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—— Abstract

The genome median problem is a central computational problem in comparative genomics, as it
models the reconstruction of an ancestral genome from a set of related genomes. Given ¢ genomes
and a distance measure, the problem asks for a genome that minimizes the sum of the distances to
the input genomes. Two classical distances are the breakpoint distance and the double-cut-and-join
(DCJ) distance. For multichromosomal circular genomes, the median problem is polynomial-time
solvable under the breakpoint distance, whereas it is NP-hard under the DCJ distance.

For even integer k > 2, the o) distance interpolates between these two extremes: o2 corresponds
to the breakpoint distance, while o corresponds to the DCJ distance. A central open problem in
this setting is the (3,4)-Median problem, which asks for a median of three genomes under the o4
distance, the first intermediate distance after the breakpoint distance.

Motivated by this question, we study the more general (¢, k)-Median problem, in which ¢ is
the number of input genomes and k determines the oy distance. We prove that (¢,6)-Median for
every ¢ > 4 and (3, 12)-Median are NP-complete. We then extend the hardness of (¢, 6)-Median to
(¢, k)-Median for all even k > 6, and the hardness of (3,12)-Median to (3, k)-Median for all even
k > 12. These results identify broad hardness regions in the (¢, k) parameter space and delimit the
remaining open cases around the fundamental (3, 4)-Median problem.

2012 ACM Subject Classification Theory of computation — Proof complexity
Keywords and phrases Genome rearrangement, median problem, sigma-k distance
Digital Object Identifier 10.4230/LIPIcs.WABI.2026.19

Funding Luis Cunha: FAPERJ: JCNE - E-26/201.372/2022 and E-26/204.301/2025; CNPq: PQ -
307666/2025-5, Universal - 406173/2021-4, National Institute of Science and Technology for Applied
Quantum Computing - 408884 /2024-0.

Marilia D. V. Braga: CAPES PRINT: 88887.310247/2018-00.

Jens Stoye: CAPES PRINT: 88887.310247,/2018-00.

1 Introduction

Phylogenetics studies evolutionary relationships among species using genetic information
obtained, for example, through DNA sequencing. A central task in this context is to infer
ancestral genomes from a set of related extant genomes. Comparative genomics, in which
genomes of different species are compared, helps address fundamental questions at the
intersection of genetics and evolution [9].

From a computational perspective, ancestral reconstruction is naturally modeled by the
median problem [13]. Given a set of £ > 3 genomes and a distance measure, the median
problem asks for a genome that minimizes the sum of its distances to the input genomes.
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Although the case £ = 3 is the classical formulation of the problem, the problem is naturally
defined for any number of input genomes and has also been studied in this more general
setting [8]. A median genome can be interpreted as a candidate ancestral genome for the
input genomes.

The choice of the distance measure depends on the genome model. In this paper, a
genome is represented as a set of chromosomes, and each chromosome is a circular sequence
of oriented genes classified into gene families. Two genomes over the same set of genes form
a canonical pair if they are singular, i.e., each genome contains exactly one gene from each
family. One classical distance in this setting is the breakpoint distance [14], which counts the
non-common adjacencies of two genomes, where an adjacency is the oriented neighborhood
between two consecutive genes in a chromosome.

Genomes can also be restricted according to the structure of their chromosomes: they
may be monochromosomal or multichromosomal, and their chromosomes may be linear,
circular, or mixed. Different genomic distances have been studied for these scenarios, ranging
from the breakpoint distance to the more general double-cut-and-join (DCJ) distance [16, 4].

The relationship between two genomes can be represented by the breakpoint graph. For
canonical circular genomes, this graph is a collection of even cycles. We call a cycle with
i edges an i-cycle, and an even cycle if i is even. Let ¢; be the number of i-cycles in the
breakpoint graph. If n is the number of genes in each genome, the breakpoint distance is
n — cg. Similarly, for rearrangements modeled by the DCJ operation, the DCJ distance is
n — ¢, where c is the total number of cycles.

The computational complexity of the median problem depends on both the genome model
and the chosen distance. For circular genomes, the median problem is polynomial-time
solvable under the breakpoint distance, but NP-hard under the DCJ distance [13].

A natural way to study the gap between these two extremes is through the family of oy
distances. For an even integer k > 2, let o, = ca+c4+- - -+¢; and define di, = n—oy, [6]. Thus,
the distance defined by o9 corresponds to the breakpoint distance, while o, corresponds to
the DCJ distance.

The oy, family has also been studied in the context of the double distance problem, whose
goal is to compute the minimum number of genomic rearrangements between a singular and
a duplicated genome that — in addition to rearrangements — are separated by a whole genome
duplication. For that problem, the cases k = 2,4, 6 can be solved in linear time [5], whereas
the problem is NP-complete for every k > 8 [7]. Together with the classical results for the
median problem under the breakpoint and DCJ distances [13], these works motivate a finer
investigation of median problems under intermediate o distances.

The main motivation for this work is the complexity of the (3,4)-Median problem. This
problem asks for a median of three genomes under the o4 distance and represents the first
nontrivial intermediate case between the polynomial-time breakpoint median problem and
the NP-hard DCJ median problem. The relevance of this question has been highlighted in
previous work on genome rearrangement distances and median problems [13, 12].

Motivated by this question, we study the more general (¢, k)-Median problem. This
formulation allows us to investigate how the complexity depends on the number ¢ of input
genomes and on the distance parameter k. Eventually, it may lead to better approximations
to the (more relevant) DCJ median, while still staying at or close to the polynomial time
complexity of the breakpoint median.

This paper is organized as follows. In Section 2, we introduce the necessary background
on genomes, breakpoint graphs, and the oy distance, and we formally define the (¢, k)-
Median problem. In Section 3 we introduce concepts and properties that are common to our
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reductions, including the construction of multiple breakpoint graphs from regular digraphs.
In Section 4, starting from the NP-complete problem Mazimum-cardinality edge-disjoint
directed triangle decomposition, we present our results for the smallest values of k: We first
prove the NP-completeness of the median problem for the cases ¢ > 4 and k = 6 and for the
case { = 3 and k = 12. In Section 5, we extend these results to larger values of k > 8 for ¢ > 4
and of k > 14 for £ = 3. Table 1 summarizes the complexity landscape for (¢, k)-Median and
highlights the results proved in this paper.

