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—— Abstract

The Clifford hierarchy is a fundamental structure in quantum computation whose mathematical

properties are not fully understood. In this work, we characterize permutation gates — unitaries which
permute the 2" basis states — in the third level of the hierarchy. We prove that any permutation
gate in the third level must be a product of Toffoli gates in what we define as staircase form, up to
left and right multiplications by Clifford permutations. We then present necessary and sufficient
conditions for a staircase form permutation gate to be in the third level of the Clifford hierarchy. As
a corollary, we construct a family of non-semi-Clifford permutation gates {Uy }r>3 in staircase form
such that each Uy is in the third level but its inverse is not in the k-th level.
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1 Introduction

The Clifford hierarchy is a ubiquitous structure in quantum computation which classifies
unitary operations based on their conjugate actions on the Pauli group. Precisely, the first
level Cy of the hierarchy CH is the Pauli group P, and its subsequent levels are defined
recursively: Cj, is the set of all unitaries U such that UPUT € Cj,_; for all Pauli operators P.
Within CH, gates in the third level are of unique importance to the study of fault-tolerant
quantum computation (FTQC) [33, 34, 19], as established by several foundational works. The
Gottesman-Knill theorem [20] states that any circuits made of Pauli and Clifford gates, which
are the first two levels of CH, can be efficiently simulated by a classical computer. In contrast,
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adding any non-Clifford gate to the Clifford group forms a universal gate set. Among the non-
Clifford unitaries, gates in CH can be implemented fault-tolerantly by gate teleportation [21],
where higher-level gates are performed using resource states and lower-level gates. From this
perspective, the non-Clifford gates that are in C3 are the “easiest-to-implement” non-Clifford
gates. Consequently, C3 gates have been at the center of study for FTQC, with decades
of extensive research studying their fault-tolerant implementations [34, 8], synthesis into
unitaries [15], algorithmic resource costs [14] and more.

Despite its importance, the mathematical structure of the Clifford hierarchy is not fully
understood. Notably, Cx no longer forms a group for any k > 3, as it is neither closed under
multiplication nor closed under inverse. Ample work has been done to elucidate structures
within the hierarchy, which we briefly discuss in Section 1.3.

In this paper, we study the permutation gates, which are n-qubit unitaries that permute
the 2" computational basis states, in C5. We denote these gates by C3*™, and remark that
they are both interesting and important for a few reasons. First of all, permutation gates
correspond to all reversible classical computations on n bits. Gates in C3, on the other
hand, can be implemented fault-tolerantly using resource states and Clifford gates. C3"™
therefore captures classical gates and computational subroutines which are relatively low-cost
to implement for FTQC. The canonical example is the Toffoli gate TOF, which is classically
universal and ubiquitous in quantum circuits.

Unfortunately, products of Toffoli gates (which capture all permutations) are notoriously
unruly. For instance, while a single Toffoli gate is in C3, a product of as few as two Toffoli
gates can leave the hierarchy.’ Prior work by Anderson [1] conjectured that C3"™ are precisely
products of pairwise commuting Toffoli gates (up to multiplying on both sides by Clifford
permutations), and that C;”™ is closed under inverse for all k. We disprove both of these
conjectures in this work.

Furthermore, permutation gates are important components for gates in CH. Beigi and
Shor [5] proved that all gates in C3 are generalized semi-Clifford, which means they can be
written as ¢1mdgs for Clifford gates ¢1, ¢2, a diagonal gate d, and a permutation gate 7.
The conjecture that all gates in CH are generalized semi-Clifford remains open [36]. In [13],
Cui, Gottesman, and Krishna fully characterized all the diagonal gates in CH. Therefore,
characterizing the permutation gates is a crucial step towards characterizing all gates in C3
and potentially CH.

In this work, we present a full characterization of C;¥™ (Result 1, Result 2), elucidating
an essential substructure of C3. We then present a family of gates in C3¥™, which disproves
Anderson’s conjectures and challenges prior understanding of C3 (Result 3). Finally, we
derive lower bounds on the number of qubits a gate in C;*™ must be supported on given
the “complexity” of the function it implements, showing that our construction is optimal

(Result 4).

1.1 Main results and techniques

To characterize the gates in C3"™, we study structured products of Toffoli gates. We define a
product of distinct Toffoli gates to be in staircase form if each gate TOF ;1 in the product
has i,j < k and the target qubit indices are nondecreasing in the order that the gates are
applied. For example, the gate in Figure 1 is in staircase form.

! Specifically, TOF1,2,3TOFy 3,2 is not in CH; see equation (E.2) of [1].
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Figure 1 A permutation gate in staircase form, consisting of 6 Toffoli gates.

Our first main result, which was presented in an earlier version of this paper [23], states
that every permutation in C;¥™ can be written in staircase form.

» Result 1 (Theorem 25). If m € C3 is a permutation gate, then there exist Clifford per-
mutations ¢1, ¢ and a product p of Toffoli gates in staircase form such that p € C3 and

T = P1p2.

We remark that there are permutations in staircase form which are not in C3. To derive
a full characterization, we consider bilinear products defined over vectors of Iy, which we
denote by juxtaposition. For a commutative and associative bilinear product, we call it a
descending multiplication if for standard basis vectors {e;}ie[,, it holds that e;e; = 0, and
eje; (for i < j) is in the span of {ex : k > j} (see Definition 33). Our second main result
identifies a one-to-one correspondence between gates in C3”™ and descending multiplications.

