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Abstract
In the “search with wildcards” problem [Ambainis, Montanaro, Quantum Inf. Comput.’14], one’s
goal is to learn an unknown bit-string x ∈ {−1, 1}n. An algorithm may, at unit cost, test equality
of any subset of the hidden string with a string of its choice. Ambainis and Montanaro showed
a quantum algorithm of cost O(

√
n log n) and a near-matching lower bound of Ω(

√
n). Belovs

[Comput. Comp.’15] subsequently showed a tight O(
√

n) upper bound.
We consider a natural generalization of this problem, parametrized by a subset Q ⊆ 2[n], where

an algorithm may test whether xS = b for an arbitrary S ∈ Q and b ∈ {−1, 1}S of its choice, at unit
cost. We show the following:

For all k ∈ [n], when Q is the collection of all sets of size at most k, the quantum query complexity
is Θ(n/

√
k). In particular when k = n, this corresponds to the standard search with wildcards

setting. This recovers and generalizes the tight characterization of Belovs, and Ambainis and
Montanaro, using completely different techniques.
When Q is the collection of contiguous blocks, the quantum query complexity is Θ̃(n).
When Q is the collection of prefixes, the quantum query complexity is Θ(n).

All of these results are derived using a framework that we develop. We apply a symmetry reduction
to the primal version of the negative-weight adversary bound, and show that the quantum query
complexity of learning x is characterized, up to a constant factor, by a particular optimization program,
which can be succinctly described as follows: ‘maximize over all odd functions f : {−1, 1}n → R
the ratio of the maximum value of f to the maximum (over T ∈ Q) standard deviation of f on a
subcube whose free variables are exactly T .’

To the best of our knowledge, ours is the first work to use the primal version of the negative-weight
adversary bound (which is a maximization program typically used to show lower bounds) to show
new quantum query upper bounds without explicitly resorting to SDP duality.
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1 Introduction

Reconstructing an unknown string from limited access to its substrings is a natural and
widely studied task across many areas of science and engineering. In computational biology,
for example, genome assembly and DNA sequencing rely on reconstructing a long unknown
strand from local substring measurements (see, for example, [22, 21, 9, 16] and the references
therein). Beyond applied motivations, the problem provides a clean and mathematically
tractable model for understanding the complexity of learning a hidden string via substring
queries.

Most relevant to our work is the search with wildcards problem, introduced by Ambainis
and Montanaro [1]. In this problem, the goal is to learn a hidden bitstring x ∈ {−1, 1}n (i.e.,
an algorithm must correctly output x with high probability) using the minimum number of
queries in the following wildcard query model. At unit cost, an algorithm may “check its
guess for x” on any subset of the inputs. Formally, at unit cost, an algorithm may make
a query (S, b) where S ⊆ [n], b ∈ {−1, 1}S . The query returns 1 if xS = b, and 0 otherwise.
Wildcard queries are a generalization of the usual query model, which only allows for |S| = 1.
Classically even in the wildcard model every query provides at most 1 bit of information,
yielding an information-theoretic lower bound of Ω(n) for learning x. In the usual quantum
query model with |S| = 1, even though roughly a factor-2 speedup is possible [23], this is
essentially the best speedup one can get [13].

Ambainis and Montanaro [1] showed that in the wildcard model, quantum algorithms
can learn x using only O(

√
n logn) queries, exhibiting roughly a quadratic quantum speedup

over the classical lower bound. However, their analysis and algorithm crucially rely on
the ability to query all subsets of coordinates. In many practical settings, this assumption
can be unrealistic. For instance, in de novo genome sequencing and related problems in
computational biology [21], one has no promise on the input string, and the goal is to
reconstruct it. In practical sequencing settings, the accessible measurements are limited to
contiguous segments of the underlying strand; one cannot, for instance, simultaneously probe
all odd positions at unit cost. Likewise, in more general settings one might be restricted to a
fixed family of allowed subsets Q ⊆ 2[n], and the structure of Q can significantly affect the
power of the algorithm.

In this work, we study the quantum query complexities of learning an unknown string
when the allowed query subsets are drawn from an arbitrary fixed collection Q. This unifies
previously studied models, including the standard query model Q = {{i} : i ∈ [n]}, and the
search-with-wildcards model Q = 2[n] under a single framework.

1.1 Our Results
We refer the reader to Section 2 for formal definitions. We summarize here the notions that
we need to state our main results. For an arbitrary collection of sets Q ⊆ 2[n] and a function
F : {−1, 1}n → E, let QQ(F ) denote the quantum query query complexity of computing
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F , where an algorithm can make unit-cost queries of the form I[xS = bS ] for an arbitrary
S ∈ Q and b ∈ {−1, 1}S of its choice. We call QQ(F ) the quantum Q-substring query
complexity of F . Let ⊕(·) denote the parity function, i.e., ⊕(x) =

∏n
i=1 xi for x ∈ {−1, 1}n.

A function f : {−1, 1}n → R is said to be odd if f(x) = −f(−x) for all x ∈ {−1, 1}n. We
write Var(f) := Varx∼{−1,1}n [f(x)] for the variance of the random variable f(x), where x
is sampled uniformly at random from {−1, 1}n.

Our main technical contribution is to show that the quantum Q-substring query complexity
of parity is characterized by the optimal value of an abstract analytic optimization program.
Below, fS|b refers to the function f restricted to S by setting the bits in S̄ to b.

▶ Theorem 1. Let n be a positive integer and Q ⊆ 2[n]. Then QQ(⊕) = Θ(valQ), where

valQ :=

 max
f :{−1,1}n→R

f is an odd function

∥f∥∞

max
S∈Q,

b∈{−1,1}S̄

√
Var(fS|b)

 . (1)

In order to show this, we use the characterization of quantum query complexity by the
negative-weight adversary bound [15, 20]. We show that for all Q, the corresponding adversary
bound equals valQ as defined above. We next analyze valQ, as defined in Equation (1) for
various interesting and natural settings of Q such as bounded-size sets, contiguous blocks,
prefixes, and only the full set.

▶ Theorem 2. Let n be a positive integer. Then, the following bounds hold for valQ for
various classes of Q ⊆ 2[n].

Query Set Q valQ Reference

Bounded-size sets {S ⊆ [n] : |S| ≤ k} Θ
(
n√
k

)
Theorem 16

Contiguous blocks {S = [i, j] : i ≤ j ∈ [n]} Θ̃(n) Theorem 18
Prefixes {[1, i] : i ∈ [n]} Θ(n) Full version of the paper

Only full set {[n]} 2(n−1)/2 Full version of the paper

These results have immediate implications for the query complexity of the string-recovery
problem in these query models. Let rec : {−1, 1}n → {−1, 1}n be the (string recovery/learn-
ing) function defined by rec(x) = x. Using Theorem 1, Theorem 2, and the Bernstein-Vazirani
algorithm [6] to recover a bitstring in one query given query access to arbitrary parities of it,
we obtain the following corollary.1

▶ Corollary 3. Let n be a positive integer. Then, the quantum Q-substring query complexity
of learning an input string is characterized up to constants by valQ.

