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Abstract
We revisit the classical problem of designing exact gapped k-mer based filtration methods to find
all occurrences of a given query sequence (e.g., DNA read) in a text (genome) with at most a
given number of substitutions. Whereas many existing filtration methods use small k and initiate a
computationally expensive further investigation on a single k-mer hit to guarantee no false negatives,
we derive stricter filtration criteria based on both the number of k-mer hits and hit-covered positions.
Notably, our criteria go beyond a simple logical AND of hit-based and coverage-based criteria.

We provide methods based on both integer linear programs and dynamic programming to define
optimal exact filter thresholds and compare the behavior of running times of both approaches. We
then investigate to what degree a filter based on specific combinations of hits and coverage has
better filtration efficiency than filters based on a single criterion (hits or coverage), or on a simple
logical AND of both. We define two new quantities to characterize the filtration efficiency curve of a
spaced seed for a specific sequence length and a desired tolerated number of changes. In a case study,
we compare all symmetric masks with 25 significant positions in a window of 35 positions across
four filtration criteria. Code is available at https://gitlab.com/rahmannlab/seed-optimization.
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1 Introduction

Sequence similarity search is a fundamental problem in computational biology. Given a query
sequence s of length n, a distance measure d(·, ·) on strings, and a tolerated threshold D

on the distance, the task is to find all substrings t of a text T (e.g., a large database of
sequences, concatenated by separators) that satisfy d(s, t) ≤ D. For large enough n in
relation to small enough D, the basic idea of efficient indexed search is the idea of filtration,
i.e., that s and t must share a sufficiently large number of identical positions, which can be
found quickly by looking up certain primitives in an index data structure. Early tools such
as QUASAR [3] or SWIFT [14] used contiguous substrings of (relatively short) length (so
called k-mers or q-grams, where k or q is the length, respectively). Around the same time, a
line of work emerged that considered “gapped q-grams” or “spaced k-mers” that considered
k (not necessarily consecutive) fixed positions in a window of length w ≥ k, specified by a
pattern κ called a mask or a (spaced) seed.

After their initial introduction by Burkhardt and Kärkkäinen [4], several studies have
shown the superiority of spaced seeds over standard k-mer seeds, e.g. for genome alignment [6],
for homology detection [1, 16], for metagenomic classification [5], or for phylogenetic tree
reconstruction [8]. This has resulted in a large body of literature concerning designing optimal
masks for given k and w and various specific objectives.

One has to distinguish the probabilistic setting, where sequence changes are introduced at
every position with some probability [10, 13], independently of the other positions, from the
combinatorial setting, where a fixed number of changes is considered. In the combinatorial
setting that we consider here, the decision problem whether for a given mask κ, sequence
length n, and number of changes c, it can be guaranteed that at least one spaced seed
is unchanged (for all possible placements of the c changes) is NP-complete [11], but for
reasonably short masks (small k, w), the problem, and related problems, can be solved using
exponential-time dynamic programming algorithms over certain types of automata [2].

Recent work [15] presented integer linear program (ILP) formulations for two problems
that go beyond the one-hit decision problem (see Section 2 for precise definitions of hits and
hit-covered positions):

MinHits(κ, n, c) asks for the minimum number of guaranteed “hits” (unchanged spaced
seeds κ) when (at most) c positions in a sequence of length n are changed, minimized
over all possible placements of the changes.
MinCov(κ, n, c) asks for the minimum number of guaranteed hit-covered positions under
the same circumstances, where a position is covered if it is any of the k unchanged
positions of a hit.

An illustration of hits and covered positions is shown in Figure 1. Precise definitions are
given in Section 2. Computing these properties of all masks sharing common parameters
(k, w) (or of a restricted subset, such as symmetric ones) allows us to compare the masks in
this class and list the “best” ones. Tables of best-in-class masks (maximizing MinHits or
MinCov over all symmetric masks with fixed k, w) and their properties are available [15].

While the MinHits or MinCov value can be considered a natural quality measure of a
mask, it does not have a direct interpretation: It does not tell us, for example, which fraction
of sequences of length n with more than c changes, say 2c changes, achieve such a number
of hits or such a coverage. However, such an analysis is relevant to understand how a filter
designed based on hits or coverage would perform on sequences that are less similar than the
filter design specified.
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0 5 10 15 20 25 30 35 40 45

sequence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .X X X X

hits ⋆ ⋆ ⋆

hit @ 12 # # # # # # # # # # # # # # #_ _ _ _ _ _ _ _

hit @ 15 # # # # # # # # # # # # # # #_ _ _ _ _ _ _ _

hit @ 17 # # # # # # # # # # # # # # #_ _ _ _ _ _ _ _

no hit @ 11 # # # # # # # # # # # # # # #_ _ _ _ _ _ _ _# #

Figure 1 A sequence of length n = 50 with c = 4 changes at positions {9, 13, 27, 40} (red
Xs), with starting positions of all 3 hits (green stars at positions 12, 15, 17) and the thereby
covered 24 positions (light green shaded sequence positions) when using the (15, 23)-shaped mask
#_##_##_##_#_##_##_##_#. In addition, a non-hit at starting position 11 is shown, where two of
the significant positions lie on changed sequence positions (13 and 27), illustrated by red circled #s.

Here, we extend previous work into several directions, specifically with a similarity search
filter perspective in mind.
1. We examine filtration efficiency curves. Given a mask κ, a sequence length n, and

a filtering condition F involving hits, coverage, or combinations thereof, we define
FilteredF (κ, n, c) as the fraction of sequences of length n with exactly c changes (among
all

(
n
c

)
such sequences) that do not satisfy condition F . For example, we may take F as

the MinHits filter by specifying the condition that the number of observed hits must be
at least MinHits(κ, n, c∗) for a chosen c∗. Then by design, FilteredF (κ, n, c) = 0 for
all c ≤ c∗, but we are interested in how fast the function c 7→ FilteredF (κ, n, c) grows
for c > c∗. This function is the filtration efficiency curve. As an illustration, Figure 2
shows four examples of such curves for c∗ = 3, n = 100 for two distinct masks with k = 21
and w = 27, taking F as the MinHits and MinCov filter, respectively.

