
DivQuant: Estimation of Species Richness and
Entropy from Small Samples
Johanna Elena Schmitz #

Algorithmic Bioinformatics, Faculty of Mathematics and Computer Science,
Saarland University, Saarbrücken, Germany
Saarbrücken Graduate School of Computer Science, Germany
Center for Bioinformatics Saar, Saarland Informatics Campus, Saarbrücken, Germany

Sven Rahmann1 #

Algorithmic Bioinformatics, Faculty of Mathematics and Computer Science,
Saarland University, Saarbrücken, Germany
Center for Bioinformatics Saar, Saarland Informatics Campus, Saarbrücken, Germany

Abstract
Estimating diversity properties of discrete distributions from a small observed sample is a fundamental
problem in algorithmic statistics that has applications in many fields, in particular bioinformatics,
but also in ecology or linguistics. The two most common diversity measures are the number of
distinct elements in a multiset, also referred to as “species richness” in ecology or “alpha diversity”
in microbial analysis, and the Shannon entropy, also referred to as “evenness”. Estimating these
properties from a small sample is particularly challenging for distributions with many rare elements.
Thus, many estimators have been proposed in the past that, in practice, work well for different types
of distributions.

We present DivQuant, an optimization-based, extrapolating richness and entropy estimator with
three contributions. First, we formulate the upsampling problem as a convex quadratic program with
a Neyman χ2 objective. Unlike the linear program of its predecessor RichnEst, DivQuant admits
confidence intervals via χ2 test inversion that are empirically well-calibrated. Second, we replace
RichnEst’s fixed-threshold fingerprint truncation with the rare/abundant fingerprint split of Valiant
and Valiant, which strongly reduces problem size and preserves enough degrees of freedom for the
confidence-interval program to remain valid and feasible. Third, we plug the optimal population
fingerprint returned by the program into Shannon’s entropy formula to obtain an entropy estimate.

DivQuant attains close-to-nominal 95% confidence intervals in essentially all tested regimes,
including six simulated distribution families, Tara Oceans microbiome data, and 10X Genomics
scRNA-seq data, while competing state-of-the-art methods (RichnEst, iNext, PreSeq) miss the true
richness in up to 80% of instances, well above the nominal 5%. In addition, DivQuant outperforms
classical asymptotic entropy estimators (Miller-Madow, CAE) and the extrapolating iNext estimator.
Running times remain competitive, with DivQuant typically completing in seconds.
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1 Introduction

With access to only a small sample from a large population, there are many questions one
may ask about the total population. For example, how many distinct elements went unseen
in the sample? Or, how even is the population, i.e., what is the composition of the population
regarding rare and abundant elements? The term richness is often used to denote the
number of distinct elements in a population or sample. Evenness is measured using entropy,
often referred to as Shannon diversity [39]. Both measures are important diversity measures
in many fields, such as ecology [16, 42], linguistics [19, 20] and biology [5]. In microbial
sequence analysis, richness (also called alpha diversity) and entropy are commonly used to
analyse bacterial communities or environments [44, 41], where both function and community
dynamics are assessed based on diversity changes over time. Furthermore, both measures
are used to evaluate the diversity of immune repertoires or to track changes in the immune
system during health and disease [18, 34].

However, there is an open debate about how best to compare the diversity between
samples and which diversity measure to use [6]. Richness is usually computed using either
the observed sample richness, which underestimates the true richness for almost all samples,
or by using a statistical estimate. The same is true for entropy. An overview of the sampling
problem is shown in Figure 1A–C.

Related work. Richness and entropy estimators can be divided into two groups depending on
whether they require the full population size to be known or not, referred to as extrapolating
and asymptotic estimators, respectively [9]. Ecological studies typically require accurate
asymptotic lower bounds or estimates for extrapolated populations that are up to three
times larger than the observed sample. Other applications, such as metagenomics or immune
repertoire diversity, require accurate estimates for populations that are more than ten times
larger than the observed sample.

Some asymptotic estimators, like the Chao 1 [8] or Jackknife estimator [7], assume that
the number of species seen only once or twice is most predictive of the number of unseen
species. Other estimators assume that the sample was drawn from a parametric family
of probability distributions, e.g., a Gamma-Poisson mixture distribution, and reduce the
problem to estimating the parameters of a parametric probability distribution, using method
of moments, maximum likelihood, or Bayesian estimators [16, 27, 11, 3]. Several recent
methods make no such assumptions and are based on linear programming [40, 38], link
Hill numbers to rarefaction/extrapolation sampling curves (richness corresponds to Hill
numbers of order 0) [24], perform curve fitting on the rarefaction curve [14, 28] or on ratios of
consecutive frequency counts [43]. A recent comparative review by Schmitz and Rahmann [36]
shows that despite this long history, there remains an unmet demand for accurate richness
estimators when the population is more than ten times larger than the observed sample.

For entropy, classical asymptotic estimators include the Miller-Madow estimator [30]
and the coverage-adjusted estimator (CAE) [10], complemented by more recent linear-
programming-based estimators [40]. Because Hill numbers of order 1 correspond to the
exponential of the Shannon diversity, iNEXT [24] can also be used to extrapolate entropy. For
a broader overview of entropy estimators, we refer the reader to the survey by Paninski [33].

