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Abstract
Montanaro associated to every quantum circuit over the gate set {H, Z, CZ, CCZ} a degree-three
polynomial over F2, and showed that the strong simulation cost of the circuit is governed by the
minimum number of qubit wires needed to realize that polynomial. We study this minimum-
width problem. We prove that deciding whether a degree-three polynomial has width at most k

is NP-complete. The reduction is parsimonious enough to imply that, for every α < 49/48, the
corresponding gap version is NP-hard. We also prove the same inapproximability threshold for
degree-two polynomials by a twin-copy replacement of the cubic constraints. On the positive side,
we give a nondeterministic search algorithm using only O(k log(en/k)) nondeterministic bits, and
a deterministic fixed-parameter algorithm running in k6k+o(k)n + O(m) time on an input with n

symbols and m monomials.
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1 Introduction

Quantum computation is widely believed to outperform classical computation on tasks such
as simulating quantum systems [11] and factoring large integers [25]. Since Yao’s equivalence
theorem [27], the quantum circuit model has been the standard formalism for studying
this power. A central theme is to relate circuit amplitudes to classical counting problems:
quantum computation can be simulated using counting oracles, giving BQP ⊆ PP ⊆ P#P,
and is closely connected to counting-based classes such as AWPP [3, 12]. Similar counting
viewpoints appear in linear optics, Jones-polynomial approximation, Ising partition functions,
IQP circuits, and boson sampling [1, 21, 13, 5, 2, 8].
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7:2 On the Complexity of the Circuit Width Problem

For circuit amplitudes, this connection can be made explicit through an algebraic path-
integral representation. Dawson et al. [9] showed that amplitudes of circuits built from Toffoli
and Hadamard gates can be expressed as normalized counts of solutions to polynomial equa-
tions over F2. Montanaro [23] refined this framework for the gate set Z = {H, Z, CZ, CCZ}.
Given a circuit C on w qubits over Z, one obtains a degree-3 polynomial fC over F2, with no
constant term, such that the amplitude ⟨0w|C|0w⟩ is proportional to gap(fC), the difference
between the number of zeros and ones of fC . Thus a BQP-complete quantity is encoded by a
classical gap-counting problem whose cancellations reflect quantum interference.

This representation naturally leads to a width-minimization problem. Montanaro defined
the width w(f) of a polynomial f to be the minimum number of qubits in any circuit C
over Z such that fC = f . If f has n variables and width w(f), then a quantum computer
can approximate gap(f) to absolute error 2(n+w(f))/2/3. Hence smaller width gives better
approximate counting precision. Efficiently computing, or even approximating, w(f) would
therefore provide a clean combinatorial route toward approximate counting for quantum
amplitudes, and was posed by Montanaro as a natural open problem [23].

In this paper, we undertake a systematic study of the quantum circuit width problem,
formally denoted as CircuitWidth(f, k), which asks whether the width w(f) ≤ k. We
show that CircuitWidth(f, k) is NP-complete, and that even approximating the circuit
width within a small constant factor remains NP-hard. Furthermore, we extend our hardness
results to degree-2 polynomials, demonstrating that both the circuit width problem and
its approximate version remain NP-hard. This extension has broad implications because
many quantum gate sets yield degree-2 polynomials: for instance, circuits using {H, CS} or
Clifford+T gates produce polynomials with at most quadratic terms modulo 4 or 8 depending
on the gate set [26]. Thus, our approximation hardness result establishes that the same
computational intractability is universal across all these diverse gate sets. Moreover, since
degree-2 polynomials without linear terms correspond to graphs, circuit width in this setting
can be interpreted as a graph parameter related to treewidth or pathwidth, but carrying a
quantum information-theoretic interpretation concerning the arrangement of Hadamard gates
and diagonal two-qubit gates. Consequently, our results rule out efficient width optimization
across all these practically relevant quantum computing scenarios on classical or quantum
computers unless unlikely complexity-theoretic collapses occur. We further complement these
results with algorithmic upper bounds, including a nondeterministic search algorithm with
succinct witnesses and an efficient fixed-parameter tractable algorithm parameterized by the
circuit width.

Our results have several consequences. First, they answer Montanaro’s open question
by showing that circuit-width minimization is a genuine computational bottleneck in the
approximate-counting approach to quantum amplitudes. Second, circuit width provides
a natural framework for minimizing qubit usage in quantum computation, with potential
relevance to practical implementations and compilation of quantum algorithms. Our hardness
results indicate that, in the worst case, even quantum computers cannot solve this problem
efficiently or even approximately. Any further progress in this direction must therefore rely
on heuristic methods and exploit the structure of circuits for specific algorithms. Finally,
our hardness and fixed-parameter results suggest that circuit width behaves more like a
structural parameter, analogous to treewidth for tensor-network simulation [22] or linear
rank-width for decision-diagram simulation [6], than a direct measure of intrinsic quantum
computational power.

1.1 Our results
We summarize our main results on the circuit width problem. The results are twofold:
hardness results and algorithmic results.
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For the hardness of circuit width, we rule out the possibility of efficiently computing the
width of a degree-3 polynomial f with no constant term by proving that the problem of
deciding w(f) ≤ k (denoted by CircuitWidth(f, k)) is NP-complete.

▶ Theorem 1.1 (See also Corollary 4.10). CircuitWidth is NP-complete.

In fact, we are able to prove an inapproximability result: CircuitWidth is even NP-hard
to approximate within a multiplicative factor of about 1.02 (even restricted to instances with
k = Θ(n)), and hence it is impossible to approximate the width efficiently (in BQP power)
within additive O(log n) error unless NP ⊆ BQP.

▶ Theorem 1.2 (Informal, see also Theorem 5.3). For any constant 0 < ϵ < 1/48, it is
NP-hard to distinguish degree-3 polynomials f with no constant term and w(f) ≤ k from
those with w(f) ≥ ( 49

48 − ϵ)k.

The previous hardness results crucially rely on cubic terms (CCZ gates) to enforce complex
geometric constraints. However, many quantum computational models naturally correspond
to degree-2 polynomials. A natural question thus arises: does the approximation hardness
persist when we restrict to only degree-2 polynomials? We answer this affirmatively by
showing that approximation hardness persists with the same factor:

▶ Theorem 1.3 (Informal, see Theorem 5.5). The approximation hardness of CircuitWidth
holds for degree-2 polynomials: for any constant 0 < ϵ < 1/48, it is NP-hard to distinguish
quadratic f with w(f) ≤ k from those with w(f) ≥ ( 49

48 − ϵ)k.

Finally, from the viewpoint of conditional lower bounds, our reduction from 3-SAT
also yields an exponential lower bound under the standard Exponential Time Hypothesis
(ETH) [16]:

▶ Theorem 1.4 (See also Theorem 4.11). Assuming the Exponential Time Hypothesis (ETH),
no algorithm can solve CircuitWidth(f, k) in time 2o(n).

On the positive side, we provide a nondeterministic polynomial-time algorithm for the
search version of CircuitWidth(f, k) with improved witness complexity:

▶ Theorem 1.5 (Informal, see Theorem 6.3). There exists a nondeterministic polynomial-time
algorithm that, given a witness of size 2 log2

(
n
k

)
= O(k log(en/k)) bits, either constructs a

quantum circuit on at most k qubits with associated polynomial f , or correctly concludes that
no such circuit exists. Enumerating all endpoint witnesses gives a deterministic

(
n
k

)2 ·poly(n)-
time algorithm. When k = Θ(n), this is 2O(n), matching the ETH lower bound in Theorem 1.4
up to constant factors in the exponent.

