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Abstract
We study the problem of approximating the partition function of the transverse-field Ising model
(TFIM), a widely studied quantum many-body model with important applications in quantum
simulation and quantum annealing. Despite its fundamental importance, the algorithmic landscape
for computing the TFIM partition function has remained poorly understood beyond restricted
parameter regimes.

We provide a precise characterization of the temperature regimes in which efficient approximation
is possible, establishing a sharp computational phase transition. Let J denote the symmetric
interaction matrix and ∆(J) = λmax(J) − λmin(J) denote its spectral width. We show that, for all
inverse temperatures β ∈ [0, 1/∆(J)], there exists an efficient classical randomized algorithm that
approximates the partition function tr(e−βH) to within an arbitrarily small multiplicative factor.
To obtain this result, we apply the standard Trotter decomposition to map the quantum model to a
classical spin system, and then leverage new techniques in Markov chain analysis to derive an efficient
algorithm that samples from and computes the partition function of the resulting distribution. This
temperature threshold is tight: for β > 1/∆(J), we show that there exists interaction matrix J for
which approximating the partition function, even within an exponential factor, is NP-hard and thus
is unlikely to admit an efficient classical or quantum algorithm.
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1 Introduction

A central problem in quantum statistical mechanics and quantum information theory is to
determine when the partition function of a quantum many-body system can be efficiently
approximated. The partition function encodes the system’s thermodynamic behavior and
plays a fundamental role in quantum simulation, quantum phase transitions, and complexity
theory [6].

In this work, we consider the transverse-field Ising model (TFIM), one of the most
extensively studied quantum spin systems. The TFIM serves as a canonical model for quantum
phase transitions [26, 12], and plays an important role in quantum annealing [21, 24, 31].
Despite its central role, prior work has made only limited progress in understanding the
computational complexity of approximating its partition function, with existing results
confined to restricted parameter regimes such as the ferromagnetic case [5] or very high
temperature [11].
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1:2 Computational Phase Transition for TFIM

We consider the general TFIM with Hamiltonian

H = 1
2
∑

i,j∈[n]

JijZiZj +
n∑

i=1
hz

i Zi +
n∑

i=1
hx

i Xi, (1)

where Zi = I⊗(i−1) ⊗Z ⊗ I⊗(n−i) and Xi = I⊗(i−1) ⊗X ⊗ I⊗(n−i) denote the Pauli operators
acting on site i, with

Z =
(

1 0
0 −1

)
, X =

(
0 1
1 0

)
.

Here J = (Jij)i,j∈[n] ∈ Rn×n is the interaction matrix, hx = (hx
i )i∈[n] ∈ Rn is the transverse

field, and hz = (hz
i )i∈[n] ∈ Rn is the longitudinal field.

Without loss of generality, we may assume that J is symmetric, as symmetrizing by
replacing J with J+J⊺

2 leaves the Hamiltonian invariant. Since J is symmetric, its eigenvalues
are real. We let λmax(J) and λmin(J) denote the maximum and minimum eigenvalues of J ,
and let ∆(J) = λmax(J) − λmin(J) be its spectral width.

We provide a precise characterization of the temperature regimes in which the partition
function of the TFIM can be efficiently approximated. Our main result establishes a sharp
computational phase transition: for all inverse temperatures β in the interval [0, 1

∆(J) ], there
exists an efficient classical algorithm for approximating the partition function tr(exp(−βH))
(see Theorem 20 and Theorem 1). Our approximation algorithm applies in a much broader
range of parameters than previous works (see Section 1.2 for details).

For β > 1/∆(J), we show that the problem is NP-hard, and thus unlikely to admit any
efficient classical or quantum algorithm (see Theorem 2). To the best of our knowledge, this
is the first example of a quantum many-body problem where approximating the partition
function exhibits a provable computational phase transition.

▶ Theorem 1 (Informal; see Theorem 20 for the formal statement). For any β ∈ [0, 1
∆(J) ], and

ε, δ ∈ (0, 1), there exists a classical randomized algorithm running in

log δ−1 · poly(n, β ∥hx∥1 , β ∥hz∥1 , ε−1)

time that outputs Ẑ such that

Pr
(

e−εẐ ≤ tr(exp(−βH)) ≤ eεẐ
)

≥ 1 − δ.

▶ Theorem 2. For any ε > 0, there exists an interaction matrix J such that at β = 1+ε
∆(J) ,

approximating the partition function tr(exp(−βH)) is NP-hard for any transverse field hx

satisfying ∥βhx∥1 ≤ c(ε)n, where c(ε) > 0 is a constant dependent only on ε. Moreover,
assuming RP ̸= NP (respectively, BQP ̸⊇ NP), no polynomial-time classical (respectively,
quantum) algorithm can approximate the partition function within a multiplicative factor
exp(c(ε)n).

Theorem 2 is a straightforward consequence of [16], which establishes NP-hardness in the
classical limit when hx = 0. Specifically, [16] shows that, when hx = 0, for any ε > 0 and
β > 1+ε

∆(J) , approximating the partition function within an exponential multiplicative factor
exp(c(ε) n) is NP-hard. In the regime considered in Theorem 2, where the transverse field is
dominated by the interaction matrix, the partition function Z = tr(exp(−βH)) is very close
to tr(exp(−βHz)), which is the partition function of a classical Ising model and is therefore
NP-hard to approximate in the low-temperature regime β > 1

∆(J) due to [16]; hence, in the
same temperature regime, approximating the partition function Z is also NP-hard.
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▶ Remark 3. Theorem 2 implies that approximating the partition function is NP-hard when
β > 1

∆(J) and the transverse field is dominated by the interaction matrix, i.e., ∥hx∥1 ≤
n · Oε(1)∆(J). In the special case of a uniform transverse field, i.e., hx

i = h ∀i, this condition
simplifies to |h| ≤ Oε(1)∆(J). On the other hand, when the transverse field is very strong and
dominates the interaction matrix, the problem should become easy even at low temperatures,
since the system effectively behaves like non-interacting spins. Understanding exactly how
the strength of the transverse field affects the temperature at which this transition to an
easy regime occurs remains an intriguing open problem.