2. We improve filtration efficiency by considering not hits or coverage alone, but combinations
of both. An obvious and simple idea is to take the logical AND of the two conditions that
observed hits are at least MinHits and observed coverage is at least MinCov. However,
as might be expected, this does not improve filtration efficiency by much. A new insight
of this work is that, conditioned on a fixed number of hits h, the MinCov value may
change in a non-monotone way. We therefore show how to compute hit-specific minimum
coverage: Let MinCov|Hits(κ, n, c, h) be the minimum number of covered positions in a
sequence of length n with at most c changes that result in exactly h hits. We present an
integer linear program that is an extension of the MinCov ILP from [15].

3. Complementary to the ILP approach, we provide dynamic programming solutions for the
computational problems described. While a basic DP strategy is relatively straightforward,
we point out several optimizations to reduce computation time.

While the idea to filter by coverage is not new [4, 12], we are not aware of previous work
that combines hit count and coverage to improve filtration efficiency.

We proceed as follows. In Section 2, we give necessary definitions for the remainder
of this work. In Section 3, we collect the relevant computational problems and develop
methods for solving them. Section 4 is devoted to experimental evaluations: In Section 4.1,
we compare running times of different approaches for solving the optimization problems, and
in Section 4.2, we compare filtration efficiency curves of different masks and different filter
types. Furthermore, we introduce new properties of masks/filter combinations related to the
location and steepness of the filtration curve. We conclude with a discussion in Section 5.

WABI 2026
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Figure 2 Filtration curves for two (k, w) = (21, 27) masks µ1 = ########_#_#_#_#_#_########
(solid lines) and µ2 = ####_##_###_###_###_##_####, with filtration criteria designed for sequence
length n = 100 and at most 3 changes, based on hits alone (blue color; MinHits(µ1, 100, 3) =
18, MinHits(µ2, 100, 3) = 15) and on coverage alone (orange color; MinCov(µ1, 100, 3) = 57,
MinCov(µ2, 100, 3) = 66).

2 Preliminaries

We begin by introducing basic notation, masks and their representations, κ-mers of a sequence
as generalizations of k-mers. Then we explain the effect of single-position changes on the
conservation of κ-mers and define hits and covered positions. Most of these preliminaries
are the same as in our previous work [15]. Then, we introduce filtration strategies based on
κ-mers and filtration efficiency curves.

Basic definitions. We write [n] for the set of integers {0, . . . , n− 1}. Indexing of strings
starts at 0, so s = (s0, . . . , sn−1) = (si)i∈[n], where the length of s is written as |s| = n.

We define the cumulative binomial coefficient
(

w
≤c

)
:=

(
w
c

)
+

(
w

c−1
)

+ · · ·+
(

w
0
)

for integers
w ≥ c ≥ 0; it counts the number of subsets of [w] of size at most c.

Masks of shape (k, w). Given two integers w ≥ k ≥ 2, a (k, w)-mask is a string µ of
length w over the alphabet {#, _} that contains exactly k times the character # and w − k

times the character _. The positions marked # are called significant, and the positions
marked _ are called insignificant, jokers, “don’t care” positions, spaces or gaps. We call
k the weight of the mask and w its width or window length. The pair (k, w) is called the
shape of the mask. A mask µ may also be represented as the tuple κ of significant positions:
κ = {j : 0 ≤ j < w and µj = #}.

We require that µ0 = µw−1 = #, because otherwise the mask could be shortened by
removing the insignificant characters at each end to obtain an equivalent smaller mask
(disregarding matches at sequence boundaries). With this constraint, there are

(
w−2
k−2

)
different masks of shape (k, w).

A mask µ is symmetric if µ = rev(µ) := µw−1 . . . µ1µ0. We consider only symmetric masks
in this work because symmetry removes the need to separately consider both forward and
reverse strand of a DNA molecule; the mask is the same on both strands. This allows working
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with canonical gapped k-mers that represent both the forward and the reverse complementary
k-mers with the same significant positions in the same window. We also restrict ourselves
to odd k to avoid any issues with k-mers that are equal to their reverse complement. We
write M(k, w) for the set of all mask tuples κ (with significant ends) of shape (k, w) and
S(k, w) for the subset of all symmetric ones. For example, κ = (0, 2, 5, 8, 10) ∈ S(5, 11),
corresponding to µ = #_#__#__#_#. For k = 25 and w = 35, we find |M(k, w)| = 92 561 040
and |S(k, w)| = 4 368.

κ-mers of a sequence and effects of changes. Given a mask µ of shape (k, w) with its
corresponding offset tuple κ and a string s of length n over an alphabet (e.g., the DNA or
protein alphabet), we obtain n − w + 1 spaced k-mers from s: The i-th spaced k-mer gi,
for i ∈ [n− w + 1], is obtained by concatenating the significant positions when the mask is
applied at positions i, . . . , i + w − 1 of s, i.e., gi = (si+j)j∈κ. We also say that each such
string gi is a κ-mer of s, referring to the mask’s tuple representation κ.

When we change a single character in a sequence s, then up to k of the κ-mers may be
changed (less if the changed position is near an end of the sequence). We say that the κ-mer
starting at position p ∈ [n−w + 1] (κ-mer number p for short) is changed or destroyed if any
of the positions {p + j : j ∈ κ} is changed. Otherwise, the κ-mer is unchanged or unaffected.
In this case, we also say that the κ-mer is a hit to the sequence.

We say that sequence position i ∈ [n] is covered if there exists an unaffected κ-mer (hit)
starting at some position p ≤ i such that i = p + j for some j ∈ κ. In other words, if the
κ-mer starting at position p is a hit, then all positions p + j for j ∈ κ are covered.

Hits and covered positions are illustrated in Figure 1. We emphasize that the definitions
are based on κ-mer identity by position, not sequence content, which makes them independent
of any alphabet. This allows us to model sequences with changes as binary sequences x = (xi)
over {0, 1} with 0 indicating an unchanged position and 1 indicating a changed position,
such that c =

∑
i xi is the number of changes.