Taking k as a constant, this yields an XP algorithm with runtime n2k+O(1). Moreover, from
the perspective of parameterized complexity [10, 7], the nondeterministic algorithm can be
easily transformed into a placement of CircuitWidth in the parameterized complexity class
W[1]. A natural question then arises: is the problem W[1]-complete, or is it fixed-parameter
tractable (FPT) with respect to parameter k? We answer the latter affirmatively:

▶ Theorem 1.6 (Informal, see also Theorem 6.5). CircuitWidth(f, k) is fixed-parameter
tractable with respect to parameter k. There exists an algorithm with runtime kO(k) · n that
solves the search version of CircuitWidth(f, k).

The concrete runtime is k6k+o(k) · n, which is faster than the XP algorithm when k ≤
n1/4−o(1), making it more efficient and practical for polynomially small k.

TQC 2026
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Figure 1 Circuit-to-polynomial map. The displayed circuit contributes y2 + x1x2 + x2x3 + y1y2 +
z1z2 + x2y1 + x2y2 + x2y2z1.

1.2 Organization
Section 2 gives the main ideas of the reductions and algorithms. Section 3 records the circuit-
polynomial correspondence, the interval model, and the complexity notation. Section 4
gives the 3-SAT reduction, including the main gadget definitions and proof sketches for
completeness and soundness. Section 5 derives approximation hardness and the degree-two
extension. Section 6 gives the structural characterization, the short nondeterministic witness,
and the high-level fixed-parameter algorithm.

2 Technical overview

We first recall the circuit-polynomial correspondence. Normalize a circuit by placing an
H gate at the beginning and end of every qubit wire. Each open wire segment between
consecutive H gates receives a symbol. A Z gate on symbol u contributes u; a CZ gate
between two simultaneously active symbols u, v contributes uv; a CCZ gate contributes uvw;
and an internal H gate between adjacent symbols u, v on the same wire also contributes uv.
Thus the polynomial has the form

fC(x) =
∑
u∈S

αuu +
∑

{u,v}⊆S

βuvuv +
∑

{u,v,w}⊆S

γuvwuvw,

with coefficients in F2.

Hardness overview

For hardness, the important observation is the relation between the number of symbols,
the number of internal H gates, and the number of wires. If a circuit has k wires and h

internal Hadamard gates, then it has exactly k + h symbols. A quadratic monomial can be
supplied either by a CZ gate or by an internal H adjacency. In our reduction the number of
symbols and the number of available quadratic monomials are arranged so that achieving the
budget k = 1 + 6m is possible only if all relevant quadratic monomials are used as Hadamard
adjacencies. Once this happens, the polynomial no longer merely asks for certain overlaps: it
forces a nearly rigid partition of the symbols into wires.

We distinguish variables from literals as follows. Symbols x, y, z name Boolean variables,
while ℓx, ℓy, ℓz denote the corresponding literals, each either positive or negated. For an
occurrence based on variable x, the local wire always uses xc, x̂c, xc; the literal ℓx is represented
by xc if it is positive and by xc if it is negated. The same convention applies to y and z.

The reduction uses five kinds of objects. There is one base symbol b, whose support
can be viewed as spanning the full time interval. For each clause c, a truth-marker wire
contains three symbols tc, t̂c, t̃c, with tc serving as the local truth reference. For each literal
occurrence, a variable wire contains xc, x̂c, xc; the two possible orders of the end symbols
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encode the truth value. Synchronization terms force all occurrences of the same Boolean
variable to make the same choice. Finally, each clause is checked by two binary OR gadgets:
pc is the output of the first disjunction ℓx ∨ ℓy, and oc is the final output pc ∨ ℓz of the whole
clause. The cubic term btcoc forces this final output to be true.

The proof of soundness has two layers. The first layer is a counting and isolation argument:
in a width-(1 + 6m) realization, the base symbol is isolated on one wire, and each clause
contributes exactly six three-segment wires: one truth-marker wire, three variable-occurrence
wires, and two OR wires. The second layer is geometric. Cubic monomials involving b force
the other two symbols to overlap at a common time. Since b can be taken to be active for
the whole interval, these terms become vertical overlap constraints. The OR wire can overlap
the marker tc exactly when at least one input literal does, and therefore every clause must
be satisfied.

Approximation hardness is obtained by the same construction applied to Max-3-SAT. If
a formula leaves ∆ clauses unsatisfied, then each such clause must spend one additional wire.
Hence the optimum width is 1 + 6m + ∆. Håstad’s 7/8 inapproximability theorem [14] gives
∆ ≥ (1/8− o(1))m, which turns into the threshold (1 + 6m + m/8)/(1 + 6m)→ 49/48.

The degree-two result replaces each cubic constraint by many quadratic constraints
between twin copies. The key combinatorial fact is a survival lemma: in any near-optimal
realization, for each symbol family, many copies are not used as exceptional connectors.
Among surviving copies, the complete pairwise quadratic constraints simulate the pairwise
intersections that a cubic term would have enforced. Helly’s theorem for intervals then
recovers a common intersection, so the degree-two instance preserves the original soundness
argument.

Algorithmic overview

The algorithms use a structural characterization. Guessing a circuit is the same as partitioning
the symbols into k ordered lists, one per wire, and then asking whether all overlaps and
Hadamard adjacencies can be scheduled in a common time order. This can be checked
by building a directed constraint graph on interval endpoints and testing acyclicity. The
nondeterministic algorithm therefore only guesses the sets of first and last symbols. Given
the right endpoints, a greedy procedure repeatedly extends an earliest-ending current head;
a geometric argument shows that such a head has at most one possible unused neighbor.
For the deterministic FPT algorithm, a width-k realization gives a path decomposition
of the connection graph of width at most k. We run dynamic programming over a tree
decomposition, storing only boundary wire order, coarse information about forgotten subpaths,
and a boundary topological order. The transition verification is handled by the boundary
invariant described in Section 6.4; the important point for the overview is that the state
count is k6k+o(k) per bag.

3 Preliminaries

3.1 Associated polynomials and width

We use the circuit-to-polynomial representation of Montanaro [23]. A circuit over {H, Z, CZ,

CCZ} is first put into a normalized form by adding an H gate at the beginning and end
of every qubit wire. A symbol is a maximal open wire segment between two consecutive
Hadamard gates. We write S for the set of symbols and supp(u) = (Lu, Ru) for the open
time interval during which u is active.

TQC 2026



7:6 On the Complexity of the Circuit Width Problem

The associated polynomial fC ∈ F2[S] is obtained by adding one monomial for each
gate interaction. A Z gate on u contributes u. A CZ gate on overlapping symbols u, v

contributes uv. A CCZ gate on symbols u, v, w with a common time intersection contributes
uvw. Finally, an internal Hadamard gate between two consecutive symbols u, v on the same
wire also contributes the quadratic term uv. All sums are over F2, so identical monomials
cancel in pairs.

▶ Definition 3.1 (Support and overlap). The support of a symbol u in a realizing circuit is
the interval supp(u) = (Lu, Ru). Two symbols u, v overlap if Lu < Rv and Lv < Ru. A set
of symbols has a common overlap if the intersection of their supports is nonempty.

A cubic term requires a common overlap of three intervals. We repeatedly use the
following special case of Helly’s theorem.

▶ Theorem 3.2 (Helly’s theorem for intervals [15]). For intervals on the line, if every
two intervals in a finite family intersect, then all intervals in the family have a common
intersection.