1.1 Techniques
As in previous works [5, 11], we map the partition function of the transverse-field Ising model
(TFIM)

Z := tr(exp(−βH))

to the partition function of a classical Ising model using the Trotter decomposition.
For intuition, we sketch this mapping here. Write Hz := 1

2
∑

i,j∈[n] JijZiZj and Hx :=∑n
i=1 hx

i Xi; then [5] shows that for M = poly(∥βHz∥ , ∥βHx∥ , 1
ε ) a sufficiently large natural

number, we have

Z ≈ tr((e
−βHz

M e
−βHx

M )M )

=
∑

s(1),··· ,s(M)

M∏
k=1

⟨s(k)| e
−βHz

M |s(k)⟩ ⟨s(k)| e
−βHx

M |s(k+1)⟩

= A ·
∑

(s(i))i∈[M]

exp

−β

2M

M∑
k=1

n∑
i,j=1

Jijsk,isk,j − β

M

M∑
k=1

n∑
i=1

hz
i sk,i +

n∑
i=1

M∑
k=1

Kisk,isk+1,i


(2)

with

A =
∏

i:hx
i

̸=0

∏
i:hx

i
̸=0

(
1
2

√
|e2hx

i
/M − e−2hx

i
/M |
)M

and Ki = g(−βhx
i

M ) where g(a) = 1
2 ln | ea+e−a

ea−e−a |. Here we are using the conventions s(i) =
(sk,i)k∈[M ] and s(M+1) = s(1).

Equation (2) says that, up to the constant factor A, the partition function of the transverse
field Ising model is approximately equivalent to the partition function of a classical Ising model
defined on nM vertices. This classical model describes a distribution over configurations
(sk,i)k∈[M ],i∈[n] ∈ {±1}nM , in which the external field acting on sk,i is −βhz

i /M and the
interactions are as follows:

For any k ∈ [M ] and i, j ∈ [n], the interaction between sk,i and sk,j is given by −βJij/M .
For any i ∈ [n] and k ∈ [M ], the interaction between sk,i and sk+1,i is Ki = g

(
− βhx

i

M

)
as

defined above.

The following informal statement quantifies the approximation in Equation (2).

TQC 2026



1:4 Computational Phase Transition for TFIM

▶ Lemma 4 (Informal version of Lemma 9). Consider the TFIM model in Equation (1)
and an inverse temperature β ≥ 0. Let Z = tr(exp(−βH)). For any ε > 0, there exists
M = poly(∥βHz∥ , ∥βHx∥ , 1

ε ) and Hclassical : { ±1 }nM → R ∪ { ±∞ } corresponding to a
classical Ising model so that for Z ′ =

∑
σ exp(Hclassical(σ)), we have

exp(−ε)Z ′ ≤ Z ≤ exp(ε)Z ′.

Thus, we have reduced the problem of computing the partition function of the transverse
field Ising model to that of a classical Ising model on nM vertices, where M is polynomial
in the model and accuracy parameters. We can now estimate the partition function of the
resulting classical Ising model using classical Markov chain Monte Carlo methods together with
counting-to-sampling techniques. Using simulated annealing [13, 30], we reduce the problem of
approximating the partition function to sampling from the corresponding Gibbs distribution.
Since the classical Ising model arising from the mapping contains interaction terms that
depend on the transverse field and may be unbounded, we cannot directly apply existing
rapid mixing results based on the boundedness of the interaction matrix [18, 32, 23, 14, 1].
Instead, we view the corresponding classical Ising model as a distribution on (RM )n, and
invoke a recent result of Anari et al. [3] to show that the associated Glauber dynamics is
rapidly mixing whenever β < 1/∆(J). Each update of the Glauber dynamics on the (RM )n

model reduces to sampling from a one-dimensional Ising model on M vertices, which can
be efficiently implemented using dynamic programming. Combining these ingredients gives
an algorithm to approximate the partition function when β < 1/∆(J); we can push the
boundary to β = 1/∆(J) using a standard perturbative argument. First, we observe that
for β < 1/∆(J), the approximation algorithm’s runtime depends polynomially on the gap

1
1−β∆(J) . To estimate tr(exp(−βH)) at β = 1/∆(J), we efficiently estimate the partition
function tr(exp(−β′H)) where β′ = β(1 − ϵ/n) by noting that 1

1−β′∆(J) = O(n/ϵ), then
observe that tr(exp(−β′H)) approximates tr(exp(−βH)) within an exp(ϵ) multiplicative
factor. For details, see the proof of Theorem 20, which is the formal version of Theorem 1.

1.2 Related work
The problem of approximating partition functions of classical and quantum spin systems has
a long history. For many classical spin systems, the computational complexity landscape is
now well understood; see, e.g., [28, 29, 10, 8, 9, 16, 14, 1, 2]. In contrast, progress on the
quantum side has been more limited, and existing algorithmic results typically require strong
structural or high-temperature assumptions.

Several recent works study general quantum Hamiltonians of the form H =
∑

a λaGa,

where |λa| ≤ 1, each Ga is a tensor product of single-site Pauli operators acting on a subset a,
and the maximum degree of the interaction graph is denoted by ∆ = maxi |{a : i ∈ a}|. In
this setting, Haah et al. [17] and Bakshi et al. [4] give a (n/ε)O(log ∆) -time algorithm that
approximates tr(e−βH) within a multiplicative factor 1 + ε, provided that β < 1

4e2(∆+1)2 .

Helmuth and Mann [19] consider classical Hamiltonians perturbed by local quantum terms
and obtain efficient approximation algorithms when the perturbation strength is sufficiently
small and the inverse temperature lies in an appropriate regime. When specialized to the
transverse-field Ising model (TFIM), however, these results impose restrictive bounds on the
transverse and longitudinal fields, making them substantially weaker than ours.

Next, we discuss prior works that focus on the TFIM. Brayvi [5] gives an FPRAS for
tr(e−βH) in the ferromagnetic (stoquastic) regime, where

−βJij ≥ 0, −βhx
i ≥ 0, and − βhz

i ≥ 0.
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In this case, the Trotter mapping gives a ferromagnetic classical Ising model, allowing the use
of classical Markov chain techniques for ferromagnetic systems [20]. We emphasize that our
result does not require any sign constraints on the interaction terms Jij or the longitudinal
and transverse fields hz

i , hx
i .

More recently, Crosson and Slezak [11] establish an FPRAS for the TFIM under a
Dobrushin-type condition

β <
1

2(∆ + 2)B , where B = max
i̸=j

|Jij | and ∆ = max
i

|{j ̸= i : Jij ̸= 0}|.

This condition is strictly stronger than ours, which implies an efficient approximation
algorithm whenever β ≤ 1

2∆B . To see this, assuming without loss of generality that Jii = 0
for all i ∈ [n] 1, the Gershgorin circle theorem implies

∆(J) ≤ 2∥J∥∞ ≤ 2∆B, where ∥J∥∞ = max
i

∑
j ̸=i

|Jij |.