Table 1 Complexity of the multichromosomal circular (¢, k)-Median problem. Each row represents
the number of input genomes, and each column represents the parameter k used in the o} distance.
Results proved in this paper are shown in blue.

P N KRN N R LS
# of genomes
3 P [13 Open Open Open Open NP-hard | NP-hard | NP-hard (DCJ) [13
4 P [13 Open | NP-hard | NP-hard | NP-hard | NP-hard | NP-hard | NP-hard (DCJ) [13
{>5 P [13 Open | NP-hard | NP-hard | NP-hard | NP-hard | NP-hard | NP-hard (DCJ) [13

2 Preliminaries

A genome is a set of chromosomes. In this work, all chromosomes are circular, representing
circular DNA molecules, and are modeled as oriented circular sequences of genes. Each
gene belongs to a gene family. If all genes in a genome are from different gene families,
the genome is called singular. A gene X has two extremities, denoted by X! and X", which
correspond to its tail and its head, respectively. The gene is written as X when read in its
forward orientation, from tail to head, and as X when read in its reverse orientation, from
head to tail. A chromosome is represented by a sequence of genes enclosed in parentheses,
for example (3 2 1).

An adjacency in a chromosome is an unordered pair of neighboring gene extremities. For
instance, the chromosome (3 2 1) has {3!2¢,2"1" 13"} as its adjacencies. Since an adjacency
is an unordered pair, 3'2¢ and 2!3! represent the same adjacency.

A graphical representation of a singular genome G is the genome graph whose vertex set
contains two vertices for each gene X of G, one representing its tail X* and one representing
its head X", and whose edge set contains the adjacencies of G: for each adjacency AB, there
is an edge (called G-edge) connecting A and B. Every vertex is therefore incident to one
G-edge and the circular genome G represents a perfect matching.

While the genome graph is just an alternative representation of a genome, the relationships
between two or more canonical genomes, i.e., singular genomes over the same set of genes,
can be represented by a structure obtained by merging their genome graphs:

» Definition 1 (Multiple breakpoint graph). Given ¢ canonical genomes Gy, Ga,...,Gy, the
multiple breakpoint graph MBG(G1,Gs,...,Gy) = (V, E) is constructed as follows: The
vertex set V contains two vertices for each gene X, one representing its tail X' and one
representing its head X". The edge multiset E contains the adjacencies of Gy1,Ga, ..., Gy:
For each adjacency AB in genome G;, there is a G;-edge connecting A and B.

The multiple breakpoint graph of £ = 2 genomes is also called just breakpoint graph. Since
each circular genome corresponds to a perfect matching, the breakpoint graph decomposes
into a set of cycles alternating between edges of the two genomes. We denote by ¢; the
number of such cycles of length i, where integer i is obviously even.
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WABI 2026



19:4

On the Complexity of the (¢, k)-Median Problems

The breakpoint distance between two canonical genomes G and Go can be derived from
their breakpoint graph. Assuming that the genomes have n genes each, the corresponding
breakpoint distance is dgp(G1,G2) = n — ¢y Similarly, the DCJ distance is dpc s (G1, Ga) =
n — ¢, where ¢ is the total number of cycles in MBG(G1,G2). Equivalently, it can be written
as dDCJ(Gl,GQ) =n— (02 +cqg+--- 4+ Coo).

The intermediate region between these two extremes can be studied through the family
of o distances. For any even integer k > 2, let o), = co + ¢4 + -+ + ¢x. Then, given two
canonical genomes G and Gy over the same set of n genes G and an even integer k > 2,
their oy, distance, denoted by di(Gq,Gz), is defined as di(G1,G2) = n — o, [6]. Thus, the
breakpoint distance corresponds to do, while the DCJ distance corresponds to du.

In this work, we study the following problem:

» Problem 2 ((¢, k)-MEDIAN). Given a set of £ > 3 canonical circular genomes Gy, Ga, ..., Gy
over the same set of n genes G and an even integer k > 2, find a circular genome M over G
that is canonical with the input genomes and minimizes the sum Zle di(G;,M).

Observe that, like the input circular genomes, the circular median genome M also
corresponds to a perfect matching in the multiple breakpoint graph. Since the number of
genes is fixed at n for all canonical genomes in the instance, minimizing the sum of distances
is equivalent to maximizing the k-score Zle 0k(G;,M). In other words, the goal is to
maximize the total number of alternating cycles in the multiple breakpoint graph, counted
between the median genome M and the input genomes G;, for i € {1,...,¢}. A cycle between
the median and genome G; is called G;-cycle. In our illustrations of multiple breakpoint
graphs, each genome is represented by a distinct color. Therefore, we may refer to the genome
G; or to the color G; interchangeably.

We focus on the decision version of the problem, which is the one used for complexity
analysis: Given an instance as above and an integer threshold 7', the question is whether there
exists a genome M such that Zle di(G;, M) < T, or equivalently, Zle 01(G, M) > n—T.

3 Basic tools

In this section we derive basic properties of multiple breakpoint graphs and median genomes,
and introduce general gadgets that we will use in our reductions.

3.1 Subdivision gadget and its gates

We first demonstrate an extension of a property that has been used in other works concerning
the median problem [15, 10, 12]. Let a G;-adjacency vw be an adjacency occurring in all
genomes but G;.

> Lemma 3. Let G; be one genome of an instance of (¢, k)-median, for some ¢ > 3 and
some k > 2, and let vw be a G;-adjacency. It holds that vw occurs in at least one median if
¢ =3 and in all medians if £ > 4.

