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—— Abstract

RNA structure modeling greatly benefits from the availability of structural homologs, associated

with the presence of coevolving positions in multiple alignments. Direct Coupling Analysis (DCA) is
a statistical framework for inferring significant covariations as Potts models, in a way that corrects
for the transitive nature of mutual information. Various instances of DCA have been proposed over
time with demonstrated ability to infer molecular contacts, yet were shown to be associated with
inference algorithms that are invariably data hungry, prone to overfitting, and hindered by numerical
instability. Recently, edge-activated DCA (eaDCA) has emerged as an alternative which iteratively
infers couplings in a greedy manner and explicitly targets sparsity.

In this work, we revisit the inference of eaDCA models in a rigorous algorithmic setting. We
circumvent the #P-hardness of computing the most promising addition/update of coupling and
provide exact fixed-parameter tractable algorithms for the treewidth parameter of the coupling-
induced graph. We empirically show that eaDCA models are typically associated with moderate
treewidth values, and validate the practical feasibility of the method by producing, in a matter
of minutes, the models associated with 41 RFAM families associated with structured non-coding
families. Our results reveal good recovery rates for couplings associated with conserved base pairs
from the family consensus, and enable a more systematic and robust assessment of the potential of
eaDCA.
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1 Introduction

Context. RiboNucleic Acids (RNAs) are ubiquitous biomolecules that participate as first-
class citizens in virtually every biological mechanism. They act both as medium to store
genetic information, participate as enzymes in a variety of cellular functions (replication,
regulation, sensing of metabolites. .. ), and are widely-believed to represent a likely substrate
for the origin of life [8]. Despite the prevalence of RNA transcripts in the Human genome [21],
and the wide availability of RNA data produced by sequencing experiments (RNAseq) [12],
our understanding of these molecules still remains partial. A workable insight into the
inner workings of natural RNA families is essential to understand their biology, but also to
inform a rational design of synthetic RNAs. The use of therapeutic RNAs in bio-medicine
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is increasingly popular, and notoriously includes small antisense RNAs [15] and mRNA
vaccines [18]. This motivates the development of design methodologies capturing statistical
biases, induced by an evolutionary pressure to preserve RNA function.

Although RNA is presented as a sequence of nucleotides, chemical units abstracted as
A, C, G or U, the structure adopted by RNA is often a major determinant of its function,
e.g. enabling its recognition by molecular partners. Functionally-similar RNAs, also called
homologs [5], are often found within evolutionary-distant organisms, indicating their wide-
spread relevance. This induces an evolutionary pressure with statistical consequences at the
nucleotide sequence level. Notably, base pairs, mediated by hydrogen bonds, involving two
sites will restrict their content to pairs of complementary nucleotides. Such a co-evolution can
be revealed by the analysis of the mutual-information [4], informed by adequately-constructed
Multiple Sequence Alignments (MSAs) [10].

Direct Coupling Analysis (DCA) [19] is a popular paradigm for an — information based
— analysis of biomolecules and, more specifically, RNA families [4]. It posits that the
evolutionary pressure on an RNA family can be modeled as a Potts model, i.e. a set of
functions associating a weight, akin to an energy, to the content of a pair of sites (coupling).
Such a model then induces a Boltzmann-Gibbs distribution on the entire space of RNA
sequences (of a given length), leading to generative models that have been used for molecular
modeling and design [3]. DCA models are typically inferred under the dual objective of
inducing single and dual site statistics that best approximate the ones observed in MSAs,
while maximizing the joint emission probability for RNA sequences in the family (Mazimum
Likelihood Estimation; MLE). DCA is useful to analyze co-evolution because couplings directly
model co-evolving positions, e.g. strong couplings that support compatibility can typically be
interpreted as evidence of proximity/connectedness on a structural level. Moreover, it has
been shown experimentally [14] that it can be useful for the design of new functional RNAs.

The interpretability of DCA is further boosted by the typical parsimony of produced
models, which results from DCA explicitly avoiding transitive information, and is guaranteed
by design in the context of edge-activated DCA (eaDCA) [3]. This recently proposed version
of DCA has been shown to achieve similar performances as earlier propositions, while only
allowing a subset of iteratively-added edges (some possibly removed along the way) to
contribute, until a predefined fraction of the single and pair statistics is induced by the
model. Edges that are initially activated by eaDCA are typically part of the RNA structure,
mainly located in the secondary structure, but also reveal more complex dependencies such
as negative constraints preventing the adoption of alternative stable structures. However,
the computational methodologies used to infer eaDCA models, sample sequences and es-
timate additional relevant features (e.g. partition function, effective support size) heavily
rely on heuristics (stochastic optimization procedures; MCMC'). Indeed, developed in the
context of statistical physics/biophysics, such approaches generally do not offer guarantees of
convergence, which has been identified by authors as the root cause for a loss of scalability,
precision, stability and/or reproducibility [3].

Contributions. In this work, we exploit the sparseness of eaDCA models to design exact
algorithmic methods, through the lens of parameterized complexity, to perform interpretable
Machine Learning and, ultimately, decipher the key determinants of RNA molecular evolution.
Our contributions include:
Designing exact dynamic programming algorithms, having complexity parameterized by
the treewidth, to compute the partition function and perform statistical sampling (aka.
weighted random generation) in the Boltzmann-Gibbs distribution induced by a given
eaDCA model;
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Figure 1 Molecular modeling with eaDCA and tree decomposition-based algorithms.

To determine the (3D) conformation of RNA (a), co-evolving pairs of positions are extracted from a
multiple sequence alignment of homologous RNA sequences (b), leading to an evolutionary coupling
whose content reveals various structural features (c). Couplings can be seen as an undirected
graph (d), whose tree decomposition, typically in combination with dynamic programming, allows
to compute relevant metrics, and execute key (NP-hard) analyses, in time only exponential in the
treewidth (f).