We remark that the Dobrushin-type conditions β = O(1/∥J∥∞) or β < O( 1
∆B ) can be

substantially more restrictive than the spectral constraint β < 1
∆(J) . In particular, when

the interaction terms have mixed signs, significant cancellations may occur, leading to
∆(J) ≪ ∥J∥∞. A concrete and important example arises when the couplings are i.i.d.
Gaussian with normalized variance, Jij ∼ N (0, 1/n), as in the Sherrington–Kirkpatrick
model and related spin-glass systems [27, 25]. In this case, random matrix theory implies that
∆(J) = Θ(1), while ∥J∥∞ = Θ(

√
n); hence, our Theorem 20 implies an efficient approximation

algorithm when β = O(1) while [11] requires a much higher temperature–β = O( 1√
n

). We
can also consider diluted spin-glass models [14, 1], where the matrix J is supported on
a random d-regular graph G with Rademacher disorder, i.e., Jij ∼ Uniform({ ±1 }) if i, j

are neighbors in G, and Jij = 0 otherwise. For this model, Friedman’s theorem implies
that ∆(J) ≤ 4

√
d − 1 (see [14, 1] for details), yet ∥J∥∞ = d; hence, Theorem 20 implies an

efficient approximation algorithm when β = O( 1√
d
) while the Dobrushin-type conditions

require β = O( 1
d ).

1.3 Organization
Following some background and notational preliminaries in Section 2, in Section 3 we spell
out the details of how how to map the partition function of the transverse-field Ising model
to that of a classical Ising model. In Section 4, we show how to sample from the resulting
classical Ising model using Markov chains. In Section 5, we combine these ingredients to
prove our main results Theorem 20, Theorem 1 and Theorem 2.

2 Preliminaries

2.1 Notation
For a vector x ∈ RN , we let ∥x∥ denote its Euclidean norm. For matrix A ∈ RN×N , we
let ∥A∥ denote its operator norm, i.e., ∥A∥ = ∥A∥op = maxx ̸=0

∥Ax∥
∥x∥ . If A is Hermitian, its

eigenvalues are real, and we let λmax(A) and λmin(A) denote its maximum and minimum
eigenvalues respectively, and let ∆(J) = λmax(A) − λmin(J).

1 Changing diagonal entries rescales the partition function by a constant factor and does not affect
approximation complexity.

TQC 2026



1:6 Computational Phase Transition for TFIM

2.2 Linear algebra
▶ Proposition 5. Let H, H ′ ∈ RN×N be Hermitian matrices where ∥H − H ′∥ ≤ ϵ. Then

e−ϵ tr(exp(H)) ≤ tr(exp(H ′)) ≤ eϵ tr(exp(H)).

Proof. This is a simple consequence of Weyl’s inequality. Since H, H ′ are Hermitian, their
eigenvalues are real. Let λ1 ≥ λ2 ≥ · · · ≥ λN and λ′

1 ≥ λ′
2 ≥ · · · ≥ λ′

N be the eigenvalues of
H and H ′, respectively; then by Weyl’s inequality

|λi − λ′
i| ≤ ∥H − H ′∥ ≤ ϵ,

and thus

e−ϵ tr(exp(H)) = e−ϵ
∑

i

exp(λi) ≤ tr(exp(H ′)) =
∑

i

exp(λ′
i)

≤ eϵ
∑

i

exp(λi) = eϵ tr(exp(H)). ◀

2.3 Markov chains and mixing time
Our analysis of the mixing time of the Glauber dynamics for the classical distribution
arising from the quantum-to-classical mapping is based on establishing a fundamental
information-theoretic inequality known as the Approximate Tensorization of Entropy (ATE).
Let Ω = Ω1 × · · · Ωn be a product space. For i ∈ [n], define the Markov kernel D∼i as one
that maps x = (x1, . . . , xn) ∈ Ω deterministically to x∼i by erasing its ith component, i.e.,

x∼i := (x1, . . . , xi−1,∅, xi+1, . . . , xn).

Let Dn→n−1 be the Markov kernel that picks a coordinate i ∈ [n] uniformly at random and
erases it, i.e., returns the average of D∼1, . . . , D∼n. We call this the “down operator.”

The Glauber dynamics associated with a probability distribution µ on Ω is the Markov
chain that, at each step, selects a coordinate i ∈ [n] uniformly at random, erases the current
value of xi, and resamples it according to the conditional distribution µ(· | x∼i). Equivalently,
each transition consists of first applying the down operator Dn→n−1 and then restoring the
erased coordinate by sampling from the appropriate conditional marginal of µ.

▶ Definition 6 (Approximate Tensorization of Entropy, [22, 7]). Let µ be a probability measure
on Rn. We say µ satisfies Approximate Tensorization of Entropy (ATE) with constant C if
for every other measure ν absolutely continuous w.r.t. µ,

DKL(νDn→n−1||µDn→n−1) ≤
(

1 − 1
Cn

)
DKL(ν||µ).

ATE is a very strong property, which yields an array of useful consequences “for free” once
established. In particular, it yields functional inequalities and implies fast mixing of the
Glauber dynamics.

▶ Proposition 7 (Fact 3.5 of [10]). If ATE holds with constant C for measure µ, then:
1. The MLSI (Modified Log-Sobolev Inequality) for the Glauber dynamics holds with constant

1/Cn.
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2. As a consequence of the MLSI, on a discrete space, defining

µmin = min { µ(x) | x ∈ supp(µ) } ,

the Glauber dynamics on µ has ϵ-mixing time O(Cn(log log(1/µmin) + log(1/ϵ))).
Equivalently, if µ̂ denotes the distribution obtained after

t = O
(
Cn
(
log log(1/µmin) + log(1/ϵ)

))
steps of the Glauber dynamics starting from an arbitrary initial state, then dTV(µ̂, µ) ≤ ϵ.

3 Mapping the transverse-field Ising model to a classical Ising model

In this section, we reproduce the standard mapping from the partition function of the
transverse-field Ising model to that of a classical Ising model using the Trotter decomposition,
as was sketched in Section 1.1. While this mapping is standard (see, e.g., [11, 5]), we include
it here to keep our discussion self-contained.

We will use the following fact from [5].

▶ Proposition 8 ([5, Lemma 3]). Let Z = tr(exp(Hz + Hx)), Z ′ = tr((e
Hz
M e

Hx
M )M ) where

M ∈ N, M ≥ 3, and

Hz = 1
2
∑

i,j∈[n]

JijZiZj +
∑
i∈[n]

hz
i Zi ; Hx =

∑
i∈[n]

hx
i Xi. (3)

If M ≥ max
{

2(∥Hz∥ + ∥Hx∥),
√

12(∥Hz∥+∥Hx∥)3

ϵ

}
then

e−ϵZ ≤ Z ′ ≤ eϵZ.