In particular, setting k = n in the first bound above tightens the O(
√
n logn) algorithm

of Ambainis and Montanaro [1] for quantum search with wildcards, and improves it to the
optimal O(

√
n). We note that the optimal O(

√
n) bound in this case has already been shown

by Belovs [3] using completely different techniques from ours. Additionally, our results in
the prefix-query model prove that recovering any bitstring cannot be done with a sublinear

1 The upper bounds for contiguous and prefix queries follow from the naive upper bound of querying one
bit at a time (or an increasingly long prefix in the prefix query model) to learn an input string in O(n)
queries. The upper bound for full set queries follows from [14].

TQC 2026
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number of prefix queries, which resolves an open question raised in [24]. The result in the only
full set case recovers the well-known tight Ω(

√
N) lower bound for searching for a marked

element in a database with N items [7] and the matching upper bound is given by [14].
A lower bound of Ω(n/ log(n)), for learning the entire string, was shown by [11] and [8]

when the query set is restricted to contiguous blocks. We recover this lower bound using our
framework.

1.2 Our Techniques
We now discuss the techniques that we use to show Theorems 1 and 2. We then make a
comparison with related work.

1.2.1 Sketch of Proof of Theorem 1
Our analysis begins from the characterization of quantum query complexity by the negative-
weight adversary bound [20]. This characterization considers the quantum query complexity
of a function F : D → E, with respect to a query set R, where every query q ∈ R is a function
mapping D to a set of query outcomes. Reichardt [20] expresses the query complexity of F
w.r.t. R, up to a constant factor, in terms of the optimum value of a certain semidefinite
optimization program known as the general adversary bound, which we refer to as the primal
adversary bound, defined as

ADVR,±(F ) := max
Γ̸=0

∥Γ∥
maxq∈R ∥Γq∥

. (2)

Here the maximization is over all matrices Γ ∈ RD×D with F (x) = F (y) =⇒ Γ[x, y] = 0,
and the maximization in the denominator is over all available queries R. For a query q ∈ R,
the matrix Γq is defined to be equal to Γ, with all those [x, y] entries zeroed out where the
outcome of the query q is the same on inputs x and y. This quantity was defined in [15],
where it was shown to be a lower bound on quantum query complexity. Reichardt [20]
subsequently showed that the query complexity of F with respect to query set R is equal to
ADVR,±(F ) up to a constant factor.

It is well-known (see e.g., [19, Theorem 1.2]) that the negative-weight adversary bound
can be written as a semidefinite program (SDP). We show in Lemma 6 that the feasible
solutions of the maximization version of this SDP are directly related to the choices of Γ
in Equation (2). It then follows that symmetry reductions on the SDP-level can be translated
into additional symmetry constraints on the matrix Γ in Equation (2), without changing the
optimal objective value. Note that attempting to naively apply such a symmetrization to the
formulation in Equation (2) does not immediately work since, for example, the numerator
could potentially reduce after symmetrizing. This is why all our symmetrization is done at
the SDP level.

For the specific case where F = ⊕ and R = {(S, b) : S ∈ Q, b ∈ {−1, 1}S}, with Q ⊆ 2[n],
we subsequently characterize in Lemmas 10 and 11 the symmetries in the primal adversary
bound SDP, from which we deduce in Corollary 12 that a maximizing Γ can be assumed to be
the communication matrix of an XOR function. That is, we can assume that Γ = Mf◦XOR for
some f : {−1, 1}n → R, where Mf◦XOR(x, y) := f(x⊕y), i.e., the (x, y)’th entry only depends
on the bitwise XOR of x and y. It is well known that such matrices are simultaneously
diagonalizable by the Hadamard matrix, and hence diagonal in the Fourier basis, which
motivates analyzing the numerator and denominators of Equation (2) using Fourier analysis.
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It is known that the numerator of Equation (2) in this case, which is the spectral norm
of Mf◦XOR, equals the (appropriately scaled) maximum Fourier coefficient of f [5]. For the
denominator, we analyze the sparsity structure of the matrix Γq, for any query (S, b) = q ∈ R.
Through a series of calculations involving Fourier analysis of restricted Boolean functions, we
show that the matrix Γq’s spectral norm equals the (appropriately scaled) maximum, over
all fixings of bits in S̄, standard deviation of the restriction of f to the subcube that fixes
these bits in S̄. Putting everything together, we obtain valQ = ADVR,±(⊕), which together
with Reichardt’s characterization [20] implies Theorem 1.

We provide a schematic illustration of the proof overview for Theorem 1 in Figure 1.

QQ(⊕)
Optimal sol. to

ADVQ,±(⊕)
Optimal sol. to

ADVQ,±(⊕)

Symmetrized sol. to
ADVQ,±(⊕)

Symmetrized sol. to
ADVQ,±(⊕)valQ

[20, Theorem 1.4]
(see Theorem 19)

Lemma 6

Lemmas 10 and 11

Lemma 11

Numerator: Lemma 20

Denominator: Lemma 13 and Theorem 14

T
he

or
em

1

=

Figure 1 A schematic illustration to obtain our framework, which enables us to transform the
problem of computing QQ(⊕), for an arbitrary collection of sets Q ⊆ 2[n], into the task of analyzing
an abstract analytic optimization program valQ. The solid lines represent exact equalities, whereas
the dashed lines represents characterizations up to constants.

1.2.2 Sketch of Proof of Theorem 2
Theorem 2 proves matching lower and upper bounds on valQ for four different classes of
sets Q. Note that valQ involves a maximization over all odd real-valued functions over the
Boolean hypercube. The lower bounds are proven by exhibiting explicit functions for which
every valid (for the class of Q considered) subcube restriction has low standard deviation
with respect to the maximum absolute value of the function. The upper bounds are proven by
showing that every odd real-valued function over the Boolean hypercube has a high standard
deviation (with respect to its maximum absolute value) when restricted to some subcube
that is valid for the class of Q considered. We now briefly discuss the proofs we give for
various classes of Q. In the main version of the paper we also discuss the “prefixes” and
“only full set” classes, which are omitted in this version.

1.2.2.1 Bounded size

Theorem 16 deals with query sets of bounded size. The valid subcubes are the ones that
fix at least n− k variables. The lower bound is witnessed by the function that maps each
bit-string to its Hamming weight minus n/2 (note that this is an odd function). For the upper
bound, we first prove by an induction on the number of variables, that for every odd function
there is some subcube (not necessarily valid) which simultaneously has a high variance and
the absolute values of all its degree-1 Fourier coefficients are large. If this subcube is not
valid (i.e., if it fixes less than n− k variables), we argue via the probabilistic method and

TQC 2026



3:6 Quantum Search with Generalized Wildcards

Fourier analysis that the function can be further restricted by appropriately setting additional
variables to a valid subcube, while simultaneously ensuring that the variance does not drop
too much.