Proof. Let the ¢ input genomes be G1, Go, ..., Gy. We assume that vw occurs in genomes
Ga,...,Gy and not in Gy. Clearly, for the vertices v and w, either vw € M or vw ¢ M.
Assume that vw ¢ M and, since M is a perfect matching, let x and y be vertices such that
v, wy € M see Figure 1 (a) for £ = 3 and Figure 1 (b) for £ = 4. In this case M forms paths
with genomes Go, ..., Gy, and each of them is part of a (Go- or ... or Gy-) cycle of length
at least 4. Furthermore, M forms two paths with genome G, that could in the best case
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be part of two Gq-cycles, each one of length at least 2. By replacing the edges vx, wy with
vw, zy in M, we split each of the Go-, ..., Gy-cycles into two smaller cycles, one being a
2-cycle, which would increase the k-score by ¢ — 1. This move would merge the two possible
G1-cycles, possibly decreasing the score by 2. Therefore, if £ = 3, the k-score would certainly
not decrease, and if £ > 4, the k-score would even certainly increase. <
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Figure 1 Illustration of the proof of Lemma 3, with median edges drawn in black. It shows a
local part of the multiple breakpoint graph assuming vw ¢ M, followed by the same local part after
replacing vz, wy with vw, zy in M for (a) £ =3 and (b) ¢ = 4.

Let v and w be vertices of graph H = MBG(G1,Ga,...,Gy) and let ¢ be an integer with
1<i</{l Ifowisa @i-adjacency in H, then we say that vertices v and w form a Z-pair.

We build a general gadget that can be defined for a set of ¢ colors as follows. The
{-subdivision gadget, denoted by Z,, splits a G;-edge vw and inserts two new vertices v’
and w’, such that vv’ and ww' are G;-edges and v'w’ is a G;-adjacency. We then extend
it to Z}, the (9-subdivision of a G;-edge uv for an integer ¢ > 1: This operation inserts ¢
@i—adjacencies in vw. Since vw is a G;-edge, we can say that its corresponding Zj-gadget
is of color G;. The outermost vertices of Z} are still vertices v and w, and are now called

gates, while the (new) inner vertices of Z] are distributed into Z-pairs. Note that Z} = Z,.

Examples of Z3 and Z2 are shown in Figure 2.
O—®
(a) (b)

Figure 2 Let i be an integer between 1 and 3. (a) A Z3- or simply Zz-gadget splits a G;-edge
vw and inserts a G;-adjacency (a pair of vertices connected by two parallel edges in the two other
colors). (b) A Z3-gadget inserts two G;-adjacencies into a G;-edge vw. In both (a) and (b), the two
endpoints of each @i—adjacency are Z-pairs, and vertices v and w are the gates of the gadget.

© ©

]
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3.2 The a-color and O©-transformation of p-regular digraphs

In our reductions, we construct edge ¢-colored graphs in which /—1 colors, named G, Go, .. .,
Gy_1, are symmetrically distributed, while the ¢th color has a special role. Therefore, instead
of calling it G, we call the color G, or simply . We denote the edges of this color G,-edges
or simply a-edges, and its median cycles G,-cycles or simply a-cycles.

In the following parts of this manuscript, a color G; refers to some color that is not «,
that is, G; # «, therefore any set G; (of all colors but G;) always includes a. We denote by
G4 any unspecified color that is not a.

We start from directed graphs (digraphs). A digraph is p-regular if every vertex has
both in-degree and out-degree equal to p [3]. We will now explain how to construct, from a
p-regular digraph D and an integer ¢ > 1, an undirected (p + 1)-colored graph ©(D, q) that
includes (p + 1)%-subdivision gadgets.

» Construction 4 (O-transformation). Given a p-regular digraph D = (V, E) (for p > 2) and
an integer ¢ > 1, we construct the undirected edge (p + 1)-colored graph ©(D,q) as follows:

1. (Vertex 2p-expansions with G4-edges) For each vertex v € V, create a p-colored undi-

rected complete bipartite graph BP(u) whose partitions are {1, 02,...,0,} (in-plugs) and
{01, 02,...,0,} (out-plugs). The edges of BP(v) are distributed into p disjoint perfect
matchings, and each matching has one of the p G4-colors G1,Ga,...,G, as shown in

Figure 3(a) for p=3.

2. (q-Subdivisions of G4-edges) For each vertex v € V, by a transformation of BP(v), where
each of its p?> Gg-edges is subdivided by the insertion of a ZZ+1—gadget whose additional
color is a, we obtain the gadget XP9(v) (see Figure 3(b) for p=3 and ¢ =1). Note that
each in-plug v and each out-plug © of BP(v) becomes a gate of p Zgﬂ—gadgets in XP1(v)
(of all p distinct Gg-colors).

& O ® O 0

~
U1

O O © 0 O

(a) From a vertex v of D to B3(v). (b) Gadget X31(v).

Figure 3 Construction of gadget X*'(v). (a) Vertex expansion: Each vertex v of 3-regular
digraph D is replaced by a complete undirected bipartite graph B*(v). The edges are split into 3
perfect matchings, each one receives one color G1, G2 or G3 (here red, green and orange). The original
(directed) edges become undirected a-edges (here blue). (b) Subdivision: The gadget X**(v) is
obtained from B3(v) by replacing each of its internal edges by the corresponding Zs-gadget. From
the six vertices a, b, ¢, d, e, f adjacent to v we only show the respective plugs connected by a-edges
to the plugs of X' (v).

3. (Connection between gadgets with a-edges) For each vertex v € V, for each out-edge
(v—w), create in O(D, q) an undirected a-edge connecting one of the out-plugs of XP1(v)
to one of the in-plugs of XP9(w). Similarly, for each in-edge (u—wv), create an undirected
a-edge connecting one of the out-plugs of XP1(u) to one of the in-plugs of XP1(v) in
O(D,q). These connections should be done such that exactly one a-edge is incident to
each plug (Figure 4).
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(a) (b)

Figure 4 Creation of the undirected, 4-colored graph ©(D, q) from a 3-regular digraph D and
g > 1. (a) A 3-regular digraph D. (b) The graph O(D, q) obtained from D via Construction 4,
where each X®%-gadget is represented by a dashed ellipse. Colors G1, G2, and G3 are present only in
edges inside the X*%-gadgets, masked by the ellipses. Color a (here blue) is a union of the a-edges
between ellipses and the a-edges present in all Z]-gadgets, the latter being also masked by the
ellipses.