Next, we record the standard argument that Z ′ corresponds to the partition function of a
classical Ising model. Since the proof is standard, we defer it to the appendix.

▶ Lemma 9 ([11, 5]). Let Z ′ = tr((e
Hz
M e

Hx
M )M ) where Hz and Hx are defined as in (3).

Let DM =
{ 1√

M
x | x ∈ { ±1 }M} ⊆ SM−1 = { x ∈ RM | ∥x∥ = 1 } . For i ∈ [n],

If hx
i = 0 : let v = 1√

M

[
1 1 · · · 1

]⊺ and Ωi = { v, −v } ⊆ DM and let w(i) : Ωi → R
be defined by w(i)(v) = hz

i and w(i)(−v) = −hz
i .

If hx
i ̸= 0 : Let Ωi = DM and w(i) : Ωi → R be defined by, for x =

[
x1 x2 · · · xM

]⊺
,

w(i)(x) = hz
i√
M

M∑
k=1

xk + KiM(x1x2 + x2x3 + · · · + xM x1),

where

Ki = ln

√
ehx

i
/M + e−hx

i
/M

|ehx
i

/M − e−hx
i

/M |
= 1

2 ln
(

ehx
i /M + e−hx

i /M

|ehx
i

/M − e−hx
i

/M |

)
.

Let Hclassical : Ω1 × Ω2 × · · · × Ωn → R≥0 be defined by

Hclassical((xi)i∈[n]) = 1
2
∑

i,j∈[n]

Jij⟨xi, xj⟩ +
n∑

i=1
w(i)(xi).

TQC 2026



1:8 Computational Phase Transition for TFIM

Then

Z ′ = A ·
∑

x1∈Ω1,··· ,xn∈Ωn

exp(Hclassical((xi)i∈[n])),

where

A =
∏

i:hx
i

̸=0

(
1
2

√
|e2hx

i
/M − e−2hx

i
/M |
)M

.

4 Sampling from the classical Ising model

In this section, we will record the ingredients for establishing an efficient algorithm to
sample from the classical Ising model that arises from the quantum-to-classical mapping
described in Lemma 9 in the regime β∆J < 1. In Section 5, we combine this with the
standard counting-to-sampling argument implies that the partition function can be efficiently
approximated in the same regime. After appropriate transformations, the classical Ising model
can be reformulated as the O(M)-spin model in (4). Lemma 10 establishes Approximate
Tensorization of Entropy (ATE), which implies fast mixing of the Glauber dynamics by
Proposition 7, and each step of the Glauber dynamics can be efficiently implemented by
Proposition 12.

▶ Lemma 10. Consider the distribution νβ : (SM−1)n → R≥0 defined by

νβ((xi)i∈[n]) ∝ exp
(

β

2
∑

i,j∈[n]

Jij⟨xi, xj⟩
) n∏

i=1
µ(i)(xi), (4)

where for each i ∈ [n], µ(i) : SM−1 → R≥0 is an arbitrary density function on the sphere
SM−1 = { x ∈ RM : ∥x∥ = 1 } . Suppose J ⪰ 0 and β ∈ [0, 1

∥J∥OP
). Then the distribution νβ

satisfies ATE with constant C = 1
1−β·∥J∥OP

.

Following [15], we say that a measure µ : Rk → R≥0 is β-semi-log-concave if Cov(Twµ) ⪯
βI for every w ∈ Rk, where the measure Twµ : Rk → R≥0 is defined by Twµ(x) ∝
exp(⟨w, x⟩)µ(x). We used the following proposition in the proof of Lemma 10.

▶ Proposition 11. Consider a distribution µ : Rk → R≥0 with

supp(µ) ⊆ {x ∈ Rk : ∥x∥ ≤ 1}.

Then µ is 1-semi-log-concave.

Proof. Let

Σ := Cov(µ) = EX∼µ

[
(X − EX)(X − EX)⊤] .

We first show that the operator norm of Σ is at most 1.
For any unit vector v ∈ Rk, we have

v⊤Σv = EX∼µ

[
(v⊤X − E[v⊤X])2]

= VarX∼µ(v⊤X)
≤ EX∼µ

[
(v⊤X)2]

≤ EX∼µ

[
(∥v∥ ∥X∥)2]

= EX∼µ

[
∥X∥2]

≤ 1,

where the last inequality follows from the assumption that supp(µ) ⊆ {x : ∥x∥ ≤ 1}. Since
this holds for all unit vectors v, we conclude that ∥Σ∥op ≤ 1.
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Now let w ∈ Rk and consider the tilted measure Twµ. Tilting does not change the support
of the distribution, so

supp(Twµ) ⊆ {x ∈ Rk : ∥x∥ ≤ 1}.

Applying the same argument as above shows that

∥Cov(Twµ)∥op ≤ 1.

Therefore, µ is 1-semi-log-concave. ◀

Proof of Lemma 10. This is essentially due to [3, Theorem 9], which assumes that the
diagonal of J is constant, i.e., Jii = α ∀i ∈ [n], which is not necessarily true in our
case. However, by following that proof, we see that this assumption can be relaxed to
Jii ≥ α ∀i ∈ [n]. To apply their result, we only need to verify that, for each i ∈ [n] and
s ≥ 0, the distribution G−sµ(i) defined by G−sµ(i) ∝ exp(s ∥x∥2)µ(i)(x) is 1-semi-log-concave.
Since µ(i) is supported on SM−1, the distribution G−sµ(i) is simply µ(i) itself, and is 1-semi-
log-concave by Proposition 11. We may now apply [3, Theorem 9] with ρ(s) = 1 ∀s ≥ 0 and
α = 0, η = 0, and deduce that the distribution νβ satisfies Approximate Tensorization of
Entropy with constant

C = exp
(∫ ∥βJ∥OP

0
q(z)dz

)
,

where q ≡ qη,ρ solves the equation

q(z) = 1 +
∫ z

0
q(s)2ds.

It is easy to see that the function q(z) = 1
1−z solves this equation, and hence νβ satisfies

ATE with constant C = 1
1−∥βJ∥OP

. The lemma follows. ◀

▶ Proposition 12. Let Hclassical : Ω1 × Ω2 × · · · × Ωn → R be as in Lemma 9. For β ∈ R,
let νβ : Ω1 × Ω2 × · · · × Ωn → R≥0 be the distribution defined by νβ(σ) ∝ exp(βHclassical(σ)).
Each step of the Glauber dynamics on νβ samples from a 1-dimensional Ising model, and
thus can be done in O(M2 + Mn) time.