Two practical issues complicate richness (and entropy) estimation in DNA sequencing
applications. First, sample diversity (in particular, sample richness) is highly correlated
with sequencing depth, which has led to the widespread practice of comparing samples after
rarefaction [15, 35]. However, rarefaction discards information, so extrapolating estimators
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Figure 1 Difference between population richness S (entropy H) and observed sample richness
(entropy). Colours denote distinct species. A In a homogeneous population, a small sample suffices
to observe a richness close to the true value. B For a population with many rare species, the
observed sample richness underestimates the population richness. C Species richness is commonly
assessed via a rarefaction curve: as the sample size grows, the observed richness converges to
the population richness, at a rate that depends on the species composition. D Example of the
downsampling process from a population fingerprint a to a sample fingerprint f . A species observed
3 times in the sample must have abundance ≥ 3 in the population, so the expected value of f3 is
a3 · P N,n

3,3 + a4 · P N,n
4,3 + a5 · P N,n

5,3 (see Section 2.2). Figure adapted from [36].

are preferable in many settings [13, 9, 25]. Second, sequencing errors inflate the singleton
count, leading to biased estimates. Many standard error correction methods remove all
singletons, which violates the assumptions of estimators such as Chao 1 [12, 6]. These two
issues increase the demand for estimators that are less dependent on the sequencing depth
and the number of singletons.

The uncertainty quantification gap. A diversity estimate is only as useful as the uncertainty
attached to it, since many downstream questions are comparison tasks for which a point
estimate alone does not yield valid conclusions. Yet uncertainty quantification has received
much less attention than point-estimate accuracy in the above-mentioned literature. Several
widely used entropy estimators (Miller-Madow, CAE, Unseen) report no confidence intervals
at all. Among extrapolating estimators that do, iNEXT provides analytic intervals, PreSeq
provides bootstrap intervals, and RichnEst provides intervals derived from a per-term linear
proxy, but to our knowledge none has been systematically shown to achieve nominal coverage
in the regime where the population is more than ten times larger than the observed sample.
We show in Section 3 that this gap is sharp: across six simulated distribution families and
two biological datasets, the nominal 95% intervals of iNEXT, PreSeq, and RichnEst miss the
truth in up to 80% of instances, well above the nominal 5%.

Contributions. We close this gap with DivQuant, an extrapolating richness and entropy
estimator whose 95% confidence intervals empirically cover the truth in essentially all
tested regimes. The core change is methodological: we replace the linear objective of
DivQuant’s predecessor RichnEst [38], which searches via a linear program for the most
plausible population histogram consistent with the observed sample under hypergeometric
subsampling, with a quadratic Neyman χ2 objective [32], turning the search into a convex
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quadratic program whose statistic is asymptotically χ2 distributed under certain assumptions.
Minimizing and maximizing the population richness over the set of fingerprints whose χ2

statistic falls below the desired quantile yields confidence intervals. We contribute two
supplementary enhancements.

We replace RichnEst’s fixed-threshold sample truncation with the rare/abundant fin-
gerprint split of Valiant and Valiant [40]. The fixed threshold collapses the degrees
of freedom of the χ2 statistic and frequently renders the confidence-interval program
infeasible; the rare/abundant split preserves enough degrees of freedom for the program
to remain feasible across a much wider range of inputs.
We plug the optimal population fingerprint returned by the program into Shannon’s
entropy formula to obtain a point estimate, and reuse the same min/max-over-feasible-set
construction to obtain entropy confidence intervals. The resulting point estimates outper-
form classical asymptotic estimators (Miller-Madow, CAE, Unseen) and the extrapolating
iNEXT estimator on both simulated and real data, and the entropy intervals cover the
truth in a larger proportion of cases than iNEXT’s.

In the next section, we describe DivQuant in more detail. In Section 3, we compare
DivQuant with state-of-the-art estimators for both richness estimation and entropy estimation
on simulated and biological data. We give concluding remarks in Section 4.

2 Methods

After introducing the notation, we describe our assumptions and explain how to formulate
the estimation problem as a convex optimization problem.

2.1 Notation
We are interested in a population with N elements (sometimes called individuals) but have
only access to a small random sample x = (x1, x2, . . . , xn) of size n < N . Each element
belongs to a single species (sometimes called class or group), and the richness S of a population
is given by the number of distinct elements (or species).

Assuming that the species have relative frequencies or probabilities p = (p1, p2, . . . , pS)
in the population, we can compute the (Shannon) entropy by

Hp := −
S∑

i=1
pi log pi

where, depending on the research area, it is common to use log2, log10 or loge.
Both species richness and entropy are invariant under relabeling; we will thus in the

following consider the fingerprint of a sample (sometimes called frequency or occupancy vector).
Given a sample x = (x1, x2, . . . , xn), the k-th component of the fingerprint f = (f1, f2, . . . )
counts how many species occurred exactly k times in the sample. Note that f0 corresponds
to the unseen species. Thus, the sample size satisfies

n =
∑
k≥1

k fk ,

and the observed richness is given by

Sobs =
∑
k≥1

fk .
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Table 1 Notation.

Symbol Meaning
N , n population size and sample size (n < N)
S, Sobs population richness and observed sample richness
H Shannon entropy
x = (x1, . . . , xn) sample (one entry per element)
f = (f1, . . . , fKobs ) sample fingerprint: fk is the number of species observed exactly k times
f0 number of unseen species
Kobs largest count actually observed in f

a = (a1, . . . , aC) population fingerprint: ac is the number of species with abundance c

f ′ = (f ′
0, f ′

1, . . . , f ′
K) expected sample fingerprint under hypergeometric subsampling from a

C, K truncation parameters for a and f ′ (Section 2.5)
P N,n

c,k hypergeometric probability that a species with abundance c is observed
exactly k times when downsampling from N to n elements (Eq. 2)

Given the fingerprint, the (empirical) sample entropy can be expressed as

Hf = −
∑
k≥1

fk
k

n
log k

n
, (1)

where each species’ probability is approximated by its observed frequency k/n. The symbols
used throughout the paper are collected in Table 1.