Hit-based and coverage-based filters for similarity search. A classical application of k-mer
(and κ-mer) based index data structures is to construct filtration strategies for efficient
similarity search. Given a query sequence of length n, one wants to find all substrings of a
long (database) sequence that differ from the query in at most c positions (Hamming distance
≤ c), where c is a user-defined parameter. In practice, of course, one would be interested
in (weighted) edit distance; and gaps may be accommodated by not looking at database
substrings of length exactly n but of larger lengths n+ > n. Some implementations even
use much larger blocks of the database to simplify bookkeeping at the expense of a slightly
increased chance of random hits (and arbitrary positions in the block).

Any sufficiently similar sequence of length n (or longer) must share at least a certain
number of unchanged κ-mers with the query; and we call this number MinHits(κ, n, c). More
formally, we define MinHits(κ, n, c) as the smallest possible number of unchanged κ-mers in
a sequence of length n when at most c arbitrary positions are changed, i.e., the minimum
over all

(
n

≤c

)
arrangements of changed positions. Of course, such a filtration strategy is

only meaningful for the given parameters if MinHits(κ, n, c) > 0, and ideally if it is a large
number, such that it is highly improbable that “random” sequences achieve that many hits.

Similarly, one may consider a coverage-based filtration strategy and ask for
MinCov(κ, n, c), defined as the minimum possible number of covered positions in a se-
quence of length n when at most c positions are changed.

WABI 2026
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Our earlier work [15] introduced these optimization problems, provided integer linear
programs (ILPs) for solving them and compared all symmetric masks of different shapes
(k, w) with the idea that a larger MinHits value is better than a smaller one, and that
a larger MinCov value is better than a smaller one, because random sequences are less
likely to achieve them. However, we did not consider or compare the filtration efficiency
FilteredF (κ, n, c), defined as the fraction of the

(
n
c

)
sequences of length n with c changes

that do not pass the filter criteria F with mask κ. We may express

FilteredF (κ, n, c) = 1− CountF (κ, n, c)(
n
c

) ,

where CountF (κ, n, c) is the number of sequences of length n with exactly c changes that do
pass the condition F with mask κ. We say that a filter (condition) F is exact for or designed
for mask κ and c∗ changes among n positions if FilteredF (κ, n, c) = 0 for all c ≤ c∗.

3 Computational Problems and Algorithms for Exact Filters

Given a mask κ (we typically use the tuple form κ, but may use the string form µ inter-
changeably) of shape (k, w), a sequence length n, and a number of changes c satisfying
0 ≤ c ≤ n and 0 ≤ k ≤ w ≤ n, we consider the following computational problems about
optimal placement of at most c changes in a sequence of length n.

Compute MaxChg(κ, n), the maximal number of changes such that, irrespective of their
placement, there is at least one hit.
Compute MinHits(κ, n, c), the smallest possible number of hits for any placement of the
c changes (or fewer). For c > MaxChg(κ, n), we have MinHits(κ, n, c) = 0 by definition,
so the problem is only of interest for c ≤MaxChg(κ, n).
Compute MinCov(κ, n, c), the smallest possible number of covered positions for any
placement of the c changes (or fewer). Again, we may assume c ≤MaxChg(κ, n).
Compute MinCov|Hits(κ, n, c, h), the smallest possible number of covered positions
for any placement of at most c changes under the condition that there are ex-
actly h hits. The value is undefined for h < MinHits(κ, n, c), and we set it
to ∞. This yields a table h 7→ MinCov|Hits(κ, n, c, h), which we refer to as
MinCov|Hits(κ, n, c), or simply as the “MinCov table”. It holds that MinCov(κ, n, c) =
minh=0,...,n−w+1 MinCov|Hits(κ, n, c, h). This problem has not been considered previ-
ously.
For a specified filter condition F , compute CountF (κ, n, c), the number of sequences
of length n with exactly c changes that satisfy condition F with mask κ. The map
c 7→ FilteredF (κ, n, c) = 1−CountF (κ, n, c)/

(
n
c

)
is the filtration efficiency curve for

the given filter and parameters. Such problems have mostly been considered in the
probabilistic setting for F being the condition that the number of hits exceeds a threshold
(often 1). We consider more complex filter conditions, as explained below.

We note the equivalence MinHits(κ, n, c∗) = 0 ↔ MinCov(κ, n, c∗) = 0 (such fil-
ters are useless), and also MinHits(κ, n, c∗) = 1 ↔ MinCov(κ, n, c∗) = k, as well as
MinHits(κ, n, c∗) > 1↔MinCov(κ, n, c∗) > k.

From solutions to these computational problems, we may design different exact filters
(and find their filtration efficiency curves) as follows. We assume that κ, n and c∗ are given,
and we want to design filter conditions that are exact for c ≤ c∗ changes.
MinHits filter: Compute h∗ := MinHits(κ, n, c∗). When scanning the n − w + 1 κ-mers

of a query sequence of length n, count the number of hits h (to an indexed sequence).
Define F as the condition h ≥ h∗, thereby ensuring FilteredF (κ, n, c) = 0 for c ≤ c∗.
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Table 1 Integer linear program for solving MinCov|Hits(κ, n, c, h) for a (k, w)-shaped mask κ.
The k-tuple κ contains the indices j ∈ [w] of the significant positions of the mask. All variables are
integer binary, xi (i ∈ [n]), yp (p ∈ [n − w + 1]) and zi (i ∈ [n]), as explained in the text.

Minimize
∑
i∈[n]

zi , (1)

such that
∑
i∈[n]

xi ≤ c , (2)

yp ≥ 1−
∑
j∈κ

xp+j for all p ∈ [n− w + 1] , (3)

yp ≤ 1− xp+j for all p ∈ [n− w + 1], j ∈ κ , (4)∑
p∈[n−w+1]

yp = h , (5)

zp+j ≥ yp for all p ∈ [n− w + 1], j ∈ κ , (6)

zi ≤
∑

j∈κ, i−j≥0, i−j≤n−w

yi−j for all i ∈ [n] , (7)

and xi ∈ {0, 1}, yp ∈ {0, 1}, zi ∈ {0, 1} for all i ∈ [n], p ∈ [n− w + 1] .

MinCov filter: Compute γ∗ := MinCov(κ, n, c∗). When scanning the κ-mers of the query,
determine the number of hit-covered positions γ (this requires more work than just
counting hits h). Define F as the condition γ ≥ γ∗, ensuring the exactness condition
FilteredF (κ, n, c) = 0 for all c ≤ c∗.