= Revisiting the inference of eaDCA models in an attempt to improve their efficiency,
stability and representativity of specific RNA families;

= Assessing, in a more systematic manner, the capacity of eaDCA to predict key structural
features at both the secondary and tertiary structure level, but also identify negative
evolutionary pressure and, possibly, alternative structures.

2 Context and problems statement

Direct Coupling Analysis (DCA) is a statistical modeling paradigm for molecular families. A
DCA model (also known as Potts models, or binary Markov networks) is based on a multiple
sequence alignment of the family it attempts to model. It infers an energy function (ie. a
weighting) for the space of aligned sequences {A,C,G,U, —}" where ¥ = {A,C, G, U, —} is
the alphabet, — denotes insertions/deletions and N € N is the length of the alignment. Ideally,
a good DCA model assigns low energies to sequences that share a common function/structure
as the family, and high energies to non-functional sequences.
The energy function E(w) is required to have the following form

—BwexN) = > hi(w)+ > Jij(wiwy).
1<i<N 1<i<j<N

where wy, denotes the k-th letter of the sequence w. The functions (h;)1<;<n are known as
local fields, and (J; j)1<i<j<n as couplings. In the worst case scenario, there could be as
much as ©(N?) couplings yet, in practice, few of them are non-zero. Non-zero couplings are

known as activated couplings, and we refer to models with few activated couplings as sparse.
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Two fundamental, mutually dependent, tasks in DCA modeling are:

Learning a model from an alignment, by choosing the local fields h; and the couplings
Ji;j so as to: i) reproduce nucleotide distributions for individual sites and pairs thereof;
and ii) maximize the joint emission of sequences in the training set;

Sampling from the Boltzmann distribution induced by the inferred energy model:

P e—E(w)
with
Z = Z e Blw)
weTN

a normalizing constant known as the partition function.

This distribution assigns high (resp. low) probability to low-energy (resp. high-energy)
sequences, and can be used to design RNAs with similar function as those of the model
family [4, 3]. Unfortunately, computing the partition function under general couplings is
#P-hard, as DCA couplings can be set to emulate Ising models, for which computing the
partition function is #P-Complete [9)].

The edge-activated DCA (eaDCA) framework

Edge-activated Direct Coupling Analysis (eaDCA), introduced by Calvanese et al. [3], is a
recent installment of DCA, which focuses on learning sparse models in a greedy manner. It
adheres to the well-established framework of mazimum likelihood learning used in statistical
learning. In this framework, the likelihood function is

—E(z)
L(M;dataset) = H Py(x) = H €Z

zedataset rE€dataset

where Pys(x) is the probability of « in the model M = (J, h). It represents a measure of how
well the model fits the data.

Within the eaDCA framework, the inference starts with an empty model, with no activated
coupling, and using local fields {h; }1<i<n chosen to mimic site statistics. It then iteratively
activates new couplings in a greedy manner, choosing at each step the coupling (and associated
functions values) which maximizes the likelihood of the model. Fig. 2 details the criteria
used to select new couplings along with their values, and when to stop the iteration.

Using this approach, its authors were able to produce sparse, yet accurate, models on a
selection of RNA families [20]. Moreover, those results were obtained while activating a limited
proportion of couplings, typically ©(N) out of ©(N?), which turned out to substantially
overlap with base pairs occurring in the structural consensus of the family.

The sparsity shown by eaDCA models is desirable in that it enables interpretability and
knowledge discovery. A simple example of interpretable parameters is that of couplings
J; j(x,y) assigning large negative values when z and y are complementary nucleotides, and big
positive values otherwise. Such couplings promote the pairing of columns 7 and j, and suggest
the existence of a corresponding evolutionary pressure towards maintaining a base pair in
the column. Such couplings frequently involve pairs of columns that are backbone-adjacent,
part of the consensus structure or, more generally, proximate in 3D models [3].
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Figure 2 Greedy maximum-likelihood learning in the style of eaDCA [3].

Back to learning, the original implementation of eaDCA heavily relies on Markov Chain
Monte Carlo (MCMC) to approximately sample the distributions of intermediate models.
These samples are used to compute estimates of marginals via empirical averages, a key
step in the main loop of the inference algorithm (Figure 2). Such an approach represents
an important shortcoming of the method: since the implementation of MCMC as it is
used does not provide convergence bounds, approximate sampling is done with an unknown
approximation error, and it follows that the precision of frequency estimates cannot be
guaranteed. Moreover, the mixing time of the underlying Markov Chain, exponential in
a worst-case analysis, is practically too long so the original designer of eaDCA ended up
intentionally rely on out-of-equilibrium statistics whenever consequential couplings are added.
Those limitations impede stability, and possibly reproducibility since the method is inherently
random, the returned model structure depends on the seed provided to the random number
generator.

3 Treewidth as a stronger and tractable notion of sparsity

The sparsity of eaDCA models suggests the use of exact algorithmic approaches to improve the
computation. Namely, we now set out to show that the greedy approach can be implemented
ezactly with reasonable time complexity under sparsity assumption. By ezact, we mean that
the quantities of Figure 2 are computed with no other error except from those arising from
floating-point operations, we don’t mean that the learning procedure finds the maximum-
likelihood model, indeed the greedy nature of the algorithm doesn’t guarantee convergence
to the maximum.

Towards that goal, we set out to design parameterized algorithms, based on the notion of
treewidth of a graph, to solve the problem. The treewidth is a structural graph parameter
which intuitively measures how tree-like a graph is, achieving low values for graph reduced to
paths and trees, and larger ©(n) values for graphs that are (near) complete. While formally
divergent from the notion of sparsity, the treewidth is increasing upon adding edges, and
typically correlates with the notion of sparsity. Graphs with small treewidth have a structure
that can be exploited algorithmically, enabling an exact resolution of many NP-hard problems
in time that grow polynomially on the size N of the instance, and only super-polynomially
(e.g. exponentially) on the treewidth ¢tw of the input graph. Such Fized-Parameter Tractable
(FPT) problems include INDEPENDENT-SET and 3-SAT, both of which can be solved in time
O(a* . P(N)) with « a constant and P a polynomial.
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Figure 3 Empirical treewidths of the eaDCA models produced by Calvanese et al. [3].
The learning procedure iterates a greedy strategy which stops when 95% of the single site and pair
statistics are explained by the model. For all analyzed multiple sequence alignment, each associated
with an RFAM families, the treewidth tw of the final model remained modest (3 to 6), making
O(n.|X|") DP-based FPT algorithms an attractive alternative to the unstable numerical procedures
(MCMCO) initially proposed by its authors.