In particular, for three symbols, pairwise overlap is equivalent to common overlap. This
observation is what later allows us to replace cubic constraints by quadratic constraints
between twin copies.

▶ Definition 3.3 (Width). For a degree-three polynomial f ∈ F2[S] with no constant term,
the width w(f) is the minimum number of qubit wires in a normalized circuit C over {H, Z,

CZ, CCZ} such that fC = f .

▶ Definition 3.4 (Decision and search versions). The decision problem CircuitWidth(f, k)
asks whether w(f) ≤ k. The search version asks either to output a width-k circuit realizing
f , or to certify that no such circuit exists.

The input polynomial is specified by its nonzero monomials. We write n = |S| for the
number of symbols and m for the number of monomials. In the search version, an output
circuit may be represented combinatorially by ordered symbol lists, one list per qubit wire,
together with the choice of which quadratic monomials are realized by internal Hadamard
gates rather than CZ gates.

3.2 Complexity and algorithmic preliminaries
We use 3-SAT in the standard form where each clause contains three literals. For a formula
Φ, let m be the number of clauses and let OPT(Φ) be the maximum number of clauses
simultaneously satisfiable. The problem Max-3-SAT asks for this optimum.

Håstad’s theorem states that, for every ε > 0, it is NP-hard to distinguish satisfiable 3-
CNF formulas from formulas in which at most a (7/8+ε)-fraction of clauses are satisfiable [14].
We also use the Exponential Time Hypothesis and the sparsification lemma in the standard
consequence that linear-size 3-SAT cannot be solved in 2o(m) time unless ETH fails [16, 17].

A parameterized algorithm is fixed-parameter tractable with respect to k if its running
time is g(k)nO(1) for some computable function g [10, 7]. We use standard tree-decomposition
terminology [24, 4, 7]. A tree decomposition of a graph G is a tree whose nodes carry bags of
vertices so that every vertex appears in a connected set of bags and every edge is contained
in some bag. The width is one less than the maximum bag size. A path decomposition is the
special case in which the decomposition tree is a path. The treewidth tw(G) is the minimum
width of a tree decomposition of G, and the pathwidth pw(G) is the minimum width of a
path decomposition of G.
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Figure 2 Clause gadget for c = (ℓx ∨ ℓy ∨ z). The figure shows the base and marker wires, the
compressed first OR output pc, the z wire, and the final OR wire. The columns through pc and oc

are OR-gadget CCZ constraints; the columns through the z wire are marker–literal constraints; and
the remaining column through tc and oc is the pinning term btcoc.

4 The SAT reduction

Let Φ be a 3-CNF formula with clause set C, |C| = m. We construct a polynomial fΦ and
set the target width to k = 1 + 6m. The target should be read as one global wire plus six
local wires per clause. The reduction is designed so that this budget is tight: any attempt to
realize a quadratic term by a CZ gate instead of by an internal Hadamard adjacency would
consume too much room and force an extra wire. Thus the width bound turns algebraic
monomials into a rigid interval geometry.

We use the variable/literal convention from the overview: x, y, z are Boolean variables,
while ℓx, ℓy, ℓz are literals. If ℓx = x, its input symbol is xc; if ℓx = x̄, its input symbol is xc,
and similarly for y, z.

There is one global base symbol b. Geometrically, b is the anchor that allows a cubic
monomial buv to behave like a vertical overlap constraint between u and v: since the base
wire may span the entire construction, requiring b, u, v to meet at a common time is equivalent
to requiring the two local intervals u and v to meet. This is the mechanism that lets the
reduction implement Boolean tests using interval geometry.

For each clause c = (ℓx ∨ ℓy ∨ ℓz), introduce the eighteen symbols

tc, t̂c, t̃c, xc, x̂c, xc, yc, ŷc, yc, zc, ẑc, zc, ←−pc , pc,−→pc , ←−oc , oc,−→oc .

Let Sc denote this set of eighteen symbols. The intended six wires for c are the truth-marker
wire, the three variable-occurrence wires, and two OR wires. Each of these wires contains
three symbols. The middle symbol fixes the local role of the wire, while the two end symbols
are the parts whose position relative to the truth marker encodes a Boolean value or the
input-output behavior of an OR gate.

4.1 The gadgets
The truth-marker chain is

GTMc
= t̂ctc + t̂ct̃c.

Global truth-marker synchronization is enforced by

GTM = b
∑

{c,d}∈(C
2)

(tctd + t̂ct̂d + t̃ct̃d).

TQC 2026



7:8 On the Complexity of the Circuit Width Problem

For every literal occurrence of a Boolean variable x in clause c, the local variable gadget is

Gxc = bt̂c(xc + x̂c + xc) + x̂c(xc + xc).

For each Boolean variable x, all occurrences are synchronized by

Gx = b
∑

{(ℓ1,c1),(ℓ2,c2)}∈(Occ(x)
2 )

(xc1xc2 + x̂c1 x̂c2 + xc1xc2),

where Occ(x) is the multiset of literal occurrences whose underlying Boolean variable is x,
and the sum ranges over unordered pairs of distinct occurrences.

The binary OR gadget has input symbols u, v and output symbol q, with two endpoint
decorations ←−q ,−→q . It is

Gq=u∨v = b←−q u + bqu + bqv + b−→q v +←−q q +−→q q.

For a clause c = (ℓx ∨ ℓy ∨ ℓz), we set

Gc = Gpc=ℓx∨ℓy + Goc=pc∨ℓz + btcoc,

where pc is the intermediate output for ℓx ∨ ℓy, and oc is the output Boolean value of the
whole clause. A positive literal x is represented by xc, and a negative literal x̄ by xc. The
full polynomial is

fΦ = GTM +
∑

x

Gx +
∑
c∈C

(GTMc
+ Gxc

+ Gyc
+ Gzc

+ Gc).

The construction uses 1 + 18m symbols and has size polynomial in |Φ|. If a clause contains
repeated literals, distinct literal occurrences should be read as distinct algebraic symbols;
we suppress the corresponding occurrence indices to keep the notation light. Only the local
clause gadgets are needed to understand completeness. The global terms GTM and Gx are
used in soundness: they prevent a realization from choosing different coordinate systems
for different clauses, and they force all appearances of a Boolean variable to agree on which
endpoint represents the true literal.

4.2 Gadget behavior
▶ Lemma 4.1 (Base and clause isolation). In every realization of fΦ, the base symbol b lies
on a wire with no internal Hadamard gate. Moreover, no wire contains symbols from two
distinct sets Sc and Sd, c ̸= d. Thus any realization on at most 1 + 6m wires must use one
isolated base wire and exactly six local wires for each clause.

▶ Lemma 4.2 (Wire optimality). If fΦ has a realization on at most k = 1 + 6m wires, then
the realization uses exactly k wires, has exactly 12m internal Hadamard gates, and every
quadratic monomial of fΦ is realized by a Hadamard adjacency rather than by a CZ gate.

▶ Lemma 4.3 (Good clause structure). In any realization of fΦ on at most 1 + 6m wires, for
every clause c, the eighteen symbols Sc occupy exactly six wires. Up to reversal of individual
three-symbol chains, these wires are precisely
1. tc, t̂c, t̃c with t̂c in the middle;
2. xc, x̂c, xc, with x̂c between xc and xc, and similarly for y, z;
3. each OR triple ←−q , q,−→q lies on one wire, with q ∈ {pc, oc} in the middle.