AND-combined filter: Compute both h∗ and γ∗ as above. Determine both h and γ of the
query sequence. (The computation of h is essentially free when computing γ.) The filter
condition F becomes “h ≥ h∗ and γ ≥ γ∗”, which is exact.

MinCov table filter: Compute the table G∗[h] := MinCov|Hits(κ, n, c∗, h) for all h =
0, . . . , n− w + 1. As for the AND-combined filter, determine both h and γ of the query
sequence. Now the filter condition F is γ ≥ G∗[h], which is exact by construction.

In Section 4.2, we compare filtration efficiency curves of these four filter types for the same
mask.

For now, we are interested in algorithms for computing the relevant quantities. We first
present an ILP for computing the MinCov table G∗[h] by iterating over all hit numbers
h ∈ [n−w +1]; see Section 3.1. Then we give dynamic programming algorithms for MinHits,
MinCov, and MinCov|Hits in Sections 3.2, 3.3, 3.4, respectively. Finally, we also give a
DP algorithm for Count (Section 3.5).

3.1 Integer linear program for MinCov|Hits
Previous work [15] presented ILPs for MaxChg, MinHits and MinCov. Here, we give
a direct extension of the MinCov ILP for MinCov|Hits. We use the following binary
variables with the described semantics.

x = (xi)i∈[n], indicators of changed positions: xi = 1 if and only if sequence position i is
changed;
y = (yp)p∈[n−w+1], indicators of (starting positions of) unchanged κ-mers: yp = 1 if and
only if the κ-mer starting at position p is unchanged (i.e., none of its significant positions
is changed),
z = (zi)i∈[n], indicators of covered positions: zi = 1 if and only if sequence position i is
covered by an unchanged κ-mer.

WABI 2026
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Table 2 Examples for MinCov|Hits(κ, 100, 3, h) values for different masks κ and h ∈ {4, . . . , 18}.
While the sequence increases regularly by 1 for the standard 25-mer mask, it is non-monotone for the
two (25,35) masks shown here. Note the striking drop to 60 and 54 for 17 and 18 hits, respectively,
for the third mask. Numbers not shown are undefined (e.g., because MinHits(κ, 100, 3) = 10 for
the third mask).

MinCov|Hits(κ(µ), 100, 3, h) values Hit count h

mask µ (k = 25, w ∈ {25, 35}) 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
######################### 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42
#__##_###__#############__###_##__# 41 43 44 46 47 48 49 50 51 52 51 52 53 52
###_#####__##_##_#_##_##__#####_### 70 73 74 73 74 73 74 60 54

We use i ∈ [n] for indexing sequence positions, p ∈ [n−w + 1] for indexing starting positions
of κ-mers, and j for an element of κ.

▷ Claim 1. The ILP in Table 1 solves MinCov|Hits(κ, n, c, h).

Proof idea. The objective (1) minimizes the number of covered positions, as intended. In-
equality (2) ensures that we use at most c changes. Inequalities (3) ensure that yp = 1 if all
positions of the κ-mer starting at p are unchanged, and (4) conversely ensures that yp = 0
if any position of that κ-mer is changed. Equation (5) ensures that we have exactly h hits.
Inequalities (6) force the z-variables of all significant positions covered by a hit to 1, whereas
(7) forces the z-variables of positions not covered by any such κ-mer to zero. The last group
of inequalities (7) may be omitted here because the objective minimizes the zi anyway. ◁

Examples of MinCov tables are shown in Table 2. It is noteworthy and perhaps unexpected
that the function h 7→MinCov|Hits(κ, n, c, h) is non-monotone for some masks κ (and for
given n, c), so the overall MinCov value is not achieved for h = MinHits(κ, n, c), but for a
strictly larger value.

3.2 Dynamic programming solution of MinHits
For what follows, fix the mask κ. We tabulate the solution to MinHits(κ, i, j) for increasing
sequence length i = w, . . . , n (starting with a single window of length w) and increasing
number of changes j = 0, . . . , c, remembering the relative positions of the changes in the
current window (as a so-called change history set Γ) and the total number of changes used.
Concretely, for i = w, . . . , n, j = 0, . . . , c and all subsets Γ of [w] of size at most c, let
H[i, Γ, j] be the minimum number of hits in a sequence of length i (with positions numbered
0, . . . , i − 1), having used 0 ≤ j ≤ c changes in these i positions, where the most recent
changes have occurred at positions i − w + q, q ∈ Γ, satisfying 0 ≤ q < w. There are(

w
≤c

)
∈ O(wc) sets Γ to be considered, which is smaller than

(
n
c

)
, the number of change

placements over a length-n sequence. The solution of MinHits(κ, n, c) is then given by
minΓ H[n, Γ, c].

Initialization for length i = w is straightforward:

H[w, Γ, j] =


∞ if |Γ| ≠ j (invalid combination of #changes j and their positions Γ),
1 if |Γ| = j and κ ∩ Γ = {} (all changes in non-significant positions),
0 if |Γ| = j and κ ∩ Γ ̸= {} (a change in a significant position).

We now describe how H+ := H[i + 1, ·, ·] is computed from H0 := H[i, ·, ·] for i =
w, . . . , n− 1. Older values H[i′, ·, ·] for i′ < i are not required.
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While it is customary to describe the new value in terms of the old values, e.g. H+[Γ, j] =
min{. . . }, the implementation becomes simpler when we initialize the new values H+[Γ, j]←
∞ and then iterate over the existing values H0[Γ, j] and update the dependent H+ values
(forward dynamic programming). For this purpose, we define the ←min operator: x ←min y

means x← min{x, y}.
The main decision to make when elongating the sequence by one character is whether to

place a change at the new position (numbered i) or not, so we consider both cases. A change
can only be placed if we have not used all c changes yet. When moving by one position, the
relative positions of the existing changes in Γ decrease by 1, and resulting negative positions
are removed. Thus, we define Γ⊖ 1 := {p− 1 | p ∈ Γ and p ≥ 1}.