» Result 2 (Theorem 34). Every staircase form permutation gate in Cs induces a descending
multiplication over Fy. In correspondence, every descending multiplication over F5 induces a
staircase form permutation gate in Cs.

Using this characterization, we construct a novel family of permutation gates in Cs. For
each integer k > 3, we take n = 2¥ — 1 and label each standard basis vector of F} by eg for
an nonempty subset S C [k]. We define a bilinear product operation by setting eser = esur
if SNT =@, and eger =0 if SNT # &, and extending linearly. This gives a descending
multiplication, which induces a staircase form C3 permutation gate Uy.

» Result 3 (Theorem 42). For all k > 3, we have Uy € C3 but U,i ¢ Cy.

We note that the permutation in Figure 1 is precisely Us. This construction brings new
understanding to the study of C3 gates in a few ways. First of all, {Uy}x>3 are the first
examples of permutation gates in C;3 whose inverses leave C3 (in fact, leave any fixed level
of CH). As a result, they disprove both conjectures of Anderson [1]. Previously, Gottesman
and Mochon presented a gate in C3 (which is not a permutation; see Lemma 10 of main text)
whose inverse is not in C3. Our Us is actually equivalent to their example up to conjugation
by a Clifford gate.

The permutation implemented by Uy is also interesting. For a permutation 7 on n
bits, we represent it by n Boolean polynomials in the n input variables, one polynomial
for each output bit. For example, CNOT; o maps (a1,a2) — (a1,a2 + a1) and TOF; 23
maps (a1, as,a3) — (ai,as,a3 + ajaz). For Uy, if we consider qubits 1,2,4,8,...,2~F1

2:3
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as “controls”, and set the other 2¥ — 1 — k “ancilla” input variables to be zero, then the
2% — 1 output polynomials representing Uj, are precisely all the non-constant monomials of
ai,as,ayq,0as, - .., a9x—1. In other words, arbitrarily powerful classical computation can be
implemented using one C3 gate followed by CNOT gates, at the expense of a large number
of ancilla qubits. This extra ancilla cost is, in fact, optimal: using the characterization with
descending multiplications, we show the following lower bound.

» Result 4 (Theorem 47). Any permutation gate in Cs with an output bit represented by a
polynomial of degree at least k must be supported on at least 28 — 1 qubits.

1.2 Future directions

Combining these four results, our characterization discovers and delineates a novel design
space within C3¥™. By constructing descending multiplications, which are easier to reason
with than Toffoli circuits, we can derive permutation gates in C3 which encode different
classical computations. These computations can then be implemented in FTQC via gate
teleportation, where the majority of the cost is offloaded to resource state preparation. It
would be interesting to explore whether the cost of important FTQC primitives, such as
arithmetic, can be reduced with this approach.

In addition to gate design and teleportation, it would be interesting to explore whether
our results can be generalized to higher levels of CH. Evidently, characterizing more or all of
the permutation gates in CH is consequential to our understanding of CH. Our results mark
a concrete step in this direction.

Another important direction of research is to understand the product of permutation and
diagonal gates. Significant progress was made in [1], where Anderson showed several results
which, in the case of C3, imply that if 7d € C3, then m € C3 and d € CH. Since every gate in
Cs is generalized semi-Clifford, given our characterization of permutation gates in Cs and
the characterization of diagonal gates in CH by [13], can we precisely characterize all of C3?
Such a result would have significant implications for our study of FTQC, given the unique
importance of C3 gates.

Finally, our Result 4 raises an interesting complexity theory question. Specifically, while
{Uk}r>3 demonstrate that polynomials of arbitrarily high degree can be encoded into a
single C3 gate, such encodings necessarily incur an ancilla cost exponential in k. In contrast,
implementing a degree k monomial in Cy41 takes only one k-controlled NOT gate, supported
on k+ 1 qubits. How does this tradeoff between polynomial degree and ancilla cost transform
through the different levels of CH? What implications does this tradeoff have on the
fundamental cost of gate teleportation, which is ubiquitous in FTQC?

1.3 Prior works

Since its introduction by Gottesman and Chuang in 1999 [21], the Clifford hierarchy has been
studied by many prior works. Early works defined and studied the (generalized) semi-Clifford
gates [37, 18, 22, 36, 5]. Subsequent works have elucidated various structures within the
qubit Clifford hierarchy [6, 30, 32, 1, 4, 2] and the qudit Clifford hierarchy [13, 16, 17]. As
the original motivation comes from FTQC, prior works have studied characterizations of
and improved gate teleportation protocols for semi-Clifford gates [37, 36, 16, 12]; efficient
resource state preparation methods, notably magic state distillation [8, 7, 10, 28, 35], for
various non-Clifford gates; and constructions and limitations of quantum codes which admit
transversal implementation of gates in different levels of the hierarchy [9, 3, 27, 26, 25].
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1.4 Organization

The content of the paper is divided into sections as follows. Section 2 gives background results
and lemmas for later use. In particular, Section 2.2 discusses representation of permutation
gates as polynomials over Fy. In Section 3, we present the definition for staircase form, in
which all permutations in C3 can be written (up to Clifford permutations). In Section 4, we
define descending multiplications and prove their one-to-one correspondence with staircase
form permutations in C3. In Section 5, we construct our family of non-semi-Clifford gates
{Uk}r>3 where each permutation Uy is in staircase form. We prove in Theorem 42 that
each Uy € C3 but U,;r ¢ Ci. In particular, the smallest example in this family Us is a 7-qubit
permutation, and it is conjugate to the Gottesman—Mochon example by a Clifford operator.
All omitted proofs can be found in the full version of this paper [24].