The global truth-marker terms force all truth-marker wires to have the same orientation, up
to reversing the entire time axis.
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▶ Definition 4.4 (Encoding). For a clause c = (ℓx ∨ ℓy ∨ ℓz) satisfying Lemma 4.3, a symbol

s ∈ {xc, xc, yc, yc, zc, zc, pc, oc}

encodes true if s overlaps the truth marker tc, and encodes false otherwise. The literal ℓx

is represented by xc when ℓx = x and by xc when ℓx = x̄, and similarly for y, z.

▶ Lemma 4.5 (Encoding well-definedness). In every realization satisfying Lemma 4.3, for each
variable occurrence in a clause c, exactly one of xc and xc overlaps tc. The same statement
holds for the y- and z-occurrence wires.

▶ Lemma 4.6 (Variable-value realizability). For every Boolean variable x:
(a) In any realization on at most 1 + 6m wires, all occurrences whose underlying variable is

x induce the same value: xc overlaps tc for every such occurrence c if and only if this
common value is true.

(b) Given any truth assignment, the truth-marker and variable-occurrence wires can be placed
so that all marker–occurrence and synchronization cubic monomials are realized and each
occurrence encodes the assigned value.

▶ Lemma 4.7 (OR correctness). For a binary OR gadget Gq=u∨v in a good clause c:
(a) In any realization on at most 1 + 6m wires, if q overlaps tc, then at least one of u, v

overlaps tc.
(b) Fix the input wires carrying u and v. There is a placement of the ←−q , q,−→q wire that

realizes exactly the quadratic and cubic monomials in Gq=u∨v; moreover, if at least one
of u, v overlaps tc, the placement can be chosen with q overlapping tc.

▶ Lemma 4.8 (Clause correctness). For any good clause c = (ℓx ∨ ℓy ∨ ℓz):
(a) If oc overlaps tc, then at least one of the three literal symbols representing ℓx, ℓy, ℓz

overlaps tc.
(b) Given fixed literal-occurrence wires, if at least one represented literal overlaps tc, then

the pc- and oc-wires can be placed so that all monomials in Gc are realized and oc

overlaps tc.

Proof sketches for Lemmas 4.1–4.3 and 4.5–4.8 are deferred to Appendix A.1.

▶ Theorem 4.9 (Completeness and soundness). For the polynomial fΦ constructed above,

Φ is satisfiable ⇐⇒ w(fΦ) ≤ 1 + 6m.

Proof sketch. Completeness follows by placing the variable-occurrence wires according to a
satisfying assignment and then applying Lemmas 4.6 and 4.8. For soundness, Lemmas 4.1–4.3
force the intended six-wire structure in every clause; Lemmas 4.5 and 4.6 decode a global
assignment; and Lemma 4.8 plus the pinning term btcoc show that each clause is satisfied. ◀

▶ Corollary 4.10. CircuitWidth is NP-complete.

Proof sketch. Membership in NP follows because a certificate consists of a partition of
symbols into at most k ordered wires and a specification of which quadratic monomials are
Hadamard adjacencies; the interval constraints can be checked by a topological-sort test as
in Lemma 6.1. Hardness is Theorem 4.9. ◀

▶ Theorem 4.11. Unless ETH fails, CircuitWidth has no 2o(n)-time algorithm, where n

is the number of symbols, even on instances with k = Θ(n).

TQC 2026



7:10 On the Complexity of the Circuit Width Problem

Proof sketch. By the sparsification lemma [17], it is enough to consider 3-SAT formulas
with N variables and m = O(N) clauses. The reduction has 1 + 18m symbols and k =
1 + 6m = Θ(n). A 2o(n)-time algorithm for CircuitWidth would therefore solve these
3-SAT instances in 2o(m) time, contradicting ETH. ◀

5 Approximation hardness and degree-two inputs

5.1 Gap amplification from Max-3-SAT
▶ Definition 5.1 (Approximation version). For α > 1, CircuitWidth-α-Approx asks us to
distinguish instances with w(f) ≤ k from instances with w(f) ≥ αk, promised that one case
holds.

▶ Theorem 5.2 (Max-3-SAT reduction). Let Φ be a 3-CNF formula with m clauses, and
let OPT(Φ) be the maximum number of satisfiable clauses. The construction above can be
realized with 1 + 6m + (m−OPT(Φ)) wires, and no realization can use fewer wires.

Proof sketch. The extra-wire accounting is deferred to Appendix A.1. Each unsatisfied
clause costs one additional wire, and each additional wire can repair at most one clause
obstruction. ◀

▶ Theorem 5.3. For every constant α < 49/48, CircuitWidth-α-Approx is NP-hard.

Proof sketch. By Håstad’s theorem [14], it is NP-hard to distinguish satisfiable formulas
from formulas for which at least (1/8− o(1))m clauses remain unsatisfied. The corresponding
widths are at most 1 + 6m in the first case and at least 1 + 6m + (1/8− o(1))m in the second.
The ratio tends to (6 + 1/8)/6 = 49/48. ◀

5.2 Removing cubic terms
We now describe the degree-two transformation as an explicit recipe. The input is the cubic
polynomial fΦ from Section 4; every cubic monomial in that polynomial has the form buv,
with the global base symbol b and two non-base symbols u, v. Fix a constant N > 60 and a
sufficiently large polynomially bounded integer M . The degree-two polynomial f ′

Φ is built as
follows.

(i) Replace b by a base family B = {b1, . . . , bNm}, and replace every other symbol u by a
twin family U = {u1, . . . , uM}.

(ii) Add all quadratic terms inside each family. These clique constraints are not meant to
simulate gates of the original circuit; they make it expensive for many copies of the
same symbol to be used as exceptional connectors.

(iii) For each original quadratic monomial uv, add only the matching terms uivi, 1 ≤ i ≤M .
Thus the i-th non-base copies reproduce the original Hadamard-adjacency structure
independently for each index i.

(iv) For each original cubic monomial buv, add the three complete bipartite graphs between
the corresponding families:∑

r,i

brui +
∑
r,j

brvj +
∑
i,j

uivj .

This is the only place where a cubic constraint is removed: the required common
intersection is replaced by all three pairwise-overlap requirements among copies of
b, u, v.
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The yes-case realization uses M parallel non-base copies of the original six-wires-per-clause
construction, together with the remaining base copies on separate base wires, for baseline
width (6M + N)m.

The clique and bipartite terms make the replacement robust: near-optimal realizations
have many surviving copies, and every surviving copy triple for a replaced term buv satisfies
the original common-intersection condition by Helly’s theorem. The accounting is deferred
to Appendix A.2.

▶ Lemma 5.4 (Twin survival). In any near-optimal realization of f (2), all but a bounded
number of copies in each family are surviving: they are not used as flexible connectors
for symbols outside their intended family interactions. For surviving copies, the quadratic
replacement of a cubic term buv enforces a common intersection in the same sense as the
original cubic term.

Proof sketch. See Appendix A.2. ◀

▶ Theorem 5.5. For every constant α < 49/48, CircuitWidth-α-Approx remains NP-hard
when the input polynomial is restricted to degree at most two.

