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Abstract
Decoded Quantum Interferometry (DQI) is a framework for approximating special kinds of discrete
optimization problems that relies on problem structure in a way that sets it apart from other classical
or quantum approaches. We show that any family of instances of MaxCut on which DQI attains a
nontrivial asymptotic approximation guarantee is also solvable exactly in classical polynomial time.
We include a streamlined exposition of DQI tailored for MaxCut that relies on elementary graph
theory instead of coding theory to motivate and explain the algorithm.
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1 Introduction

MaxCut seeks to find a subset of vertices S ⊆ V in a graph G maximizing the number of edges
crossing S (i.e., edges with exactly one endpoint in S). It can also be equivalently viewed
as a canonical constraint satisfaction problem in graphs by assigning boolean values to the
vertices to maximize the number of edges with different values assigned to endpoints. MaxCut
has sparked diverse avenues of research and has become a testbed problem for quantum-
algorithmic approaches for solving or approximating discrete optimization problems, such as
quantum annealing and the Quantum Approximate Optimization Algorithm (QAOA) [6].
Although approximation guarantees can be derived for the QAOA on MaxCut, rigorous
approximation advantages remain elusive despite over a decade of extensive study. A quantum
advantage for approximating general instances of MaxCut seems unlikely, since we can obtain
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6:2 Limitations of Decoded Quantum Interferometry for MaxCut

a 0.878...-approximation in classical polynomial time [9], and a (0.878...+ ε)-approximation
is NP-hard under the Unique Games Conjecture [14]. This suggests that it is hard for even
efficient quantum algorithms to improve upon this classical threshold.

For “natural” discrete optimization problems, why would we not expect that there is
an α such that an α-approximation is possible in classical polynomial time and an α + ϵ-
approximation is NP-hard? What kind of problems would admit a gap between classical
approximability and NP-hardness of approximability, for a quantum advantage to possibly
sneak in? In other words, why would a “natural” classical discrete optimization problem
need a quantum algorithm to complete the story of its approximability?

A recent example of an unexpected provable exponential quantum approximation ad-
vantage is for the directed version of MaxCut [13, 12], which is arguably a natural problem.
However, in this case the quantum advantage is enabled by considering space advantages
in the streaming model instead of more traditional speedups. More broadly, perhaps cer-
tain kinds of restricted instances or regimes of natural discrete optimization problems are
amenable to quantum approximation advantages.

Decoded Quantum Interferometry (DQI) potentially presents such an opportunity, since
it relies heavily on special problem structure in a way that sets it apart from other classical
or quantum approaches [11]. DQI is an application of Regev’s reduction [20] designed
to work on constraint satisfaction problems for which an associated decoding problem is
efficiently classically solvable. Moreover, it is based on Quantum Fourier Sampling [8],
which does enable provable or conjectured quantum advantages in many settings. DQI is
an exciting development, and there are some examples of problems for which DQI gives a
better approximation guarantee than the best classical algorithm currently known. However,
the demands that DQI puts on problem structure results in problem regimes unusual and
understudied for classical algorithms. The most prominent candidate for a DQI advantage
is for Optimal Polynomial Intersection, and there is essentially one nontrivial classical
approximation algorithm, that is decades old, currently known for it.

Contributions

Understanding the power and limitations of DQI is thus an important challenge. We make
some progress in establishing limitations for DQI, for the fundamental MaxCut problem.
MaxCut is perhaps the simplest interesting special case of the Max-LINSAT problem
considered by Jordan et al. [11]. Focusing on MaxCut allows for a streamlined presentation
and analysis of DQI.

We show that DQI for MaxCut exhibits perhaps surprising behavior: on instance families
where DQI attains any asymptotic improvement over the trivial random assignment approx-
imation algorithm, it is not just that the approximation guarantee can be beaten classically –
such instances can be solved exactly in classical polynomial time. To derive this result, we
concretely demonstrate how the structure necessary for DQI can also be exploited classically.
Our observations and classical algorithms are relatively simple, and MaxCut may be a useful
guidepost for future DQI work.

DQI is generally not guaranteed to run in polynomial time and requires both feasibility
of and an efficient algorithm for a related classical decoding problem. This limits both the
problems and types of instances amenable to DQI. In contrast, DQI runs efficiently on any
instance of MaxCut, since the decoding problem reduces to a perfect matching problem.