» Proposition 5. If graph ©(D,q) is obtained via Construction 4 on p-reqular digraph D
and an integer ¢ > 1, then its p+ 1 colors define p + 1 circular genomes G1, Go, ..., G,
and G, such that ©(D,q) = MBG(G1,Ga,...,G,,G,).

Proof. Note that ©(D, q) has an even number of vertices: Each X?9-gadget has an even
number of plugs and each ZZ 11 gadget adds g Z-pairs. Furthermore, it is easy to see that each
of the vertices of ©(D, q) is incident to exactly p + 1 edges, each one of a distinct color Gq,
G, ..., G, or G,. This guarantees that each of the p 4 1 colors defines a perfect matching
of the vertices of ©(D, q), therefore we can say that each color defines the adjacencies of one
circular genome. The p + 1 genomes are then named Gq, Go, ..., G, and G,. <

3.3 Median partitions Mz and M,, G4-bridges and a-shortcuts

Due to Lemma 3, we consider only medians for ©(D, ¢) that include an edge connecting the
two vertices of each of its Z-pairs.

» Proposition 6. Let k > 2 and ©(D,q) be a graph obtained via Construction 4 on a
p-regular digraph D = (V, E) and an integer ¢ > 1. There is a median M for ©(D, q) that
can be partitioned into sets Mz and M., where Mz has one edge connecting each Z-pair and
M., is a perfect matching of the plugs of ©(D, q). Furthermore, the k-score of Ml is sz + s,
where the first term, also denoted Z-score, is a constant sz = qp®|V|, while the second term,
Sx, 18 the mazimum k-score attainable by connecting the plugs of ©(D,q).

Proof. The fact that there exists a median M for ©(D, q) that includes an edge for each
Z-pair in ©(D, q) is a direct consequence of Lemma 3. Each of the Z-pairs induces p 2-cycles,
that contribute to any k-score for k& > 2. After fixing Mz, there is no “free” vertex in ©(D, q)
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that is not a plug, therefore M., must be a perfect matching of the plugs. Since there are p?
Zg 1 1-gadgets for each vertex of D, and each one has pq Z-pairs, they yield the overall score
sz = qp*|V|, which is part of the k-score of any optimal solution that includes set Mz. <«

All edges of ©(D, q) (from all defined p + 1 colors) that form 2-cycles with Mz cannot be
part of any cycle induced by M, and are therefore said to be Z-saturated.

Note that each G;-adjacency in ©(D, q) is either Z-saturated or part of a Z}-gadget Y of
color G;. Since Y is a chain of G;-edges that alternate with ((N}i—adjacencies, together with
edges from My, it induces a fixed G;-path of length 2¢ + 1. Such a path is called G{-bridge,
whose endpoints (gates) are necessarily plugs of ©(D, q). If ¢ = 1 we can use the simpler
notation G;-bridge. An example is given in Figure 5 (a). Since any Gg-edge that is not
Z-saturated is part of a bridge, we have:

» Observation 7. Let G; be a Ga-color and recall that each G!-bridge is a (2q + 1)-path.
Any G;-cycle induced by M., alternates median edges (from M. ) with G!-bridges and has
therefore length b(2q + 14 1) = 2b(q + 1), where b > 1 is the number of involved G-bridges.

The idea is then to set the value of g such that a median cycle involving a single bridge
has length at most k, while a cycle involving two or more bridges has length greater than
k. For any k > 4, the smallest ¢ that fulfills this requirement is ¢ = L%J if b = 1, then
26 (|%)+1) =2(|%)+1) <k Ifb>2 then2b(|%|+1) >4(|%]+1) > k. Table 2
displays the behavior of ¢ as k grows. In this setting, only Gg4-cycles involving a single bridge
contribute to the k-score.

Table 2 For each possible k > 4 we show: the value of g, the length of G%-bridges induced by
Mz and the lengths of Ga-cycles induced by M.,.

k 4or6|8orl0|120rl14|160or 18 | 200r 22| k>24
q 1 2 3 4 5 q=|%]
length of all G%-bridges 3 5 7 9 11 2q+1

length of a G;-cycle

involving b G?-bridges b 6b 8b 106 126 2b(q+1)

Such a cycle is obtained when an edge in M, which is then called cross edge, connects
plugs that are the two endpoints (gates) of the same G{-bridge. In each X?:9-gadget at most
p Ga-cycles of length 2(¢ + 1) < k can be built with cross edges. (Figure 5 (b) illustrates
this scenario for a X31-gadget.)

If an edge of ©(D,q) is not Z-saturated nor part of a bridge, it must be an a-edge
connecting plugs and is then called a-shortcut. Observe that ©(D, ¢q) has 2p|V| plugs, thus
any perfect matching of the plugs has p|V| edges. The a-shortcuts form a perfect matching of
the plugs such that each a-shortcut connects an in- and an out-plug of distinct XP9-gadgets.

An edge in M, is called loop edge if it connects plugs that are the two endpoints of the
same a-shortcut. A median edge that is not a loop edge nor a cross edge is called jump edge.
Examples are given in Figure 6 (a).

» Observation 8. An oriented t-cycle C in p-regular digraph D implies that, for each edge
(v—w) in C, the graph ©(D,q) has an a-shortcut connecting an out-plug 0 of XP(v) to
an in-plug W of XP9(w). When M, includes the cross edges chaining the endpoints of all
a-shortcuts derived from t-cycle C, then M, induces an a-2t-cycle in ©(D,q).
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?