Proof sketch. Apply the twin transformation to the gap instances of Theorem 5.2. The
surviving copies simulate the original cubic constraints by Lemma 5.4, so a near-optimal
degree-two realization induces a near-optimal realization of the original cubic instance, up to
the predetermined lower-order slack. Taking M sufficiently large makes this slack negligible
compared with the m/8 gap from Håstad’s theorem [14], preserving every approximation
factor below 49/48. ◀

6 Algorithms

We now turn to the algorithmic side of the width problem. The guiding point is that,
once the symbols have been assigned to ordered wire lists, the remaining question is purely
one-dimensional: can the active intervals of the symbols be scheduled so that all monomials
of the polynomial are realized by the permitted H, Z, CZ, and CCZ gates? This scheduling
problem is exactly an acyclicity test for a directed constraint graph. Thus the algorithmic
task splits into two parts. First, find or certify a plausible partition of the symbols into k

ordered lists. Second, run a topological-sort check on the endpoint constraints induced by
these lists.

Let Gf denote the connection graph of f . Its vertex set is the symbol set S, and two
symbols are adjacent whenever they occur together in a quadratic monomial or as part of
a cubic monomial. We use the following harmless cleanup throughout this section. If a
quadratic term uv appears while a cubic term uvw also appears for some w, then temporarily
delete the quadratic copy. Any realization of uvw already places u, v, w on three distinct
wires with a common overlap, and hence the deleted term can be restored at the end by
placing a CZ gate inside that overlap. After this cleanup, a quadratic term that is used as a
direct adjacency on a wire is never simultaneously forced as a subterm of a CCZ constraint.

6.1 Checking fixed ordered lists
Suppose first that we are given ordered lists L1, . . . , Lk, one for each wire. The lists include
only the real symbols; conceptually, each list is also bracketed by a local source and a local
sink, which are identified with global endpoint vertices S and E. Consecutive real symbols
on a list are the only pairs that may be separated by an internal H gate. Therefore every
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Ordered lists Li

H H1 H2 H

x1 x2 x3

H H3 H
y1 y2

H H4 H
z1 z2

Check

Graph H

S

H1 H2

H3

H4

E

wire order
overlap constraints

one order: S, H1, H3, H4, H2, E

place
gates

Realized circuit

H

H

H

H1

H3

H4

H2 H

H

H

x1 x2 x3

y1 y2

z1 z2

Figure 3 The Check routine for fixed ordered lists. Left: the proposed wire lists. Middle: the
endpoint digraph H, where black edges encode wire order and dashed red edges encode overlap
constraints from monomials. Right: any topological order of H gives gate positions and hence a
realizing circuit with H, CZ, and CCZ gates placed consistently.

consecutive real pair (u, v) must correspond to a quadratic monomial uv of f . Quadratic
monomials not used in this direct way are interpreted as CZ-overlap constraints, and cubic
monomials are interpreted as CCZ-overlap constraints.

For fixed lists we build a directed graph H. Its vertices are endpoint or link vertices,
representing the positions of H gates. For a symbol u, write L(u) and R(u) for the link
immediately before and immediately after u on its list. If u and v are consecutive on a wire,
then R(u) = L(v). The wire order gives the directed path from S through the links on each
list to E. A remaining quadratic monomial uv adds the two precedence constraints

L(u)→ R(v), L(v)→ R(u),

which are exactly the inequalities saying that the intervals of u and v overlap. A cubic
monomial uvw adds the same two constraints for each of the three pairs. The construction
is illustrated in Figure 3.

▶ Lemma 6.1 (Structural characterization). A polynomial f has a width-k realization with
prescribed ordered lists L1, . . . , Lk if and only if every adjacent real-symbol pair in the lists is
a quadratic monomial of f , and the directed graph H constructed above is acyclic. Given the
lists, the check and the corresponding circuit construction take O(m + n) time.

Proof sketch. A realizing circuit gives real times to all H gates, so every wire-order edge
and every monomial-induced precedence edge in H points forward in time. Thus H is acyclic.
Conversely, suppose H is acyclic and choose a topological order. This order assigns times
to all endpoints, so each symbol u occupies the interval (L(u), R(u)). The two directed
inequalities for a quadratic monomial uv are equivalent to the intersection of these two
intervals, allowing a CZ gate unless uv was already used as a direct H-adjacency. For a
cubic monomial uvw, the six directed inequalities force the three intervals to be pairwise
intersecting; by Helly’s theorem for intervals (Theorem 3.2), they have a common intersection,
where we place a CCZ gate. Linear terms are realized by Z gates inside their symbol intervals.
The graph has O(n) vertices and O(m + n) edges, so Kahn’s topological-sort algorithm [19]
gives the stated running time and also constructs the schedule. ◀

We denote this linear-time subroutine by Check(f, L1, . . . , Lk). The rest of the section
explains how to find suitable ordered lists. The nondeterministic algorithm guesses only
the endpoints of the lists and reconstructs the interior greedily; the deterministic algorithm
stores the same information locally in a tree-decomposition dynamic program.
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6.2 Endpoint witnesses and greedy reconstruction
The witness only names the two endpoints of every wire. Namely, it gives a set Shead of the k

leftmost symbols and a set Stail of the k rightmost symbols, using 2 log2
(

n
k

)
= O(k log(en/k))

nondeterministic bits. The rest of the wire order is then forced greedily: start one partial list
at each head, keep CurrentHeads as the current right endpoints of unfinished lists, and let U

be the symbols not yet placed.
In each round, first close any list whose current endpoint already lies in Stail. Then look

for an open endpoint v that has exactly one neighbor u in U in the connection graph Gf .
Such a neighbor is the only possible next symbol on that wire, so append u, replace v by u

in CurrentHeads, and remove u from U . If unplaced symbols remain but no endpoint has a
unique unplaced neighbor, the guessed endpoints are rejected. After all symbols are placed,
Check verifies the resulting ordered lists. Figure 4 illustrates this greedy reconstruction on
the example from Figure 3.

H H

H H

H H

H H

H

H

x1

y1

z1

x2

y2

x3

z2

Step 1: x1 → x2

Step 2: y1 → y2

Step 3: z1 → z2

Step 4: x2 → x3

Figure 4 Greedy reconstruction from endpoint sets. For f0 = x1x2 + x2x3 + y1y2 + z1z2 + x2y1 +
x2y2 + x2y2z1, the witness says that the three wires start at x1, y1, z1 and end at x3, y2, z2. The
algorithm repeatedly extends a current endpoint by its unique unplaced neighbor in Gf , producing
L1 = (x1, x2, x3), L2 = (y1, y2), and L3 = (z1, z2), and then calls Check to verify the lists.

The unique-neighbor property is the reason the endpoint witness is enough.

▶ Lemma 6.2 (Unique neighbor and greedy extension). If Shead and Stail are exactly the
symbols at the start and end of each wire in some valid width-k circuit realizing f , then after
the procedure closes the current heads in Stail, at every nonterminal step there exists an open
current head v ∈ CurrentHeads with exactly one neighbor among the untouched symbols in Gf .
This neighbor is the true next symbol on the same wire. Consequently, the greedy procedure
with the correct witness reconstructs ordered lists compatible with a valid realization.

Proof sketch. Maintain the invariant that each partial list built by the algorithm is a prefix
of a true wire list. The closing step is valid because a true tail has no successor on its own
wire. After the closing step, every current head is an open head. Choose one whose active
interval ends earliest in the realizing circuit. Its true successor is an untouched neighbor
because an internal H gate between consecutive symbols contributes the corresponding
quadratic monomial. No untouched symbol on another wire can also be adjacent to the
earliest-ending head: such an adjacency would require overlap, but every untouched symbol
starts to the right of the current frontier on its own wire, whose endpoint is no later than
the start of that symbol. Thus the only untouched neighbor is the true successor. Induction
proves the lemma. ◀

TQC 2026



7:14 On the Complexity of the Circuit Width Problem

▶ Theorem 6.3 (Endpoint witness). For the search version of CircuitWidth(f, k), there
is a nondeterministic polynomial-time algorithm using 2 log2

(
n
k

)
= O(k log(en/k)) non-

deterministic bits. Enumerating all endpoint witnesses gives a deterministic
(

n
k

)2 poly(n)-time
algorithm.