2 Preliminaries

The Pauli group on n qubits, denoted as P, is the collection of all gates of the form
cPL®@ P, ® -+ ® P, for ¢ € {£1,+i} and one-qubit gates Py,..., P, € {[>,X,Y,Z}. In
particular, we denote the set of all the n-qubit Pauli X operators as X = {Iz, X }®*". The
Clifford group on n qubits is the normalizer of the Pauli group in the unitary group. It can be
generated by the Pauli group, the Hadamard and phase gate on each qubit, the CNOT gate
on each ordered pair of distinct qubits, and {cI : |¢| = 1}. Henceforth we refer to elements of
{cI :|c|] =1} as phases (not to be confused with the phase gate).

The action of CNOT can be viewed as |a1) ® |az) — |a1) ® |a1 + az) where the first qubit
is the control and the second qubits is the target. Similarly, we can view the Toffoli gate
as |a1) ® |ag) ® |ag) — |a1) ® |ag) ® |az + aras) where the first two qubits are controls and
the third is the target. We use subscripts to denote the qubits that a gate acts upon. For
example, Yy is a Pauli Y gate acting on the fourth qubit, and CNOTj3; is a CNOT gate
with the third qubit as control and the first qubit as target.

2.1 Gates in the Clifford hierarchy

The Clifford hierarchy is defined recursively, with the first level being the Pauli gates.

» Definition 5 (The Clifford hierarchy). Let n be the number of qubits. Let Cy = P,. For
k > 2, inductively define Cy, to be the set of all unitaries U such that UPUT € Cy_ for all
P € P,. Note that Cs is the Clifford group. The set CH :=C; UCoUC3U... is called the
Clifford hierarchy; we refer to Cy as the k-th layer of CH.

We list a few standard facts of the Clifford hierarchy.

» Fact 6.

1. For any k, Cy, is finite up to phase and Cy, C Cpy1.

2. For k > 2, Cy is closed under left and right multiplication of Clifford gates.
3. For k >3, Cx is not a group.

4. For any k, Cy, is closed under complex conjugation.

We say that a gate is a permutation gate if it corresponds to a 2™ x 2™ permutation
matrix. Note that this is different from only permuting the qubits. Note that X is exactly
the set of all permutation gates in P,. A gate is called diagonal if its associated matrix is
diagonal.

TQC 2026



2:6

Characterization of Permutation Gates in C3

» Definition 7 (Semi-Clifford and generalized semi-Clifford gates). A gate is semi-Clifford
if it can be written as ¢1dgs for some Clifford gates ¢1, P2 and a diagonal gate d. A gate
1s generalized semi-Clifford if it can be written as ¢rwdps for some Clifford gates ¢1, ¢, a
permutation gate w, and a diagonal gate d.

Observe that the inverse of a semi-Clifford gate is semi-Clifford. The inverse of a
generalized semi-Clifford gate is generalized semi-Clifford, as we can write (¢;7degs) ! =
by tr N (md 'r ) p7 Y, and wd~ w1 is diagonal. If we multiply a semi-Clifford (resp. gener-
alized semi-Clifford) element on the left or right by a Clifford gate, the resulting operator is
still semi-Clifford (resp. generalized semi-Clifford).

For a maximal abelian subgroup A of P,,, denote by span(A) its linear span with complex
coefficients. The lemma below shows equivalent definitions of (generalized) semi-Clifford
gates.

» Lemma 8. An operator U is semi-Clifford if and only if there exist maximal abelian
subgroups A, and Ay of P, such that UAUT = A,. An operator U is generalized semi-
Clifford if and only if there exist maximal abelian subgroups Ay and As of P, such that
U span(A;)UT = span(Ay).

We note that in literature, semi-Clifford and generalized semi-Clifford are usually defined as
in Lemma 8 whereas Definition 7 is proved as a proposition [18, 36, 5, 1]. For proofs of this
equivalence, we refer readers to Appendix A of [1].

» Proposition 9 (Semi-Clifford gates are closed under taking inverses). For any k, the inverse
of any semi-Clifford element of Cy is in Cy.

Proof. For any U € Cj, that is semi-Clifford, by Definition 7, we can write U = ¢1d¢p, for
some Clifford gates ¢1, ¢2 and a diagonal gate d. Using Fact 6 repeatedly, we know that
d=¢7'U¢y* € Ch. Hence, d~' =df =d € C, and thus U~! = ¢; 'd~ o7 € Cp. <

It was conjectured in [36] that all gates in C3 are semi-Clifford. This was disproved by
Gottesman and Mochon [5] with the following 7-qubit unitary.

» Lemma 10. For n =7, C3 contains a non-semi-Clifford element.