(a) (b)

Figure 5 The (fixed) median edges from partition Mz are represented as solid black, while
(candidate) median edges from partition M. are represented as dotted black. (a) Plugs © and ¥ are
the gates of a Z§ gadget of color G; (red). Median partition Mz includes the (black) median edge
connecting the pair of black vertices (called Z-pair). The shaded edges of colors G2, Gs and « (here
green, orange and blue) connecting the Z-pair of black vertices are Z-saturated: They form 2-cycles
with the median edge. Together with the (red) Gi-edges, the median edge also forms a G;-bridge,
that is the alternating path of length 3 connecting ¥ to 9. (b) Here we omit Z-saturated edges, but
all inner connections are displayed: Between each in-plug and each out-plug there is a Z;-gadget of
some color G; that gives a G;-brigde of length 3. We can then have up to p = 3 Ga4-cycles, each of
length 4, with (dotted black) median cross edges from partition M. Here each of these cycles is
with a distinct G;, but in general they can have other distributions among the p G;s.

jump &

:: loup:.‘: :'SI) "~...jm np

Y\ -
cross ::'? "....crossz'-_. :§cmss

[T
(a) (b)

Figure 6 In these pictures, Z-saturated edges are omitted. The (fixed) median edges from
partition Mz are represented as solid black, while (candidate) median edges from partition M,
are represented as dotted black or gray. (a) Section of a graph showing three X3! gadgets. One
of the black dotted edges is a median loop edge, parallel to a (blue) a-shortcut. The other three
black dotted edges are median cross edges, that are parallel to G4-bridges. All gray dotted edges
are median jump edges: either they connect two (bottom) in- or two (top) out-plugs of the same
or of distinct X*!-gadgets. Another type of jump edge connects a (bottom) in-plug and a (top)
out-plug of distinct X>'-gadgets but is not parallel to an a-shortcut. (b) A directed 3-cycle (uvw)
in a 3-regular digraph D and the potential corresponding 6-cycle in ©(D,1): The directed edge
(u—w) in D implies that there is an a-shortcut @40 € ©(D, 1) for some out-plug @ of X**(u) and
some in-plug © of X*!(v). Similarly, the directed edges (v—w) and (w—w) imply that there are
a-shortcuts 9w and wa € O(D, 1). The a-shortcuts are colored in blue. If (dotted black) cross edges
ud, ¥0 and W are in M, we have an a-6-cycle (utiodww). Each of the three median cross edges
shown here also induces a G4-cycle of length 4.
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Therefore, only a-cycles that exclusively alternate a-shortcuts with median cross edges
in ©(D, q) can correspond to oriented cycles in D. An example of a 3-cycle in a 3-regular
graph D corresponding to an a-6-cycle in ©(D, 1) is given in Figure 6 (b).

4 NP-completeness results for the minimum k

In this section we will show our results with smallest k£, which are the NP-completeness of the
(¢,6)-Median problem for any ¢ > 4 and the NP-completeness of the (3,12)-Median problem.

4.1 NP-completeness of the (£, 6)-Median problem for ¢ > 4

We will consider a restricted version of the NP-complete problem mazimum-cardinality
edge-disjoint directed triangle decomposition, described as follows: For an integer p > 3,
the input is a p-regular digraph D with no 2-cycles, and the goal is to find a maximum-
cardinality collection of edge-disjoint directed 3-cycles in D. This restricted version is denoted
MAX3CDEC and remains NP-complete [1].

Here we have k = 6, therefore ¢ = [$] =1. Let £ >4 and p={¢—1,let D = (V,E) be
a p-regular digraph, and let graph ©(D, 1) be obtained via Construction 4. Observation 8
guarantees that an oriented 3-cycle in graph D corresponds to a potential a-6-cycle induced
by set M, in ©(D, 1). Recall that, since for ¢ = 1 the length of any G;-cycle is a multiple
of 4 (Table 2), a G;-cycle can only contribute to the 6-score if it involves a single G;-bridge.

» Proposition 9. There is a median M of ©(D, 1) that is of the form M = Mz UM, and is
free of jump edges.

Proof. The choice of including a jump edge e in M, could always be replaced by another one
using the same plugs, but with at least the same 6-score: Let us suppose that e is part of an
a-4-cycle ¢, whose second median edge is ¢’. If ¢’ is a cross edge, the cycle c§ coexists with
a G4-4-cycle. Otherwise €’ is also a jump edge and ¢ cannot co-exist with any G4-4-cycle.
Replacing e and ¢’ by two loop edges that are parallel to the a-shortcuts of ¢§ would produce
two a-2-cycles, occupying the same four plugs. Although this new arrangement certainly
prevents the incident bridges to form Gg-4-cycles, it still has at least the same 6-score. Now
let e be part of an a-cycle ¢y, with length m > 6. Note that ¢}, co-exists with at most 5 —1
Ga-4-cycles. Then it is clear that cf, could be replaced by % a-2-cycles using the same plugs,
achieving at least the same 6-score if m = 6 and a higher 6-score if m > 8. |

We will now relate solutions of MAX3CDEC to median solutions of the instance represented
by ©(D, 1) = MBG(G1,Ga, ...,Gp, G,).

» Theorem 10. The problem (¢,6)-Median is NP-complete for any £ > 4.

Proof. Take the subdivision factor ¢ = ng =1. For p=1/¢—1, let D be a p-regular digraph
free of 2-cycles and let ©(D, 1) be a graph obtained via Construction 4. Proposition 6
guarantees that there is a median M for (D, 1) of the form M = M, UM.,, where M is
fixed. Furthermore, the 6-score of M is sz + s., and sz = qp®|V|, that gives sz = p3|V]| for
q = 1. We prove the following equivalence: An optimal solution of MAX3CDEC for a digraph
D = (V, E) contains f directed 3-cycles if and only if s, = f + p|V]|.

First we show that an optimal solution & of MAX3CDEC in D with f directed 3-cycles
yields a set M, for which s, = f + p|V|.