Proof sketch. The witness is the pair (Shead, Stail). With the correct pair, Lemma 6.2
reconstructs compatible lists, and Lemma 6.1 then constructs a realizing circuit. With an
incorrect pair, the algorithm accepts only if Check verifies an actual width-k realization,
so every accepting branch is sound. Deterministically trying all two endpoint sets gives the
claimed running time. ◀

6.3 From greedy reconstruction to bounded pathwidth
The same greedy view also gives the structural observation used by the fixed-parameter
algorithm: if the circuit exists, then Gf has a path decomposition with bags of size at most
k + 1. Intuitively, the moving set of current heads is a separator between the symbols already
reconstructed and the symbols not yet touched.

▶ Lemma 6.4 (Path decomposition from a realization). If w(f) ≤ k, then pw(Gf ) ≤ k, and
hence tw(Gf ) ≤ k.

Proof sketch. Run the greedy procedure using the true endpoint sets. Keep an auxiliary
set St of size k, retaining the tail symbol of a wire even after that wire is closed. Let S0
be the head set. Whenever the greedy process replaces a head v by its successor u, set
St = (St−1 \ {v}) ∪ {u}. Use bags B0 = S0 and Bt = St−1 ∪ St. Each bag has size at most
k + 1, so the width is at most k. Each symbol appears in a contiguous subsequence of bags.
A direct H-adjacency is covered by the transition bag where the successor is introduced. An
overlap edge (coming from CZ or CCZ gates) cannot jump over the frontier; otherwise an
earliest-ending current head would have an untouched neighbor other than its true successor,
contradicting Lemma 6.2. Therefore every edge of Gf is covered, and the bags form a path
decomposition. ◀

Given the polynomial, we first build Gf in O(m) time. We then run, for example,
Korhonen’s single-exponential 2-approximation algorithm for treewidth [20]. If it certifies
that tw(Gf ) > k, then we reject by Lemma 6.4. Otherwise we obtain a tree decomposition
of width O(k) and convert it into a standard nice tree decomposition with leaf, introduce,
forget, and join nodes, as recalled in the full version [18].

6.4 Dynamic programming on a tree decomposition
We now describe the explicit dynamic program. Let x be a node of the nice tree decomposition,
let Bx be its tree bag, and let Vx be the set of symbols appearing in the subtree rooted at x.
The table Dx stores realizable states. Each state encodes a partial wire assignment and a
boundary topological order for the symbols in Bx. A state is realizable if it can be extended
to a valid circuit configuration using all symbols in Vx.

Intuitively, a valid circuit configuration for Vx consists of:
wire assignments: a partition of symbols in Vx into k ordered lists L1, . . . , Lk;
edge types: an assignment ρ describing, for each pair of consecutive symbols on the
same list, whether they are adjacent by a direct internal H gate or are not connected
inside the current partial solution;
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such that the induced partial endpoint graph H[Vx(ρ)] is acyclic. This captures exactly the
structure needed to realize the symbols in Vx: the lists determine the wire assignment, the
edge types encode local connectivity, and acyclicity of H[Vx(ρ)] ensures that the relevant H

gates can be consistently ordered in time. At the root, where Vx = S, such a configuration is
precisely a complete circuit layout.

A state in Dx has two components (Wx,Ox):
1. Wx = (W1, . . . , Wk, τ). This is a partition of the boundary symbols in Bx into k ordered

lists Wi, each with endpoint sentinels s, e, together with an edge type τ on consecutive
entries of each Wi:

τ(u, v) = 1: real symbols u, v are adjacent on the wire, so they are connected by a
direct internal H gate;
τ(u, v) = 2: the two visible entries are connected through forgotten real symbols in
Vx \Bx, and each consecutive real-symbol pair on that hidden path is connected by a
direct internal H gate;
τ(u, v) = 0: the two visible entries are not connected inside the current subtree.

2. Ox. This is a topological ordering of the boundary endpoint vertices

{S, E} ∪ {L(u), R(u) : u ∈ Bx},

after the identifications induced by type-1 pairs, with S first and E last.

The formal realizability condition is the following. A state (Wx,Ox) is stored in Dx if
and only if there exist ordered lists L1, . . . , Lk partitioning Vx and edge types ρ ∈ {0, 1} on
consecutive entries in each Li such that:

(i) each boundary list Wi is a subsequence of Li with order preserved;
(ii) τ extends to ρ, meaning that type-0 and type-1 boundary claims remain unchanged,

while a type-2 boundary relation is realized by a nonempty path of type-1 direct
H-adjacencies through forgotten real symbols;

(iii) the partial constraint graph H[Vx(ρ)] is acyclic, and Ox is the restriction of one of its
topological orderings to the boundary vertices {S, E} ∪ {L(u), R(u) : u ∈ Bx}.

Following the standard bottom-up dynamic-programming paradigm on nice tree decom-
positions [7], the four nice-node transitions are local. At a leaf node, the unique state has
empty boundary lists and the order S < E. At an introduce node, a new symbol is inserted
into one visible type-0 gap of one boundary wire; the transition chooses the two new boundary
types, inserts L(u), R(u) into the boundary order, and checks all monomial constraints that
have become visible. At a forget node, the symbol is removed from the boundary list after
all constraints that would become internal have been checked; the two exposed boundary
gaps are merged, recording type 2 if a hidden direct-H path has been completed. At a join
node, two child states are compatible only if they agree on the visible wire order and on the
boundary topological order; the type information is then merged. The common boundary
order certifies acyclicity of the union, because any directed cycle would either already lie in
one child or would force two boundary vertices to appear in opposite orders. For details, see
the full version [18].

At the root r, the bag is empty. The algorithm accepts exactly when Dr is nonempty. In
that case, backpointers recover the ordered lists and the direct-H adjacencies, and a final
call to Check from Lemma 6.1 constructs the actual circuit. If Dr is empty, then no valid
width-k circuit exists.
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▶ Theorem 6.5 (Fixed-parameter algorithm). Given a degree-three polynomial f on n symbols
with m monomials and an integer k, the search version of CircuitWidth(f, k) can be solved
in k6k+o(k)n + O(m) time.