The key graph parameter for analysis of DQI for MaxCut is the girth of the unweighted
input graph, which is the length of a shortest cycle. We assume the input comes from an
infinite family of graphs with g, n, and m corresponding to girth, number of vertices, and
number of edges. Based on the more general analysis of DQI in [11], we first observe:
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▶ Theorem 7. If the expected number of edges cut in a graph by DQI is ( 1
2 + ε)m, for some

constant ε > 0, the girth g must be linear in m.

The trivial random assignment algorithm for MaxCut is expected to cut 1
2m edges, so the

above theorem says that any improvement in the constant factor requires instances with very
high girth. We show how this can be exploited classically:

▶ Theorem 10. For a connected graph with girth g linear in m, the quantity m− n+ 1 is
constant.

MaxCut can be solved exactly in classical polynomial time in this regime through a variety
of approaches, and even the simple algorithm of cutting every edge in a spanning tree is
guaranteed to cut m−O(1) edges, since m− n+ 1 is precisely the number of edges not in
the spanning tree.

Related work

Patamawisut et al. describe a circuit implementation of DQI for MaxCut, using a different
decoder based on Gauss-Jordan elimination instead of the aforementioned exact decoder based
on perfect matching [19]. While Jordan et al. focus on more general cases of Max-LINSAT
than MaxCut, they do observe a limitation on the performance of DQI for random instances
of Max-2-XORSAT, which corresponds to {−1,+1}-weighted MaxCut [11, Section 13.3]. In
concurrent work with ours, Anschuetz, Gamarnik, and Lu identify obstructions for DQI on
random instances of the more general Max-k-XORSAT problem, suggesting that a quantum
advantage through DQI is not possible on typical random instances [1]. Another line of
concurrent work, by Marwaha et al., gives evidence suggesting that the probability distribution
from which DQI samples solutions may be hard to simulate classically [15]. However, even if
DQI is doing something “inherently quantum” that is not efficiently simulable classically,
this does not directly speak to whether efficient classical algorithms can outperform DQI. In
fact MaxCut may be an example where DQI produces a distribution that is not efficiently
producible classically, but as we show, independent polynomial-time classical algorithms that
outperform it do exist.

Organization

The next section motivates and explains DQI for MaxCut without assuming any prior
knowledge of DQI. Section 3 establishes Theorem 10 and demonstrates that MaxCut can be
solved in classical polynomial time when the girth is linear. We close with a discussion in
Section 4 on whether extensions of DQI might be able to provide approximation advantages
for MaxCut.

2 Specializing Decoded Quantum Interferometry for MaxCut

It will be convenient to formulate MaxCut as a Boolean polynomial optimization problem.
We will think of a cut as partitioning an unweighted graph, G = (V,E) into two pieces by
assigning either a +1 or −1 to each vertex, so that points z ∈ {−1, 1}V of the Boolean
hypercube over V correspond to cuts. We take n def= |V |, m def= |E|, and g as the girth of G,
which is the length of a shortest cycle. We implicitly assume that input instances G come
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6:4 Limitations of Decoded Quantum Interferometry for MaxCut

from an infinite family G so that asymptotic quantities are well defined; in particular we
assume that limm→∞ g/m exists. This is a standard assumption and is also implicit in the
asymptotic analysis in [11]. The number of edges cut by a z, called the cut value of z, is then

h(z) = 1
2
∑
ij∈E

1 − zizj .

MaxCut is equivalent to the Boolean polynomial optimization problem

max
z∈{−1,1}V

h(z).

For the incidence vector γ ∈ {0, 1}U of a set S ⊆ U , we take

xγ def=
∏
i∈S

xγi

i .

We can represent a polynomial over the Boolean hybercube,

p(z) =
∑

α∈{0,1}V

pαz
α

as a quantum state in two different ways:

Encode the values of p over inputs as amplitudes

|p⟩ = unit

 ∑
z∈{−1,1}V

p(z) |z⟩

 ,

where |z⟩ def= | 1−z1
2

1−z2
2 · · ·⟩ and unit(·) outputs a normalized state, or

Encode the coefficients of p over monomials as amplitudes

|p̂⟩ = unit

 ∑
α∈{0,1}V

pα |α⟩

 .