Proof. Each step of Glauber samples from the conditional distribution ν(xi|(xj)j ̸=i) : Ωi →
R≥0. Let xi = 1√

M
(s1,i, · · · , sM,i) ∈ DM . Sampling from ν(xi|(xj)j ̸=i) reduces to sampling

from the Ising model π : { ±1 }M → R≥0 where

π((s1,i, · · · , sM,i)) ∝ (
M∑

k=1
Kisk,isk+1,i +

M∑
i=1

ĥksk,i)

and

ĥk = 1
M

∑
j ̸=i

Jijsk,j + 1
M

hz
i sk,i.

Computing (ĥk)k∈[M ] takes O(Mn) time in total, and sampling takes O(M2) time, as we
prove in Proposition 13 below. ◀
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▶ Proposition 13. Consider the 1D Ising model ν : {±1}M → R≥0 with either the open
boundary condition

ν(x) ∝ exp
(

M−1∑
i=1

Ji,i+1xixi+1 +
M∑

i=1
hixi

)
, (5)

or the closed boundary condition

ν(x) ∝ exp
(

M∑
i=1

Ji,i+1xixi+1 +
M∑

i=1
hixi

)
, xM+1 = x1. (6)

In both cases, one can compute all relevant conditional marginals exactly and therefore sample
from ν in O(M2) time.

Proof. We show how to compute the conditional marginals

ν(Xi = ±1 | X[i−1] = σ[i−1])

exactly by dynamic programming, for any i ∈ [M ] and any partial assignment σ[i−1] with
ν(x[i−1] = σ[i−1]) > 0. Once these marginals are available, we may sample sequentially using
the standard autoregressive procedure: sample σ1 ∼ ν(X1), then sample σ2 ∼ ν(X2 | X1 =
σ1), and so on, until we have sampled σn ∼ ν(Xn | X[n−1] = σ[n−1]), at which point we
output σ = σ[n]. The output distribution is exactly ν.

Open boundary case (5). It suffices to compute ν(x1), since for i > 1 the conditional
distribution ν(xi | x[i−1] = σ[i−1]) is itself the open-boundary Ising model on a smaller
interval.

Define

pN (σM ) = exp(hM σM ), σM ∈ {±1}.

For k = N − 1, . . . , 1, compute recursively

pk(σk) =
∑

σk+1∈{±1}

exp (Jk,k+1σkσk+1 + hkσk) pk+1(σk+1).

Then

ν(x1 = σ1) = p1(σ1)
p1(1) + p1(−1) , σ1 ∈ {±1}.

Closed boundary case (6). When i > 1, conditioning on x[i−1] = σ[i−1] breaks the cycle
and reduces the problem to the open-boundary case.

For the case i = 1, define

p
(σ1)
M (σM ) = exp (JN,1 σ1σM + hM σM ) , (σ1, σM ) ∈ {±1}2.

For k = M − 1, . . . , 1, compute

p
(σ1)
k (σk) =

∑
σk+1∈{±1}

exp (Jk,k+1σkσk+1 + hkσk) p
(σ1)
k+1(σk+1).

Finally, set

p1(σ1) = p
(σ1)
1 (σ1)

and compute the marginal

ν(x1 = σ1) = p1(σ1)
p1(1) + p1(−1) .
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Runtime. Each marginal computation requires O(M) operations. Sampling by autoregres-
sion requires computing M marginals, so the runtime is O(M2). ◀

5 On computing the partition function

In this section, we prove our main results, Theorem 1 and Theorem 2 from the Introduction.
We begin with Theorem 2, which is a direct consequence of the following result from [16].

▶ Theorem 14 ([16, Theorem 1]). There exists a symmetric matrix J ∈ Rn×n with
∆(J) = 1 + ε > 1 such that approximating the partition function tr(exp( 1

2
∑

i,j JijZiZj)) =∑
σ∈{ ±1 }n exp( 1

2
∑

i,j Jijσiσj) within an exp(c(ε)n)-multiplicative factor is NP-hard, where
the constant c(ε) > 0 depends on ε.

Proof of Theorem 2. Let Z = tr(exp(−βH)). Let J̃ = −βJ, and Z̃ = tr(exp(−βHz)) =
tr(exp( 1

2
∑

i,j J̃ijZiZj)). When ∥βhx∥1 ≤ c(ε)n
2 , we have

∥−βH − (−βHz)∥ =
∥∥∥∥β
∑
i∈[n]

hx
i Xi

∥∥∥∥ ≤ ∥βhx∥1 ≤ c(ε)n
2

and thus by Proposition 5,

Z exp(−c(ε)n
2 ) ≤ Z̃ ≤ Z exp(c(ε)n

2 ).

Thus, if we can output a Ẑ that approximates Z within a multiplicative factor exp( c(ε)n
2 ),

then Ẑ will approximate Z̃ within a factor of exp(c(ε)n). The claim then follows from
Theorem 14. ◀

The remainder of this section is devoted to the proof of Theorem 20, which we will restate
more formally later as Theorem 1. We first recall some classical results on counting-to-
sampling via simulated annealing.

▶ Lemma 15. Consider a discrete set Ω and a Hamiltonian H : Ω → [−L, L] for some
L ≥ 0. For β ∈ R, let µβ be the distribution on Ω defined by

µβ(σ) = exp(−βH(σ))
Z(β) , where Z(β) =

∑
σ∈Ω

exp(−βH(σ)).

Suppose we know Z(βmin), and we have oracle access to the Hamiltonian H and to samples
from µβ for β ∈ [βmin, βmax]. For any ϵ > 0, there exists a (classical) algorithm that outputs
an estimator Ẑ s.t.

Pr
(

(1 − ϵ)Z(βmax) ≤ Ẑ ≤ (1 + ϵ)Z(βmax)
)

≥ 3/4.

The algorithm uses k = O

((
(βmax−βmin)L

ϵ

)2
)

samples from µβ and O(k) Hamiltonian

evaluations.

Using a standard coupling argument, we can also relax the precondition of Lemma 15 to
allow for samples from a distribution that is close to µβ .

▶ Lemma 16. Consider a discrete set Ω and a Hamiltonian H : Ω → [−L, L] for some
L ≥ 0. For β ∈ R, let µβ be the distribution on Ω defined by

µβ(σ) = exp(−βH(σ))
Z(β) where Z(β) =

∑
σ∈Ω

exp(−βH(σ)).
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Suppose we know Z(βmin), and we have oracle access to the Hamiltonian H and to samples
from µ̂β where dT V (µ̂β , µβ) ≤ ϵT V for β ∈ [βmin, βmax]. For any ϵ > 0, there exists a
(classical) algorithm that outputs an estimator Ẑ s.t.

Pr
(

(1 − ϵ)Z(βmax) ≤ Ẑ ≤ (1 + ϵ)Z(βmax)
)

≥ 3/4 − ϵT V k.