2.2 Sampling Process
We adopt the same probabilistic model as RichnEst [38].

The observed fingerprint f is assumed to arise from drawing a random sample of size
n from the population. Thus, our goal is to find a population of size N (or in practice, a
larger sample of interest with size N), whose expected fingerprint f ′ is close to the observed
fingerprint f .

A species that occurs c times in the population can be observed 0 ≤ k ≤ c times in
the sample. The probability that a species with c individuals in a population of size N is
observed exactly k times in a sample of size n is given by the hypergeometric probability

P N,n
c,k =

(
c
k

)(
N−c
n−k

)(
N
n

) . (2)

Given a population fingerprint a = (a1, a2, . . . , aC), where the most frequent species has C

individuals and
∑C

c=1 c ac = N , the expected fingerprint f ′ = (f ′
0, f ′

1, f ′
2, . . . , f ′

K) of a sample
of size n is

f ′
k =

C∑
c=k

ac P N,n
c,k (0 ≤ k ≤ K ≤ C) .

See Figure 1D for an example. We exploit below that the contribution to f ′
k from a species

with abundance c, namely ac P N,n
c,k , is the mean of a Binomial(ac, P N,n

c,k ) random variable.
When the per-trial success probabilities P N,n

c,k are small, the sum of Binomial random variables
is well approximated by a Poisson distribution due to Le Cam’s theorem [29, 23].

WABI 2026
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2.3 Estimation Problem
We estimate the species richness by modelling the inverse sampling process to find the
most plausible population fingerprint a that can explain the observed sample fingerprint
f = (f1, f2, . . . ). The richness estimate is then Ŝ =

∑C
c=1 ac.

We formulate the problem as a convex optimization problem and turn our goal that
the expected fingerprint f ′ should be close to the observed fingerprint f into the objective
function. We adopt the minimum χ2 method [32, 4], which is widely used for parameter
estimation in counting experiments whose histogram entries are approximately Poisson
distributed [22, 26] and for comparing histograms [2, 17]. Concretely, we use Neyman’s χ2

statistic [32]

χ2
Neyman =

K∑
k=1

(fk − f ′
k)2/ max(fk, 1) (3)

Following common practice, we use max(fk, 1) in the denominator to handle zero counts [22].
Equation (3) is asymptotically χ2 distributed if it is approximately a sum of squared
independent standard normal variables. If each bin is Poisson distributed, the observed count
fk in the denominator consistently estimates the variance of fk. For sufficiently large bin
counts, the standardized deviation (fk − f ′

k)/
√

max(fk, 1) is then approximately standard
normal. This allows us to use the χ2 statistic to compute confidence intervals in Section 2.4
[2, 26]. Compared to Pearson’s χ2 (which uses f ′

k in the denominator), Neyman’s variant has
the advantage of yielding a quadratic objective in the variables, hence preserving convexity
of the program below. In a good solution, fk ≈ f ′

k, and the difference is marginal.
Given the observed sample fingerprint f = (f1, f2, . . . ) of size n and the population

size N , we solve the following convex optimization problem to search for the population
fingerprint a = (a1, a2, . . . , aC), where P N,n

c,k are the hypergeometric probabilities (constant
during solving) of Equation (2) and the vector f ′ = (f ′

0, f ′
1, . . . , f ′

K) are auxiliary variables
that store the expected fingerprint. All variables are constrained to be non-negative.

minimize
K∑

k=1
(fk − f ′

k)2/ max(fk, 1)

subject to

f ′
k =

C∑
c=k

ac · P N,n
c,k (k = 0, . . . , K)

f ′
0 =

C∑
c=1

ac −
K∑

k=1
fk

N =
C∑

c=1
c · ac

ac ≥ 0 (c = 1, . . . , C)

The important variables are the components of the population fingerprint a, which
determine f ′, which has to be close to the observed f . The optimization problem formulation
depends on the truncation parameters C and K, which we do not know initially. We describe
their choice in Section 2.5. Instead of penalizing the deviation between the expected and
the observed number of unseen elements in the objective function, we add both as hard
constraints to the optimization problem (i.e., f ′

0 =
∑C

c=0 ac · P N,n
c,0 and f ′

0 = Ŝ − Sobs). We
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relax both a and the auxiliary variables f ′ to be non-negative real numbers rather than
integers. While this does not yield strictly valid fingerprints, it makes the program more
efficient while empirically leaving the richness estimate essentially unchanged. There may
exist several solutions for a with (almost) equivalent objective values; we come back to this
below. The formulation of RichnEst uses the linear proxy

∑K
k=1 |fk − f ′

k|/
√

fk + 1, which in
practice gives similar point estimates but makes it hard to derive confidence intervals [38].

2.4 Confidence Intervals
Since many population fingerprints a can yield comparable objective values, a confidence
interval for the richness estimate is more informative than a single point estimate. We
construct the confidence interval by inverting the χ2 test.

2.4.1 Inverted χ2 Test
The general idea of inverting a χ2 test is to collect all parameter values under which the
hypothesis would not be rejected [1].