1.2.2.2 Contiguous blocks

Theorem 18 deals with query sets comprising consecutive variables (the same theorem
statement holds true even if one is allowed wraparound). The valid subcubes are the ones
that restrict consecutive variables. The upper bound of n follows from the observation that
the query sets include all singletons, and Proposition 15 which verifies via the framework of
Theorem 1 the obvious fact that if all the single bit queries are allowed, then the quantum
query complexity is O(n).

The lower bound is witnessed by a function f defined as follows. Given an input bit string
of size n, view it as consisting of n/k disjoint blocks of size k, where k = logn−log logn+O(1).
Let the blocks be denoted by z(1), . . . , z(n/k). First, each z(i) is subjected to a function g that
maps the string 1k to 1, (−1)k to −1 and maps all other strings to 0. Finally f is defined to
be

∑n/k
i=1 g(z(i)). Note that each subcube setting contiguous variables (even if wraparound is

allowed) touches, i.e., the endpoints of the block of queried indices are contained in, at most
two of the blocks, so the restricted function is essentially a reduced version of f on a smaller
number of blocks plus a bounded function on at most 2k bits. Thus, up to an additive shift by
a bounded function, the (random variable corresponding to the) restriction of f is essentially
the sum of independent random variables taking values in {0, 1,−1} (the independence is
due to the disjointness of the blocks), each of which is 0 except with probability 1/2k−1.
Furthermore, the additional bounded summand is also independent of this sum and has O(1)
variance. We can thus apply linearity of variance for independent random variables to finish
our argument.

1.3 Comparison With Related Work
The quantum Q-substring query complexity of rec with Q = 2[n] was introduced and studied
by Ambainis and Montanaro [1], who dubbed this problem the “search with wildcards”
problem and gave an O(

√
n logn) upper bound and a near matching Ω(

√
n) lower bound.

The algorithm by Ambainis and Montanaro uses the Pretty Good Measurement to iteratively
learn O(

√
n) bits and fixes any errors made via binary search. In the search with wildcards

setting, binary search can be performed with just O(logn) queries. Therefore, the algorithm
learns the entire string in O(

√
n logn) queries. Setting k = n in our Corollary 3 gives a tight

O(
√
n) bound for this task. Ambainis and Montanaro also gave quantum query algorithms

for the combinatorial group testing problem, which they observed to be a generalization of
the Q-substring query complexity of rec with Q = 2[n]. Subsequently, Belovs [3] gave, among
other results, tight bounds on the quantum query complexity of combinatorial group testing,
which implies a tight O(

√
n) upper bound on the quantum 2[n]-substring query complexity

of rec. In contrast with the algorithms of Ambainis and Montanaro, Belovs showed a O(
√
n)

upper bound on the dual of the negative-weight adversary bound. Since the negative-weight
adversary bound is known to be asymptotically equal to quantum query complexity [20], this
immediately gives an upper bound on QQ(rec).

In contrast to the work of Ambainis and Montanaro [1] who construct an explicit algorithm,
and that of Belovs [3] who constructs an explicit solution to the dual adversary bound, we
deal, perhaps counter-intuitively, completely with the primal version of the negative-weight
adversary bound [15]. Our work does have the drawback that it does not give explicit
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algorithms for any of our upper bounds. However, as far as we are aware, ours is the
first work to prove novel quantum query upper bounds using the primal version of the
negative-weight adversary bound (which is primarily used as a lower bound technique)
without explicitly resorting to SDP duality.

When Q is the set of all contiguous blocks, a lower bound of Ω(n/ log(n)) was previously
shown by [11, Lemma 7] via the positive-weight adversary method. The same lower bound,
even for computing Parity, was also shown by [8, Theorem 19], where they lower bound the
approximate degree and obtain the lower bound via the polynomial method [2]. Furthermore,
their lower bound holds even in the setting where the success probability of the algorithm is
inverse polynomially close to 1/2. In this work, we obtain the same Ω(n/ log(n)) query lower
bound (in the bounded-error setting) using our framework, using techniques different from
the previous works.

Another work of relevance to ours is [4], who showed classical lower bounds for composed
functions using quantum upper bounds for combinatorial group testing [3]. It is not im-
mediately clear to us if our results have any new consequences for classical lower bounds
using their framework, but our work can be viewed as partial progress towards answering
their question [4, Section V] “Are there nontrivial quantum algorithms that use g-queries to
learn x for some function g /∈ {OR,XOR}? Are there nontrivial quantum algorithms that use
g-queries to compute some other function h(x) of the input?” Theorem 1 gives a complete
framework that allows one to easily analyze the complexity of computing Parity (which is
often equivalent to the complexity of learning the full input string) when g is restricted to
subcube queries. Our framework gives provably tight bounds in this setting for all classes of
allowed subcubes to query (with the constraint that if the algorithm is allowed to query if x
is in a subcube whose fixed variables are S, all fixing of variables in S are allowed queries).
The key advantage of our framework is that it replaces quantum and SDP-based reasoning
with a simple, combinatorial analysis of real-valued functions on the Boolean hypercube. We
justify this simpler viewpoint via Theorem 2, which establishes tight bounds within this
framework for several natural classes of allowed subcube query sets.

1.4 Outlook

While our results do not apply in the combinatorial group testing setting, where only OR
queries are allowed and the input string is promised to have bounded Hamming weight, we
consider a generalization of the search with wildcards problem in a different direction, namely
when a query algorithm is restricted on the support of the substring queries it can make.
Our results are specifically of interest in the context of biological applications such as genome
reconstruction, DNA sequencing, and RNA sequencing: In these models, a unit-cost task is
often assumed to be observing a contiguous substring of the input string [22, 21, 9, 16]. Our
second bound in Corollary 3 shows that quantum algorithms cannot provide an advantage
over classical ones in this setting.

We view our work as an invitation to explore upper bounds through the primal adversary
formulation itself, by studying the structural properties that optimal adversary matrices
must satisfy. While this formulation can tend to be regarded as less convenient than its dual,
our results illustrate that, with sufficient symmetrization and structural insight, the primal
characterization can in fact yield tight bounds and reveal new patterns in how optimal Γ
matrices arise. This suggests that it may be a more practical tool for upper bounds than
previously thought.

TQC 2026
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2 Preliminaries

All logarithms in this paper are taken base 2. For a positive integer n and integers i ≤ j ∈ [n],
we use the notation [i, j] := {k ∈ [n] : i ≤ k ≤ j}. For strings, x, y ∈ {−1, 1}n, we use the
notation x⊕ y to denote the bitwise XOR of x and y, or equivalently, the string obtained
by taking component-wise multiplication of x and y. For a string x ∈ {−1, 1}n, we use
the notation |x| to denote the Hamming weight of x, i.e., the number of −1’s in x. For
a string x ∈ {−1, 1}n and S ⊆ [n], we use xS to denote the string x restricted to the
bits in S. For an expression X, we define I[X] to equal 1 if X is true, and 0 if X is
false. For a string x = (x1, x2, . . . , xn) ∈ {−1, 1}n, we use the notation −x to denote the
string (−x1,−x2, . . . ,−xn). We denote vectors with the ket-notation, |v⟩, and refer to their
conjugate transpose with the bra-notation, i.e., ⟨v|.