As shown in Fig. 3, we observe that the graph of activated couplings, induced by eaDCA
models learned by greedy maximum likelihood, have systematically low treewidth. This
motivates the design of tractable and exact algorithms, as follows:

» Theorem 1 (Parameterized greedy learning). Given an alignment of n sequences of length
N, the mazimum-likelihood greedy DCA model MT after T steps can be obtained in time
O(nN? + tw?5" N2T + TC(tw; N)) where:

tw is the treewidth of the graph of activated couplings of the model MT ;

C(tw; N) is the complezity of computing tree decompositions for graphs of treewidth tw.

» Theorem 2 (Parameterized sampling). Given a DCA model M of length N along with a
tree decomposition of the graph of its activated coulplings of width tw, we can draw a sample
from its Boltzmann distribution in time O(tw?5'N).

It follows from the celebrated results of Bodlaender [2] that C(tw; N) € O(N.2O(tw3)),
therefore eaDCA learning is FPT for the treewidth. In practice, the cost C of computing
tree decompositions is negligible compared to the other time complexities.

» Corollary 3. Greedy maximum-likelihood learning and sampling of DCA models are Fized-
Parameter Tractable for the treewidth of those models.

Those algorithms are all based on the use of tree decompositions, that we now define:

» Definition 4 (Tree decomposition). For an undirected graph G = (V, E), a tree decomposition
of G is a tuple T = (T, (Xy)vev (1)) where T is a directed tree and (Xy,)yev () is a family of
subsets of V(G) indeved by nodes of V(T). The elements of (X,)yev (1) are called the bags
of the decomposition. Moreover, a decomposition must satisfy the following axioms:

1. Uyev(yXo = V(G) (bags cover all the graph’s vertices)

2. V(i,j) € E(G),Fv e V(T) : i € X, and j € X, (every edge of the graph is covered by
a bag)

3. if v,w € V(T) are two nodes of the decomposition and x € V(G) is a node of the graph
such that © € X,,x € X, then any node u € V(T') on the path between v and w must be
such that x € X,,. (running intersection property)

Finally, the width of the decomposition T is defined as maz,ev (1) Xo| — 1.
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The treewidth of a graph is the width of its decomposition of smallest width, thus a tree
decomposition of width tw certifies that its associated graph has treewidth at most tw. It
gives an upper bound on how fast dynamic programming algorithms using this decomposition
will run.

Although it is NP-Hard to compute the treewidth, or a tree decomposition of smallest
width for a general graph [1], we can assume, as argued before, that we can easily obtain
decompositions of small width for the graphs we are interested in. It is indeed what we
observe in practice.

Moreover, we will also assume that those decompositions have size O(N). This fact is
guaranteed by our choice of heuristic used to compute them, but in general we can reduce
the size of any bigger decomposition to at most 3N = O(N) vertices for T [13].

3.1 Computing the partition function of DCA models

Now that we have presented the framework of tree decompositions, we show how it can be
used to compute the partition function of DCA models. The partition function is not directly
useful for our purpose, but is an important quantity in statistical physics, and once we have
access to it, we can perform the useful tasks of learning or sampling of the models.

For a DCA model M = ((h;)i<i<n, (Ji,j)1<i<j<n), the graph induced by its activated
couplings is Gy = ({1,.., N}, E(Gar)) where {i,j} € E(Gy) <= Ji () # 0. In the rest
of the paper, we will assume that we have access to 7 = (T, (Xy)vev (1)) a tree decomposition
of Gar of low treewidth, along with a partition f : V(T') — {J; ;} of the activated couplings
of M:

{Li;#0y= || f@)

veV(T)

Such a partition is guaranteed to exist by the second axiom of tree decompositions (see
definition 4), and can be found efficiently in time O(tw?N). Also for the sake of concision,
we will ignore the local fields (h;)1<i<n in our algorithmic treatment. Those can be handled
by extending the theory with loops J; ; = h;.

Moreover, we will use the following notations:

D, C V(T) are the descendants of node v (included), in 7.

Y, = UuEDvXu

Xpaw) € {1,.., N} is the bag X, for w the parent of v if it exists or §) if v has no parent.

For s € ¥4, s € ¥8 with A C B, s C s/ means that s’ agrees with s on its domain.
We can define the partition function:

» Definition 5 ((generalized) partition function).
Let v € V(T) be a node of T, the partition function Z, is the function:

Zy(s € XXy = 50 o Dueny 2o, s Tod (50N _ 3 B

s'exYv s'exYv
sCs’ sCs’

with EU(S) = ZuGDv ZJw.ef(u) Ji,j(s(i)’ 5(]))

_ Ji (51,85
Note that when v is the root we recover Z,(0)) = Z = > _one Z"w‘ (insa) because
D, = V(T) and f is a partition of M’s couplings. For a general v € V(T), the quantity
Z,(s) can be interpreted as the weight of the assignments s’ that extend s in the Boltzmann

distribution, when considering the submodel composed of columns/couplings below v in 7.
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The key lemma that justifies the use of tree decompositions is the following. It provides
a recursive definition of partition functions that can be used as a dynamic programming
equation:

» Lemma 6 (DP equation for the partition function). Let v € V(T') be a vertex of the
decomposition such that: uy,..,ur are the direct children of v in T. Then the following holds:

- 1 1.3 (87 (),5"(4))
Zuls € DXy = F7 7 Bner i < T 2u1x,0x)
s'exnXv 1<i<k
sCs’

where s|g is the restriction of s onto the columns of S.