The algorithm uses k = O

((
(βmax−βmin)L

ϵ

)2
)

samples from µ̂β and O(k) Hamiltonian

evaluations.

Lemmas 15 and 16 are standard, and we leave their proofs to the appendix.
▶ Remark 17. A standard application of Chernoff bounds allows us to improve the success
probability in Lemmas 15 and 16 to 1 − δ by taking the median of Θ(log(1/δ)) independent
trials.

In order to apply Lemmas 15 and 16, we need the following proposition which bounds
the classical Hamiltonian arising from the quantum-to-classical mapping in Lemma 9, whose
proof we leave to the appendix.

▶ Proposition 18. ∀a ∈ [−1, 1] \ { 0 }, we have 0 ≤ ln
(

ea+e−a

|ea−e−a|

)
≤ ln 2

|a| .

▶ Proposition 19. Let Hclassical : Ω1 × Ω2 × · · · × Ωn → R≥0 be as in Lemma 9. Suppose
M ≥ |hx

i | ∀i ∈ [n] and min { | hx
i | | hx

i ̸= 0 } ≥ r. Let

L = n ∥J∥ + ∥hz∥1 + nM ln(2M/r)).

Then

|H((xi)i∈[n])| ≤ L ∀(xi)i∈[n] ∈ Ω1 × Ω2 × · · · × Ωn.

Proof. Let H ≡ Hclassical. By the triangle inequality,

|H((xi)i∈[n])| ≤ |
∑

i,j∈[n]

Jij⟨xi, xj⟩| +
∑
i∈[n]

|w(i)(xi)|. (7)

Recall that xi = 1√
M

(s1,i, · · · , sM,i) ∈ DM ; therefore

|
∑

i,j∈[n]

Jij⟨xi, xj⟩| = | 1
M

M∑
k=1

∑
i,j∈[n]

Jijsk,isk,j | ≤ 1
M

M∑
k=1

|
∑

i,j∈[n]

Jijsk,isk,j | ≤ n ∥J∥ .

For i ∈ [n] and x ∈ Ωi, we will show

|w(i)(x)| ≤ |hz
i | + M ln(2M/r).

If hx
i = 0 then |w(i)(x)| = |hz

i | and we are done. So we assume hx
i ̸= 0, and then for any

x =
[
x1 x2 · · · xM

]⊺, by the triangle inequality

|w(i)(x)| ≤ |hz
i |√
M

M∑
k=1

|xk| + |Ki|M(|x1x2| + |x2x3| + · · · + |xM x1|)

= |hz
i | + |Ki|M,

where we recall

Ki = ln

√
ehx

i
/M + e−hx

i
/M

|ehx
i

/M − e−hx
i

/M |
= 1

2 ln
(

ehx
i /M + e−hx

i /M

|ehx
i

/M − e−hx
i

/M |

)
satisfies 0 ≤ Ki ≤ ln 2M

|hx
i

| ≤ ln(2M/r) by Proposition 18. Plugging this back into Equation (7)
finishes the proof. ◀
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Finally, we are ready to prove Theorem 1. In fact, we will prove a more formal version of
the theorem, which we now state.

▶ Theorem 20 (Formal version of Theorem 1). Consider the TFIM model in Equation (1).
We assume without loss of generality that J = (Jij)i,j∈[n] ∈ Rn×n is a symmetric matrix.
Let λmax(J) and λmin(J) denote its maximum and minimum eigenvalues, and let ∆(J) =
λmax(J) − λmin(J). Let Z := tr(exp(−βH)).

Suppose β ∈ [0, 1
∆(J) ). Let ∥hz∥1 =

∑n
i=1 |hz

i | and ∥hx∥1 =
∑n

i=1 |hx
i |. For any ϵ, δ ∈

(0, 1), there exists a classical algorithm that runs in

1
1 − β∆(J) · log δ−1 · poly(n, β ∥hx∥1 , β ∥hz∥1 , ϵ−1)

time and outputs Ẑ such that,

Pr
(

e−ϵẐ ≤ Z ≤ eϵẐ
)

≥ 1 − δ.

Moreover, for the critical value β = 1
∆(J) , the same approximation guarantee holds with

runtime log δ−1 · poly(n, β ∥hx∥1 , β ∥hz∥1 , ϵ−1).

Proof. We begin with a proof of the first statement; the second statement will follow relatively
straightforwardly from the first.

Letting J̃ = −βJ + βλmax(J) · I, we have 0 ⪯ J̃ ⪯ (β∆(J)) · I ⪯ I. Now let h̃z =
−βhz, h̃x = −βhx, and

Hz = 1
2
∑

i,j∈[n]

J̃ijZiZj +
∑
i∈[n]

h̃z
i Zi , Hx =

∑
i∈[n]

h̃x
i Xi.

This implies that tr(exp(−βH))/ tr(exp(Hz + Hx)) = c for some constant c > 0 that we can
efficiently compute, so we only need to approximate Z := tr(exp(Hz + Hx)).

Note that, since Hz is a diagonal matrix with diagonal entries given by 1
2
∑

i,j∈[n] J̃ijzizj +∑
i∈[n] h̃z

i zi for z ∈ { ±1 }n, we obtain the following bounds:

∥Hz∥ ≤ max
z∈{ ±1 }n

|12
∑

i,j∈[n]

J̃ijzizj +
∑
i∈[n]

h̃z
i zi| ≤ n

∥∥J̃
∥∥+

∥∥h̃z
∥∥

1 ≤ (β∆(J))n +
∥∥h̃z

∥∥
1 ;

∥Hx∥ ≤
∑
i∈[n]

|h̃x
i | · ∥Xi∥ =

∑
i∈[n]

|h̃x
i | =

∥∥h̃x
∥∥

1 .

Letting

C := (β∆(J))n +
∥∥h̃x

∥∥
1 +

∥∥h̃z
∥∥

1

we have C ≥ ∥Hz∥ + ∥Hx∥. Let r > 0 and M ∈ N≥3 be parameters to be chosen later.
Letting

Ibad = { i ∈ [n] : h̃x
i ̸= 0 and | h̃x

i | ≤ r } ,

and

H̃ = Hz + H̃x, H̃x =
∑

i∈[n]\Ibad

hx
i Xi,
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we get∥∥H − H̃
∥∥ ≤

∑
i∈Ibad

|h̃x
i | · ∥Xi∥ ≤ rn.