These two encodings are related by the Boolean Fourier transform, also known as the
Hadamard transform (see [17] for Fourier analysis of Boolean functions). Hadamard gates
applied on all qubits enact this transform on a quantum computer, and we have H⊗n |p⟩ = |p̂⟩
and H⊗n |p̂⟩ = |p⟩.

Quantum Fourier Sampling

The above observation gives a simple quantum algorithm, called Quantum Fourier Sampling
(QFS) [8], for trying to find a cut z with relatively large value h(z):

▶ Algorithm 1 (Quantum Fourier Sampling).
1. Prepare |ĥ⟩
2. Produce |h⟩ = H⊗n |ĥ⟩
3. Measure |h⟩ in the computational basis

This algorithm allows sampling a cut z with probability proportional to h2(z), so that
the cut value dictates the probability of picking a cut, as we would want. We will discuss
Step 1 in more detail below, and for now we note that it can be executed efficiently since h
is an explicit degree-2 polynomial [8, Lemma 1].

What kind of approximation guarantee does this give for MaxCut? (Spoiler alert: it’s not
so great). The expected number of edges cut is 1

2m+O(1). This is just a slight improvement
over the expectation of 1

2m edges achieved by the random assignment where each vertex is
independently assigned to a side of the cut with probability 1

2 .
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2.1 Decoded Quantum Interferometry
What if we could sample cuts from a distribution proportional to some higher power or maybe
even a higher degree polynomial of the objective h? This could amplify the probabilities of
good cuts, and we might expect a better approximation guarantee.

This is where DQI steps in. Sampling from higher degree distributions is indeed possible,
but the tradeoff is an increase in complexity of preparing the corresponding state in Step 1 of
QFS. This leaves the questions: (i) how do we find and analyze a good polynomial of h, and
(ii) can we prepare the corresponding state efficiently? DQI answers both of these questions.

For (i), the observation in [11] is that if we let yij
def= zizj , then h is a symmetric polynomial

in the variables y since it only depends on g(y) def=
∑

ij∈E yij . The polynomials

gk(y) def=
∑

β∈{0,1}E

|β|=k

yβ

are a basis for the symmetric polynomials. Hence, any degree-l polynomial of h, which is
also a degree-l polynomial in the variables y, can be expressed as

q(y) =
l∑

k=0
µkgk(y) =

∑
β∈El

qβy
β =

∑
α∈{0,1}V

q′
αz

α, (1)

where Ek
def= {β ∈ {0, 1}E | |β| ≤ k}. The idea is then to find a good polynomial q and run

Algorithm 1 on it to sample a cut z with probability proportional to q2(z). The coefficients
µk of a q that maximize the expected cut value, Ez∼q2 [h(z)], can be found classically in
polynomial time by solving a maximum-eigenvector problem for an (l+1)× (l+1) tridiagonal
matrix (see Lemma 5). In light of this, we can think of the input to DQI as the unweighted
graph G and the degree parameter l, where the approximation guarantee of DQI monotonically
increases with l.

How large does l need to be? A distribution supported only on optimal cuts is propor-
tional to

h∗(y) =
s∏

i=2
(h(y) − λi),

where λ1 > λ2 > · · · > λs are the possible cut values h(y) can attain. The symmetric
polynomial h∗, which is proportional to (h∗)2, has degree at most m since the cut value
h(y) ∈ [0,m] for all y. Hence, taking l = m would solve MaxCut, and it suffices to choose
l ≤ m. This also suggests that DQI should not run in polynomial time when l = m, since
MaxCut is NP-complete, and it is widely believed that polynomial-time quantum algorithms
cannot solve NP-complete problems. DQI gives a better expected approximation guarantee
than the best classical algorithm currently known for certain problems in the regime where
l = Θ(n) = Θ(m) (for more general constraint satisfaction problems, n and m are the number
of variables and constraints).