Proof. (available in the appendix) <

A dynamic programming algorithm implementing this formula has time complexity:

O 2 1% 0 Xpuo) X Xy = Xpago] % 11 710)] x deg(v) | = O+t N)
veV(T)

3.2 Sampling from the Boltzmann distribution of a DCA model

Access to the partition functions enables us to sample the model directly through the following
algorithm:

» Lemma 7. Let vy, ..,v, be a reversed topological ordering of T starting from the root. The
following algorithm samples from the Boltzmann distribution of M :

Let s be the unique assignment of %0,

for1<i<n do
Let B = X,,, — dom(s).
Sample s' € B with probability proportional to Z,,((s + 5,)\XuiﬁX
Extend s with the values of s'.

end for

pa(v;) ) :

Proof. (available in the appendix) <

The sample s is built from a partial assignment of X{1N} whose domain is gradually
populated with the variables present in the sets X, of the nodes v € V(T') that are visited.
The intermediate samples are drawn from a distribution whose values depend entirely on
Z, and s, showcasing that the hard part of this sampling algorithm is the computation of
partition functions.

3.3 Computing pairwise marginals of the Boltzmann distribution

The marginals P; ;(x,y) for 1 <i < j < N and z,y € ¥ are central to the greedy learning
algorithm. In a similar way to the original eaDCA paper [3], we may estimate those marginals
by using samples from the Boltzmann distribution (Lemma 7), this time with the guarantee
that the sampling is not approximate. But it is in fact possible to remove the randomness
entirely, using the technique that we now describe.

To compute the marginals, we need to have access to an additional type of partition
functions known as an outside partition function:
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» Definition 8 (outside partition function). Let v € V(T) be a node of T, the outside partition
function Z9 is the function:

29(s € DX Xy = 3 DN DI CLOR ) I 3 B
s'exnYv s'exYv
sCs’ sCs’
with E3('s) = 3 uevry—p, 2o s Jij(s'(1),8'(j)). The only change here is that the sum
is done over u € V(T') — D,,.

Similarly, outside partition functions can be computed in the same time complexity using
the following dynamic programming equation:

» Lemma 9. Let v € V(T) be a node of the decomposition such that us,..,uy are the direct
children of v in T. Then the following holds V1 <1 < k:
- Ji'j 8/ 7 }S’ i

ZZZ (S c ZX“ZHXU) — Z e ZJi,jef_l(“) ( ( ) (.7)) « Zs(sinmX

s’ exnXv
sCs’

)

pa(v)

X H Zu1 (S/|Xu7¢ﬂXu)
1<i<k
il
Proof. (omitted, similar proof to Lemma 6: decompose the non-descendants of u; as its
parent v, its siblings’ descendants, and its parent’s non-descendants.) |

The main differences here being that the computation is performed starting from the top of
the tree T towards the leaves, and that both types of partition functions are used.
It can be observed that E,(s) + ES(s) = E(s) because V(T) = D, U (V(T) — D,)

suggesting that the two types of partition functions decompose the model into two parts.

Due to the separation properties of tree decompositions (see Lemma 12 in the appendix)
this intuition extends further with the following lemma:

» Lemma 10. Let v € V(T') and P, be the marginal of the Boltzmann distribution restricted
to the columns of Xy, N Xpa(vy. Then for s € $XeNXpaw) we have that:

Z9(s) x Zy(s)= Y. e PEED o Py(s)
8/62{1""]\]}
sCs’
Proof. (available in the appendix) <

This provides us with a way to compute some of the marginals of the Boltzmann
distribution. Namely, those restricted to X, N X,q(y) for some v € V(T'). If a pair of columns

{4, 5} is included in one of them then we can compute P; ; by summing out the other variables.

Indeed, letting A C B C {1,.., N} we have from probability theory that for any distribution

Q: Q(s € 24) =355 Q(s'). However, for a fixed tree decomposition there can only be
sCs
at most O(tw?N) such pairs {i,;} while we need to compute Q(N?) of them. To circumvent

this problem, we can construct decompositions T for 1 < i* < N from T such that all the
edges in ({i*,j})1<j<n are such that there exists v € V(T?") with {i*,5} C X, N Xpa(v)-

11:9
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Algorithm 1 Compute pairwise marginals of a DCA model given a tree decomposition 7.

for 1 <3< N do
Compute T* from 7 in time O(N (tw + 1)).
Compute Z, for every v € V(T?) in time O(5'“+1tw?N).
Compute Z? for every v € V(T?) in time O(5" T w?N).
for v € V(T?) do
Let P,(s) = Z,(s) x Z3(s).
for {i,j} C X, with i < j do
if P; ; has not been computed yet then
Compute P, ; from P, by summing out X, — {7, j}.
end if
end for
end for
end for

» Lemma 11 (Augmented tree decompositions). Let T be a tree decomposition of G of size
s € Nand x € V(G). We can build a decomposition T* of size 2s and treewidth at most
tw(T) + 1 such that for every y € V(G) there exists v, € V(T') such that:

{z, 9} € Xo, N Xpa(o,)
Proof. (available in the appendix) <

Using this lemma and the rest of the techniques that we have introduced previously,
we can compute the marginals P; ; for all 1 <7 < j < N as shown if Algorithm 1 in time
O (5"+2N2tw?).

This completes the proof of Theorem 1 if we use the marginals P; ; to implement 7" steps
of eaDCA as in Figure 2, and we take into account the pre-computation of the statistics
fij» [i in time O(nN?) as well as the cost of finding tree decompositions.

4  Empirical analyses

The ability of eaDCA to effectively model RNA families was already investigated in the
original paper [3] on a limited selection of families associated with large alignments. However,
our FPT alternative enables the assessment of the method at a larger scale, and test
various hypotheses on the behavior of the framework. To that purpose, we implemented
our exact treewidth-based revisiting of eaDCA as a Rust software named eaDCA*. The
code, data and detailed per-family results associated with these experiments are available at
https://codeberg.org/samuel-gardelle/wabi26-eaDCAstar.