Proof. Let G be the 7-qubit gate given by
G = CSWAP7 1 CSWAP7 2 sCSWAP7 45 - CCZ1,23CCZ1 4 5CCZs 4,6CCZ3 5.6,

where CSWAP denotes the controlled SWAP gate and CCZ denotes the controlled controlled
Z gate. See Figure 2 for a circuit diagram.
It can be verified with a computer program that G € Cs. If G were semi-Clifford, then

we would have G~ € C3 by Proposition 9. However, a computer calculation shows that
G~! ¢ C3 (in particular, G~' X7G ¢ C3). Thus, G is not semi-Clifford. <

This 7-qubit operator is the smallest known example of a non-semi-Clifford operator in Cs.
[36] showed that for n < 3, all elements of C3 are semi-Clifford. Recently, [2] showed that for
n = 4, all elements of C3 are semi-Clifford. For n =5 or 6, it is an open problem whether
there is a C3 operator that is non-semi-Clifford. We make partial progress on this problem in
Appendix A of the full version of this paper [24] by showing that all permutation gates in C3
on at most six qubits are semi-Clifford.

While the semi-Clifford characterization of C3 was disproved, Beigi and Shor [5] proved
that every gate in C3 is generalized semi-Clifford.
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Figure 2 Circuit diagram for the Gottesman—Mochon seven-qubit gate G (with time flowing from
left to right).

» Theorem 11. FEwvery element of C3 is generalized semi-Clifford.

The conjecture that every gate in CH is generalized semi-Clifford [36] remains open.

Partial progress was made in [1].
» Conjecture 12. Every element of the Clifford hierarchy is generalized semi-Clifford.

» Remark 13. A generalized semi-Clifford gate takes the form ¢ymdgps. A similar form of
wd¢ is considered in the context of approximate unitary designs or pseudorandom unitaries
in [29, 11], where ¢ and 7 are sampled uniformly at random from their respective groups,
and d is a diagonal gate with random =+1 entries.

2.2 Polynomial representations of permutations

To study the permutation gates in the Clifford hierarchy, we represent them as collections of
Boolean polynomials.

» Fact 14. Any function from Fy to Fa can be uniquely written as an n-variable polynomial
that has degree at most 1 in each variable.

» Lemma 15. For any function [ : Fy — Fy, the diagonal gate Eaem(—l)f(“)\a><a| is in

Ck if and only if f, considered as a polynomial, has degree at most k.
Proof. This is a special case of the main theorem in [13, See Eq. (1)]. <

» Definition 16 (Polynomial representation).  Given a permutation gate 7 : Fy — F% let
m; : Fy — Fo denote the function m restricted to the i-th output bit, i.e.

= Z |m1(a), ..., m(a)Xal.

a€Fy

From Fact 14 we know that each m; can be written as a polynomial in the input bits. We
refer to (m1,...,T,) as the polynomial representation of m and m; as the i-th coordinate of 7.

As an example, TOF; 2 3 can be represented as (a1, az,as) — (a1, a2, a3 + aiaz). We prove
a few useful lemmas regarding the polynomial representations of permutation gates.

» Lemma 17. For any integer k > 1 and permutation gate ™ € Cxy1, each coordinate of w1
has degree at most k.

2:7
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Proof. For each i € [n], we have
—1

o3 nzat = 3 ()% (@lr(@)] = 3 (DT @klaa] = 37 (-1 @la)al. (1)

a€Fy a€Fy acFy

By Lemma 15, one has that m, ! the i-th coordinate of 7=, must have degree at most k. <

» Remark 18. For 7w € C3, Lemma 17 tells us that every coordinate of 7! has degree at
most 2; however, as we will see in Section 5, the coordinates of 7 themselves do not necessarily
have degree at most 2.

We denote by e, ..., e, the standard basis of F5.
» Proposition 19 (Clifford permutations). For any n X n invertible matriz M over Fo and

any vector w, the permutation gate sending |v) — |Muv + w) is Clifford. Conversely, any
Clifford permutation is of this form for some M and w.

Recall that X is the set of all the n-qubit Pauli X operators.

» Proposition 20 (Pauli permutations). Suppose X1, X}, ..., X/, € X are independent (that is,
no nontrivial product of them yields the identity). Then there exists some Clifford permutation
v such that v|0™) = |0") and vX;v= = X| for all i € [m).

The proofs of Propositions 19 and 20 can be found at the full version of this paper [24].

2.3 Anderson’s conjectures

Besides polynomials, we consider the more operational representation of permutation gates
as products of multi-controlled NOT gates, which we denote by C*X for & > 0 (note that
Toffoli is C?X). In [1], Anderson considered mismatch-free circuits, which are products of
pairwise commuting multi-controlled NOT gates.

» Theorem 21 (Theorem D.4 of [1]). A mismatch-free permutation circuit is in CH at the
level of the highest-level gate in the circuit.

Following this classification, Anderson gave two conjectures on permutation gates in CH.

» Conjecture 22. A permutation is in Cs if and only if it can be written as a circuit of
commuting Toffoli gates, up to left and right multiplication by Clifford gates.

» Conjecture 23. For a permutation m € Cy,, we have w! € C.

In Appendix B of the full version of this paper [24], we show that mismatch-free permutation
circuits are precisely the semi-Clifford permutation gates. However, as we will see in the next
few sections, the permutation gates in Cs form a much richer space, which we characterize in
this work. In particular, we disprove both Conjecture 22 and Conjecture 23.

3 Staircase form representations of C; permutations

We begin by presenting the most important definition of our work.