If a new change is introduced at the new position, the number of used changes increases
by 1 and w − 1 becomes included in Γ. (This is only possible if |Γ| does not become larger
than c by this addition.) In this case, the newly generated κ-mer cannot be a hit because the
new change occurs at the significant position (w − 1) ∈ κ. If no new change is introduced,
we have to check whether one of the shifted existing changes covers a significant position of
κ. A new hit is obtained if and only if this is not the case. We thus write δΓ := 1 if and only
if (Γ⊖ 1) ∩ κ = {}, and δΓ := 0 otherwise.

In summary, the value h := H0[Γ, j] is used to update (at most) two values of H+:
1. H+[Γ⊖ 1, j] ←min (h + δΓ) (without using a change at the new position),
2. If j < c, then H+[(Γ⊖ 1) ∪ {w − 1}, j + 1] ←min h (using a change at the new position;

note that the condition j < c implies that |Γ| < c).

An efficient implementation uses an (arbitrary) integer-encoding of the
(

w
≤c

)
sets Γ and a

precomputed array that maps Γ to δΓ and its two possible successors Γ⊖1 and (Γ⊖1)∪{w−1},
which permits a rapid inner loop implementation.

▷ Claim 2. The MinHits DP algorithm needs time O(nc ·
(

w
≤c

)
) and space O(c ·

(
w
≤c

)
).

Proof. H[i, Γ, j] is computed by one initialization and at most two updates, for (n−w + 1) ∈
O(n) values of i, at most

(
w
≤c

)
sets Γ (subsets of [w] of size at most c) for (c + 1) ∈ O(c)

values of j. During the computation, only the H-values for the current value of i and the
next value i + 1 need to be in memory; these are two arrays of size

(
w
≤c

)
· (c + 1). ◁

3.3 Dynamic programming solution of MinCov
We proceed similarly to the MinHits solution, but we must consider a larger context of
recent changes. This larger context is necessary to know which positions are newly covered
and which positions were already covered when a new hit occurs at the next position.

We define C[i, ∆, j] as the minimum number of covered positions in a sequence of length
i ≥ w, having already used 0 ≤ j ≤ c changes in these first i sequence positions 0, . . . , i− 1,
where the most recent changes have occurred at positions i− w + q, with q ∈ ∆ satisfying
−w + 1 ≤ q ≤ w − 1. So ∆ is a subset of {−w + 1, . . . , 0, . . . , w − 1} of size at most c, and
there are

(2w−1
≤c

)
such sets. By ∆ ≥ 0, we mean that all elements of ∆ are non-negative.

Initialization for length i = w is similar to MinHits:

C[w, ∆, j] =


k if ∆ ≥ 0, |∆| = j, and κ ∩∆ = {} (hit, k positions covered),
0 if ∆ ≥ 0, |∆| = j, and κ ∩∆ ̸= {} (not a hit),
∞ if ∆ ̸≥ 0 or |∆| ≠ j (invalid combination).

Note that values of C can be 0 or ≥ k, but not in {1, . . . , k − 1} because the first hit
immediately covers k positions.
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We now describe how C+ := C[i + 1, ·, ·] is computed from C0 := C[i, ·, ·] for i =
w, . . . , n− 1. Earlier values C[i′, ·, ·] for i′ < i are not required.

We define ∆ ⊟ 1 := {p − 1 | p ∈ ∆ and p ≥ −w + 2}. We write A∆ for the number of
additional positions that will be covered if a hit occurs at the new position, and set A∆ = 0
if no hit occurs. This number can be computed from the positions stored in ∆ (in fact, in
∆+, which is a function of ∆); details are given below.

We use γ := C0[∆, j] to update (at most) two values in C+ using the ←min operation:
1. Let ∆+ := (∆ ⊟ 1); we do not use a change at the new position.

We update C+[∆+, j] ←min (γ + A∆),
where A∆ is the (precomputed) number of newly covered positions in this configuration.

2. Let ∆† := (∆ ⊟ 1) ∪ {w − 1}; we use a change at the new position, so there can be no
hit or newly covered positions. (Recall that the last position w − 1 of the mask κ is
significant.)
If j < c and |∆†| ≤ c, then we update C+[∆†, j + 1] ←min γ.

To determine A∆ when we do not introduce a change at sequence position i, we need
to determine first whether we have a hit or not (which works as for MinHits), but then
also which positions in {i − w + q : q = 0, . . . , w − 1} were previously covered, so we do
not count them again. The latter is completely determined by the changes in the range
{i − w + q : q = −w + 1, . . . , 0, . . . , w − 1}, i.e., by ∆+, which is determined by ∆. In an
implementation, the ∆ sets are integer-encoded and the A∆-values are pre-computed and
tabulated.

▷ Claim 3. The MinCov DP algorithm needs time O(nc ·
(2w−1

≤c

)
) and space O(c ·

(2w−1
≤c

)
).

Proof. Similar to the proof of Claim 2. ◁

3.4 Dynamic programming solution of MinCov|Hits
The MinCov DP algorithm can be extended to also keep track the number of hits seen so far
with essentially the same logic but an extra dimension of the table. Let 1 ≤ h̄ ≤ n− w + 1
be the upper limit on the number of hits to keep track of. We distinguish the h̄ + 2 values
0, 1, . . . , h̄, h̄ + 1, where h̄ + 1 represents all values h > h̄.

They key quantity to tabulate is M [i, ∆, j, h], defined as the minimum number of covered
positions in a sequence of length i ≥ w, having used 0 ≤ j ≤ c changes and had 0 ≤ h ≤ h̄

hits in these first i sequence positions 0, . . . , i − 1, where the most recent changes have
occurred at positions i− w + q, with q ∈ ∆ satisfying −w + 1 ≤ q ≤ w − 1. (For h = h̄ + 1,
the semantics are slightly different: . . . and had more than h̄ hits . . . )

Initialization follows the MinCov logic, additionally counting hits:

M [w, ∆, j, h] =


k if h = 1, ∆ ≥ 0, |∆| = j and κ ∩ ∆ = {} (hit, k positions covered),
0 if h = 0, ∆ ≥ 0, |∆| = j and κ ∩ ∆ ̸= {} (not a hit),
∞ otherwise.