For each candidate a, the null hypothesis is that a is the true population fingerprint.
Thus, inverting the tests gives a confidence region for the true a. Let A be the set of
valid population fingerprints whose Neyman χ2 statistic, computed between their expected
fingerprint f ′ and the observed fingerprint f , is below the critical value ε at the desired
confidence level. The minimum and maximum of

∑C
c=1 ac over a ∈ A then form a confidence

interval for the true richness S.
We therefore minimize or maximize the richness under the constraint that the deviation

between the observed and expected fingerprint is bounded by ε, whose choice is discussed
below. For the lower bound, we thus solve the quadratically constrained linear program

minimize
C∑

c=1
ac (4)

subject to

ε ≥
K∑

k=1
(fk − f ′

k)2/ max(fk, 1) (5)

f ′
k =

C∑
c=k

ac · P N,n
c,k (k = 0, . . . , K) (6)

f ′
0 =

C∑
c=1

ac −
K∑

k=1
fk (7)

N =
C∑

c=1
c · ac (8)

ac ≥ 0 (c = 1, . . . , C) (9)

and, respectively, maximize objective (4) to get the upper bound. We use the same non-
negativity constraints and relaxation to real numbers for the variables as described in
Section 2.3. The optimization problem is convex because all equality constraints are affine
and the inequality constraint (5) is convex.

We set ε to the value of the quantile function of a χ2 distribution with K − 1 degrees
of freedom for the desired confidence level (default 0.95). This is a heuristic choice, but
one for which there are good reasons. Under the null hypothesis, by Le Cam’s theorem,

WABI 2026
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the (fk)1≤k≤K are approximately independent Poisson variables [29] linked by the single
constraint

∑K
k=1 k fk = n. Thus, Neyman’s χ2 statistic asymptotically follows a χ2

K−1
distribution, see Section 2.3. The unseen species f ′

0 do not enter the χ2 sum and hence do
not affect the degrees of freedom. Although the optimization later searches over a, the test
inversion fixes a when evaluating the statistic: for each candidate a we ask whether the
observed f is compatible with a as a fixed null. Because a is not estimated from f , the usual
degrees-of-freedom penalty for fitted parameters does not apply.

2.4.2 Limitations of the χ2 Approximation
The χ2 approximation only holds under several assumptions, which are partially violated or
hold only asymptotically in our setting. The main limitations are the following:

For the normal approximation, the standard rule is that the expected counts f ′
k should

be at least 5. This assumption is not always true in our setting, particularly in the tail,
where f ′

k may be small.
Agresti and Ryu [1] described the test inversion for Pearson’s χ2 statistic rather than
Neyman’s. We use Neyman’s χ2 statistic for the convexity reason described in Section 2.3.
The program is feasible if and only if the minimum of Neyman’s χ2 statistic (obtained by
the optimization problem in Section 2.3) is at most ε. Since ε grows with the degrees
of freedom, feasibility is sensitive to the choice of K. However, the value of K is not
uniquely determined and can be increased by appending up to C − K zero entries to the
observed fingerprint. By using the ideas of Section 2.5 and Section 2.6, we obtain feasible
optimization problems in practice.

Due to these limitations, the confidence interval construction is best understood as a
heuristic rather than a fully derived asymptotic procedure. We show in Section 3 that the
resulting confidence intervals empirically achieve near-nominal coverage. The empirical tend-
ency towards over-coverage rather than under-coverage may be explained by two conservative
effects: (1) When the expected counts f ′

k are small, the distribution of (fk − f ′
k)2/fk is

right-skewed compared to its asymptotic χ2 approximation, so a symmetric χ2 critical value
inflates ε. (2) Since each species can only contribute to a single bin, there is a small local
correlation. This underdispersion is negligible at small k but may lead to wider intervals.

2.5 Estimating Truncation Parameters C and K

The explicit modelling of the sampling process depends on the parameters C ≤ N and
K ≤ n, which determine the length of the variable vectors a and f ′. We follow the strategy
of Schröder and Rahmann [38] to determine C and K. We determine them in sequence: Kobs
is read from f , then C is chosen from Kobs via a threshold t, then K (≥ Kobs) is chosen
from C via a threshold τ . Typically, both C and K increase with an increasing sample size.

Let Kobs denote the largest count observed in the sample fingerprint f . Assuming that
we have a species with abundance c in the population, the probability to observe a count
larger than Kobs in our sample is given by

∑
k>Kobs

P N,n
c,k . Since no such count was observed,

we require that the tail probability
∑

k>Kobs
P N,n

c,k = 1 −
∑Kobs

k=0 P N,n
c,k is small. Given a

threshold t ∈ (0, 1), we therefore set

C := min{c ≥ 1 :
Kobs∑
k=0

P N,n
c,k ≤ t} .
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Since the optimization program only measures the deviation between the observed and
expected fingerprint up to K, we must ensure that essentially all the probability mass lies in
the considered range. For example, if we observe no species with more than 10 individuals,
the entries in {f ′

k}k>10 should also be near zero. For a given C and a threshold τ ∈ (0, 1),
we set

K := min{κ ≥ 1 :
κ∑

k=0
P N,n

C,k ≥ τ} .

The observed fingerprint is padded with K − Kobs trailing zeros.
The two thresholds play different roles: t caps C from above, so the more conservative

(smaller) t, the larger C and the more expensive the program; τ caps how much tail mass of
the per-c subsampling distribution we allow to be ignored, with little additional cost when
set close to 1. We therefore use t = 0.8 and τ = 0.99 as default parameters. The resulting
richness estimates are insensitive to the choice of t and τ as long as both parameters are
within a reasonable range (see Appendix B).

2.6 Reducing the Problem Size
A challenge arises for samples where both K and C are large, resulting in impractical solving
times that exceed the typical few seconds, see Appendix A. RichnEst reduces the program
size by truncating the observed fingerprint at a fixed threshold Kmax (default 25), only
retaining (f1, . . . , fKmax) and rescaling n and N accordingly [38]. However, this threshold is
not very robust to varying input properties. A small threshold reduces the degrees of freedom
of the χ2 distribution, which can render the confidence-interval program infeasible. The
extent to which this affects the solvability of the confidence interval is shown in Appendix A.