Datasets. We consider family-level multiple sequence alignment, downloaded from the 15.1
version of RFAM [20]. We used the seed alignments of families, usually established through
an expert-driven combination of computational methods and manual curation.

Out of the 4227 RFAM families currently in RFAM, 41 were selected (see full list in
Appendix Table A.1) to match the following criteria:
The (horizontal) alignment length must be between 100 and 400 nts;
The alignment should include at least 100 sequences;
The average pairwise Hamming distance should not exceed 80%;
The consensus structure of the family should be tagged as “Published” (vs “Predicted”);
At least 50% of positions should be paired.

A
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# families
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Figure 4 Distribution of sensitivity, i.e. proportion of base pairs from the RFAM consensus
structure that are activated as couplings by eaDCA*.

The length requirement (Criterion 1) is mainly meant to: i) avoid smaller RNA families, such
as the 1500+ miRNA precursors associated with seed alignments of lower quality; as well as
ii) larger alignments resulting from horizontal expansion (gaps), indicating lower alignment
quality while inducing unreasonable computational demands. Criterion 2 and 3 represent
minimal prerequisites for the alignment (and underlying RNA family) to showcase some level
of sequence-level covariation. We require some level of expert scrutiny over the consensus
structural model (Criterion 4). Finally, we forced the presence of a critical proportion of
base pairs (Criterion 5), hopefully indicative of a family undergoing evolutionary pressure at
a structural level.

Experiments. We conducted further computational experiments, by systematically learning
models for the families of the RFAM database. We used the alignments during the learning
phase to compute the frequencies f; ;(-,-) and f;(-) using a pseudocount estimator (o = 1).
For each family, we ran eaDCA* to infer T' = 200 couplings, prematurely stopping whenever
the graph induced by the current couplings attains a treewidth exceeding 5. The evolution
of the treewidth is depicted in Figure 9 in appendix.

Note that couplings are selected based on coevolutionary metrics alone and, in particular,
do not necessarily reflect the capacity of two columns to form base pairs. In order to better
distinguish couplings that are consistent with base pairing rules, we define the Pairwise-
Compatibility (PC) score as

Lepreic,on Ay e fii(@:9)
Z z,yEX fi,j(% y) .

r#— and y#—

PC(Z’]) =

For two unrelated, independent columns in an alignment, with no gaps the PC is expected
to be % = 0.375.

The results, detailed henceforth, show that the method is applicable to a wider range
of families. Indeed, we confirmed that eaDCA* is able to recover most basepairs present in
the RFAM consensus structure. Moreover, the presence of couplings in the model correlate
highly with small distances in PDB structures. Both of these points show the ability of
DCA models to highlight positive evolutionary pressures, such that the presence of basepairs.
We were able to go further, and show that some couplings suggest the presence of negative
evolutionary pressures preventing e.g. stack extension, helix recombination, or the formation
of additional structures in unpaired regions.
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4.1 Testing the capacity of eaDCA* to recover RFAM consensus
structures

We executed eaDCA* on the 41 RFAM families as described above on a domestic laptop, and
obtained the couplings in less than a minute for each of the families. In every case, in the
first 10 seconds we already obtained 100 couplings and a treewidth tw < 5. Details on the
final number of couplings and the final treewidth can be found in the appendix.

Firstly, for a given RFAM family, we assess the capacity of eaDCA* to recover the set B of
base pairs found in the consensus structure. Towards that goal, we compute the sensitivity
of a model M, activating a list Eps of couplings, as Sens(M) := %.

As can be seen in Fig. 4, which shows the distribution of the sensitivity metrics, for 27 out
of the 41 families, the models inferred by eaDCA* achieve sensitivities of 80% or more, and
only 2 models feature less than 50% of base pairs in the RFAM consensus. This is reassuring,
yet not entirely surprising since consensus structures are usually built from a specific type
of co-evolutionary signal (covariance models [5]). Still, such performances are remarkable
as, for many families, the number of base pairs in the consensus is close to the number of
activated couplings. Moreover, consensus structures are usually drafted from a combination
of evolutionary and physics-based evidence [7], enabling a prediction of base pairs that do
not exhibit any meaningful coevolution (e.g. over fully conserved columns). Overall, we
observe that eaDCA is generally able to prioritize couplings associated with compensatory
mutations.

We illustrate in Fig. 5 the behavior of eaDCA* on six hand-picked RNA families. A visual
inspection suggests that eaDCA* is able to recover most of the consensus base pairs, usually
very early across iterations. Notably, the method does not appear to be hindered by the
presence of crossing interactions/pseudoknots (see RF02996). We observe negative couplings,
activated but associated with incompatible pairs of nucleotides (low PC value/red), are
often found at the ends of helices, seemingly preventing their extension (see Subsection 4.2).
Negative coupling can also be found within single regions that are predicted to remain unpaired
(see RF00020), or across unpaired regions, seemingly as the result of an evolutionary pressure
against their interaction (see RF02944 and RF02968).

Note that typical structural analyses consider some measure of specificity, such as the
PPV, in addition to sensitivity. However, such an assessment is delicate as detecting
structurally-conserved base pairs is not the sole goal of eaDCA. Indeed, it is known that
activated couplings also frequently include neighboring positions on the sequence and 3D
levels, as well as evidences, discussed below, of a negative selective pressure, acting against
structurally-deleterious mutations. Moreover, any reasonable assessment of specificity would
require a well-calibrated stopping criterion, an aspect that leave to future work.