With analogous notation as in Section 3.3 for MinCov, we use m := M0[∆, j, h] to update
(at most) two values in M+ using the ←min operation:
1. Let ∆+ := (∆ ⊟ 1); we do not use a change at the new position.

We update M+[∆+, j, h+] ←min (m + A∆),
where A∆ is the (precomputed) number of newly covered positions in this configuration,
and h+ = min(h + 1, h̄ + 1) if we have a hit, but h+ = h if not (we also pre-compute from
∆ if there is a hit or not).
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2. Let ∆† := (∆ ⊟ 1) ∪ {w− 1}; we use a change at the new position, so there can be no hit
or newly covered positions.
If j < c and |∆†| ≤ c, then we update M+[∆†, j + 1, h] ←min m.

▷ Claim 4. The MinCov|Hits DP algorithm needs time O(nh̄c ·
(2w−1

≤c

)
) and space

O(h̄c ·
(2w−1

≤c

)
).

Proof. Similar to the proof of Claim 2, taking into account the additional dimension. Note
that h̄ ≤ (n− w + 1) ∈ O(n). ◁

3.5 Dynamic programming solution of Count
In principle, we may adapt the same logic as in the previous sections for solving
CountF (κ, n, c). To handle all introduced filters F , including the MinCov table filter,
we need to compute values Y [i, ∆, c, h, γ], defined as the number of sequences of length i ≥ w,
with 0 ≤ c ≤ i changes, 0 ≤ h ≤ h̄ hits and γ covered positions, where the most recent
changes have occurred at positions i − w + q, with q ∈ ∆ satisfying −w + 1 ≤ q ≤ w − 1.
(For the MinHits filter, no coverage and less context is needed and things can be simplified.)

We only outline the method, because we will immediately argue that it is not practical.
Instead of the ←min operation, we need the ←+ operation, which is the familiar in-place
addition operator += from C++ or Python. The change history sets ∆ range over all( 2w−1

≤2w−1
)

= 22w−1 subsets of {−w + 1, . . . , w − 1} because the number of changes is not
limited except by the sequence length n. For w = 35, these are in principle 269 sets to
consider, which is infeasible given standard time and memory resources. Nonetheless, by
limiting w or the filtration efficiency curve to small numbers of changes c, the following
procedure may in principle be used.

For sequence length i = w, we must have c ≤ w and the change history ∆ completely
determines the sequence. Therefore,

Y [w, ∆, c, h, γ] =


1 if h = 1, γ = k, ∆ ≥ 0, |∆| = c and κ ∩∆ = {} (hit),
1 if h = 0, γ = 0, ∆ ≥ 0, |∆| = c and κ ∩∆ ̸= {} (no hit),
0 otherwise (impossible combination).

There are
(

w−k
c

)
sets ∆ that are hits (h = 1, γ = k), where all changes are among the w − k

positions outside κ, and
(

w
c

)
−

(
w−k

c

)
sets ∆ that are non-hits (h = 0, γ = 0).

With analogous notation (Y 0, Y +) as previously, we use y := Y 0[∆, c, h, γ] to update
exactly two values in Y + using the ←+ operation:
1. Let ∆+ := (∆ ⊟ 1); we do not use a change at the new position.

We update Y +[∆+, c, h+, γ + A∆] ←+ y, where A∆ and h+ are as in Section 3.4.
2. Let ∆† := (∆ ⊟ 1) ∪ {w− 1}; we use a change at the new position, so there can be no hit

or newly covered positions. We update Y +[∆†, c + 1, h, γ] ←+ y.
As each count y from Y 0 is added twice to counts in Y +, the number of sequences doubles
when the sequence length increases by 1, and since the sum over Y [w, . . . ] is initially∑w

c=0
(

w
c

)
= 2w, the invariant that the sum over Y [i, . . . ] is 2i is maintained for all i ≥ w.

▷ Claim 5. The Count DP algorithm needs time O(n4 · 22w−1) and space O(n3 · 22w−1).

Proof. Each of the four i, c, h, γ indices into Y may take O(n) distinct values; there are 22w−1

sets ∆ to consider, as c is not bounded. Updates are constant-time per table value, and only
the current Y [i, . . . ] and Y [i + 1, . . . ] are in memory at the same time. ◁
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3.6 Optimizations and Practical Considerations

We discuss improvements and practical alternatives to the basic DP algorithms.

The counting DP and filtration efficiency curves. Claim 5 shows that it is often impractical
to use exact counting via dynamic programming to compute filtration efficiency curves, such
as those in Figure 2. On the other hand, the filtration efficiencies do not need to be known
exactly. Therefore, we may fall back to random sampling (with 10 million samples) for
each value of c to determine FilteredF (κ, n, c) up to 3 digits. Whenever

(
n
c

)
≤ 107, we

can compute FilteredF (κ, n, c) almost instantly exactly by exhaustive enumeration of all
sequences and computing the resulting number of κ-hits and covered positions.

There may also exist more efficient methods to compute CountF (κ, n, c) exactly, based
on a more refined automaton-based analysis of the language of binary sequences to be
enumerated [2], but the general problem of large state space appears unavoidable.

3.6.1 Engineering Optimizations

Halving the sequence length. We observe that the minimization DPs need not be run
until i = n but only up to approximately n/2. We discuss the optimization for the (simpler)
MinHits case. For the MinCov case, the idea is similar, but we need a history of size of
2w − 1 (∆ in Sections 3.3 and 3.4) instead of a size-w history (Γ in Section 3.2. For the
MinCov|Hits case, we additionally need to track hits.)

Consider a history window Γ of length w placed near the middle of the sequence. Suppose
this window contains c′ ≤ c changes, and let r := c− c′ be the number of remaining changes
that must be placed outside this window.

This middle window acts as a separator between the left and right parts of the sequence.
Since each seed has span w, no seed can simultaneously depend on positions strictly to the
left and strictly to the right of this window. Therefore, changes placed on the right side of
the middle window cannot affect hits located on the left side, and changes placed on the
left side cannot affect hits located on the right side. Hence, after fixing the configuration of
changes Γ inside the middle window, the two sides become independent subproblems.