Proof sketch. By Lemma 6.4, the treewidth preprocessing is sound: if the connection graph
has treewidth greater than k, no width-k realization exists; otherwise we obtain a nice
decomposition of width O(k). For each bag, the number of possible ordered boundary wire
structures, three-valued type assignments, and boundary endpoint orders is k6k+o(k). The
introduce, forget, and join transitions are bounded by the same factor, and the number of
nice bags is linear in n. The DP invariant above proves by induction that a state is stored
exactly when it has a compatible extension over the processed subtree. Hence a nonempty
root table yields a circuit, recovered by backpointers and Lemma 6.1, while an empty root
table certifies that none exists. Building Gf and performing the cleanup take O(m) time, so
the total running time is k6k+o(k)n + O(m). ◀

7 Conclusion

We proved that the width of the polynomial representation of IQP-type circuits is com-
putationally hard to determine and hard to approximate below 49/48, with the same
approximation hardness persisting for degree-two inputs. At the same time, the problem has
a strong structural side: width-k realizations force low pathwidth in the connection graph,
which leads to compact nondeterministic witnesses and to a deterministic FPT algorithm.
The main open directions are to close the approximability gap, improve the dependence on
k in the dynamic program, and identify important circuit families for which width can be
optimized efficiently.
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A Technical details deferred from the main text

A.1 Deferred SAT-gadget checks
Base isolation

The symbol b appears only in cubic monomials. If an internal Hadamard gate were adjacent
to b, it would contribute a quadratic monomial bs. Since the two adjacent supports are
disjoint, the same monomial cannot also be produced by a CZ gate and canceled over F2.
This contradicts the definition of fΦ. The same argument applies to a Hadamard transition
between symbols from two different clauses, because no cross-clause quadratic monomial is
present in fΦ. Hence clause symbol sets cannot share wires, which proves Lemma 4.1.

Wire optimality and good clauses

The construction has 1 + 18m symbols. A circuit with w wires and h internal Hadamard
gates has w + h symbols, so w ≤ 1 + 6m implies h ≥ 12m. On the other hand, fΦ has exactly
12m quadratic monomials: two for each of the six local chains in every clause. Each internal
Hadamard gate contributes one quadratic monomial, and an adjacent pair of symbols has
disjoint supports, so this monomial cannot be canceled by a CZ gate. Hence h ≤ 12m, and
equality proves Lemma 4.2.

Together with Lemma 4.1, this forces the two quadratic monomials in each intended
chain to be Hadamard adjacencies. A wire containing four local symbols would create a
length-three Hadamard chain and hence a quadratic monomial not present in fΦ. Thus each
clause needs at least six local wires, and the global budget leaves exactly six. The listed
quadratic pairs then uniquely force the six three-symbol chains. The terms in GTM align the
roles t, t̂, t̃ across clauses, up to one global time reversal, proving Lemma 4.3.

Encoding and synchronization

The marker–occurrence cubic monomials

bt̂cxc, bt̂cx̂c, bt̂cxc

force t̂c to overlap all three symbols xc, x̂c, xc. In the good-clause structure, xc and xc lie on
opposite sides of x̂c, while t̂c lies between tc and t̃c. Hence exactly one of xc, xc overlaps tc,
proving Lemma 4.5.

The truth-marker synchronization terms force every pair of truth-marker wires to have
the same role order, up to the same global reversal. For two occurrences of x, the terms

bxc1xc2 , bx̂c1 x̂c2 , bxc1xc2

force the two occurrence wires to have the same orientation relative to their truth-marker wires.
Thus the overlap pattern of xc and xc with tc is independent of the clause. Conversely, given
an assignment, choose the common truth-marker orientation and orient each occurrence wire
according to the assigned value. The same overlaps realize the required marker–occurrence
and synchronization terms, proving Lemma 4.6.

OR and clauses

In Gq=u∨v, the quadratic terms ←−q q and −→q q place q between its two decorated endpoints.
The cubic terms involving u force the junction between ←−q and q to lie in supp(u), and the
terms involving v force the junction between q and −→q to lie in supp(v). Thus supp(q) is



Z. Ji, Y. Liu, and Z. Zhou 7:19

contained in the interval spanned by supp(u) ∪ supp(v). If neither input overlaps tc, this
interval cannot cross tc, so q cannot overlap tc. Conversely, if one input meets tc, put the
corresponding junction point in that intersection and the other junction point in the other
input support. This realizes the four cubic terms and makes q overlap tc, proving Lemma 4.7.

The clause gadget is the cascade pc = ℓx ∨ ℓy and oc = pc ∨ ℓz. Applying Lemma 4.7 to
the two OR gadgets gives both directions of Lemma 4.8; the final monomial btcoc is realizable
exactly when oc overlaps tc, since b is active for the whole interval.

Gap accounting

Let ∆ = m−OPT(Φ). An assignment satisfying m−∆ clauses is realized by the intended
six wires on every satisfied clause. For each unsatisfied clause, one extra wire realizes the
final output constraint locally without making oc overlap the truth marker, giving 1+6m+∆
wires. Conversely, a realization using 1 + 6m + r wires has the width-optimal six-wire form
on all but at most r clauses. On those good clauses, the OR constraints and btcoc imply
satisfaction under the decoded assignment. Hence each extra wire can repair at most one
clause obstruction, proving Theorem 5.2.

A.2 Degree-two twin replacement

The key point is that a clique of quadratic constraints leaves almost all copies geometrically
usable. If three clique copies lie on one wire in order a− b− c, then ac cannot be realized; if
two wires each contain two clique copies, the earlier internal H-adjacency makes a crossed
pair disjoint. Thus at most two copies in such a clique can share a wire with another clique
copy. For a replaced cubic term buv, the family cliques and the three complete bipartite
graphs form a clique on the copies of b, u, v. Hence at least Nm− 2 base copies and M − 2
copies of each non-base symbol survive this term. Union-bounding over all cubic-term
families gives at least M − 20 globally surviving copies of every non-base symbol and at
least Nm− 60m globally surviving copies of b: the worst non-base losses are 20 for truth
markers, 8 for variable-occurrence symbols, and 10 for OR symbols, while the base losses
are 6 + 18m + 6n + 16m + 2m ≤ 60m, using n ≤ 3m. Fix a clause c. The sharper local
count loses at most 26 + 48 + 22 = 96 indices among its 18 local symbols, so at least M − 96
indices j make all copies sj , s ∈ Sc, globally surviving. Since N > 60, choose one globally
surviving base copy br. For every original cubic term buv, the quadratic replacement forces
br, uj , vj to pairwise intersect; by Theorem 3.2, they have a common intersection, exactly
as the original CCZ constraint required. Finally, distinct surviving base copies and distinct
surviving clause copies cannot share wires: a consecutive shared-wire pair would either have
no matching quadratic term or contradict survival for a tripartite replacement. Thus each
surviving clause copy uses six wires if it is good and at least seven otherwise. If g is the
number of good surviving clause copies, then

w(f ′
Φ) ≥ Nm− 60m + 7

∑
c

|Jc| − g.

A circuit with at most (7M + N)m− tM − 750m wires would force g > tM , so more than t

clauses have a good copy. The decoding lemmas from the cubic construction then give an
assignment satisfying more than t clauses. This proves Lemma 5.4 and the degree-two gap.
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A.3 Checking a fixed wire order
We also record the constructive content of Lemma 6.1. Suppose the symbols have already
been partitioned into ordered lists L1, . . . , Lk. Consecutive symbols on a list are the only
candidates for internal Hadamard adjacencies. Therefore the first check is purely algebraic:
if two consecutive genuine symbols u, v are declared adjacent, then the quadratic monomial
uv must appear in f . Otherwise the wire order would create a quadratic term that is not in
the target polynomial.

After this check, all remaining monomials are interpreted as overlap requirements. For
every symbol u introduce two endpoint vertices L(u), R(u) and the edge L(u) → R(u). If
u, v are consecutive on a wire and are realized by an internal Hadamard adjacency, identify
R(u) = L(v). A remaining quadratic monomial uv requires the two intervals to intersect,
and this is equivalent to the two precedence constraints L(u) → R(v) and L(v) → R(u).
A cubic monomial uvw requires a common intersection of three intervals; for intervals, by
Helly’s theorem, this is equivalent to the three pairwise intersections, so we add the same
two edges for each of the three pairs.