4.2 Revealing negative evolutionary pressure

We further analyzed couplings involving incompatible columns, in an attempt to reveal
negative evolutionary signals in the couplings that were inferred in the previous experiment.
Towards this goal, we refine the notion of disruptive base pairs introduced by Yao et al. [23],
and classify the couplings of eaDCA* models depending on their position in the consensus
structure.
We distinguish 3 cases that are believed to correspond to negative evolutionary constraints:
Stack extensions are couplings whose positions are present directly above or below an
helix of the consensus structure. We also transitively include in that definition couplings
that are below/above other stack extensions. Depending on the compatibility of columns,
measured by the PC metrics, we posit that such couplings reflect a selective pressure
against the further extension of an helix;
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Figure 5 RFAM consensus structures and typical eaDCA models. For each RFAM family, we
report the base pairs contained in the consensus structure (top-right) and those inferred by the
couplings (bottom-right). Consensus base pairs are color-coded to illustrate their presence in (green)
or absence from (orange) the consensus, and eaDCA couplings are drawn using a gradient from red
to blue to indicate the proportion of compatible base pairs found in the alignment. The evolution,
across iterations, of the sensitivity — the proportion of the consensus BPs found in the eaDCA model
— is represented in the top left. Finally, we report (bottom-left), a breakdown of couplings into base
pairs that are in the family consensus (blue), proximate in the backbone (black) or others (green).
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Figure 6 Distribution of pairwise compatibility (PC) among couplings, stratified based on their
relationship with the consensus structure. Unpaired blocked couplings are contained within an
unpaired region; stack extensions represent possible base pairs that would stack onto an existing
helix; disruptive recombinations mediate (or forbid) interaction between two distinct helices.

Unpaired blockers are couplings that involve two positions present in the same stretch of
unpaired positions in the consensus structure. We posit that their presence reflects a loss
of fitness incurred by the formation of additional helices, in a region whose accessibility
is functionally important;

Disruptive recombinations are couplings whose positions are present in the unpaired
regions of two distinct hairpins. We posit that such couplings indicate an evolutionary
pressure against the formation of a competing structure including the coupling.

All of these mechanisms require that the associated couplings favor non-complementary
base pairs to hinder the formation of base pairs. In other words, we expect the associated
couplings to have low PC score. Figure 6 reports the distribution of PC values for the 3
categories of negative evolutionary couplings inferred by eaDCA*. For reference, we also
report the PC distribution for couplings occurring in the consensus structure.

As expected, a clear divergence is observed between the consensus pairs and the negative
couplings, the latter generally achieving much lower compatibility with respect to the PC
metrics. An exception to that trend is observed for stack extensions. This is not overly
surprising, since consensus structures within RFAM are predicted using diverse (at least
partly manual) methodologies, some of which can be overly conservative especially within
columns featuring gaps. We believe that such base pairs, having good mutual information,
compatibility, and stacking onto an existing helix, could probably be safely added to the
RFAM consensus structure.

Unpaired blockers and disruptive recombinations appear to induce PC distributions, with
a low median value around 0.3. This moderate value is interesting, as it does not prevent
the formation of base pairs in every sequence. It suggests that the repression of helices in
unpaired regions may induce pervasive selection of limited intensity, inducing disjunctive
incompatibility constraints, in a non-targeted manner and in combination with other local
constraints. A notable difference can however be observed for extreme PC values (close to 1),
where unpaired blockers are virtually absent, while 6% of disruptive recombinations achieve
a PC close to 1. We hypothesize that this behavior may reflect the existence of alternative
structures which would be important, and whose base pairs would therefore be positively
selected by evolution.
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(b) Distance profile among eaDCA*-inferred coup-
lings (Blue) versus non-couplings (Red). We ad-
ditionally report the distances over the subset of
eaDCA* couplings associated with good compatibil-
ity score (PC > 0.8).
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pairs in at least one 3D structure; (Red) Other
columns pairs (background).

Figure 7 Distance distribution of 4’-4’ atomic distances obtained from PDB structures projected
onto the RFAM reference alignments. Distances of more than 40A are aggregated in the final bin.

4.3 Geometric distances of eaDCA couplings

We further estimate the ability of eaDCA to identify informative couplings towards 3D
modeling, We consider tertiary structure data available in the RFAM alignments into our
analysis. Among the 41 families selected previously, we were able to obtain high-quality
3D models, and alignments to their multiple sequence alignments within RFAM [20], for 6
of them (see Appendix Note A.2). We retrieved the corresponding 42 single chains from
the PDB database [22], and base pair annotations produced using the DSSR [17] software
suite, from the NAKD database [16]. For all 3D models, we computed the geometric distance
between all pairs of 4’ atoms (backbone) in the alignment, and report in Figure 7 the distances
stratified by presence/absence in the consensus and inferred eaDCA model.

Figure 7a mainly represents a validation of the alignments of 3D models to RFAM family.
As expected, for base pairs in the RFAM consensus, the distribution of 4’-4’ distance is
extremely concentrated around 6.5 A, in agreement with textbook knowledge in structural
biology. The distance distribution for consecutive nucleotides is more widespread, but
consistent with the expected distance between nucleotides separated by at most 3 nucleotides.
Finally, pairs of columns, associated with non-canonical base pairs in at least one aligned
PDB structure, induce 4’-4’ distances that are similar on average as consensus pairs, with
higher yet reasonable variance. All of those distributions strongly differ from that of other
pairs, which virtually always induce distances of more than 40A. This confirms the quality of
the structural alignments found in RFAM, and their potential utility in assessing couplings.

The distance distribution induced by couplings is more informative, and provides promising
directions towards future predictive methods. As shown in Figures 7b and 8, the 3D 4’-4’
distance induced by eaDCA*-produced couplings strongly differs from the non-couplings
(background) distribution. The distance distribution for couplings is largely concentrated
around the value of 6.5A, as is expected for base pairs. Couplings also feature a minority of
larger distances, inconsistent with direct base pairing, with some associated with distances
greater than 40A.
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Figure 8 2D scatter plot of the distribution of coupling distances and their pairwise compatibility
superimposed with an estimate of the density. Couplings with a distance above 40A are not shown.