Let ℓleft and ℓright denote the lengths of the left and right parts of the sequence, respectively,
such that n = ℓleft + w + ℓright. The position of the middle window can be chosen such
that the two sides are almost balanced, i.e., |ℓleft − ℓright| ≤ 1. Therefore, it is sufficient to
compute the DP only up to length max{ℓleft, ℓright} = ⌈(n− w)/2⌉.

For each fixed placement of the c′ changes inside the middle window, the remaining
r changes are distributed between the two independent parts. More precisely, for each
r′ = 0, 1, . . . , r, we place r′ changes on the left side and r − r′ changes on the right side.
The corresponding MinHits value is then obtained by combining the DP values of the two
subproblems. Finally, the minimum over all possible splits r′, and over all possible placements
of the c′ changes inside the middle window, gives the desired value for this case.

Reducing the number of changes in history sets by 1. In the minimizing DPs above, the
maximal number of changes to distribute across the length-n sequence is c, and in principle,
they may all be in the same history window of length w (MinHits) or 2w − 1 (MinCov,
MinCov|Hits). We can special-case this particular situation and reduce the general DP
from considering c changes to only c− 1 changes, reducing the number of histories Γ or ∆
considerably.
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If a particular history window contains all c changes, then no additional changes remain
to be placed elsewhere in the sequence. In the MinHits DP (Section 3.2), the update case 2
(new change) cannot happen anymore, and instead of looping through case 1 (no new change)
until i = n, we pre-compute and tabulate the resulting MinHits values for all Γ with |Γ| = c.
Consequently, the resulting MinHits or MinCov value can be computed directly, without
extending the dynamic programming recursion beyond this point.

We omit the technical details for MinCov and MinCov|Hits at this point.

▷ Claim 6. The modified MinHits DP algorithm needs time O(nc ·
(

w
≤c−1

)
+ w

(
w
c

)
) and

space O(c ·
(

w
≤c

)
).

Proof. This is a direct consequence of Claim 2 and the c 7→ c− 1 reduction. The O(w
(

w
c

)
)

time term is for pre-computing the lookup table of size
(

w
c

)
. ◁

3.6.2 Asymptotic improvement: Limited changes per window
The minimum number of hits (or coverage) is typically not attained when all c changes are
concentrated within a one or a few history windows of length w (or 2w − 1), particularly if
n≫ w. In such cases, equivalent or better solutions usually exist in which the number of
changes within any window of length w is bounded by a value u ≤ c. Under this assumption,
the sets Γ considered in the dynamic programming algorithm can be restricted to subsets of
size at most u, rather than at most c. Consequently, the number of possible histories Γ for
the MinHits DP is reduced from

(
w
≤c

)
to

(
w

≤u

)
, which may lead to a substantial reduction in

both running time and memory usage. An analogous argument applies to the MinCov DPs.
The key question is how to find a safe upper bound u that does guarantee to find the

correct optimal MinHits value. We derive such a bound by analyzing the range over which
a set of changes can affect seed hits.

Consider an infinite sequence . . . , s−1, s0, s1, s2, . . . and a window si, si+1, . . . , si+w−1 of
length w. Any change within this window can only affect seeds that overlap it. The earliest
affected seed starts at position i − w + 1, and the latest affected seed starts at position
i + w− 1. Therefore, all affected seeds are contained within the interval si−w+1, . . . , si+2w−2,
which has length 3w − 2.

Now let u′ denote the minimum number of changes required to destroy all hits in any
sequence of length 3w − 1. Suppose that a window of length w contains u′ or more changes.
Since these changes influence only a region of length at most 3w − 2, but the u′ changes are
sufficient to eliminate all hits in a region of size 3w − 1, at least one of the changes inside
the window is unnecessary and can be moved elsewhere (or omitted) without increasing the
number of hits. It follows that there always exists an optimal solution in which every window
of length w contains at most u := u′ − 1 changes.

This bound is useful when u < c, which may occur when the total number of changes is
large. In the experiments presented in this paper, the number of changes is small, and thus
this optimization has limited practical impact. Nevertheless, it provides an improvement
and may be valuable for future studies involving larger values of c.

4 Experimental Results

4.1 Comparison of optimization times
We compare running times of the ILP and DP approach for the MinHits problem. Timings
were run on an Ubuntu (24.04 LTS) server with two AMD EPYC 9534 64-Core Processors,
1.5 TB of 4800-MHz DDR5 memory, and a KIOXIA CD8P SSD. For ILPs, we use a free
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Figure 3 Running times (logarithmic scale) for the ILP and DP approaches (without optimizations)
for the MinHits objective on all masks of shape (25, 35) with different sequence lengths n and
numbers of changes c. The blue boxplots and lines represent the distribution of ILP execution times
over masks; the red lines indicate the corresponding (mask-independent) DP time statistics.

Figure 4 Filtration efficiency curves for two masks of shape (25,35), with filtration criteria F

designed for n = 100 and c∗ = 3 changes, for the four filter types introduced in Section 3.

academic Gurobi v13 license [7] and the Python API. Due to space constraints, we omit
results for MinCov and MinCov|Hits, which are structurally similar but much longer
overall. Figure 3 shows boxplots of the distribution of running times across all symmetric
(25, 35)-shaped masks for different combinations of n ∈ {100, 150} and c ∈ {3, 4, 5}. Since the
DP timings are independent of the mask (the same work is done for each mask) and times
may vary only due to possible uneven CPU or memory load on the server, only summary
statistics are shown for DP. We observe that the ILP becomes faster for n = 100 when
increasing c from 3 to 4. This happens because for c = 4, there are many masks with
MinHits=0 objective value, which is easy to find even by the LP relaxation. The DP
running times increase exponentially with c, as expected. They appear to be independent
of n ∈ {100, 150}, which is explained by the setup cost (table allocation, pre-computation)
that is independent of n. For n = 150, the DP approach has an advantage over the ILP
solver, which would become more pronounced when we increase n and apply the proposed
DP optimizations.

4.2 Comparison of masks

With both ILP and DP algorithms for MinHits, MinCov and MinCov|Hits, we can define
the numerical criteria F for the 4 filter types mentioned in Section 3 for any mask of interest,
and using enumeration or sampling for computing FilteredF (κ, n, c) we can compute or
approximate filtration efficiency curves.