A function f : {−1, 1}n → R is said to be an odd function if f(x) = −f(−x) for all
x ∈ {−1, 1}n. We abuse notation and use f to interchangeably mean a function as well
as a random variable corresponding to picking a value of f uniformly at random. That
is, for f : {−1, 1}n → R, we use E[f ] := Ex∈{−1,1}n [f(x)], E[f2] := Ex∈{−1,1}n [f(x)2], and
Var(f) := E[f2] −E[f ]2. We use ∥f∥∞ to denote maxx∈{−1,1}n |f(x)|. For a positive integer
n and a 2n-dimensional real matrix M whose rows and columns are indexed by n-bit strings,
we say that a M is the communication matrix of an XOR function if there exists a function
f : {−1, 1}n → R such that M(x, y) = f(x⊕ y). We use the notation Mf◦XOR to denote the
communication matrix of f ◦ XOR.

A collection of sets Q ⊆ 2[n] is said to be downward closed if for all Q ∈ Q, all subsets
of Q are also in Q. For an n-dimensional square matrix M , we denote its spectral norm
by ∥M∥. We provide a brief overview of quantum algorithms and their query models in
Appendix A, and we state the results from Fourier analysis that we need in Appendix B.

3 The Framework

In this section we build our framework that allows us to analyze the Q-substring query
complexity of learning input strings, for arbitrary Q.

3.1 Learning vs. Parity
We first make the simple observation that for every collection of sets Q ⊆ 2[n], the quantum
query complexity of learning x is bounded from below by the quantum query complexity of
computing the parity of all of the bits of x.

▶ Observation 4. Let Q ⊆ 2[n]. Then QQ(rec) ≥ QQ(⊕).

This immediately follows from the fact that once a string has been learned, the parity of its
input bits can be computed with no extra queries. We remark that the same argument in
fact yields QQ(rec) ≥ maxS⊆[n] QQ(⊕S), but we do not use this.

Next we observe that in the case when Q is downward closed, these complexities are
actually equal.

▶ Lemma 5. For all Q ⊆ 2[n] that is downward closed, we have QQ(rec) = QQ(⊕).

Proof. Observation 4 provides the lower bound on QQ(rec), so it remains to prove the upper
bound. Note that we can recover a bit string if we are able to compute the parity on each of
the subsets in superposition, by the Bernstein-Vazirani algorithm. Thus, it remains to prove
that QQ(⊕S) ≤ QQ(⊕), for all S ⊆ [n].
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To that end, let S ⊆ [n]. For any x ∈ {−1, 1}n, let y(x) ∈ {−1, 1}n be the input that
is equal to x on S, and identically 1 on S̄. Then, ⊕S(x) = ⊕(y(x)), so it remains to run
the algorithm on y(x). To that end, note that we can simulate a substring query (T, b) to
y(x) as follows. First, we check if b is identically 1 on T \ S, else we simply output 1 (False).
Otherwise, we perform the query (S ∩ T, bS) on x, and we observe that y(x)T = b if and only
if y(x)S∩T = bS . Since Q is downward-closed and S ∩ T ⊆ T , we indeed have access to this
query, and so we can simulate the parity-algorithm on y(x) without additional overhead. ◀

We conclude that in order to characterize the Q-complexity of bit string recovery, it
suffices to characterize the Q-complexity of computing the parity function, as long as Q is
downward closed.

3.2 Simplification by Symmetry Reduction
In this subsection we perform a symmetry reduction on the primal adversary bound for
the quantum Q-substring quantum query complexity of computing parity, for an arbitrary
Q ⊆ 2[n]. We show that the maximizing matrix Γ can be assumed to be the communication
matrix of a XOR function, i.e., we may assume that Γ = Mf◦XOR for some f : {−1, 1}n → R.
Recall that Mf◦XOR[x, y] = f(x⊕ y) for all x, y ∈ {−1, 1}n.

3.2.1 Alternate formulation of adversary bound for functions with
Boolean output

Here we use an alternative formulation of the adversary bound that was shown by Cornelis-
sen [12, Theorem 6.2.4]. This formulation allows us to average over optimal solutions without
any loss in the optimal value. An important detail to note is that this formulation holds
only for functions with Boolean output.2

Alternate formulation of primal adversary bound for functions with Boolean output

ADVR,±(F ) = max
Γ,β

∑
x,y∈D

Γ[x, y] (3)

subject to Γ ∈ RD×D, β ∈ RD
≥0,

Γ is symmetric,
Γ[x, y] = 0, (∀ x, y ∈ D with F (x) = F (y))
diag(β) − Γ ◦ ∆q ⪰ 0, (∀q ∈ R)∑
x∈f−1(1)

β[x] =
∑

x∈f−1(−1)

β[x] = 1
2 .

▶ Lemma 6. Let D ⊆ {−1, 1}n and F : D → {−1, 1} be a Boolean function. Then
ADVR,±(F ) = ADVR,±(F ). Moreover, if (β,Γ) is an optimal solution for ADVR,±(F ),
then Γ′, defined as3

Γ′[x, y] = Γ[x, y]√
β[x]β[y]

,

is an optimal solution for ADVR,±(F ).

2 A similar optimization program can be derived for functions with non-Boolean output. Since its
presentation is slightly more cumbersome and we don’t need it in this work, we merely present the
Boolean version here.

3 Here, we use the convention that 0/0 = 0.
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3:10 Quantum Search with Generalized Wildcards

The proof of this lemma essentially appears in the proof of [12, Theorem 6.2.4], but not
with the exact formulation above. We provide a proof of Lemma 6 in the main version of the
paper.

The benefit of this alternate formulation of the primal adversary bound is that it is a
convex optimization problem. Therefore, it is always possible to take a linear combination of
two feasible solutions, say with objective values c1 and c2, and obtain a new feasible solution
with an objective value that is at least as big as min{c1, c2}. We will use this to perform a
symmetry reduction on the level of the SDP. In particular, we show how symmetries in the
function and in the query set translate to additional constraints that we can impose on the
optimal solutions to the alternate formulation of the primal adversary bound.

Let σ : D → D be a permutation of the domain D. We abuse notation to use σ to refer
to the permutation function as well as the corresponding permutation matrix. It will be clear
based on context whether σ is treated as a function or a matrix. When treated as a matrix,
right-multiplying by σT corresponds to permuting columns according to the permutation σ

and left-multiplying by σ corresponds to permuting rows according to σ.
Next, we define two types of symmetry that our query problem could exhibit.

▶ Definition 7 (Function symmetry). A permutation σ : D → D is said to be function
symmetric with respect to a function F : D → E if F (σ(x)) = F (σ(y)) ⇐⇒ F (x) = F (y),
∀x, y ∈ D.

▶ Definition 8 (Query symmetry). A permutation σ : D → D is said to be query symmetric
with respect to the set of queries R if {σ∆qσ

T | q ∈ R} = {∆q | q ∈ R}.

We now define a group that we use for the rest of this section and in the appendices.

▶ Definition 9. Let G denote the group generated by bit-flip permutations, i.e., G = {σy |
y ∈ {−1, 1}n} where σy : x 7→ x⊕ y.