Those more distant couplings may indicate alignment /annotation errors, or reflect negative
evolutionary pressure, which does not necessarily involve positions in direct contact. The
hypothesis of a negative selective pressure is also partly supported by the fact that restricting
our analysis to compatible couplings (PC > 0.8) greatly increases the population of the
canonical 6.5A bin, while more than halving the proportion of couplings at distances beyond

40A.

5 Conclusion

In the context of the statistical modeling of RNA families, we revised the algorithmic
framework underlying eaDCA [3], a proven greedy approach with the advantage of producing
sparse and interpretable models. We exploited their sparsity using the stronger notion of
treewidth, to devise rigorous, stable, deterministic and fixed-parameter tractable alternative
algorithms for the modeling tasks (learning, sampling). We further evaluated the ability of
our implementation, dubbed eaDCA*, to infer couplings with structurally significant roles. We
did so in a systematic manner, and when applicable, using the available 3D structures. Our
analysis shows that Direct-Coupling Analysis can be used to mine co-evolutionary signals
present in RNA families, and that it is able to recover couplings lists associated with low
tree widths, where the base pairs of the consensus structure feature prominently. We further
verify that eaDCA* couplings are associated with low distances in PDB structures, and that
for some of them that may show signs of negative evolutionary pressures. Our work suggests
further investigations over the use and impact of non-greedy approaches for the choice of
couplings (e.g. maximum coupling, Nussinov, local search), or the comparison with other
standard approaches that make use of co-evolution [11].
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A Appendix

The proofs in this section rely on the following lemma:

» Lemma 12 (Separation lemma). Let T be a tree decomposition and v € V(T) one of
its nodes. Let Cy,..,Cy be the connected components obtained by removing v from T. Let
X = Uvecl X, be the nodes of G involved in each component. Then we have that:

X, u || 4-X,=V(@G)

1<i<k

Proof. Assume to the contrary that there exists lo,l;,z € V(G) such that z € (X}, — X,,) N
(X, — X,) and lp # I3. Let vy € Cy, (resp. v1 € Cy,) be such that x € X, (resp. x € X,,).
Then since T is a tree there is a unique path from vy to v1, with v on this path since it
separated Cj, and Cj,. Because z € X,, N X, by the running intersection property (see
Definition 4) we have that z € X, which is a contradiction with x € &3, — X,. |

» Lemma 6 (DP equation for the partition function). Let v € V(T') be a vertex of the
decomposition such that: w1, ..,u are the direct children of v in T. Then the following holds:

- Ji,j (8" (9),8"(5))
Ccp—1(yy Jind )
ZU(S c EvaXpa(v)) = g e ZJ'MJEf (v) X H Zul (Sllxuimxu)
s'exnXv 1<i<k
sCs’

where s|g is the restriction of s onto the columns of S.

Proof. Let Cy,C,..,Ck be the connected components obtained by removing v from T,
such that:

Cy is the connected component containing the parent of v.

u; € Cj is the child of v adjacent to v.
This decomposition of T yields the following decomposition of the energy F(w):

Ew)=| > BEyw) |+ > Jijwi,w)
1<I<k Ji e ()

Moreover, by definition we have that E,,(-) only depends on wyy,, since Y, = A} (u; is the
root of C):

Ew)=| > Eywy,) |+ D Jijlw,w)

1si<k Ji€f(v)
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Use this to rewrite the definition of the partition function Z,(s € LX¢MXpaw)):

— Jii(s'(3),s" (5 —E ’
Zi= Y - (e D0 jer T @) (J))) 11 « W lys,)
s'exYv s'exYv 1<i<k
sCs’ sCs’

By applying Lemma 12, we have that the sets (Y,, — X,); are disjoint, which allows us to
decompose the choice of s’:

ZU(S) = Z (e_z.n‘,jef(v) Jig(s(0), (j))> H Z eiEuz (s1)

S exnXv 1<I<k g eV
sCs’ s'Csy
- Ji3(s7(1),8"(4))
— JijEf(v) " ’ /
= E <e i H Zuz(s\xulmxv) <
s exXo 1<i<k
sCs’

» Lemma 7. Let vy, .., v, be a reversed topological ordering of T' starting from the root. The
following algorithm samples from the Boltzmann distribution of M :

Let s be the unique assignment of %0,

for1<i<n do
Let B = X, — dom(s).
Sample s' € B with probability proportional to Z,,((s + )1 X0, N X pao;) )
Extend s with the values of s'.

end for

Proof. To show the correctness of the algorithm, it suffices to show that at each step we
have that:
B
vs'eXP: Z,,((s + s’)|Xvime(“i)) x P(s'|s)
The ordering vq, .., v, guarantees that when a node v; is visited, none of its descendants
has been visited yet. Moreover, letting u be the parent of v; we can split T by removing

from it and v; will be the root of the connected component composed of its descendants.

Considering the other components together, this induces a partition of V(T') as D,, U A
where A is the set of non-descendants of v;. This induces the following decomposition of the
energy function:

E(w) = E,,(w) + Es(v;) with E4x(w) = E Ji j(ws, wj)
Jij€u
u€EA

that can be used to rewrite P(s'|s):

P(s'|s) Z e Bw) — Z e Boi(w) ¢ g=Falw)

wen™ wesn?
s,s'Cw s,S'Cw

Moreover, letting X4 = Uy,e 4 Xy, the decomposition of V(T'), together with Lemma 12
implies that: X4 NY,, C X,. Except for the columns of X,,, E4 and E,, involve different
sets of columns, which allows us to further simplify:
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P(sls)oc | Do e™™@ | 3, enfulrt)

acx? bex Vv~ X
sCa
_ Z e~ Ea(a) X th((s + S,)‘XWQXW(W)) (%) <
aEEA
sCa

constant with respect to s’

» Lemma 10. Let v € V(T) and P, be the marginal of the Boltzmann distribution restricted
to the columns of X, N Xpq(vy. Then for s € $XoNXpaw) we have that:

Z(s) x Zo(s) = > e PEED o Py(s)
SIGZ{L”’N}
sCs’

Proof. If v has no parent then the proof is direct: Z2(f) = 1 and Z,(#) = Z. Otherwise
suppose u is the parent of v. Then consider the proof of Lemma 7 : split the decomposition
T by removing u from T and assembling the non-descendants of v together. Now observe
that the energy function E 4 in the proof corresponds in fact to E. Then note that equation
(%) directly gives the result that we seek. |

» Lemma 11 (Augmented tree decompositions). Let T be a tree decomposition of G of size
s € Nand x € V(G). We can build a decomposition T* of size 2s and treewidth at most
tw(T) + 1 such that for every y € V(G) there exists v, € V(T'") such that:

{x,y} - va N Xpa(vy)

Proof. Construct 7% from 7T as follows:
Add z to every bag of T if it is not already present.
Add an additional child v’ to every node v such that X,, = X,,.
The size of bags is increased by at most 1 which justifies the bound on the treewidth of 77.