If the resulting directed graph has a cycle, then no assignment of real endpoint times
can satisfy all precedence constraints. Conversely, if it is acyclic, choose any topological
order and place endpoints according to that order, with a small perturbation to separate
equalities except those intentionally identified by Hadamard adjacencies. The added edges
guarantee that every required pair of intervals overlaps. For every cubic monomial, the three
pairwise overlaps imply a common overlap, so a CCZ gate can be placed at a common time.
Quadratic monomials not used as Hadamard adjacencies are realized by CZ gates at their
overlap times, and linear monomials are realized by Z gates. This produces a circuit realizing
exactly f .

The construction is linear in the input size once the monomials are stored as incidence
lists. The endpoint graph has O(n) vertices and O(m + n) edges, because each monomial
contributes only constantly many precedence edges. A single topological sort either returns a
schedule or certifies impossibility. This is the subroutine used by both the nondeterministic
reconstruction and the final reconstruction step of the FPT algorithm.

A.4 Greedy reconstruction from endpoints
We expand the proof of Lemma 6.2. Assume that the guessed heads and tails are the true
sets of first and last symbols of the wires in some valid realization. During the greedy
procedure, maintain the invariant that every partial list already constructed is a prefix of the
corresponding true wire. Equivalently, the current heads form a cut through the realizing
circuit: all assigned symbols lie weakly to the left of this cut on their wires, and all unassigned
symbols lie to the right.

At the beginning of each iteration, the algorithm closes every current head that belongs
to Stail. This is safe for the reconstruction step: such a symbol has no successor on its
own wire, while any remaining overlap edges incident to it will be verified later by the
independent check. If unassigned symbols remain, then some unclosed wire still has an
unassigned successor.

Choose, among the remaining current heads, a head v whose right endpoint is earliest
in the true schedule, and let u be its true successor. The pair v, u is an internal Hadamard
adjacency, hence an edge of the connection graph, so u is an unassigned neighbor of v. We
claim that u is the only such neighbor. If there were another unassigned neighbor z, then
some monomial would force the interval of z to overlap the interval of v. But z lies to the
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right of the current cut on its own wire. Its wire therefore has a current head whose right
endpoint must occur no later than the left endpoint of z. Since z overlaps v, this would force
that current head to end before or at the same time as v, contradicting the choice of v as the
earliest-ending available head unless z is exactly the successor on the same wire.

Thus the selected open head has exactly one unassigned neighbor, and the greedy rule is
forced to append its true successor. The prefix invariant is preserved, and the number of
unassigned symbols decreases after each extension. Induction proves that with the correct
endpoint witness the greedy procedure never gets stuck and reconstructs wire lists compatible
with the original realization.

For soundness, no trust is placed in the witness. The greedy procedure may construct
lists from an incorrect pair of endpoint sets, but the algorithm accepts only after the
independent check of Lemma 6.1 succeeds. Thus any accepting branch outputs an actual
width-k realization. The witness size is exactly the information needed to specify the two
endpoint sets, namely 2 log2

(
n
k

)
bits.

A.5 Dynamic-programming states and transitions
We use the notation from Section 6.4. For a bag Bx, a state (Wx,Ox) has the following
formal meaning. The wire part Wx places the symbols of Bx into k ordered lists, each with
sentinels s, e. For every consecutive visible pair (u, v) it stores a type τ(u, v) ∈ {0, 1, 2}.
Type 1 means that u, v are already a direct internal-Hadamard pair, and therefore uv must
be a quadratic monomial of f . Type 2 means that u and v are connected by a nonempty
path of forgotten direct-Hadamard pairs. Type 0 means that the processed part has not
connected them by a Hadamard chain.

The order part Ox is a topological order of the visible endpoint vertices S, E, L(u), R(u)
for u ∈ Bx, after the identifications R(u) = L(v) forced by type-1 pairs. It must respect the
interval edges L(u)→ R(u), the visible wire-order edges, and every currently visible overlap
edge induced by a monomial whose relevant symbols are in the processed subtree. A state
is stored exactly when it has an extension to all symbols in Vx whose full partial endpoint
graph is acyclic and restricts to Ox on the boundary.

For a leaf bag, the unique state consists of k empty lists (s, e) and the order S < E. At an
introduce node for a symbol u, we insert u into one visible type-0 gap of one wire. Inserting
into a type-1 or type-2 gap is forbidden: type 1 is already a direct Hadamard adjacency, and
type 2 hides a completed forgotten path. The two new neighboring pairs are marked type 0
or legal type 1, and the order inserts L(u), R(u) in all possible positions consistent with the
interval, wire, and newly visible overlap edges.

At a forget node for u, we remove u from the visible wire list. If the visible neighbors of u

are a and b, the new type of (a, b) records whether the removed portion has become a hidden
Hadamard path: two incident pieces that contain a type-1 or type-2 segment are merged
into type 2, while two empty type-0 pieces merge into type 0. Before deleting L(u), R(u),
the transition checks all monomial constraints involving u whose other symbols have already
appeared in the processed subtree; after the forget step, such constraints will no longer be
visible from the boundary.

At a join node, the two child states are compatible only if they induce the same visible
wire order and the same boundary topological order. Their type labels are then merged. A
direct-adjacency claim cannot be made independently on both sides unless it is the same
visible claim; hidden paths are merged as hidden information. This rule reflects the separator
property of the tree decomposition: the two processed subinstances can interact only through
the bag.
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A.6 Correctness and size of the dynamic program
Correctness follows by induction over the nice tree decomposition. The leaf case is immediate.
For an introduce node, any realizing extension of the parent state restricts to a realizing child
state after deleting the newly introduced symbol. Conversely, if a child extension exists and
the introduce checks pass, then the only new constraints involving u are boundary-visible;
adding the checked endpoint vertices to the child’s acyclic endpoint graph preserves acyclicity.
The bag-separator property ensures that u has no unrecorded interaction with vertices outside
the current subtree.

The forget step is the same invariant in reverse. A realizable child state can forget u

precisely when all constraints that become internal after deleting u have been checked. The
type of the merged boundary pair contains exactly the information an outside continuation
may need: either the gap is still empty, or it already hides a completed Hadamard path and
therefore cannot be split by a future insertion. No absolute timing information is needed
because all timing constraints are represented by the acyclicity of the endpoint graph.

For a join node, let H1 and H2 be the two partial endpoint graphs. They intersect only
on boundary endpoint vertices. If the two child states agree on the boundary topological
order, any directed cycle in H1 ∪H2 either lies inside one Hi or crosses the boundary at least
twice. In the latter case, the cycle would force two boundary vertices to appear in opposite
orders in the common boundary order, a contradiction. Therefore the union is acyclic. The
converse is obtained by restricting any parent realization to the two child subtrees.

Backpointers stored with every accepted transition reconstruct the ordered wire lists and
the direct-Hadamard pairs. The final call to Check performs a topological sort of the full
endpoint graph and places the remaining CZ and CCZ gates at the corresponding overlap
times. Thus the DP finds a realizing width-k circuit exactly when one exists.

For a bag of size O(k), assigning visible symbols to k ordered boundary lists with sentinels,
choosing the three-valued pair types, and choosing a boundary endpoint order yields k6k+o(k)

states after the standard Stirling-type simplification. The number of nice bags is linear in n,
and transition enumeration is bounded by the same state factor. The treewidth preprocessing
costs 2O(k)n, and building the connection graph costs O(m), so the total running time is
k6k+o(k)n + O(m).
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