We now show that computing the parity function using Q-substring queries exhibits these
symmetries. The proofs of the following lemmas can be found in the full version.

▶ Lemma 10. Let n ∈ N and Q ⊆ 2[n]. Then, every σ ∈ G is function-symmetric w.r.t. ⊕
and query-symmetric w.r.t. Q.

▶ Lemma 11. Let n be a positive integer and let R be a query set. Let G be the group
generated by bit flip permutations. If every permutation σ ∈ G is query symmetric with
respect to R, then there exists an f : {−1, 1}n → R such that

f(x) = 0 for all x of even Hamming weight, and
Mf◦XOR is an optimal solution for the adversary bound ADVR,±(⊕).

▶ Corollary 12. Let n ∈ N and Q ⊆ 2[n]. Then

ADVQ,±(⊕) = max
f :{−1,1}n→R

|z| even =⇒ f(z)=0

∥Mf◦XOR∥
max
S∈Q,

b∈{−1,1}S

∥Mf◦XOR ◦ ∆S,b∥
.

Proof. We first show that Mf◦XOR is a feasible solution to ADVQ,±(⊕), for all f : {−1, 1}n →
R satisfying f(x) = 0 when |x| is even. The matrix Mf◦XOR is symmetric since M [x, y] =
f(x⊕ y) = f(y ⊕ x) = M [y, x] for all x, y ∈ {−1, 1}n. We know that |x⊕ y| is even if both
|x|, |y| are even or if both |x|, |y| are odd. Therefore,

⊕(x) = ⊕(y) =⇒ |x⊕ y| is even =⇒ Mf◦XOR[x, y] = 0.

Lemma 11 (which is applicable since Lemma 10 guarantees all elements of G to be query
symmetric w.r.t. Q and function symmetric w.r.t. ⊕) yields the corollary. ◀
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3.3 Simplification by Fourier Analysis
In this subsection we show that using the structure we derived in the last subsection, we
can simplify the expression on the right-hand side of Corollary 12 to a concise analytic
optimization problem over the Boolean hypercube. Lemma 20 says that the numerator
equals 2n maxS⊆[n] |f̂(S)|. For the denominator, we use the following lemma, whose proof is
available in the main version of the paper.

▶ Lemma 13. For all f : {−1, 1}n → R, and all S ⊆ [n] and b ∈ {−1, 1}S, we have

∥Mf◦XOR ◦ ∆S,b∥ = 2n−|S| max
x∈{−1,1}S̄

∥∥∥∥(
f̂S̄|y⊕b(x)

)
y∈{−1,1}S\{b}

∥∥∥∥
2
.

Now, we can prove the required bound on the operator norm of the denominator in
Corollary 12.

▶ Theorem 14. For all f : {−1, 1}n → R, S ⊆ [n] and all b ∈ {−1, 1}S, we have

∥Mf◦XOR ◦ ∆S,b∥ = 2n max
x∈{−1,1}S̄

√
Var(f̂S|x).

Proof. For x ∈ {−1, 1}S and y ∈ {−1, 1}S̄ , let xy denote the bit string that equals x on S and
y on S̄. For the rest of this proof we identify a bitstring with its characteristic set. Specifically,
this means for every f : {−1, 1}n → R, we use the notation f̂(x) := f̂({j ∈ [n] : xj = −1}).
The spectral norm of a symmetric matrix with a single non-zero row is simply the norm of
that row. We can thus use Lemma 13 to obtain that

∥Mf◦XOR ◦ ∆S,b∥ = 2n−|S| max
x∈{−1,1}S̄

∥∥∥∥(
f̂S̄|y⊕b(x)

)
y∈{−1,1}S\{b}

∥∥∥∥
2

= 2n−|S| max
x∈{−1,1}S̄

√ ∑
y∈{−1,1}S\{b}

f̂S̄|y⊕b(x)2

= 2n−|S| max
x∈{−1,1}S̄

√ ∑
y∈{−1,1}S\{1S}

f̂S̄|y(x)2 by variable substitution

= 2n−|S| max
x∈{−1,1}S̄

√ ∑
y∈{−1,1}S

f̂S̄|y(x)2 − f̂S̄|1S (x)2

= 2n−|S| max
x∈{−1,1}S̄

√
2|S|Ey∈{−1,1}S [f̂S̄|y(x)2] − f̂S̄|1S (x)2

= 2n−|S| max
x∈{−1,1}S̄

√√√√√2|S|
∑

y∈{−1,1}S

f̂(xy)2 −

 ∑
y∈{−1,1}S

f̂(xy)

2

By Proposition 22 and Corollary 23

= 2n−|S| max
x∈{−1,1}S̄

√
22|S|E[f̂2

S|x] − 22|S|E[f̂S|x]2

= 2n max
x∈{−1,1}S̄

√
Var(f̂S|x). ◀

Observe that the RHS in the theorem above is independent of b. Using this derived
expression for the denominator, we are able to now state and prove Theorem 1. We refer to
the main version of the paper for the formal version of the proof.
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3:12 Quantum Search with Generalized Wildcards

4 Applications of the Framework

In this section we use the framework developed in the last section to analyze valQ, and
thereby the quantum Q-substring query complexity of computing parity, for various interesting
collections Q. We consider a wider variety of collections Q in the main version of the paper.

4.1 Contains All Singletons
In the case that the allowed substring queries include all singletons, there is an easy quantum
query upper bound of n: simply query all of the variables one at a time. As a sanity check,
we first show how this can be recovered by our framework.

▶ Proposition 15. Let Q ⊇ {{i} : i ∈ [n]}. Then valQ ≤ n.

Proof. Since f is odd, there is always an x∗ such that f(x∗) = ∥f∥∞ > 0. Let M = maxx f(x)
be attained at x∗. As f is odd, f(−x∗) = −M .

Consider a shortest path from x∗ to −x∗ in the hypercube, this has length n. Along this
path the total value of f decreases by 2M , thus there must exist an edge with a drop of at
least 2M/n. That edge corresponds to flipping one coordinate, say i ∈ [n]. This means there
exists an z ∈ {−1, 1}n such that |f(z) − f(z ⊕ ei)| ≥ 2M/n. Choose the subcube that fixes
all variables but i to be consistent with z, and leave the i’th variable free. Note that this is a
valid subcube to consider as Q contains all singletons. For this choice of subcube we have
the variance (using the formula Var(g) = 1

2E[(g(x) − g(y))2]) to be (f(z)−f(z⊕ei))2

4 ≥ 4M2

4n2 .
Thus valQ ≤ M√

4M2/4n2
= n. ◀

4.2 Sets of Bounded Size
The setting Q =

{
S ⊆ 2[n] : |S| ≤ k

}
corresponds to the model where the allowed substrings

to be queried are bounded in size.
In particular, k = n corresponds to the usual search with wildcards setting, where an

algorithm is allowed to query OR’s of arbitrary sets of literals.

▶ Theorem 16. Let 1 ≤ k ≤ n be an integer, and let Q =
{
S ⊆ 2[n] : |S| ≤ k

}
. Then,

n√
k

≤ valQ ≤ 2n√
k
.