Preparing the initial state for QFS

We need to be able to prepare |q̂⟩ in polynomial time. We can do so readily in a Hilbert
space where we have m qubits corresponding to E. First note that gk can be represented
using a Dicke state:

|ĝk⟩E = 1√(
m
k

) ∑
β∈{0,1}E :

|β|=k

|β⟩ ,

TQC 2026



6:6 Limitations of Decoded Quantum Interferometry for MaxCut

where the subscript on the ket identifies the set that the qubits correspond to. Then we
obtain, as a superposition of Dicke states

|q̂⟩E = unit
(

l∑
k=0

µk

√(
m

k

)
|ĝk⟩

)
= unit

∑
β∈El

qβ |β⟩

 ,

which can be prepared efficiently as described in [11]. However, in order to apply Quantum
Fourier Sampling, we instead need the state

|q̂⟩V = unit

 ∑
α∈{0,1}V

q′
α |α⟩

 .

How can we construct |q̂⟩V from |q̂⟩E? Since yij = zizj , we get a natural map f from
β ∈ {0, 1}E to α ∈ {0, 1}V as

yβ =
∏

ij∈E:
βij=1

zizj = zf(β),

where z2
i = 1 for all i is employed to reduce the monomial zf(β) so that f(β) ∈ {0, 1}V . We

think of β as an incidence vector representing a subgraph (i.e., a subset of edges) and the
parity vector, f(β) as indicating the parity of the degree of vertex in V in the subgraph β

(vertices may have no incident edges). We can see that f is not injective in general by letting
G be a cycle on three vertices, for which f(1, 1, 1) = f(0, 0, 0) = (0, 0, 0). In other words, all
vertices in V have even degree in both G itself and the empty subgraph.

▶ Lemma 1 (specialized for MaxCut from [11]). Suppose that G is a graph where each parity
vector α ∈ {0, 1}V arises from at most one subgraph β ∈ El. Then f is injective (on the
domain El), and the following algorithm may be used to produce |q̂⟩V .
1. Prepare |q̂⟩E |0⟩V = unit

(∑
β∈El

qβ |β⟩E |0⟩V

)
2. Apply f coherently to get: unit

(∑
β∈El

qβ |β⟩E |f(β)⟩V

)
3. Uncompute the E register using f−1 to yield: |ψ⟩ def= unit

(∑
β∈El

qβ |0⟩E |f(β)⟩V

)
Proof. We see from Equation (1) that

q′
α =

∑
β∈El:

f(β)=α

qβ , (2)

with q′
α = 0 if there is no β ∈ El such that f(β) = α. By Equation (2), discarding the E

register from |ψ⟩ produces the desired state:

unit

∑
β∈El

qβ |f(β)⟩V

 = unit

 ∑
α∈{0,1}V

q′
α |α⟩

 . ◀

DQI uses the algorithm of Lemma 1 and thus requires f to be injective. What kind of
structural assumption does this impose on the input G, l?

▶ Lemma 2. Suppose we have a graph G and l ∈ N. Then f is injective on El if and only if
G has girth at least 2l + 1.
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Proof. First we observe that f is linear when viewed as a function on FE
2 . Let B ∈ FE×V

2 be
the edge-vertex incidence matrix of G, with Be,v = 1 if and only if the edge e is incident to
the vertex v. Then f(β) = α if and only if α = BTβ, with α and β taken as vectors over F2.

We show that if f is not injective then the girth of G is at most 2l. Suppose there are two
distinct subgraphs β, β′ ∈ El with f(β) = f(β′). Then, in FE

2 , γ def= β + β′ ̸= 0. The parity
vector of γ is 0, since f(γ) = f(β) + f(β′) = 0. This means that the nonempty subgraph
corresponding to γ has even degree at all vertices and has at most 2l edges. This subgraph
must therefore contain a cycle of size at most 2l. To see this, one can start at a vertex and
keep moving to other vertices using previously unused edges. Since all degrees are even, it
will always be possible to leave a vertex that is visited. Since the graph is finite, one must
eventually revisit a vertex, resulting in a cycle.