For each oriented 3-cycle C' = (uvw) in the solution S, we can add the median cross
edges to M, so that we build an a-6-cycle as described in Observation 8. After doing that
for each of the f 3-cycles of S, looking at each gadget X (v), either each of its in-plugs is
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Figure 7 Transformation of a vertex with in-degree and out-degree 4 into Ils.

already connected to one of its out-plugs in M to form an a-6-cycle (as described in the
previous step), or there are the same number of free in- and out-plugs. Simply add to M, one
cross edge connecting each free in-plug v to a free out-plug ©. In the end of this procedure,

M., contains p cross edges forming a perfect matching of in- and out-plugs of each X (v).

Each of these cross edges creates a G;-4-cycle. Therefore, in total there are p|V| 4-cycles
between M and the genomes G, Gs,...,G,. Since D has no 2-cycles, any cycle of D that
is not a directed 3-cycle has length greater than 3. This corresponds to a cycle of length
greater than 6 in ©(D, 1) and therefore does not affect the 6-score. Thus, the resulting score
is s, = f+p|V].

Conversely, we will now show that if s, = f + p|V|, we can derive an optimal solution S
of MAX3CDEC in D with f directed 3-cycles.

Proposition 9 guarantees the existence of an optimal set M, such that each edge in M,
is either a loop or a cross edge. If M, is exclusively composed of loop edges, it induces
p|V] a-2-cycles. In the other extreme, if M, is exclusively composed of cross edges, it
induces p|V| G4-4-cycles. Note, however, that loop edges are incompatible, while cross
edges are compatible with a-6-cycles. Therefore, M, will include all cross edges that also
produce a-6-cycles. Each a-6-cycle with 3 cross edges corresponds to a directed 3-cycle
in D (Observation 8). If f is the number of a-6-cycles, then M, will have at least the
3f cross edges that build these cycles, and each of these 3f cross edges also builds a
Ga-4-cycle. For the remaining 3|V| — 3f edges of M, they are freely distributed among
(compatible) cross and loop edges, and each one adds one cycle to the 6-score. Therefore
S« = f+3f+3|V|—3f = f+p|V| and there are f directed 3-cycles in an optimal solution
S of D. <

4.2 NP-completeness of the (3, 12)-Median problem

The proof of NP-completeness for three input genomes starts from MAX3CDEC using 4-regular
digraphs. Given a 4-regular digraph D, we first apply a polynomial transformation that
produces a 2-regular digraph Dy = (V’, E’) in which directed 3-cycles of D correspond to
directed 6-cycles of Dry.

A permutation network is a directed graph Il; with d input nodes iy, ...,iq and d output
nodes 01,...,04. For every permutation = of {1,...,d}, there exist edge-disjoint paths
Py, ..., Pyin Il such that P; goes from i to or(j [2]. Figure 7 illustrates the transformation

of a vertex into IIy. This transformation replaces one vertex with in- and out-degree 4 with
four vertices with in- and out-degree 2 each.

Let D be a 4-regular digraph with no 2-cycles. A 2-regular digraph Dy is obtained by
replacing each vertex of D with a II5. Since the digraph II; has one edge between any input
and output nodes, any path of length m in D has a corresponding path in Dy of length
2m. Therefore, finding an optimal solution of MAX3CDEC for D is equivalent to finding
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a maximum-cardinality collection of edge-disjoint directed 6-cycles in Dyy, and the latter
problem is denoted MAX6CDEC. Note that, since D is free of 2-cycles, the shortest cycle in
Dr has length at least 6.

Here we have k = 12, therefore ¢ = [12] = 3. Now let ©(Dr,3) be obtained via
Construction 4, as illustrated in Figure 8. Observation 8 guarantees that an oriented 6-cycle
in Dy corresponds to a potential a-12-cycle induced by set M, in ©(Dry, 3). The reduction of
(3, 12)-Median is analogous to the one of (4, 6)-Median (described in the previous subsection).
Recall that, since for ¢ = 3 the length of any G;-cycle is a multiple of 8 (Table 2), a G;-cycle
can only contribute to the 6-score if it involves a single G;-bridge.

Here again we can focus on medians free of jump edges:

» Proposition 11. There is a median M of ©(Dyy, 3) that is of the form M = My UM, and
1s free of jump edges.

Proof. Analogous to the proof of Proposition 9. <

©) () o B

A 2

(a) Vertex v of Dry. (b) Gadget X?3(v) of ©(Dr, 3).

Figure 8 (a) A vertex v of Dy and its four adjacent vertices. (b) The gadget X2(v) of ©(Dr, 3)
obtained from v. From the four vertices adjacent to v in (a) we only show the respective plugs
connected by a-shortcuts to the plugs of X*(v).

These observations are sufficient to support our arguments. Therefore we have:
» Theorem 12. The problem (3,12)-Median is NP-complete.

Proof. Take the subdivision factor ¢ = [12] = 3. Note that here we use p = 2: Our ©(Dyy, 3)
is a graph obtained via Construction 4 on 2-regular graph Dy whose cycles have length
at least 6. Proposition 6 guarantees that there is a median M for ©(Dy, 3) of the form
M = Mz U M,, where My is fixed. Furthermore, the 12-score of M is sz + s., where
52 = ap*|V'| = 24|V,

The cross edges form two G;-8-cycles with G3-bridges in each X?:3-gadget. Therefore we
need to show the following equivalence: An optimal solution S of MAX6CDEC for digraph
Dy = (V/, E’) has a partition into f 6-cycles if and only if s, = f 4 2|V’|. The proof is
analogous to the proof of Theorem 10 and shows that a set M, including the 6f cross edges
that build f a-12-cycles is optimal and allows the correspondence between the f a-12-cycles
induced by M, to the f 6-cycles of S. The remaining edges of M, are freely distributed into
(compatible) loop and cross edges. <
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5 Larger values of k with ©’-transformation and a-brigdes

For generalizing our previous results to larger values of k, we follow the strategy used in the
proof of NP-hardness for the marked directed Eulerian cycle decomposition problem [2]. In
that construction, the edges are partitioned into three groups so that each directed 3-cycle
contains exactly one edge from each group; then one group is marked. We use the analogous
marked version of MAX3CDEC, in which every directed triangle contains exactly one marked
edge and every cycle of length greater than 3 contains at least one marked edge.