Instead, we use the rare/abundant fingerprint split proposed by Valiant and Valiant [40],
which uses a sparsity criterion that is sensitive to the sample size and population composition
rather than relying on a constant Kmax. If a species is very abundant in the population –
say, it makes up half – then its sample frequency will be close to its expected value n/2.
Thus, we can use the trivial empirical estimate of N/2 for this species.

Concretely, an abundant species’ sample frequency is tightly concentrated around its
expectation, so in the fingerprint f the values fi for i near that frequency are small; only a
few species contribute counts in that neighbourhood. We therefore say that a frequency k is
abundant if its neighbourhood f is sparse:∑

i∈[k−⌈
√

k⌉,k+⌈
√

k⌉]

fi ≤ 2
√

k .

We remove each abundant fk from the fingerprint, give it an estimated population abundance
of k ·N/n, and reduce n and N by k ·fk and k ·fk ·N/n, respectively. After solving the reduced
program, the empirical entries are added back to recover the full population fingerprint a.

This split has been shown to work well in practice [40]. The plug-in is justified because
the sparse-neighbourhood criterion identifies precisely those frequencies whose corresponding
species are tightly concentrated around their expectation by Le Cam’s theorem, so k · N/n is
itself a low-variance estimator, and the corresponding entropy contribution −(k/n) log(k/n)
closely tracks the population value −(c/N) log(c/N).

Another advantage of reducing the fingerprint is that removing sparsely populated bins
with small expected counts and few species leaves a compact fingerprint. This fingerprint
typically has large enough expected counts to support the normal approximation underlying
the Neyman χ2 statistic.

WABI 2026
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2.7 Entropy Estimation
The optimization problem directly yields an estimate of the population fingerprint a. We
thus estimate the entropy of a population with upsampled fingerprint a = (a1, a2, . . . , aC)
and population size N as

Ĥa = −
C∑

c=1
ac

c

N
log c

N
. (10)

That is, we plug the estimated population fingerprint instead of the observed sample fingerprint
into Equation (1).

To obtain entropy confidence intervals, we replace Equation (4) with Equation (10) and
minimize or maximize the optimization program from Section 2.4.1 to obtain the lower and
upper bounds of the confidence interval, respectively. Since Equation (10) is linear in a, the
convexity of the optimization program is conserved.

3 Results

We compare DivQuant against the observed richness Sobs and the best-performing extrapol-
ating estimators from the review by Schmitz and Rahmann [36] on simulated and biological
data, namely, its predecessor, RichnEst [38] (https://gitlab.com/rahmannlab/richnest,
commit de571d68), iNEXT [24] (R package, version 3.0.2), and PreSeq [14] (R package,
version 4.0.0).

For entropy estimation, we compare DivQuant against the observed sample entropy, given
by Equation (1), the asymptotic Miller-Madow bias-corrected estimator [30], the coverage
adjusted estimator (CAE) [10], Unseen [40] and the extrapolating entropy estimator available
in iNEXT [24]. For Unseen, we use our Python re-implementation of the original MATLAB
code. DivQuant, RichnEst and our re-implementation of Unseen use the Gurobi Python API
to solve the (linear or quadratic) convex optimization problems [21]. For convex optimization
problems, Gurobi yields the global optimum within numerical tolerances. All experiments
were run on an Ubuntu (24.04 LTS) server with two AMD EPYC 9534 64-Core Processors,
1.5 TB of 4800-MHz DDR5 memory, and a KIOXIA CD8P SSD. We measured running times
and maximum memory usage with /usr/bin/time -v.

3.1 Simulated Data
We simulate data with different species compositions using the statistical population models
described in the review by Schmitz and Rahmann [36]. We set the population size to
N = 105 and the richness to S = 104. Given a simulated population, we create samples
that contain 1% to 90% of the population. We denote the absolute abundance vector of a
population by X = (X1, . . . , XS), and use α to denote the appropriate scaling factor such
that

∑S
i=1 Xi = N . The simulated species composition models are as follows.

In the Random model, we draw pi for i = 1, . . . , S from the uniform distribution on
[0.02, 0.98] and set Xi = α · pi.

In the Homogeneous model, every species i = 1, . . . , S has the same abundance of N/S

(here 105/104 = 10).
In the Negative Binomial model, we draw a random sample X ′ of size S from a negative

binomial distribution either with parameters r = 2 and p = 0.02 (model 1), or with r = 20
and p = 0.2 (model 2). For i = 1, . . . , S, we set Xi = α · X ′

i.

https://gitlab.com/rahmannlab/richnest
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Figure 2 Log2 ratios between estimated richness and population richness across different samples
from the simulated data. A log2 ratio of zero corresponds to a perfect correspondence, while log2
ratios < 0 underestimate the true richness and log2 ratios > 0 overestimate the true richness. Each
method’s point estimate, together with the lower and upper bounds of the computed 95% confidence
interval, is shown. DivQuant’s intervals are wider than RichnEst’s by design; Figure 3 shows that
this width translates into well-calibrated coverage, whereas the narrower intervals of competing
methods systematically miss the truth.

To create a bimodal composition (Two Mixture model), we draw a random sample X ′

from a negative binomial distribution with parameters r = 2 and p = 0.1 for one half of
the species and with parameters r = 50 and p = 0.2 for the other half of the species. The
absolute abundances are then given according to the description above.

In the Geometric model, we draw a sample X ′ from a geometric distribution with
parameter p = 1/S and set Xi = α · X ′

i such that
∑S

i=1 Xi = N .
In the Zipf-Mandelbrot model, Xi = α/(i + 10) for all i = 1, . . . , S.