Now we show the opposite direction. Suppose there is a cycle with at most 2l edges.
Break the cycle into two edge-disjoint paths of length at most l, both between the same pair
of vertices i and j on the cycle. Represent these paths by incidence vectors β, β′ ∈ El. Then
f is not injective since f(β) = f(β′) = α, where αi = αj = 1 and all other entries are 0. ◀

So for MaxCut there is a simple graph-theoretic characterization of the structure DQI
requires. It makes sense to pick the largest l such that f remains injective; however, we also
need an efficient classical algorithm to implement f−1, which may limit the choice of l. For
MaxCut, it turns out that f−1 can be computed in classical polynomial time for any value
of l, as we show in the next section. In this case l can just be taken to be the largest integer
so that G has girth at least 2l+ 1. We are now in position to present the full DQI algorithm
for MaxCut.

▶ Algorithm 2 (Decoded Quantum Interferometry for MaxCut).
Input: unweighted graph G = (V,E)
1. Compute the girth g of G, and set l def= ⌊ g−1

2 ⌋
2. Solve an (l + 1) × (l + 1) maximum eigenvector problem to find the coefficients of an

optimal degree-l symmetric polynomial q in y

3. Run the algorithm of Lemma 1 to prepare |q̂⟩V

4. Run QFS (Algorithm 1) on |q̂⟩V to sample a cut z with probability proportional to q2(z)

2.2 Solving the classical portion of DQI
Solving the following problem suffices to implement the uncompute step (Step 3) of the
algorithm of Lemma 1.

▶ Problem 1 (DQI uncomputation for MaxCut).
Input: A parameter l ∈ N, an unweighted graph G = (V,E), and a vector α ∈ FV

2
Output: A subgraph with at most l edges, represented as β ∈ FE

2 , whose degree parities match
α (i.e., |β| ≤ l and f(β) def= BTβ = α, where B ∈ FE×V

2 is the edge-vertex incidence
matrix of G)

Remark: Additionally assuming that G has girth at least 2l + 1 guarantees a unique solution
for feasible instances by Lemma 2.

▶ Remark 3 (Classical decoding in DQI). DQI is originally framed in terms of a classical
decoding problem for an error-correcting code. For MaxCut this perspective stems from
the edge-incidence matrix B. The column space of B generates the cut space of G, which
is the span over F2, of incidence vectors of cuts in G. Since any cycle crosses a cut an
even number of times, the cut space is orthogonal to the cycle space, generated in the same
fashion by incidence vectors of cycles. This space may be viewed as a cycle code space and is

TQC 2026



6:8 Limitations of Decoded Quantum Interferometry for MaxCut

characterized as incidence vectors of subgraphs of G which have even degree at every vertex.
The parity-check matrix of this code is BT , and the girth of G is the distance of the code.
This code is usually called a graph code or cycle code.

In this picture, Problem 1 is about finding a short vector generating a given syndrome,
and as observed in [11] it can also be solved as a more standard maximum-likelihood decoding
problem. Finally, observe the following duality: for DQI to solve an optimization problem
over cuts (MaxCut), it must solve a kind of decoding problem over the dual cycle space
(Problem 1). See, e.g., Section 1.9 of [3] for more on the cut and cycle spaces of a graph.

We illustrate how Problem 1 can be cast as a T -join problem [4], which can be solved in
polynomial time by a reduction to a perfect matching problem (see, e.g., [21, Theorem 29.1]).

▶ Problem 2 (Minimum T -join).
Input: An unweighted graph G = (V,E) and a subset of vertices T ⊆ V

Output: A subgraph H of G, with the minimum number of edges, such that set of odd-degree
nodes in H is precisely T

▶ Fact 1. Problem 1 is polynomial-time reducible to Problem 2.

Proof. Given an instance of Problem 1, set T def= {i ∈ V | αi = 1} and solve Problem 2
on G,T . If this instance of Problem 2 is infeasible, or if H has more than l edges, then
Problem 1 is infeasible. Otherwise, take β as the incidence vector of H. ◀

This is the last piece in establishing:

▶ Theorem 4. DQI for MaxCut (Algorithm 2) is correct and runs in polynomial time on
any input graph G.

Proof. The girth of an unweighted undirected graph can be found by running n breadth-first
searches, one rooted at each vertex [10], so Steps 1 and 2 run in classical polynomial time.
Since g ≥ 2l + 1, f is injective by Lemma 2, and Step 3 correctly produces |q̂⟩V . This step
also runs in polynomial time since Problem 1 runs in classical polynomial time by Fact 1.
QFS (Step 4) runs in polynomial time and samples from q2 as explained in [8]. The fact
that Step 2 produces an optimal symmetric degree-l polynomial q comes from the proof
of [11, Lemma 9.2], although this is not necessary to prove the approximation guarantee of
Algorithm 2. ◀

We now move on to considering the approximation ratio that Algorithm 2 guarantees.