The marked mazrimum-cardinality edge-disjoint directed triangle decomposition, denoted
MARKED-MAX3CDEC, is described as follows. For p > 3, given a p-regular digraph with no
2-cycles and a set of marked edges, find a maximum-cardinality collection of edge-disjoint
directed 3-cycles such that every selected triangle contains exactly one marked edge.

We adapt Construction 4 into a variation using marked edges:

» Construction 13 (©’-transformation). Let D = (V, E) be a p-reqular digraph with x marked
edges, and let two integers q and r be such that ¢ > 1 and r > 1. We first construct the graph
©(D, q) and then we perform a £"-subdivision of a-shortcuts that correspond to marked edges
of D, obtaining the (p+ 1)-colored graph ©'(D, q,r). The detailed subdivision, after steps 1-3
from Construction 4, is as follows:

4. (r-Subdivision of marked a-shortcuts) For each a-shortcut 9w € O(D,q), if the corre-
sponding edge vw is marked in D, subdivide 0w by the insertion of a Z,-gadget. Once
this is done for all x marked edges of D, the resulting graph is ©'(D,q,r).

» Proposition 14. If graph ©'(D, q, 1) is obtained via Construction 138 on p-regular digraph D
and integers ¢ > 1 and r > 1, its p+ 1 colors define p+ 1 circular genomes G1,Go, ..., G,
and G, such that ©'(D,q,r) = MBG(G1,Ga,...,Gp,G,).

Proof. This was already true for ©(D, ¢), and here we have only additional Z-pairs, and
each vertex of such a pair is incident to exactly p 4+ 1 edges, each one of a distinct color
G1,Ga2,...,G, or G,. Therefore each of the p + 1 colors still defines a perfect matching of
the vertices of ©'(D,q,r). <

We can still focus on a median M whose partitions are Mz and M., but note that here
the partition My also induces an a”-bridge for each of the x ¢"-subdivided a-shortcuts in
©'(D,q,r). Furthermore, the Z-score induced by Mz needs to be updated accordingly.

» Proposition 15. Let k > 2 and ©'(D, q,r) be a graph obtained via Construction 13 on
a p-regular digraph D = (V, E) with © marked edges and integers ¢ > 1 and r > 1. There
is a median M for ©'(D, q,r) that can be partitioned into sets Mz and M., where Mz has
one edge connecting each Z-pair and M, is a perfect matching of the plugs of ©'(D,q,r).
Furthermore, the k-score of Ml is sz + s., where the first term, also denoted Z-score, is a
constant sz = qp3|V| + pra, while the second term, s, is the mazimum k-score attainable by
connecting the plugs of ©'(D,q,r).

Proof. The Z-score in ©(D, q) was sz = gp®|V|. In ©’(D, q,7), each of the z £"-subdivisions

creates r additional Z-pairs, each of which includes the endpoints of an @a-adjacency.

Since Mz induces p 2-cycles with each of these new @a—adjacencies, the new Z-score is
sz = qp®|V| + pra. <

The a”-bridges have the goal of increasing the lengths of the a-cycles with cross edges
induced by M.
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» Proposition 16. An oriented t-cycle C in p-regular digraph D with s > 1 marked edges
implies that, for each edge (v—w) in C, if (v—>w) is not marked, the graph ©'(D,q,r) has
an a-shortcut connecting an out-plug 0 of XP4(v) to an in-plug W of XP%(w). Otherwise,
if (v—>w) is one of the s marked edges, the graph ©'(D,q,r) has an a"-bridge connecting
0 to w. When M, includes the cross edges chaining the endpoints of all a-shortcuts and
o’ -bridges derived from the t-cycle C, then M, induces an a-cycle of length 2(t + rs) in
e'(D,q,r).

Proof. Each marked edge in D corresponds to an a”-bridge in ©'(D, g, 7). Since an a"-bridge
has length 2r + 1, a t-cycle in Dy containing s marked edges gives in ©'(D, g, r) an a-cycle
whose length is 2t — s + 2rs 4+ s = 2(t + rs) (assuming the corresponding median cross edges
are in set M,). <

The idea is to set r to a value such that the smallest a-cycle with only median cross
edges has length k. This can be achieved by increasing r by one as k increases by two, as
shown in Table 3.

Table 3 The values of the subdivision factor r as k grows and the corresponding length increases
produced on a-cycles.

T 1 2 3 4 r>5
length of a"-bridges 3 5 7 9 2r +1
increase on the length of a-cycles
produced by each a"-bridge +2 +4 +6 +8 +2r
k for £ > 4 and for £ =3 8and 14 | 10 and 16 | 12 and 18 | 14 and 20 | 6 4+ 2r and 12 + 27

Observe that, in graph ©(D, ¢, r), a median loop edge can be parallel to an a-shortcut,
making an a-2-cycle, or to an a”-bridge, making an a-cycle of length 2(r + 1). By following
the values of r given in Table 3 it is clear that we always have 2(r 4+ 1) < k, therefore in this
setting any a-cycle with a loop edge still contributes to the k-score.

We are now ready to generalize the NP-completeness results from Subsection 4.1 and
Subsection 4.2 to larger values of k.

5.1 NP-completeness of (£, k)-Median for £ > 4 and even k > 8

For p > 3, let D = (V,E) be a p-regular digraph with  marked edges, such that each
3-cycle in D has exactly one marked edge, and each larger cycle has at least one marked
edge. Now take q = Lﬁ and r = % for constructing the graph ©'(D,q,r). We have
k =6+ 2r, and from Table 3 it is easy to see that each 3-cycle C' in D (with a single marked
edge) corresponds to a (potential) a-k-cycle in ©’(D, q,r). Moreover, from Table 2 it can be
verified that only G;-cycles involving a single bridge contribute to the k-score.