Hence by Proposition 5, setting Z = tr(exp(Hz + Hx)) and Z̃ = tr(exp(Hz + H̃x)) and
choosing r = ϵ

3n , we have

e−ϵ/3Z̃ ≤ Z ≤ eϵ/3Z̃. (8)

We now approximate Z̃. Set

M =
(

3C3

ϵ

)1/2

. (9)

By Proposition 8 and Lemma 9, let the classical Hamiltonian Hclassical be defined as in
Lemma 9 wrt H̃ and M, so that, for

Ã =
∏

i:h̃x
i

̸=0

(
1
2

√
|e2h̃x

i
/M − e−2h̃x

i
/M |
)M

,

we have

Z ′ = Ã
∑

x1∈Ω1,··· ,xn∈Ωn

exp(Hclassical((xi)i∈[n]))

and

exp(−ϵ/3)Z̃ ≤ Z ′ ≤ Z̃ exp(ϵ/3).

In particular, combining this with Equation (8) we obtain

exp(−2ϵ/3)Z ′ ≤ Z ≤ Z ′ exp(2ϵ/3). (10)

Next, we approximate Z ′. Setting

L = C + nM log(M/r) = Õ(nM),

yields

|Hclassical((xi)i∈[n])| ≤ L∀(xi)i∈[n] ∈ Ω1 × · · · × Ωn.

For β′ ∈ [0, 1], consider the distribution defined by νβ′((xi)i∈[n]) ∝ exp(β′Hclassical((xi)i∈[n])).
Applying Lemma 10 and Proposition 7 to this distribution, and noting that

(νβ′)min := min { νβ′(x) | x ∈ supp(νβ′) } ≥ exp(−2L)2−nM ,

we obtain that the Glauber dynamics2 outputs a sample from ν̂β′ s.t. dT V (ν̂β′ , νβ′) ≤ ϵT V in

T = O

(
1

1 − β∆(J) · n log
(

n

ϵT V

)
poly log(C, ϵ−1)

)
steps, where each step takes O(M2) time by Proposition 12.

2 We can initialize the Glauber dynamics at any (xi)i∈[n] ∈ Ω1 × · · · × Ωn, for example, at (xi)i∈[n] where
xi = 1√

M

[
1 1 · · · 1

]⊺ ∀i ∈ [n].
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Applying Lemma 16 and Proposition 19 for ϵT V = 1
8k , βmin = 0, βmax = 1 (note that

Z(βmin) =
∏n

i=1 |Ωi| can be easily computed and M ≥ C ≥ max |h̃x
i |), we obtain a classical

algorithm that outputs Ẑ so that with probability ≥ 5/8,

exp(−ϵ/3)Z ′ ≤ Ẑ ≤ Z ′ exp(ϵ/3),

which, by Equation (10), implies

Ẑ exp(−ϵ) ≤ Z ≤ Ẑ exp(ϵ)

using k = O
(

L2

ϵ2

)
samples from ν̂β′ and evaluations of Hclassical.

The overall running time of the algorithm is

O(kTM2 + kn2M) = Õ
( 1

1 − β∆(J) · ϵ−4n3((β∆(J))n + β ∥hx∥1 + β ∥h∥z
1)6
)

,

where Õ hides polylogarithmic factors.
We can boost the success rate from 5/8 to 1 − δ for any δ > 0 at the cost of an extra

O(log(1/δ)) factor in the runtime (see Remark 17). This finishes the proof of the first
statement.

For the proof of the second statement, where β = 1
∆(J) , let Ĵ = (1 − ϵ

2nβ∆(J) )J̃ and

Z̃ = tr(exp(Ĥz + Hx)) where Ĥz = 1
2
∑

i,j∈[n]

ĴijZiZj +
∑
i∈[n]

h̃z
i Zi.

Note that∥∥∥Ĥz − Hz

∥∥∥ ≤ ϵ

2nβ∆(J) · max
z∈{ ±1 }n

∣∣∣12 ∑
i,j∈[n]

J̃ijzizj

∣∣∣ ≤ ϵ

2nβ∆(J) · n ·
∥∥J̃
∥∥ ≤ ϵ/2.

By Proposition 5,

Z̃ exp(−ϵ/2) ≤ Z ≤ Z̃ exp(ϵ/2).

Noting that
∥∥∥Ĵ
∥∥∥ ≤ 1 − ϵ

2n , we can now use the first statement to output Ẑ that approximates
Z̃ within a factor of exp(ϵ/2), and thus approximates Z within a factor of exp(ϵ). The
runtime guarantee follows from the first statement. ◀
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A Deferred proofs

Proof of Proposition 8. Inserting resolutions of the identity in terms of the computational
basis, i.e., I =

∑
s(k) |s(k)⟩ ⟨s(k)| , we have

Z ′ = tr((
∑
s(1)

|s(1)⟩ ⟨s(1)|)e
Hz
M e

Hx
M (
∑
s(2)

|s(2)⟩ ⟨s(2)|)e
Hz
M e

Hx
M · · · (

∑
s(M)

|s(M)⟩ ⟨s(M)|)e
Hz
M e

Hx
M )

=
∑

s(1),··· ,s(M)

M∏
k=1

⟨s(k)| e
Hz
M e

Hx
M |s(k+1)⟩ (11)

with periodic boundary condition s(M+1) = s(1). Since Hz is diagonal in the computational
basis, the above can be rewritten as

Z ′ =
∑

s(1),··· ,s(M)

M∏
k=1

⟨s(k)| e
Hz
M |s(k)⟩ ⟨s(k)| e

Hx
M |s(k+1)⟩ . (12)

We identify the computational basis vector s(k) with (sk,1, · · · , sk,N ) ∈ { ±1 }n. Then

⟨s(k)| e
Hz
M |s(k)⟩ = exp

( 1
M

(1
2
∑
i,j

Jijsk,isk,j +
n∑

i=1
hz

i sk,i)
)

= exp
(1

2
∑

i,j∈[n]

Jij⟨xi, xj⟩ +
∑
i∈[n]

hz
i√
M

M∑
k=1

(xi)k

)
, (13)

where we let xi = 1√
M

(s1,i, s2,i, · · · , sM,i) ∈ DM .
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Because Hx =
∑

i hx
i Xi, we have

eHx =
∏

i

ehx
i Xi . (14)

If hx
i = 0 then ehx

i Xi = I is diagonal in the computational basis, so

M∏
k=1

⟨s(k)| e
Hx
M |s(k+1)⟩ ≠ 0 ⇒ sk,i = sk+1,i ∀k ∈ [M ] ⇒ xi ∈ { ±v } = Ωi. (15)

Next, consider i where hx
i ≠ 0. We consider the power eaX of the Pauli matrix X =

[
0 1
1 0

]
,

where a ∈ R ̸=0. Since X has eigenvalues 1, −1 with corresponding eigenvectors v =
[

1√
2

1√
2

]

and w =
[

1√
2

− 1√
2

]
, eaX has eigenvalues ea, e−a with the same eigenvectors, and thus

eaX = eavv⊺+e−aww⊺ = 1
2

[
ea + e−a ea − e−a

ea − e−a ea + e−a

]
= Ca·

[
eKa sign(a)e−Ka

sign(a)e−Ka eKa

]
, (16)

where Ca = 1
2
√

(ea + e−a) · |ea − e−a| = 1
2
√

|e2a − e−2a| and

Ka = g(a) = ln

√
ea + e−a

|ea − e−a|
= 1

2 ln ea + e−a

|ea − e−a|
.