As exemplary results, Figure 4 shows the four curves for the (k, w) = (25, 35) masks
#####_##_#__###_###_###__#_##_##### (left) and ###_#_#___###############___#_#_###
(right), with filtration criteria F designed for n = 100 and c∗ = 3 changes. Unless one
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Figure 5 Comparison of chg50 values and slopes of all four filter types (color) of all 4 368
symmetric masks of shape (25, 35). Top left is best; bottom right is worst.

has different goals, one considers an exact filter F better than another exact filter F ′ if
the curve of F is above the curve of F ′, because then F filters out more of the undesired
sequences with c > c∗ changes. (Both curves are at zero for c ≤ c∗ because both F and F ′

are exact.) In the left panel of Figure 4, the MinCov filter (orange) performs worst, the
MinHits (blue) filter better and close to the combined AND filter (green), which means that
a simple logical AND of the hits and coverage criteria only yields a minor improvement,
while the MinCov table filter (red; using MinCov|Hits, see Section 3) performs considerably
better. This behavior is typical for many masks. However, for the mask in the right panel,
the filtration curves for the MinHits, MinCov and combined AND filter agree (only the AND
curve is therefore visible), the Table filter is only slightly better, and all four filters of this
mask perform much worse than all filters of the left panel’s mask.

We now introduce two quantities that capture the shape of the filtration curve and that
may be used to compare the quality of (mask, filter) pairs designed for specific n and c∗:

the chg50 value is defined as the number of changes where the (interpolated) curve crosses
50% filtration rate;
the slope is defined as maxc=0,1,2,...(f(c + 2)− f(c)), where f is the filtration efficiency
curve, the largest jump in filtration rate when the number of changes increases by 2.
(The chosen difference of 2 is somewhat arbitrary, but better resolves between curves
than a difference of 1.)

Figure 5 visually compares these two properties for all symmetric masks of shape (25, 35).
Several interesting observations may be made. The Table filters show the best filtration
properties. The (red) point with largest slope (> 0.6) corresponds to the mask in the left
panel of Figure 4; this can therefore considered to be the best mask. There is a number of
badly performing masks (bottom right corner); and the mask in the right panel of Figure 4
is an example of them. On a side note, the MinHits filter chg50 values come in clusters on
the chg50 axis, likely due to the discreteness of the low 1-digit MinHits numbers.

5 Discussion

We have made novel contributions to the field of spaced seed design: For the first time,
we have designed a filtration strategy that combines hit-based and coverage-based criteria
beyond a simple logical AND, and we have shown the table-based MinCov|Hits strategy
to be quite effective for most masks. To compute the MinCov|Hits table, we have given
both an ILP and a DP formulation that builds on simpler (but structurally similar) DPs for
the related MinHits and MinCov optimization problems. The DP formulations reduce the
number of change configurations to be considered from

(
n

≤c

)
to

(
w
≤c

)
, independently of n. We

have furthermore pointed out potential optimizations for reducing the running time of the
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DP approaches. Implementing them and examining their effect for longer sequences is part
of ongoing work. For the small number of changes that are of interest for short sequences
(n = 100), we found them not to be relevant. However, the number of changes of interest
grows with Θ(n) as the sequence length grows, and reducing the numbers of history sets
from

(
w
≤c

)
= 2w for c ≥ w to

(
w

≤u

)
for a small value of u < w that does not depend on c

becomes crucial.
While we found the exact computation of filtration efficiency curves (for large w or c) to

be impractical, we analyzed the curves for all (25, 35)-shaped symmetric masks within a small
case study by random sampling up to three digits accuracy. We defined two characterizing
quantities of a mask/filter pair (κ, F ) designed to be exact for a given sequence length n and
number of changes c∗: the chg50 value and the slope of the filtration curve. We observed
large differences between masks and found the optimal symmetric (25, 35) mask for n = 100
and c∗ = 3 to be #####_##_#__###_###_###__#_##_#####.

In ongoing and future work, we intend to build an atlas for spaced seeds with their hit-
and coverage-related properties and filtration efficiencies, examine alternative bounds for
limiting the number of changes per history window in the DP approaches, and extend the
ideas presented here to combinations of masks. In addition, where this work only provides
theoretical insights, the practical consequences of using an optimal vs. an average mask
should be quantified in terms of wall-clock time speedup. Naturally, such an evaluation
would depend on many additional design decisions and parameters.

We also need to point out a practical limitation of the approach: The MinCov|Hits
thresholds assume that no additional random hits occur; otherwise, the filter may lose its
exactness property. In practice, this may happen, depending on how the filter is used in
a concrete application. For example, assume that all κ-mers of the human genome are
stored in an index and the κ-mers of a sequenced DNA read of length n = 100 are queried.
Assume further that the read is indeed a substring of a (unique) location in the genome with
c = 3 substitutions that occur at certain positions of the read. This defines a hit pattern
and coverage pattern on the read, but additionally, some of the changed κ-mers may occur
elsewhere in the genome, yielding additional hits and additional covered positions, if the
index only stores the presence of the κ-mer in the genome, but not its position(s). A problem
can occur if the resulting hit and coverage pattern are not among the possible

(
n

≤c

)
patterns

for at most c changes; the observed coverage may then be below the MinCov|Hits value
of the increased hit value because it was not considered in the optimization. Here is an
example with a (25, 35)-mask, c = 3, n = 100, and 12 hits (with MinCov|Hits 77) plus one
additional random hit, yielding a coverage of 77 plus 1, while the MinCov|Hits for 13 hits
from 3 changes is 79:
mask: #####_##_#__###_###_###__#_##_##### (shape (25, 35))
3 changes: 0000000000000000000000000000000000100000000000000000000000000000110000000000000000000000000000000000
12+1 hits: 0000010010110+0100010001101001000000000001000000000000100000000000 (+ is an additional random hit)
77+1 cov: 0000011111111111111111111111111111+11111111111111111111111111111001111111111100101101111100000000000

The problem can be completely avoided by computing safe MinCov thresholds that are
valid for all hit distributions with h hits, but this reduces filtration efficiency.

Code is available at https://gitlab.com/rahmannlab/seed-optimization.
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