» Proposition 17. There is a median M of ©'(D, q,r) that is of the form M = My U M,
and is free of jump edges.

Proof. Analogous to the proof of Proposition 9. |

With this framework, it is now straightforward to prove the following:

» Theorem 18. Problem (¢, k)-Median is NP-complete for £ > 4 and even k > 8.



L. Cunha, T. Nascimento, M. D. V. Braga, and J. Stoye

Proof. For p=/¢—1, let D be a p-regular digraph free of 2-cycles and with x marked edges
such that each 3-cycle has a single marked edge and each larger cycle has at least one marked
edge. Now take the subdivision factors r = 8 and ¢ = |£], and let ©'(D,q,r) be the
graph obtained via Construction 13.

Proposition 15 guarantees that there is a median M for ©'(D, g, r) of the form M = Mz U
ML, where Mz is fixed. Furthermore, the k-score of M is sz + s., where sz = qp?®|V’| + pra.

The cross edges form p G;-cycles of length 2(¢ + 1) < k with G!-bridges in each X?9-
gadget. Therefore we need to show the following equivalence: An optimal solution S of
MARKED-MAX3CDEC for digraph D = (V, E) has a partition into f 6-cycles if and only if
s« = [+ p|V|. The proof is analogous to the proof of Theorem 10 and shows that a set M,
including the 3f cross edges that build f a-k-cycles is optimal and allows the correspondence
between the f a-k-cycles induced by M, to the f 6-cycles of S. The remaining edges of M,
are freely distributed into (compatible) loop and cross edges. <

5.2 NP-completeness of (3, k)-Median for even k > 14

Since the problem used for the proof of the NP-completeness of (3,12)-Median is the same
as the problem used for (¢, 6)-Median, a similar adaptation of marked edges can be used.

Let D = (V,E) be a 4-regular digraph with = marked edges and no 2-cycles and let
D = (V', E’) be obtained by replacing each vertex of D with a permutation network II5.
Note that Dy has the “same” marked edges as D, therefore each 6-cycle of Dy has only one
marked edge. Furthermore, each cycle of length greater than 6 has at least one marked edge.

Now let ¢ = | %], let r = 2512 and let ©'(Dr, q,7) be obtained via Construction 13.
We have k = 12 4 2r, and from Table 3 it is easy to see that each 6-cycle C' in Dy (with
a single marked edge) corresponds to a (potential) a-k-cycle in ©'(Dyy, g, 7). Furthermore,
only G;-cycles involving a single bridge contribute to the k-score (Table 2).

» Proposition 19. There is a median M of ©'(Dry, q, ) that is of the form M = Mz U M,
and is free of jump edges.

Proof. Analogous to the proof of Proposition 9. <
These are all the relevant properties to derive our last result:
» Theorem 20. Problem (3, k)-Median is NP-complete for k > 14.

Proof. Let D be a 4-regular digraph free of 2-cycles and with & marked edges such that each
3-cycle has a single marked edge and each larger cycle has at least one marked edge. Then

let D = (V', E’) be the 2-regular digraph obtained by replacing each vertex of D by a Ils.

Recall that each m-cycle in D corresponds to a 2m-cycle in Dy and note that D has the
“same” marked edges as D, therefore each 6-cycle of Dy has a single marked edge and each
larger cycle has at least one marked edge. Now take the subdivision factors ¢ = L%J, and
r= %, and let ©'(Dyy, g, ) be the graph obtained via Construction 13.

Proposition 15 guarantees that there is a median M for ©’(Dr, ¢, r) of the form M =
Mz U M,, where My is fixed. Furthermore, the k-score of M is sz + s., where sz =
qp3|V'| + prz = 8q|V'| + 2rz.

The cross edges form two G;-cycles of length 2(q + 1) < k with G!-bridges in each
X 24 gadget. Therefore we need to show the following equivalence: an optimal solution S of
MARKED-MAX6CDEC for digraph Dyp = (V', E’) has a partition into f 6-cycles if and only if
s« = f 4+ 2|V’|. The proof is analogous to the proof of Theorem 10 and shows that a set M,
including the 6 f cross edges that build f a-k-cycles is optimal and allows the correspondence
between the f a-k-cycles induced by M, and the f 6-cycles of S. The remaining edges of
ML, are freely distributed into (compatible) loop and cross edges. <
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6 Conclusion

The study of median problems under intermediate genome distances provides a natural way
to refine the complexity landscape between two classical endpoints: the breakpoint median
problem, corresponding to o3, which is polynomial-time solvable for multichromosomal
circular genomes, and the DCJ median problem, corresponding to ¢, which is NP-hard in
the same setting. Within this landscape, the (3,4)-Median problem plays a central role: it
asks for a median of three genomes under the first intermediate distance after the breakpoint
distance and has been highlighted in previous work as a fundamental case for understanding
the transition from tractability to hardness.

Motivated by this question, we study the more general (¢, k)-Median problem. Rather
than addressing only one isolated case, this formulation allows us to map broader regions
of the parameter space and to identify where NP-hardness already arises. We prove that
(4,6)-Median and (3,12)-Median are NP-complete for circular genomes and extend these
results to larger values of £ and k. Summarized in Table 1, our results provide a clearer
picture of the transition from tractable to intractable cases for median problems with oy
distances. In particular, they delimit broad hardness regions around the central open case
(3,4)-Median and show that increasing either the number of input genomes or the distance
parameter suffices to establish NP-completeness across large portions of the (¢, k) parameter
space.

From a biological perspective, the restriction to short cycles can be viewed as a conservative
way of emphasizing local, more reliable rearrangement signals, since long components in
breakpoint graphs are often harder to interpret and may reflect breakpoint reuse, noise, or
loss of historical signal [11]. Therefore, our work may lead to better rearrangement medians,
computable similarly fast as the breakpoint median, but not as restricted.
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