We show the lower bound using the (appropriately shifted) Hamming weight function. We
prove the upper bound by induction on n. We first state a convenient induction hypothesis,
then show how it implies the upper bound, and finally prove the induction hypothesis.

▶ Lemma 17. For all integers n > 0 and all functions f : {−1, 1}n → R with E[f(x)] = 0,
there exists a S ⊆ [n] and b ∈ {−1, 1}S̄ where:

Var(fS|b) ≥ ∥f∥2
∞

4n , and∣∣∣f̂S|b({i})
∣∣∣ ≥ ∥f∥∞

2n for all i ∈ S.

In other words, there exists a subcube where the restricted function has large variance,
as well as large degree-1 Fourier coefficients. We feel this is an independently interesting
result in Fourier analysis. We first show how Theorem 16 follows from Lemma 17 (note that
Lemma 17 gives no guarantee on |S|, which we require for proving Theorem 16).
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Proof of Theorem 16. We first show the lower bound on valQ, and then the upper bound.
Lower bound: Consider the function f : {−1, 1}n → R defined by f(x) = |x| − (n/2).
It is clear that f is an odd function since f(−x) = | − x| − (n/2) = (n− |x|) − (n/2) =
n/2 − |x| = −f(x). Let m ≤ k. For any subcube that fixes all but a collection of m
variables, it is easy to see that the random variable obtained by restricting f to this
subcube and picking a uniformly random function value in the restricted subcube is
simply a constant additive shift of the binomial random variable Bin(m, 1/2). Since such
shifts do not affect variance, the variance in this subcube equals m/4 ≤ k/4, since the
only subcubes under consideration are those where the number of free variables is at
most k. Since max |f(x)| = n/2, this function f witnesses

valQ ≥ n/2√
k/4

= n√
k
.

Upper bound: Let M := ∥f∥∞ = maxx∈{−1,1}n |f(x)|. Let S ⊆ [n] and b ∈ {−1, 1}S̄

be obtained from Lemma 17 (which is applicable since f is odd, and hence balanced).
If |S| ≤ k, then this is a valid subcube that can be chosen in the denominator of valQ,
and we get valQ ≤ M√

M2/4n
= 2

√
n ≤ 2n√

k
, which proves the theorem. So for the rest of

the proof we may assume that |S| > k. For convenience, define g := fS|b : {−1, 1}S → R.
Let T be any subset of S of size k, and define T̄ := S \ T (i.e., the complement of T
with respect to the universe S). For an arbitrary x ∈ {−1, 1}T̄ , consider the function
gT |x : {−1, 1}T → R obtained by restricting g further by setting the variables in T̄ to x.
We have for each i ∈ T ⊆ S,

Ex[ĝT |x({i})2] =
∑
A⊆T̄

ĝ(A ∪ {i})2 ≥ ĝ(∅ ∪ {i})2 = ĝ({i})2 ≥ M2

4n2 ,

where the equality is due to Corollary 23 and the last inequality holds by Lemma 17. By
linearity of expectation, and since |T | = k, we have

Ex

[∑
i∈T

ĝT |x({i})2

]
=

∑
i∈T

Ex

[
ĝT |x({i})2]

≥ M2k

4n2 .

Therefore there exists a x∗ ∈ {−1, 1}T̄ such that
∑

i∈T

(
ĝT |x∗({i})2)

≥ M2k
4n2 . Since

Var(h) =
∑

S ̸=∅ ĥ(S)2 for all functions h by Lemma 25, we have

Var(gT |x∗) =
∑

S⊆T,S ̸=∅

ĝT |x∗(S)2 ≥
∑
i∈T

ĝT |x∗({i})2 ≥ M2k

4n2 .

Note that gT |x∗ is the restriction of f to the subcube T , by setting the variables in S̄

and T̄ to b and x∗, respectively. This is a valid subcube for the denominator of valQ (see
Equation (1)), and so this subcube witnesses

valQ ≤ M√
M2k
4n2

= 2n√
k
,

which completes the proof. ◀

It only remains to prove our induction hypothesis, Lemma 17, which we do now.
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3:14 Quantum Search with Generalized Wildcards

Proof of Lemma 17. We prove the lemma by induction on n. Let ∥f∥∞ = M and assume
that |f(x∗)| = M .

Base case: n = 1. Thus we have f(−1) = M and f(1) = −M (or the opposite, in
which case essentially the same proof works). We have the variance over the whole
cube as Var(f) = M2 > M2

4 . We also have f̂({1}) = either M or −M . In either case,
|f̂({1})| = M ≥ M

2 . This proves the base case.
Assumption for inductive step: We assume the induction hypothesis to be true
for n = ℓ, i.e., for every balanced function f on ℓ variables, there exists a S ⊆ [ℓ] and
b ∈ {−1, 1}S̄ such that Var(fS|b) ≥ M2

4ℓ , and
∣∣∣f̂S|b({i})

∣∣∣ ≥ M
2ℓ for all i ∈ S.

Inductive step: For the inductive step, we assume that the hypothesis holds for n = ℓ

(see above) and show it is true for n = ℓ+ 1. Define µi,b := Ex:xi=b[f(x)] for b ∈ {−1, 1}.
We consider two cases.

Case 1: ∃i ∈ [ℓ+ 1] such that |µi,x∗
i

−µi,−x∗
i
| ≤ M

ℓ+1 . Since we know f to be balanced,
we have µi,x∗

i
+ µi,−x∗

i
= 0, and hence by the triangle inequality

|µi,x∗
i
| =

∣∣∣∣µi,x∗
i

− µi,−x∗
i

2 +
µi,x∗

i
+ µi,−x∗

i

2

∣∣∣∣ ≤
|µi,x∗

i
− µi,−x∗

i
|

2 +
|µi,x∗

i
+ µi,−x∗

i
|

2 ≤ M

2(ℓ+ 1) .

Define fi := f |xi=x∗
i

− µi,x∗
i
. Note that we have E[fi] = 0 and ∥fi∥∞ ≥ M − M

2(ℓ+1) ,
where we used that the maximum absolute value of f is attained in the domain of fi

by construction (i.e., x∗ is in the domain of fi). Applying the induction hypothesis
to fi, we get a S ⊆ [ℓ+ 1] and b ∈ {−1, 1}S̄ (with i ∈ S̄ and bi = x∗

i ) such that the
following two properties hold.
∗ We write b′ := b|S̄\{i}, i.e., the bit string b without the bit at position i, and obtain

Var((fi)S|b′) ≥

(
M

(
1 − 1

2(ℓ+1)

))2

4ℓ ≥

(
M

(√
1 − 1

ℓ+1

))2

4ℓ = M2

4ℓ · ℓ

ℓ+ 1 = M2

4(ℓ+ 1) .