3.1.1 Richness Estimation
We first compare the richness estimates of DivQuant, RichnEst, iNEXT, and PreSeq on
simulated data. Figure 2 shows the log2 ratio between the estimated and true richness,
aggregated across all distribution types, see Appendix C for estimates split by distribution.

As expected, the observed sample richness underestimates the true population richness,
and all extrapolating estimators improve as the sampling fraction grows. For small samples
(< 10%), PreSeq yields more accurate point estimates compared to iNEXT, RichnEst, and
DivQuant. For larger samples (> 10%), both RichnEst and DivQuant are more accurate than
PreSeq and iNEXT. The point estimates of RichnEst and DivQuant are similar throughout,
but DivQuant’s confidence intervals are wider.

While narrower 95% confidence intervals are generally preferred, an interval is only
meaningful if it covers the true value at the nominal rate. Neither iNEXT nor PreSeq
achieves this. The upper bound of iNEXT is often below the true richness, and PreSeq’s
bootstrap intervals frequently fail to cover the point estimate.

WABI 2026
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Figure 3 Fraction of simulated instances where the true richness is not in the 95% confidence
interval; split for different sampling fractions. The vertical red line marks the theoretically allowed
portion of instances (5%) that are not within the confidence interval. Colours indicate the distribution
model from which the failed instances originate.

This is quantified in Figure 3. DivQuant’s intervals contain the true richness in essentially
all instances, except for the Homogeneous and Negative Binomial models at small sampling
fractions (≤ 3%). For sampling fractions above 50%, DivQuant’s intervals are well-calibrated,
whereas more than 5% of RichnEst’s intervals fail to cover the true richness. For small
sampling fractions, fewer than 20% of iNEXT intervals and at most 80% of PreSeq intervals
cover the true richness. Even at a sampling fraction of 40%, only about half of iNEXT’s
intervals and roughly 20% of PreSeq’s intervals are correct.

In summary, of the four methods compared, DivQuant is the only one whose confidence
intervals closely approach the nominal 95% level across the simulated samples. By contrast,
iNEXT’s and PreSeq’s confidence intervals seldom contain the true richness.

3.1.2 Entropy Estimation
We next compare the estimated entropy on simulated data. Since iNEXT computes entropy
in base 10, we report all entropies using log10. DivQuant supports log2, log10 and loge.

Figure 4 shows that the observed sample entropy generally underestimates the true
entropy. For larger sampling fractions, the asymptotic estimators (Miller-Madow, CAE,
Unseen), and the extrapolating estimator, iNEXT, begin to overestimate the true entropy.
DivQuant yields the most accurate entropy estimates for sampling fractions > 3%.

Miller-Madow, CAE and Unseen do not provide confidence intervals. The confidence
intervals of iNEXT do not contain the true entropy for a large portion of tested instances, see
Figure 4 and Figure 5. By contrast, DivQuant’s confidence intervals contain the true entropy
in a larger proportion of cases. For a small sampling fraction, more than 5% of instances
are not within the confidence interval; for a larger sampling fraction, only estimates for the
Homogeneous model are not within the confidence interval.
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Figure 4 Log2 ratio between estimated entropy and population entropy across different samples
of the simulated data. For iNEXT and DivQuant, LB and UB denote the confidence intervals. A
log2 ratio of zero corresponds to a perfect correspondence, while log2 ratios < 0 underestimate the
true entropy and log2 ratios > 0 overestimate the true entropy.
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Figure 5 Fraction of simulated instances where the true entropy is not in the 95% confidence
interval; split for different sampling fractions. The vertical red line marks the theoretically allowed
portion of instances (5%) that are not within the confidence interval. Colours indicate the distribution
model from which the failed instances originate.
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Figure 6 Log2 ratio between estimated richness and population richness for the Tara Oceans
microbial taxonomic profiles across different sampling fractions. A log2 ratio of zero corresponds to
a perfect correspondence, while log2 ratios < 0 underestimate the true richness and log2 ratios > 0
overestimate the true richness. For all methods, the point estimate and the lower and upper bounds
of the computed 95% confidence interval are shown.

3.2 Microbiome Richness
We obtained the taxonomic profiles from the Tara Oceans consortium [5], which sequenced
plankton samples across all major oceanic regions. From the operational taxonomic unit
(OTU) count tables of the 139 different samples (here treated as the “population”, available
at ocean-microbiome.embl.de/companion.html), we drew random subsamples that
contain ρ = 0.01, 0.03, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5 of the complete sample. For each sample
(population), we compared the estimated richness on the subsample with the richness of the
complete sample. A fair comparison with asymptotic estimators is not possible because the
full population is unknown. We report entropy results for completeness in Appendix D.

Figure 6 shows that, similarly to the results on simulated data, all methods yield more
accurate richness estimates and smaller confidence intervals as the sampling fraction increases.
DivQuant has larger confidence intervals compared to PreSeq and RichnEst. However, both
PreSeq and RichnEst have a larger portion of instances (6% and 10%) where the correct
richness is not contained within the confidence interval (see Figure 7A). The upper bound of
iNEXT underestimates the true richness in more than half of the instances.