Let R = { i ∈ [n] | hx
i ̸= 0 }, R+ = { i ∈ [n] | hx

i > 0 } and R− = { i ∈ [n] | hx
i < 0 } . For

i ∈ R, let

Ki = g(hx
i /M) and Ci = 1

2

√
|e2hx

i
/M − e−2hx

i
/M |. (17)

We have

M∏
i=1

⟨s(k)| e
1

M Hx |s(k+1)⟩

=1[sk,i = sk+1,i∀k ∈ [M ], i ̸∈ R]
(∏

i∈R

M∏
k=1

Ci exp(Ki sk,i sk+1,i)
) ∏

i∈R−

M∏
k=1

(sk,isk+1,i)

=1[sk,i = sk+1,i∀k ∈ [M ], i ̸∈ R]
∏
i∈R

M∏
k=1

Ci exp(Ki sk,i sk+1,i), (18)

where the second equality follows because, for any i ∈ [n] and assignment (sk,i)k∈[M ] ∈
{ ±1 }M ,

∏M
k=1(sk,isk+1,i) =

∏M
k=1 s2

k,i = 1.
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Hence, substituting Equations (13) and (18) into Equation (12), we obtain

Z ′ =
∏
i∈R

CM
i × Z ′′ with

Z ′′ =
∑

(s(i))i∈{ ±1 }n

s1,i=···=sM,i∀i ̸∈R

exp

 1
2M

M∑
k=1

 n∑
i,j=1

Jijsk,isk,j + 1
M

n∑
i=1

hz
i sk,i +

∑
i∈R

Kisk,isk+1,i


=

∑
xi∈Ωi∀i∈[n]

exp
(

1
2
∑

i,j∈[n]

Jij⟨xi, xj⟩ +
∑
i∈[n]

w(i)(xi)
)

thus

Z ′ =
∏

i:hx
i

̸=0

(
1
2

√
|e2hx

i
/M − e−2hx

i
/M |
)M ∑

x1∈Ω1,··· ,xn∈Ωn

exp
(
Hclassical((xi)i∈[n])

)
,

which concludes the proof of the lemma. ◀

Proof of Lemma 15. For the proof, we will need the following result due to [13] (restated
in [30, Theorem 2.2]).

▶ Proposition 21 ([30, Theorem 2.2]). Let W1, . . . , Wℓ be independent random variables with
E[W 2

i ]
E[Wi]2 ≤ B for i ∈ [ℓ]. Let Ŵ = W1 · · · Wℓ. Let Si be the average of 16Bℓ/ε2 independent
random samples from Wi for i ∈ [ℓ]. Let Ŝ = S1S2 · · · Sℓ. Then

Pr
(

(1 − ε)E[Ŵ ] ≤ Ŝ ≤ (1 + ε)E[Ŵ ]
)

≥ 3
4 .

Let ℓ = L(βmax − βmin), and define the sequence βmin = β0 < β1 < · · · < βℓ = βmax where
βi = βmin + i

L ∀i ∈ { 0, · · · , ℓ } . For i ∈ { 1, · · · , ℓ } , let Wi be the random variable obtained
by sampling σ from µβi−1 and then outputting the value exp(−(βi − βi−1)H(σ)). Note that

E[Wi] =
∑
σ∈Ω

µβi−1(σ) exp(−(βi − βi−1)H(σ))

= 1
Z(βi−1)

∑
σ∈Ω

exp(−(βi − βi−1)H(σ)) exp(−βi−1H(σ))

= 1
Z(βi−1)

∑
σ∈Ω

exp(−βiH(σ))

= Z(βi)
Z(βi−1) ,

and thus for Ŵ = W1W2 · · · Wℓ,

E[Ŵ ] =
ℓ∏

i=1
E[Wi] = Z(βmax)

Z(βmin) .

Since (βi − βi−1) = 1
L and |H(σ)| ≤ L, E[W 2

i ]
E[Wi]2 ≤ B for B = e2.

Let Si be the average of 16Bℓ/ε2 independent random samples from Wi for i ∈ [ℓ], and
let Ŝ = S1S2 · · · Sℓ. The algorithm will output Ẑ = Z(βmin)Ŝ. By Proposition 21,

Pr
(

(1 − ϵ)Z(βmax) ≤ Ẑ ≤ (1 + ϵ)Z(βmax)
)

= Pr
(

(1 − ε)E[Ŵ ] ≤ Ŝ ≤ (1 + ε)E[Ŵ ]
)

≥ 3
4 .◀
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Proof of Lemma 16. We use the same algorithm as in Lemma 15. We couple the distribu-
tions µβ and µ̂β via a coupling Πβ such that

P(σ,σ′)∼Πβ
[σ ̸= σ′] ≤ ϵT V .

By a union bound, with probability at least 1 − k ϵT V , all k samples drawn from µ̂β are
identical to the corresponding samples drawn from µβ . Consequently, with probability at
least 1 − k ϵT V , the execution of the algorithm using samples from µ̂β is identical to that
of the algorithm using samples from µβ . Hence the guarantee on the output follows from
Lemma 15. ◀

Proof of Proposition 18. Clearly, ea+e−a

|ea−e−a| ≥ 1, so 0 ≤ ln
(

ea+e−a

|ea−e−a|

)
.

Wlog, we can assume a ∈ (0, 1]. The inequality ln
(

ea+e−a

|ea−e−a|

)
≤ ln 2

|a| becomes equival-
ent to

f(a) := ea − e−a − a

2 · (ea + e−a) ≥ 0.

We calculate

f ′(a) = ea + e−a − 1
2(ea + e−a) − a

2 · (ea − e−a) = 1
2((ea + e−a) − a · (ea − e−a))

and

2f ′′(a) = ea − e−a − (ea − e−a) − a(ea + e−a) = −a(ea + e−a) ≤ 0 ∀a ∈ [0, +∞).

Thus,

∀a ∈ [0, 1] : f ′(a) ≥ f ′(1) = 1
e

> 0,

and hence

∀a ∈ [0, 1] : f(a) ≥ f(0) = 0. ◀
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