2.3 Approximation guarantee
The expected number of edges cut by DQI beyond the random-assignment guarantee of 1

2m

is captured by the maximum eigenvalue of a tridiagonal matrix:

▶ Lemma 5 (Specialization of Lemma 9.2 in [11] for MaxCut). Let q be the polynomial obtained
in Step 2 of Algorithm 2. Then the expected number of edges cut by Algorithm 2 is

Ez∼q2 [h(z)] = 1
2(m+ λmax(A(m,l))), (3)

where

A(m,l) def=



a1
a1 a2

a2
. . .

. . . al

al

 ,

with ak =
√
k(m− k + 1) for 1 ≤ k ≤ l.
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We show that DQI needs instances with l = Ω(m) in order to attain a asymptotically
nontrivial approximation guarantee.

▶ Lemma 6. For matrices A(m,l) with l = o(m), λmax(A(m,l)) = o(m).

Proof. Since A(m,l) is nonnegative, λmax(A(m,l)) ≤
√
mλmax(B(l)), where

B(l) def=



√
1√

1
√

2
√

2
. . .

. . .
√
l√

l


.

The matrix, 1√
2B

(l) is the (l + 1) × (l + 1) Jacobi matrix corresponding to the three-term
recurrence relation for the normalized monic Hermite polynomials [16, 3.5(vi)]. The maximum
eigenvalue of 1√

2B
(l) is consequently the largest zero of the degree-(l + 1) monic Hermite

polynomial, which is O(
√
l) [16, 18.16(v)]. Thus λmax(A(m,l)) = O(

√
ml). Since l = o(m),

we have O(
√
ml) = o(m). ◀

From the two lemmas above, we have:

▶ Theorem 7. If the expected number of edges cut by DQI in a graph G ∈ G is ( 1
2 + ε)m,

for some constant ε > 0, the girth g must be linear in m.

Proof. If we do not have linear girth, g = Ω(m), then g = o(m) since limm→∞ g/m exists.
In this case l ≤ g−1

2 = o(m), and by the above lemmas, the expected number of edges cut by
DQI is 1

2 (1 + o(1))m. ◀

▶ Remark 8. The approximation guarantee for DQI is expressed with respect to the trivial
upper bound, m on the optimal cut since DQI does not leverage more refined upper bounds
such as those arising from convex programs. However, this means that DQI provides a lower
bound on the number of edges in a maximum cut and more generally on the number of
satisfiable constraints in a constraint satisfaction problem, even when DQI is not guaranteed
to run in polynomial time.

3 Classical solvability of high-girth instances

High girth has been previously exploited for solving MaxCut both classically and using the
QAOA [5, 23, 7]; however, “high” in such contexts typically refers to constant or perhaps
logarithmic girth, as expected in some kinds of random graphs. In contrast, in order for DQI to
guarantee ( 1

2 +ε)m edges in expectation, we know that we must have girth g = Θ(n) = Θ(m).
We show that in this regime, MaxCut can be solved exactly in polynomial time. In fact, the
approaches we describe can also solve weighted instances, while it is nontrivial to extend
DQI to handle weighted instances.

▶ Lemma 9. Suppose G ∈ G is a connected graph with girth g = Ω(m). Then the vertices of
G can be partitioned into vertex-disjoint trees T1, . . . , Tt where: (i) t = O(1), and (ii) there
is at most one edge in G between any two Ti and Tj.

Proof. Set d def= ⌊ g−3
4 ⌋, and find a spanning tree T of G. Then run the following algorithm.

While T has depth at least d:
1. Find the deepest leaf u in T , and let Si be the subtree rooted at the ancestor of u at

distance d from u

TQC 2026
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2. Let Ti be the subgraph of G induced by the vertices of Si

3. Remove Si from T and set i = i+ 1
When the loop has terminated, set Ti to be subgraph induced by T itself. Let t def= i at this
point.