3.3 Duplicate Rate Estimation
We downloaded the scRNA-seq data generated by 10X Genomics from https://cg.10xge
nomics.com/samples/cell-exp/3.0.2/5k_pbmc_v3/5k_pbmc_v3_fastqs.tar. Each read
in this data set contains a sequence tag of length 28 that should be unique for each distinct
molecule. Given the number S of distinct sequence tags in an experiment with N reads, the
duplicate rate is (N − S)/N . In practice, one is often interested in the duplicate rate at an
increased sequencing depth (for example, sequencing 2× to 10× as many reads) in order to
determine whether further sequencing would result in new molecules being sequenced. We
counted the sequence tags using the k-mer counter Hackgap [45].

ocean-microbiome.embl.de/companion.html
https://cg.10xgenomics.com/samples/cell-exp/3.0.2/5k_pbmc_v3/5k_pbmc_v3_fastqs.tar
https://cg.10xgenomics.com/samples/cell-exp/3.0.2/5k_pbmc_v3/5k_pbmc_v3_fastqs.tar
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(N = 143 169). Running times are shown for (A) richness estimators and (B) entropy estimators.
The running times (y-axis, log scale) are averaged over three runs for five different sampling fractions
(x-axis).

To obtain a ground-truth duplicate rate at increased depth, we pool the reads from all
four lanes and use the duplicate rate of the pool (horizontal green line in Figure 7B) as the
target. By adding more individual lanes to a sample, we obtain samples of increasing size and
smaller confidence intervals. The true target value should be inside the confidence interval,
and the point estimate should be close to the target. Figure 7B shows the estimated duplicate
rate. Consistent with previous results, DivQuant has the largest confidence intervals but is
the only method where the true duplicate rate lies within the confidence interval. All other
methods overestimate the duplicate rate, i.e., underestimate the true richness (not shown).

3.4 Running Time and Memory Requirements
DivQuant estimates both richness and entropy within a few seconds on both simulated and
real data. Across all Tara Oceans samples (and sampling fractions), the maximum CPU time
is 17 s, and the maximum memory usage is 206 MB. Figure 8 compares the running times of
the methods (both richness and entropy estimators) for different subsampling fractions for
the TARA_004_DCM_0.22-1.6 sample. All reported times are averaged over three runs.
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For richness estimation (see Figure 8A), RichnEst takes a few seconds for all subsampling
fractions except 1%, where it takes 24 s. PreSeq is the slowest method and scales poorly,
from about 8 s at 1% to roughly 5 min 36 s at 50%. Both DivQuant and iNEXT require
below 5 seconds. As expected, the Miller-Madow and CAE estimators are the fastest
entropy estimators (see Figure 8B), since they have closed-form expressions. On this dataset,
DivQuant, iNEXT, and Unseen need below 3 seconds at all subsampling fractions.

4 Discussion and Conclusion

We have presented an optimization approach, called DivQuant, to estimate richness and
entropy of a population when given access to only a small sample at a known sampling
fraction. DivQuant provides both point estimates and confidence intervals.

Our experiments indicate that our new approach computes more accurate richness and
entropy confidence intervals compared to other state-of-the-art methods. For sampling
fractions < 10%, the richness confidence intervals are relatively broad, but the true solution
falls within the theoretical 95% confidence interval for nearly all the tested instances. The
main exception is the homogeneous distribution: when all species share the same abundance,
the sample fingerprint concentrates near a single value k ≈ n/S, leaving the χ2 statistic with
essentially one informative bin and the test inversion with little leverage. This affects richness
coverage at small sampling fractions and entropy coverage at larger sampling fractions; a
tailored treatment of this corner case is left for future work. In contrast, more than 5% of the
confidence intervals computed by RichnEst, iNEXT, and PreSeq fail to cover the true richness.
For entropy, plugging the optimal population fingerprint into Shannon’s entropy formula
produces more accurate point estimates than the asymptotic estimators (Miller-Madow,
CAE, Unseen) and the extrapolating estimator iNEXT. In addition, the entropy confidence
intervals of DivQuant contain the true solution in more instances compared to iNEXT.

DivQuant requires the population size N to be known. When N is only known approxim-
ately, DivQuant can be run over a range of plausible N values and the minimum lower-bound
richness across that range reported as a conservative estimate; because larger N adds unseen
species rather than restructuring the observed fingerprint, this lower bound tends to saturate.

In future work, we aim to further tighten the statistical analysis for richness estimation
and to increase the accuracy of entropy confidence intervals. DivQuant currently relies on a
free academic Gurobi license (and its Python API). Evaluating open-source QP backends
(e.g., OSQP, Ipopt, or CVXPY’s SCS/clarabel) is planned as future work.

In summary, DivQuant is well-suited to estimate richness and entropy in the extrapolating
setting, where the population size (or a reliable estimate of it) is known.

5 Data and Code Availability

DivQuant and all Snakemake [31] workflows to reproduce the experiments are available
at https://gitlab.com/rahmannlab/divquant (commit 2baab79d). The optimization
problems are solved using a free academic Gurobi licence [21].
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A Effect of Reducing the Problem Size

We reduce the size of the optimization problem by splitting the observed fingerprint into two
parts. The first part (low abundances) is used for the upsampling process, and the second
part (high abundances) is upsampled by multiplying the frequency count by N/n.

Effect on running time. Reducing the problem size decreases the running time for large
samples (Figure 9A) for two reasons. First, we have to compute C × K hypergeometric
probabilities to compute the expected fingerprints. Second, the optimization problem has
more variables and can thus be harder to solve.

Effect on richness estimates. Since we only remove abundant species, whose population
frequencies are concentrated around their up-scaled sample frequencies, both versions result
in similar point estimates, as demonstrated for one microbial sample in Table 2. Since we
have a larger χ2 error bound for larger K, the confidence interval is larger using the complete

Table 2 Richness estimates for DivQuant with (standard) and without (complete) reducing the
problem size on the Tara Oceans sample TARA_004_DCM_0.22-1.6 (S = 4398, N = 143 169). LB and
UB denote the lower and upper bounds of the 95% confidence interval.