» Definition 24 (Staircase form Toffoli circuits). A product of pairwise distinct Toffoli gates
is said to be in staircase form if each gate TOF; ;1 in the product has i < j < k and the
target qubits are in nondecreasing order in the order that the gates are applied. See Figure 3
for an example.
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aq ai
az a2
as &b az + ajas
ay —b as +aias

Figure 3 This circuit for TOF1 2 4TOF; 3 4TOF 23 is in staircase form but not mismatch-free,
as qubit 3 is used as a control for TOF1 34 and a target for TOF 2 3.

Note that a staircase form Toffoli circuit is unique up to ordering of gates with the same
target. We say that a permutation is in staircase form if it can be written as a Toffoli circuit
in staircase form.

Our main result of this section is the following.

» Theorem 25. Suppose w € C3 is a permutation gate. Then there exist Clifford permutations
o1, P2 and a staircase form permutation p € Cs such that m = ¢1pups.

Since 7 € C3 is a permutation, each mX;7~! is a Clifford permutation. Then by
Proposition 19, we can find a binary matrix A; and a vector b; such that 7 X;7~! implements
the permutation |v) — |v + A;v +b;). To prove Theorem 25, we construct a sequence of
Clifford operators to reduce A;,b; to a specific form, which will help us build a staircase
form representation of 7.

We caution that Theorem 25 is not if-and-only-if, because there exist permutations in
staircase form that are not in Cs. For example, 7/ = TOF3 4 5TOF 5 3 is in staircase form,
but 7T/X17T/71 = X10N0T2,3T0F27475 §é Cs.

3.1 Reducing C; permutations

The goal of this subsection is to reduce a C3 permutation to a much more friendly form,
which serves as the first step in proving Theorem 25:

» Lemma 26 (Reducing C3 permutations). For any permutation gate m € Cs, there exist
Clifford permutations ¢1, pa such that the following is true. Let T = ¢1mda. Then 7|0™) = |0™)
and for each i, we have T |e;) = |e;) and TX; 771 is given by |v) — |v + Ajv + e;) for some
strictly lower triangular matriz A; over Fs.

To prove Lemma 26, we will use a series of helper lemmas which can be proved via
standard linear algebra arguments.

The first helper lemma stated below is essentially the same as standard results on
simultaneous triangularization of commuting nilpotent matrices; see, for example, [31]. We
include a proof in the full version of this paper [24].

» Lemma 27. Suppose A1, ..., Ay are linear transformations of an n-dimensional vector
space V' over a field F such that Af =0 and A;A; = A;A;. Then there exists a basis of
F™ in which all the A; are strictly lower triangular. Recall that a matrix is strictly lower
triangular if it is lower triangular, and all diagonal elements are 0.

For any nonzero column vector v over Fa, let a(v) denote the index of its first nonzero
component. Set a(0) = oo as convention.

» Lemma 28. Suppose A is an n x n strictly lower triangular matriz over Fo, and b is a
nonzero column vector in FY. Then a(Ab) > a(b).

2:9

TQC 2026



2:10

Characterization of Permutation Gates in C3

Proof. This follows directly from the definition of strictly lower triangular. <
Lemma 28 will be used tacitly throughout what follows.

» Proposition 29. Suppose we have a list of tuples (A1,b1),...,(An,by), where each A;

is an n X n strictly lower triangular matriz over Fy and each b; is a column vector in F3.

Suppose we can perform the following operations:

1. “Swap”: swap the indices of two pairs (A;,b;) and (Aj,b;), or

2. “Compose”: choose two distinct indices i and j, and update A; to be A; + A; + A;Aj and
update b; to be b; +b; + A;b;.

Then it is possible to perform operations either to reach a state where b; = e; for all i, or to

reach a state where some b; s 0.

Using Propositions 19, 20, and 29 and Lemma 27, we can prove Lemma 26. The omitted
proofs of Proposition 29 and Lemma 26 can be found at the full version of this paper [24].

3.2 Proof of Theorem 25

Now we only need one more ingredient to prove Theorem 25: the polynomial representations
of staircase form permutations, whose proof follows intuitively from the circuit.

» Lemma 30 (Characterization of staircase form permutation via the polynomial representation
of its inverse). A permutation gate T is staircase form if and only if, in the polynomial
representation of =1, for all k, the k-th coordinate is aj plus a (possibly empty) sum of
terms of the form a;a; with i < j < k.

Furthermore, given a permutation m written as a staircase form Toffoli circuit, for any
i < j <k, we have that TOF; ; ;. appears in the product if and only if the k-th coordinate in
the polynomial form of 7% contains an a;a; term.

Proof. If 7 is a product of Toffoli gates in staircase form, then 7! is the product of those
same Toffoli gates in reverse order. In that product, whenever a gate is applied, its controls
have never been targeted so far, and thus are unchanged from the input. This means that,
when performing the gates of 7! in order, a gate TOF; j  adds a term of a;a; to the k-th
coordinate of the output. All parts of the desired result now can be easily shown. <

We are now ready to prove Theorem 25, restated below for convenience.

» Theorem 25. Suppose m € C3 is a permutation gate. Then there exist Clifford permutations
o1, ¢2 and a staircase form permutation p € Cs such that m = ¢1ppa.

Proof. By Lemma 26, we can assume without loss of generality that 7 |0™) = |0™) and for
each i € [n], 7|e;) = |e;) and 7 X;7 1 is given by |[v) = v+ A;v + ;) for some strictly lower
triangular matrix A; over Fs.