Here we are using 1 − 1
2α ≥

√
1 − 1

α for all α > 1, which can easily be verified by
squaring both sides and comparing terms. Since fS|b = (fi)S|b′ + µi,x∗

i
and variance

is unaffected by a constant additive shift, this implies Var(fS|b) ≥ M2

4(ℓ+1) as well.
∗ First note that for any function g : {−1, 1}n → R and any constant c, all Fourier

coefficients of g are equal to the corresponding Fourier coefficients of g−c, except for
the empty coefficient which gets subtracted by c. Thus, we again write b′ := b|S̄\{i},
to find that for all j ∈ S,

|f̂S|b({j})| = | ̂(fi)S|b′({j})| ≥
M

(
1 − 1

2(ℓ+1)

)
2ℓ =

M · 2ℓ+1
2(ℓ+1)

2ℓ >
M · 2ℓ

2(ℓ+ 1) · 1
2ℓ = M

2(ℓ+ 1) .

Case 2: For all i ∈ [ℓ + 1], we have |µi,x∗
i

− µi,−x∗
i
| > M

ℓ+1 . In that case, we choose
S = [ℓ+ 1] and b becomes the empty string, so that fS|b = f . Then, we find
∗ By definition of Fourier coefficients, we have for all i ∈ [ℓ+ 1],

|f̂({i})| = |Ex[f(x) · xi]| =
∣∣∣∣x∗

i

2 (µi,x∗
i

− µi,−x∗
i
)
∣∣∣∣ > M

2(ℓ+ 1) .

∗ By Lemma 25, we have the variance of the whole subcube as

Var(f) =
∑
S ̸=∅

f̂(S)2 ≥
∑

i∈[ℓ+1]

f̂({i})2 > (ℓ+ 1) M2

4(ℓ+ 1)2 = M2

4(ℓ+ 1) . ◀
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4.3 Contiguous Blocks
The setting Q = {[i, j] : i ≤ j ∈ [n]} corresponds to the model where the allowed substrings
to be queried form contiguous blocks. While we don’t phrase it as such, our results in this
subsection also hold when the notion of contiguity allows for wraparound.

The following is our main result of this subsection.

▶ Theorem 18. Let n be a positive integer and let Q = {[i, j] : i ≤ j ∈ [n]}. Then there
exists a universal constant c such that

cn

logn ≤ valQ ≤ n.

Proof. Since Q contains all singletons, Proposition 15 implies the upper bound. For the
lower bound, define f : {−1, 1}mk → R as f(z(1), . . . , z(m)) =

∑m
i=1 g(z(i)). Here each

z(i) ∈ {−1, 1}k, and

g(z(i)) =


1, z(i) = 1k,

−1, z(i) = (−1)k,

0, otherwise.

First note that f is odd and max |f(x)| = m = n/k. We show that every valid subcube in
the denominator of the RHS of the expression of valQ (see Equation (1)) has small variance,
which proves the theorem.

For any subcube (S, b) where S is a contiguous block, since a contiguous block can
partially intersect at most 2 blocks (let the free variables in these blocks be denoted by
strings y(1) and y(2)), we can assume that the restriction of f to the subcube (S, b) has the
following form:

fS|b(y(1), y(2), z(1), z(2), . . . z(t)) = h1(y(1)) + h2(y(2)) +
t∑

i=1
g(z(i)) + c, (4)

where h1, h2 ∈ {r1, r−1, r0} depending on the values of the set variables in the corresponding
blocks, where for all b ∈ {−1, 0, 1},

rb(y) :=
{
b, if y is the all-b string,
0, otherwise.

In particular, r0 is the constant 0 function. Since each block in the restricted function
contains disjoint variables, the variance of the sum on the RHS of Equation (4) equals the
sum of variances of the individual terms, which equals

= Var(h1) + Var(h2) +
t∑

i=1
Var(g) + 0 = O(1) + t · E[g2] = O(1) +m · 1

2k−1 ,

where the second equality follows since since hi is a {−1, 0, 1}-valued function, and each g

is a balanced function, and the last equality follows since t ≤ m and g2 takes value 1 at
precisely two points and 0 everywhere else.

If we set n to be the number of variables for f , which equals mk, then the above variance
equals O(1) + n/k

2k−1 . Thus we have

valQ = ∥f∥∞√
max
S∈Q,

b∈{−1,1}S̄

Var(fS|b)
= n/k√

O(1) + n/k
2k−1

= Ω
(

min
{
n

k
,

√
n

k
· 2

k−1
2

})
.
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Setting k to maximize this quantity asymptotically, we get n
k = 2k−1, which implies n =

k · 2k−1, implying k = logn − log logn + O(1), and hence valQ = Ω(n/ logn), proving the
theorem. ◀

5 Conclusions

This work introduces a general framework for analyzing query algorithms for learning input
strings in models that extend the search with wildcards setting [1]. As applications of our
framework we are able to recover existing upper bounds [1, 3] in the search-with-wildcards
setting and also show new bounds in generalized search-with-wildcards settings. Interestingly,
our upper bounds in this paper are all shown (without explicitly resorting to SDP duality)
using the primal version of the negative-weight adversary bound [15], which is a maximization
SDP, typically used to show lower bounds. To the best of our knowledge, ours is the first
work to use the primal adversary bound to establish novel upper bounds. Even though
some of our results were already known from previous works [1, 3, 11, 8] through various
differing techniques, we are able to recover the same bounds through a unifying framework.
Our work makes progress towards answering an open question of [4], who asked if one could
devise algorithms for learning input strings or computing some function of the input string,
assuming non-standard query access to the input. It would be interesting to see if our results
can be used to show any classical lower bounds using the framework developed in [4].

An interesting related direction is that of the AND/OR-query complexity of computing
Boolean functions rather than learning an input string. It is not hard to show that the
query model in the search-with-wildcards setting is equivalent to allowing unit-cost query
access to arbitrary ORs and arbitrary ANDs of inputs. It was recently shown [10] that
randomness does not give a superpolynomial advantage over determinism for computing
total Boolean functions in this model. It would be interesting to see if ideas from our work
could be generalized to show that quantumness also does not provide a superpolynomial
advantage over randomness/determinism. Our framework relies on the optimizing matrix for
the primal adversary bound being the communication matrix of an XOR function, which
crucially uses symmetries of Parity (the function being computed), so it is not clear how to
generalize our framework in this direction easily.
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A Quantum Query Complexity

Let H be a finite-dimensional Hilbert space. Any quantum algorithm A can be represented as
a sequence of unitary operators {Ui}T

i=0 ∈ L(H) on an initial state |ψ0⟩ ∈ H. The algorithm
is terminated by a measurement on |ϕ⟩ = UTUT −1 · · ·U1U0 |ψ0⟩ to observe an outcome.
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3:18 Quantum Search with Generalized Wildcards

Let D and E be finite sets and F : D → E be a function. For every x ∈ D, let Ox be a
unitary operator that depends on x, referred to as the oracle. A quantum query algorithm A
alternates input-independent unitary operators with calls to the oracle, i.e., it applies the
operations U0, Ox, U1, Ox, etc. The oracle calls are referred to as queries to the input x.
The algorithm A is a bounded-error, quantum query algorithm for computing F if ∀x ∈ D

the output of A is F (x) with probability at least 2/3. The quantum query complexity of
computing F is the minimum number of queries required to compute F with probability 2/3.
This is denoted by Q(F ).