Estimator n/N 1% 5% 10% 30% 50%
point 1810 7322 4476 4417 4408
point (complete) 1837 7388 4527 4458 4438
LB 1189 2084 2771 3751 4155
LB (complete) 994 1816 2312 3178 3622
UB 41609 12664 8256 5440 4634
UB (complete) 53818 19706 13690 7973 6126
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Figure 9 A Running time in CPU seconds (y-axis) for different sampling fractions (x-axis) for
the Tara Oceans sample TARA_004_DCM_0.22-1.6 (N = 143 169). Running times are shown for
DivQuant with (standard) and without (complete) reducing the problem size. The running times
are averaged over three runs. B Fraction of simulated instances for which no confidence interval
could be computed. DivQuant uses the rare/abundant fingerprint split, while DivQuant (Kmax)
truncates at the same fixed threshold of 25 as RichnEst. The splitting scheme is more robust and
leaves fewer instances without a feasible confidence-interval program.

fingerprint compared to using only the rare part of the fingerprint to upsample the population.
Hence, the wider intervals at small sampling fractions in Figure 2 are intrinsic to the χ2

inversion when the sample carries little information about the unseen mass, rather than an
artefact of the rare/abundant split.

Effect on the fraction of solved instances. Figure 9B shows how problem reduction affects
the feasibility of the confidence-interval program: Using a fixed threshold (truncation at
Kmax = 25, as in RichnEst [38]) leaves substantially more instances without a feasible
solution than the rare/abundant split used in DivQuant.

B Choosing Thresholds t and τ to Estimate the Problem Size

Figure 10 shows the mean log2 ratio between the estimated and true richness for different
parameter combinations of t and τ , which determine C and K. Figure 11 shows the
corresponding standard deviation for the point estimates. DivQuant’s point estimates have
a small positive bias, in particular for small sampling fractions. The variation of the point
estimate decreases for increasing sample sizes. As expected, the lower and upper bounds
yield negative and positive log2 ratios, respectively. The dependence on t and τ is negligible
within a reasonable parameter range. For example, the point estimates are slightly worse
if t ≥ 0.8 and simultaneously τ ≤ 0.7 at the smallest sampling fraction, but for all other
combinations, the mean and standard deviation are almost identical.

C Results for Different Population Models

Figures 12 and 13 show the richness and entropy estimates for the different simulation models
for a sampling fraction of 10%. Other sampling fractions are not shown due to the limited
space. Except for the Homogeneous and Negative Binomial 2 models, iNEXT consistently
underestimates the true richness. The performance of PreSeq depends on the population
type, e.g., the results are more accurate for a Geometric model and less accurate for a
Homogeneous model. The performance of RichnEst and DivQuant is similar across models.
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The Miller-Madow estimator consistently underestimates the true entropy, while Unseen
tends to overestimate the true entropy. The CAE estimator overestimates the entropy
for most models, but it underestimates the entropy for distribution types with many rare
species, i.e., for the Geometric and Zipf-Mandelbrot models. The performance of iNEXT and
DivQuant varies for different models. E.g., for a Homogeneous model, iNEXT overestimates
entropy (both point estimate and confidence interval), while it provides accurate estimates
for the Geometric model. The performance of DivQuant is similar across models, but the
confidence intervals are larger for the Zipf-Mandelbrot model compared to the other models.

D Estimated Entropy on the Microbiome Data

We estimated the entropy for the data discussed in Section 3.2. Since we do not have access
to the whole population, we consider the complete sample as the population. Thus, the
estimates of the asymptotic estimators (Miller-Madow, CAE, and Unseen) may deviate from
the true entropy. Since iNEXT and DivQuant are extrapolating estimators, their entropy
estimates should be close to the true entropy.

The entropy estimates are shown in Figure 14. For all sampling fractions, DivQuant
provides the most accurate entropy estimates. In contrast, the observed sample entropy,
all asymptotic entropy estimates, and iNEXT underestimate the true entropy for small
sampling fractions and start to overestimate the entropy for larger sampling fractions. On the
microbiome data, the entropy confidence intervals of DivQuant are accurate, i.e., DivQuant’s
lower bound is smaller than the true entropy and DivQuant’s upper bound is larger.
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Figure 10 Mean log2 ratios of the estimated (point estimate, lower, and upper bounds) and true
richness for different parameter combinations of t and τ . A log2 ratio of zero is best.
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Figure 11 Standard deviation of the log2 ratios between the estimated (point estimate, lower
and upper bound) and true richness for different parameter combinations of t and τ . Smaller values
(close to zero) are better.
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Figure 12 Log2 ratios between estimated richness and population richness for a sampling fraction
of 10% for different population models. A log2 ratio of zero corresponds to a perfect correspondence,
while log2 ratios < 0 underestimate the true richness and log2 ratios > 0 overestimate the true
richness. Each method’s point estimate, together with the lower and upper bounds of the computed
95% confidence interval, is shown.
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Figure 13 Log2 ratios between estimated entropy and population richness for a sampling fraction
of 10% for different population models. A log2 ratio of zero corresponds to a perfect correspondence,
while log2 ratios < 0 underestimate the true entropy and log2 ratios > 0 overestimate the true
entropy. LB and UB denote the confidence intervals computed by iNEXT and DivQuant.
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Figure 14 Log2 ratios between estimated entropy and true “population” entropy on the Tara
Oceans microbial taxonomic profiles for different sampling fractions. A log2 ratio of zero corresponds
to a perfect correspondence, while log2 ratios < 0 underestimate the true entropy and log2 ratios
> 0 overestimate the true entropy.
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