We now show that for any v, if 7|v) = |w), then a(v) = a(w). Suppose for the sake of
contradiction that this is false. We know it is true for v = 0" or e,, so a(v) < n in any
counterexample. Take the largest k for which there exists a counterexample with a(v) = k.
We know 7leg) = |eg), so v # eg. Let u # 0™ be such that w|v+ex) = |u). Then a(v+eg) > k,
so a(u) = a(v + eg) = m for some m > k. We have

|w) = 7|v) = 7 Xp|v + ex) = 7 Xpm Hu) = |u+ Apu + ep) .

Since a(u) = m > k, and a(Agu) > m > k, we must have a(w) = aleg+u+Agu) = k = a(v),
which is a contradiction.
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We now build a polynomial representation (see Definition 16) for 7—!. By Lemma 17,
every coordinate of m7—1 has degree at most 2. Since 7~1|0") = |0") and 7~ |e;) = |e;) for
all 7, we have that the constant term of every coordinate is 0 and the linear term of the i-th

coordinate is a; for all . Thus we can write 7~1 as

|a17...,an>»—> Ial +q17~‘~7an+Qn>7

where each g is a sum of some (possibly zero) monomials of the form a;a; with ¢ < j.

For any i < j, we have m~!le; + €;) = |e; + e; + w;;), where w;; has ones exactly at the
positions k for which g contains the monomial a;a;. Let v be such that 7|e; + w;;) = |v),
we have

7TX1‘7T71|’U> = 7TXi|€j +w”> = 7T|€Z‘ +€j +wlj> = |6i + €j> = |’U -+ AiU +€i>,

which means v+ A;v = e;, and j = a(v + A;v) = a(v). Since 7|e; +w;;) = |v), we must also
have a(e; + w;;) = a(v). Thus a(e; + w;;) = j, which means a(w;;) > j. In other words,
any appearance of an a;a; term can only be in a g, with £ > j. Then Lemma 30 implies
that 7 is in staircase form.

Thus, unraveling our without-loss-of-generality assumptions, we can write m = ¢ upo for
Clifford permutations ¢; and ¢ and a staircase form permutation p. Finally, p = gbflwqbg !
is in C3 by Fact 6, since qbfl, %—1 € Cy and 7 € C3. <

3.3 A consequence of Theorem 25

Below, in Corollary 32, we strengthen the result of Beigi and Shor [5], who showed that any
Cs element is generalized semi-Clifford (restated in Theorem 11). Our corollary sharpens
this by showing that the underlying permutation can be taken to be in staircase form.

» Lemma 31. For any permutation gate w and diagonal gate d, if wd € C3, then w € Cs.
Proof. This is a special case of Corollary A.11.2 from [1]. <

» Corollary 32. For any ¢ € Cs, there exist ¢1,¢s € Ca, a diagonal gate d, and a staircase
form permutation m € C3 with ¢ = ¢1mwdeps.

Proof. By Theorem 11, we can write ¢ = ¢3modops4 for ¢3, ¢4 € C3, a permutation gate m,
and a diagonal gate dy. Now mody = gbglwqbzl € C3, so myp € C3 by Lemma 31. Then, by
Theorem 25, we can write my = ¢5ude for Clifford permutations ¢s, ¢g and a staircase form

permutation u € Cz3. Now ¢gdopg ! is diagonal as ¢g is a permutation and dy is diagonal.

Let ¢1 = @3¢5, m = p, d = qﬁ(;dogbgl, P2 = pgpa. Then ¢1,¢2 € Co, 7 is a staircase form
permutation in Cs, and d is diagonal, and

p17dps = p3dspdedody  Peds = P3bspdedods = pamododa = 1. <

4 Descending multiplications

As we proved that every permutation in C3 can be written in staircase form, in this section
we show sufficient conditions for a staircase form permutation to be in C3. Previously we
have been working with F5 as a vector space without any multiplicative structure. Our next
definition captures bilinear products defined over F3 which encode staircase form Toffoli
circuits in Cs.
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» Definition 33 (Descending multiplications). A map F5 x Fy — F4, denoted by juxtaposition,
1s called a descending multiplication if

it is linear in each coordinate (distributive), associative, and commutative,

for alli € [n], we have e;e; = €2 =0, and

for alli < j € [n], we have e;e; is in the span of {ey : k > j}.

Observe that, for any descending multiplication, we have v? = 0 for all v. Henceforth, for
any permutation gate 7, we will also interpret 7w as a permutation of Fy, so that whenever
vy = |w), we can write 7(v) = w. We will also write 0 and 0™ interchangeably.

We now state the main theorem of this section.

» Theorem 34 (A bijection between descending multiplications and C3 permutations in staircase
form). There is a one-to-one correspondence of descending multiplications to C3 permutations
in staircase form, which we describe as follows. For each descending multiplication, the
corresponding Cs permutation m is given by

Zei> > Hei>. (2)

i€S TCS,T#2ieT

vSCin], =

FEach permutation w € C3 in staircase form induces a multiplication operation where each
e;e; 1s given by

T lei +€) = lei + € + eie;) - (3)
The multiplication is then extended linearly.

We break the proof of this theorem into several propositions. We refer readers to the full
version [24] of this paper for the proofs of Propositions 35-38.