We are guaranteed that each tree Si, except possibly St, has depth exactly d, since we
picked u to be the deepest leaf in T , and therefore in Si, in each iteration. The last tree St

has depth at most d.
To prove (i), since the trees S1, . . . , St−1 have depth d, these disjoint trees each have at

least d edges. This gives us t = O(1) since g = Ω(m) implies d = Ω(m) (the hidden constants
for t and d only depend on those for g).

Next observe that each Ti can contain no edge of G− T and is consequently a tree. Since
each Ti is connected by edges in T and has depth at most d, if one contained some edge in
G− T there would be a cycle with at most 2d+ 1 < g edges, contradicting that the girth
is g. The proof of (ii) is similar to this. Two edges between distinct Ti and Tj would create a
cycle of length at most 4d+ 2 < g. ◀

▶ Theorem 10. For a connected graph G ∈ G with girth g = Ω(m), the quantity µ def= m−n+1
is constant.

Proof. Let T be a spanning tree, and construct T1, . . . , Tt from T as specified in Lemma 9.
Since each Ti is a subgraph of T , each edge in G− T must go between distinct Ti and Tj .
Conditions (i) and (ii) then imply that there is only a constant number of such edges. In
other words, µ is constant. ◀

▶ Corollary 11. MaxCut can be solved in polynomial time on a graph G ∈ G with girth
g = Ω(m).

Proof. Each component of G must also have girth Ω(m), so we can apply Theorem 10 to
each component individually. MaxCut can be solved in time O(m+ n) min{2m/5, 2(m−n)/2}
on a connected graph [22, Theorem 2]. ◀

Other approachs for high-girth MaxCut

Theorem 10 enables other approaches for solving MaxCut in polynomial time. The funda-
mental cycles of a spanning tree T are the set of the µ unique cycles created by adding each
of the µ non-tree edges to T . These cycles form a basis for all cycles over FE

2 (see Remark 3).
Since µ is constant for graphs with linear girth, so are the total number of cycles, which is at
most 2µ. This allows solving positive-weighted MaxCut as a binary integer program with a
constant number of constraints:

max
∑
ij∈E

wijxij

subject to
∑
ij∈C

xij ≤ |C| − 1, ∀ odd cycles C

xij ∈ {0, 1}, ∀ij ∈ E,

which can be done in polynomial time [18]. The constraints ensure that a bipartite subgraph
is selected by preventing picking all the edges of any odd cycle.

Perhaps the simplest way to solve high-girth instances of MaxCut is via a dynamic
program. Pick a spanning tree T . Cutting all the edges of the tree already gives a cut of size
m−O(1), since µ is constant. Enumerate all ways of assigning −1 or +1 to the endpoints of
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the µ non-tree edges. For each assignment, one can solve a dynamic program that works
bottom up from the leaves to find the best cut of the edges of T assuming that some nodes
have been fixed by an assignment. This works for weighted MaxCut as well.

4 Discussion

The limitation presented here applies when the decoding portion of DQI is always required to
succeed. A natural question is whether some extension of DQI, including quantum decoding,
might be able to get around the barriers we presented. One can consider probabilistic
decoding approaches for DQI that need not always succeed [11, 2]. Such approaches can
conceivably tolerate some cycles of smaller girth, possibly extending the kinds of instances of
MaxCut that DQI can address. However, some of the classical approaches from Section 3
work even when µ = Θ(logn) rather than µ = O(1). This, for instance, implies that MaxCut
on any graph with a logarithmic number of cycles (of any size) can be solved efficiently. Some
instances with a polynomial number of cycles may also be solvable, since it is possible to
have a polynomial cycles with a fundamental cycle basis of size µ = Θ(logn). Thus classical
approaches seem fairly robust in terms of handling cycles, and it is not clear if DQI would
be able to do better.

Is MaxCut an isolated case, or are there more general ways for classical algorithms to
leverage the same structure that DQI does? The particular property we leverage for MaxCut
is special and seems difficult to generalize to other types of Max-LINSAT problems. The
prime candidates for a DQI advantage, such as Optimal Polynomial Intersection, should be
further vetted by attempts at designing better classical approximation algorithms in the
regimes where running DQI is feasible and efficient.
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