In this work, we consider algorithms with access to different query sets and therefore use
QR(F ) to refer to the quantum query complexity of computing F using query set R. Formally
a query set R is a set consisting of functions r : {−1, 1}n → O for some discrete range O.
The usual query model is captured by the query set R = {ri : {−1, 1}n → {−1, 1} | i ∈ [n]}
where ri(x) := xi. The final state of a quantum query algorithm with query set R looks like

|ϕ⟩ = UTOx . . . U2OxU1OxU0 |ψ0⟩

where the action of Ox on each basis state is

Ox : |r⟩ |b⟩ → |r⟩ |b+ r(x) mod |O|⟩ ∀r ∈ R, b ∈ {0, 1, . . . , |O|} .

Let x ∈ {−1, 1}n be an input string and Q ⊆ 2[n]. We abuse notation and use Q to be
the query set consisting of all queries q = (S, bS) of the form q(x) = I[xS = bS ] where S ∈ Q,
bS ∈ {−1, 1}S and xS is the substring of x restricted to indices in S. Throughout this work,
we only work with queries of this form. Thus, for Q ⊆ 2[n], we abuse notation and use Q to
also denote the query set

{
q = (S, b) : S ∈ Q, b ∈ {−1, 1}S

}
.

The primal adversary bound is a semi-definite program that characterizes the quantum
query complexity of computing function F : D → E, relative to a query set R. To that end,
∀q ∈ R,∆q ∈ {0, 1}D×D is the matrix defined as:

∆q[x, y] =
{

1, q(x) ̸= q(y),
0, otherwise.

That is, ∆q[x, y] = 1 if and only if the query q can distinguish between inputs x and y.
Throughout this work, we use the notation ADVR,± to denote the adversary bound relative
to query set R. Now we state the primal version of the general adversary bound, which we
will refer to as the primal adversary bound.

Primal adversary bound

ADVR,±(F ) = max
Γ

∥Γ∥
max
q∈R

∥Γ ◦ ∆q∥
(5)

subject to Γ ∈ RD×D,

Γ is symmetric,
Γ[x, y] = 0. (∀ x, y ∈ D with F (x) = F (y))

Since the objective function is invariant under multiplying Γ with a constant factor, we
can without loss of generality assume that the denominator is equal to 1. Thus, we can
equivalently write the SDP computing ADVR,± with objective function maxΓ ∥Γ∥, and the
additional constraint that ∀q ∈ R, ∥Γ ◦ ∆q∥ ≤ 1.

Reichardt [20] showed that the primal adversary bound is a tight characterization of
quantum query complexity.
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▶ Theorem 19 ([20, Theorem 1.4]). Let D and E be finite sets and F : D → E be a
function. The bounded-error, quantum query complexity of computing F using query set R
is characterized by the adversary bound.

QR(F ) = Θ(ADVR,±(F )).

Although [20, Theorem 1.4] states the adversary bound for index queries, it can be
observed that the adversary bound characterizes the quantum query complexity for any
query set and therefore we present it as such. Let R be a query set (assume for simplicity
that all queries output values in {−1, 1}. The argument below can easily be generalized if
this is not the case). For every x ∈ D, define the string R(x) = (r(x))r∈R. Define the partial
function G : {−1, 1}R → E on the input domain

{
z ∈ {−1, 1}R : z = R(x) for some x ∈ D

}
as G(R(x)) := F (x). Observe that querying a input variable, say R ∈ R, to G on input
R(x) is exactly the same as making the query R on input x. Thus, QR(F ) = Q(G) and
ADVR,±(F ) = ADV±(G), and therefore the result follows by applying [20, Theorem 1.4]
to G.

When Q ⊆ 2[n], and the query set consists of all queries of the form I[xS = b] where
S ∈ Q and b ∈ {−1, 1}S are arbitrary, recall that we abuse notation and use Q to also
denote the query set

{
q = (S, b) : S ∈ Q, b ∈ {−1, 1}S

}
. Thus ADVQ,±(·) and QQ(·) denote

the negative-weight adversary bound and the quantum query complexity, respectively, with
respect to this query set.

B Fourier Analysis of Boolean Functions and Restrictions

Below are some relevant formal definitions and Fourier-analytic properties of restricted
functions, adapted from [18].

Consider the vector space of functions from {−1, 1}n to R, equipped with the following
inner product.

⟨f, g⟩ := Ex∈{−1,1}n [f(x)g(x)] = 1
2n

∑
x∈{−1,1}n

f(x)g(x).

For a set S ⊆ [n], define the parity function χS : {−1, 1}n → R by χS(x) =
∏

i∈S xi. It is
not hard to show that the set of all parities {χS : S ⊆ [n]} forms an orthonormal basis of
the space above. Thus, every function f : {−1, 1}n → R has a unique expansion with respect
to this basis, f =

∑
S⊆[n] f̂(S)χS . This expansion is called the Fourier expansion of f and

the coefficients
{
f̂(S) : S ⊆ [n]

}
are called the Fourier coefficients of f .

We list several properties of Fourier coefficients.

▶ Lemma 20 ([5], also see [17, Lemma 2.2.3]). Let f : {−1, 1}n → R be a function and let
M be the communication matrix of f ◦ XOR. Then,

∥M∥ = 2n max
S⊆[n]

|f̂(S)|.

▶ Definition 21. Let f : {−1, 1}n → R be a function, and let (J, J̄) be a partition of [n].
Let z ∈ {−1, 1}J̄ . Then we write fJ|z : {−1, 1}J → R (pronounced “the restriction of f to J
using z”) for the subfunction of f obtained by fixing the coordinates in J̄ to the bit values z,
i.e.,

∀x ∈ {−1, 1}J , fJ|z(x) := f(xJzJ̄)

where xJzJ̄ represents the string that equals x on J and z on J̄ .
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▶ Proposition 22 ([18, Proposition 3.21]). Let f : {−1, 1}n → R and let (J, J̄) be a partition
of [n]. For z ∈ {−1, 1}J̄ and S ⊆ J we have

f̂J|z(S) =
∑
T ⊆J̄

f̂(S ∪ T )χT (z).

▶ Corollary 23 ([18, Corollary 3.22]). Let (J, J̄) be a partition of [n] and fix S ⊆ J . Suppose
z ∼ {−1, 1}J̄ is chosen uniformly at random. Then,

Ez[f̂J|z(S)2] =
∑
T ⊆J̄

f̂(S ∪ T )2.

The proof of the following lemma is available in the full version of the paper.

▶ Lemma 24. For f : {−1, 1}n → R, the following conditions are equivalent:
For all x with |x| even, f(x) = 0.
For all S ⊆ [n], we have f̂(S) = −f̂(S̄).

We require the following well-known expression for the variance of a function. See, for
example, [18, Proposition 1.13] for a simple proof.

▶ Lemma 25. Let f : {−1, 1}n → R be a function. Then,

Var(f) =
∑
S ̸=∅

f̂(S)2.
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