» Proposition 35. For any descending multiplication, the resulting © from Equation (2) is
indeed a staircase form permutation in Cs.

» Proposition 36. For any staircase form permutation w in Cs, the resulting operation from
Equation (3) is indeed a descending multiplication.

» Proposition 37. Given a descending multiplication, applying the procedure in Equation (2)
to get a permutation w, then applying the procedure in Equation (3) to that permutation,
yields the original multiplication.

» Proposition 38. Given a staircase form permutation 7 in Cs, applying the procedure in
Equation (3) to get a descending multiplication, then applying the procedure in Equation (2)
to that multiplication, yields the original .

Proof of Theorem 34. Combining Propositions 35-38 yields the theorem. <

5 A family of non-semi-Clifford Permutations

Utilizing our characterization of C3 permutations as descending multiplications, we construct
an infinite family of permutation gates {Uj}x>3 in Definition 39 and prove in Theorem 42
that every Uy is non-semi-Clifford in C3. This family of gates disproves both of Anderson’s
conjectures (restated in Conjecture 22 and Conjecture 23 for convenience). We study the
smallest case of k = 3 in Section 5.3, and show that this 7-qubit permutation Uj is in fact
conjugate to the Gottesman—Mochon example by a Clifford operator.
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» Definition 39 (A family of permutation gates in C3 from descending multiplications). For
each integer k > 3, let n = 2% — 1. We label a basis of F} as eg for nonempty subsets S C [n].
Define a multiplication by setting eser = esur if SNT = &, and eger =0 if SNT # &,
and extending linearly; it is easy to check that this yields a descending multiplication. Let Uy
be the staircase form Cs permutation corresponding to this descending multiplication, as in
Theorem 34.

» Proposition 40. We can express Uy as a product of Toffoli gates in staircase form as
follows: for each pair S, T of nonempty disjoint subsets of [n] with S < T, apply the gate
TOF s 7 sur; specifically, apply these gates in nondecreasing order of target.

» Remark 41. From the perspective of labeling gates with integers instead of sets, Propo-
sition 40 states that we can express Uy as a product of Toffoli gates in staircase form as
follows: for each pair of indices ¢ < j that do not have any 1s in the same place as each other
in binary, apply TOF; ; ;4 ;; specifically, apply these gates in nondecreasing order of target.

The main feature of these permutations is captured by the following theorem.

» Theorem 42 (Inverses of C3 permutations may lie outside Cx). For any integer k > 3, we
have Uy € C3 but U,;1 ¢ Ci,. Thus Uy, is not semi-Clifford.

5.1 Proof of Proposition 40

» Proposition 43. Given a staircase form permutation m in C3 and i < j, let v;; be such
that 7= (e; +ej) = e; + ej +vi;. Then for alli < j <k, TOF, ;. appears in the staircase
form of w if and only if there is an ey term in v;;.

Proof. Note that v;; is the vector of the positions containing a a;a; monomial in the
polynomial form of 71, so this follows directly from Lemma 30. <

Proof of Proposition 40. Take Uy = 7 in Proposition 43. We know from the proof of
Proposition 35 that v;; = 7~ !(e;e;) for all i < j. In the notation of indexing qubits as sets,
this becomes vgr = 7~ !(eger) for S < T. Now note that eger is esur or 0, and in either
case m1(eger) = eser. Thus vgr = eger in any case, so Proposition 43 implies the desired,
by the definition of eger. |

5.2 Proof of Theorem 42

» Proposition 44. Given a descending multiplication and its corresponding Cs permutation w,
for any nonempty set S C [n], the value of I;cge; is exactly the vector corresponding to the
positions at which an I;csa; term appears in the polynomial representation of .

Proof. For any S, let ps be the vector corresponding to the positions at which an
II;csa; term appears in the polynomial representation of w. Then we can see, for any
set S, that m(3_;cq€i) = Y .pcgpr. From Equation (2), we have that 3 pcgpupypr =
dorcsT <0 [I;cr e: for any nonempty set S. It then easily follows by strong induction on
|S| that ps = [[;cq € for all nonempty S. <

We prove Theorem 42 through the polynomial representations of Uy and U, L
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» Lemma 45. For each integer k > 3, let us denote the polynomial representations (Defini-
tion 16) of Uy, and U, " respectively as (ms)scir),s+2 and () scix],s+2- Then

IS|

ms(a) = Z Z AT AT, -+ - ATy, (4)

where the sum is over unordered non-empty subsets T1, ..., Ty, in other words, all partitions
of S, and

mg(a) = as + Z ar,ar,,

T, #9,T)UT,=S
where the sum is over unordered pairs Ty, T5.