We can verify that all the axioms of tree decompositions are verified. The first two axioms
are inherited from 7, while the third is classically [13] equivalent to:

For z € V(G) the nodes of T whose bag contain z form a connected subtree of T'.

Because the duplication of bags is adjacent it doesn’t create further violations of this axiom,
and moreover for z = x the subtree is the whole tree, thus necessarily connected. It remains
to be shown that {z,y} C X,, N Xp4(,) for some v, € V(T). By the first axiom of tree
decompositions, there exists vg € V(T') such that y € X,,,. Take v; its correspondence in
V(T*) and v, = v| the child of v; with the same bag. Then we have: y € ({z} UX,,) =
Xy, = Xy and z € Xy = X, by definition. Thus {z,y} C Xy, N Xpa(a,)- <
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A.1 List of selected RNA families

Collection of 41 RFAM families considered in our case study:

Family N n | PCC | |E| | tw Family N n PCC | |E| | tw
RF00001 | 230 | 712 | 0.76 | 148 5 RF00003 | 203 | 100 0.42 200 | 5
RF00005 | 118 | 954 | 0.83 | 129 | 6 RF00013 | 262 | 150 0.39 200 | 3
RF00019 | 145 | 104 | 0.59 | 159 | 6 RF00020 | 192 | 180 0.41 199 | 6
RF00050 | 221 | 146 | 0.37 | 200 | 3 RF00167 | 113 | 133 | -0.059 | 128 | 6
RF00169 | 127 | 261 | 0.64 | 134 | 6 RF01051 | 136 | 155 0.23 144 | 6
RF01689 | 112 | 146 0.3 133 | 6 RF01695 | 129 | 456 0.68 135 | 6
RF01699 | 264 | 194 | 0.47 | 200 | 3 RF01731 | 193 | 210 0.61 189 | 6
RF01745 | 345 | 165 | 0.38 | 200 | 1 RF01831 | 179 | 101 | -0.026 | 193 | 6
RF01852 | 119 | 109 | 0.53 | 136 | 6 RF02034 | 248 | 172 0.55 200 | 4
RF02035 | 153 | 320 | 0.78 | 152 | 6 RF02678 | 228 | 155 0.52 200 | 3
RF02921 | 200 | 143 | 0.52 | 200 | 5 RF02928 | 130 | 236 0.53 124 | 6
RF02932 | 163 | 102 | -0.03 | 169 | 6 RF02944 | 104 | 224 | 0.68 123 | 6
RF02957 | 232 | 448 | 0.86 | 192 | 6 RF02960 | 240 | 155 0.54 200 | 4
RF02966 | 173 | 108 | 0.16 | 179 | 6 RF02967 | 154 | 139 0.37 159 | 6
RF02968 | 114 | 229 | 0.53 | 128 | 6 RF02972 | 128 | 154 0.78 139 | 6
RF02976 | 155 | 210 | 0.79 | 156 | 6 RF02987 | 121 | 481 0.72 129 | 6
RF02996 | 118 | 167 | 0.33 | 132 | 6 RF02999 | 102 | 248 0.69 103 | 6
RF03000 | 203 | 368 0.5 200 | 5 RF03005 | 201 | 129 0.39 170 | 6
RF03021 | 119 | 141 | 0.59 | 134 | 6 RF03074 | 117 | 261 0.51 120 | 6
RF03075 | 115 | 209 | 0.72 | 130 | 6 RF03127 | 110 | 370 0.59 125 | 6
RF03147 | 112 | 149 | 054 | 129 | 6

N: alignment width, n: alignment height, PCC: pearson correlation between covariations of
alignment and model (as in [3]), |E|: number of activated couplings, tw: final treewidth

A.2 Processing of geometric data

The alignments provided by RFAM contain occasionally sequences annotated with PDB
structures that we were able to access. These structures enable us to reconstruct distances
between residues in the family. Similarly, annotation tools such as DSSR were used to
reconstruct non-canonical basepairs using these tertiary structures. The distances and
annotations are computed for positions relative to the real ungapped RNA sequence present
in the PDB. It is then only a matter of projecting this sequence into the alignment’s column
space to be able to compute distances/annotations in the reference of the alignment. However,
due to what we believe to be frequent annotations errors of the PDB chains, we had to
perform pairwise alignments between the chains of residues actually present in the PDBs,
with the sequence reported in the family alignment. Some structures were rejected when
this pairwise alignment was deemed of poor quality, this explains why some families with
tertiary structures available were not included. Moreover, since the structures correspond
to sequences that may contain deletions, in the reference of a family’s alignment, not all
positions are represented in 3D structures, and some may be represented many times in
different structures. When a pair of position is present in multiple structures, we choose
to use the minimum distance reported, and when distances were not available for pairs of
positions corresponding with a coupling, it was excluded from the analyses requiring distance
information.
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A.3 Evolution of the treewidth

Treewidth

0 25 50 75 100 125 150 175 200
Iteration

Figure 9 Increase in average treewidth (and 95% percentiles) at different iterations. Instances
reaching treewidth 6 are no longer iterated upon but are kept in the distribution.
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