set p is
simple cofinite.
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