Proof. The polynomial form of 7~ follows directly from Proposition 40 and Lemma 30. For
the polynomial form of 7, observe that, for any 77, ...,T,,, we have er, ...er,, is er,u...uT,
if the T; are pairwise disjoint, and 0 if not, so the desired follows from Proposition 44. <«

Proof of Theorem 42. We know U}, € C3 by definition. Also, by Lemma 45, we know that
(k) is a polynomial of degree k because it contains the monomial aiyaqg) ... agky. This
implies that U,;l ¢ Ci using Lemma 17. In particular, U,;l ¢ Cs, so Uy, is not semi-Clifford
by Proposition 9. <

5.3 Example: £k =3

Let us examine the case of k = 3, the simplest gate in the family. Us is a 7-qubit permutation
gate with 6 Toffoli gates in staircase form (see circuit in Figure 1):

U3 = TOF1’6’7TOFQ’5,7TOF3’4’7TOF2’4’6TOF1’4’5TOF1’2’3.
Recall the Gottesman—Mochon 7-qubit gate (see Figure 2 for the circuit)
Cg 5G = CSWAP7)1’6CSWAP7’2,5CSWAP774,3 . CCZ172)3CCZ1,475CCZ2)476CCZ375’6,

which is not semi-Clifford, as in the proof of Lemma 10. Now define a 7-qubit Clifford gate
F:

F = H3Hs HsCNOTg ;CNOT5 ,CNOT3 4 Hy.
» Proposition 46. Us is a non-semi-Clifford permutation in C3 on 7 qubits and FGF~! = Us.

Proof. The fact that Us is a non-semi-Clifford permutation on 7 qubits is a special case of
Theorem 42. Checking that FGF~! = Us is a direct computation. <

In particular, this implies that for all n > 7, C3 contains a non-semi-Clifford permutation
(see Lemma A.3 in the full version [24]).
5.4 Lower bound on the number of qubits required for a C3 permutation

From Theorem 42, we know that Uy, is a C3 permutation on 2 — 1 qubits that contains a
degree-k monomial in its polynomial representation. Our next result shows that any such
permutation in Cs must be supported on at least 2¢ — 1 qubits.
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» Theorem 47 (Lower bound on the number of qubits required for a C5 permutation). If
is a Cs permutation such that there is a degree-k monomial somewhere in the polynomial
representation of , then n > 28 — 1; this bound is sharp for all k > 3.

We prove Theorem 47 by taking advantage of the one-to-one correspondence between
descending multiplications (Proposition 48) and C3 permutations in staircase form (Proposi-
tion 49).

» Proposition 48. Given any descending multiplication, if I;cge; is nonzero for some
k-element set S, then n > 2F — 1.

Proof. Suppose Il;cse; is nonzero. For any nonempty subset T of S, let pr = Il;cre;. We
shall show that the vectors pp, over all nonempty subsets 1" of S, are linearly independent.

Suppose for contradiction they are linearly dependent. Take a family F' of nonempty
subsets of S such that ) ;... pr = 0. Take a minimal element U of F' (i.e. such that no
proper subset of U is in F'). Let V = S\U. Note that for any T' € F with T # U, we have
T ¢ U, which means TNV # @. From Definition 33, we see that prpy = 0. Therefore,
Y rer PTPV = pupy = ps. On the other hand, ., pr = 0 implies (3 ,cppr)py = 0.
Thus ps = 0, which is a contradiction. We conclude that the vectors pr must be linearly
independent. Since there are 2¥ — 1 such vectors in the vector space F}, we must have
n>2k—1. <

» Proposition 49. If 7 is a staircase form Cs permutation such that there is a degree-k
monomial somewhere in the polynomial form of w, then n > 2F — 1.

Proof. Suppose Il;csa; appears somewhere in the polynomial form of 7, for some k-element
set S. Then, for the descending multiplication corresponding to 7, we have Il;cge; is nonzero,
by Proposition 44; then Proposition 48 yields the desired. <

We are now ready to prove Theorem 47.

Proof of Theorem 47. Assume without loss of generality that & > 2. By Theorem 25, we
can write m = ¢ 2, for Clifford permutations ¢; and ¢, and staircase form p € Cs3. Now
all terms in the polynomial forms of ¢; and ¢5 are degree at most 1; then if all terms in
the polynomial form of y have degree less than k, then all terms in the polynomial form
of ¢1pu¢o = m have degree less than k, a contradiction. Thus there exists some term in the
polynomial form of p with degree d > k. Then Proposition 49 applied to u yields that
n>24_1>29k_ 1, as desired. The example of Uy shows that the bound is sharp. <

5.5 Rejection of Anderson’s conjectures

We now disprove Anderson’s two conjectures.

» Lemma 50. Two multi-controlled NOT gates commute if and only if they have no mismatch
(that is, there is no qubit that is used as a target in one and a control in the other).

Proof. The “if” direction is clear. Let us prove the “only if” direction. Assume for the
sake of contradiction that they have mismatch. Without loss of generality, let the gates be
A, with qubit 1 as a control and qubit 2 as target, and B, with qubit 1 as target. Then
AB|1™) = AJ01"~1) = |01"71), while BA|1") = B|101"~2), which is either [101"~2) or
|001"~2); in either case BA|1™) # AB|1"), so they do not commute. <

» Lemma 51. Any mismatch-free product p of C*X gates is semi-Clifford.
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Proof. Consider an X gate on every target qubit and a Z gate on every non-target qubit.
These gates generate a maximal abelian subgroup of P,, up to phase, and p will commute
with every element of this subgroup. The claim follows from Lemma 8. <

» Proposition 52. Conjecture 22 and Conjecture 23 are false.

Proof. Conjecture 23 is false by Theorem 42. For Conjecture 22, suppose it holds. Then
by Lemma 50, every permutation in Cs is a mismatch-free product of Toffoli gates, up to
Clifford permutations on the left and right. This implies that every permutation in Cs is semi-
Clifford by Lemma 51, which results in a contradiction, as we know Us is a non-semi-Clifford
permutation in C3 for n = 7. <
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